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SOME NEW SEPARATION AXIOMS IN GENTOP

KHEDIDJA DOURARI aNnD SAMI LAZAAR

Abstract. In this paper, we introduce some new separation axioms in the category
of generalized topological spaces. Some characterizations of these axioms are given.
Morphisms rendered invertible by the Tp-reflection in GenTop are entirely deter-
mined. Finally, some known results in the category Top are deduced.

1. INTRODUCTION

Topologists have introduced the notion of generalized topological spaces as a gen-
eralization of topological spaces to study a large variety of properties for sets.
Today this class of spaces is used to solve many problems in different areas such as
complex modelling, image analysis, graph theory and economical modelling (for
more information see [4] and [6]).

The construction of the Tp—reflection in the category TOP is given by Her-
rlich and Strecker in [9]. After that, some authors have been interested in the
Ty—reflection in other categories as a generalization of the first one. At this time,
we can cite Richmond and Kiinzi in the category PREORDTOP whose objects
are preorder-topological spaces (X, 7, <) and continuous increasing maps as arrows
[10].

In [2,5,6] Mashhor, Allam, Mahmoud, Khedr and Cséaszar studied the concept
of generalized topologies. Let X be a nonempty set. A generalized topology
(briefly GT) on X is a collection p of subsets of X containing the empty set
stable under union. If p is a GT on X, the pair (X, p) is called a generalized
topological space (briefly GTS). A map f : (X,pux) — (Y, uy) between GTS’s
is said to be continuous if f~1(G) € ux for all G € py. The category with GTS’s
as objects and continuous maps as arrows is denoted by GenTop. Equivalently,
GenTop can be defined as the category with all pairs (X, ) as objects where X
is a nonempty set and -y is a map from the power set P(X) into itself such that:

(i) For all subsets A, B of X, we have A C B implies vA C vB. (v is called
monotonic)
(ii) For all subsets A of X, we have A C vA. (v is enlarging)
(iii) For all subsets A of X, we have yA = yyA. (v is idempotent)

That is, GenTop is the category whose objects are the family (X,~) of all cl-
spaces (i.e, X equipped with a monotonic and enlarging operator) with idempotent
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closure operator and arrows the family of cl-continuous maps. Recall that a map
q:(X,v) — (Y,0) between two cl-spaces is said to be cl-continuous if y¢~1(B) C
q~1(6B) for all subsets B of Y, or equivalently q(yA) C dq(A) for all subsets A
of X. If in addition (@) = 0, (X, ) will be called a strong GTS. A strong GTS
satisfying v(A U B) = v(A4) U~(B) is a topological space and, in this case, 7 is
called a Kiratowsky operator.

In [3], the authors defined some new separation axioms named T7; ;) as follows.

Definition 1.1. Let 4, j be two integers such that 0 < i < j < 2. A topological
space X is said to be a T|; jy-space if its Tj-reflection is a Tj-space. Thus, there
are three new types of separation axioms; namely, T 1), T{(0,2) and T(1 2).

Since the property Tp is not reflective in Top (recall that a Tp-space is a topo-
logical space in which every point is locally closed), the previous definition can be
generalized by the below.

Definition 1.2. Let F' be a (covariant) functor from Top to itself, and P be
a topological property. An object X of Top is said to be a T g, py-object if F/(X)
satisfies the property P.

In this paper we study the link between these new separation axioms and the
category of GTS’s. Consequently, some new separation axioms are introduced and
studied. So, many results of [3] are clarified and deduced. In the first section, we
recall some classic separation axioms and their characterizations used in the next
sections. The second section is devoted to introducing and characterizing the new
separation axioms T\(q, 1), 7(0,p) and T{g2) in the category GenTop. In the third
section maps rendered invertible by the reflector T in GenTop are given.

In this paper all considered GTS’s are assumed to be strong.

2. SOME CLASSIC SEPARATION AXIOMS IN GenTop

In this section, we study the properties of some classic separation axioms in Gen-
Top.

We begin by recalling some notions of generalized topological spaces. Let (X, )
be a GTS. The members of Imy = {y(A) : AC X} ={A C X : y(A) = A} are
called G-closed sets and their complements are called G-open sets. We denoted
by i, the generalized interior in (X,~) defined by i,(A) = X \ v(X \ A) for all
subsets A of X. It is easy to verify that a subset A of X is G-open if and only if
i4(A) = A. A subset A of (X, ) is said to be G-locally closed if it is an intersection
of a G-closed and a G-open subset of X, or equivalently if there exists a G-open
subset i, (B) of X such that A =v(A4) Ni(B).

Proposition 2.1. Let (X,7) be a GTS. A subset A of X is G-locally closed if
and only if y(A) \ A is G closed.

Definition 2.2. Let (X,~) be a GTS. Then, (X, ) is said to be a Tp GTS if, for
each two distinct points x,y € X, there exists a G-closed subset of X containing
one of these points, but not the other.

The following result is immediate.
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Proposition 2.3. Let (X,v) be a GTS. Then, the following statements are
equivalent:
(1) (X,7) is a Ty GTS,
(13) for every x,y € X, we have y({z}) = v({y}) implies x = y.

Definition 2.4. Let (X,v) be a GTS. Then, (X,7) is said to be a T3 GTS if,
for each z € X, v({z}) = {}.

Proposition 2.5. Let (X,7v) be a GTS. Then, the following statements are
equivalent:
(1) (X,v) is aTy GTS;
(i1) for each pair of distinct points x,y of X, there exists a G-closed subset of
X containing x but not y;
(#3) for each v € X, {x} =({U | U € G(z)}, where G(z) is the collection of

all G-open subsets of X containing x.

Definition 2.6. Let (X,7) be a GTS. Then, (X,~) is said to be a Tp GTS if
for each z € X, {z} is G-locally closed.

The following result characterizes Tp GTS’s.

Proposition 2.7. Let (X,7v) be a GTS. Then, the following statements are
equivalent:
(1) (X,v) is aTp GTS,
(i7) for each x € X,v({z})\{z} is G-closed.

Definition 2.8. Let (X,7) be a GTS. Then, (X,~) is said to be a To GTS if,
for each two distinct points x,y € X, there exist two disjoint G-open subsets of X
containing respectively x and y.

Proposition 2.9. Let (X,7) be a GTS. Then, the following statements are
equivalent :
(1) (X,7) is a To GTS;
(i7) for each x € X, {z} =N{y(U) | U € G(x)}.

Remark 2.10. The following implications are immediate in GenTop:
T =1, = Tp = 1.

Every topological space is a generalized topological space and it is well known
that the converses of the previous implications do not hold for topological spaces.
Thus, the converses do not hold in GenTop. But in the following, we give some
non-trivial examples (non-topological spaces) illustrating these situations.

Examples 2.11. (1) A Tp GTS need not be a Tp GTS. Indeed, let X =
{a,b,c} and v be a map from the power set P(X) into itself defined by
v({a}) = {a,b}, vy({c}) = {a,c} and v(A) = X (A # 0) otherwise. Then,
(X,7) is a To GTS. However, v({a})\{a} = {b} is not G-closed. So (X,~)
is not a Tp GTS.

(2) A Tp GTS need not be a 77 GTS. Indeed, let X = {a,b,c} and v be
a map from the power set P(X) into itself defined by v(0) = 0,v({a}) =

1({a,c}) = {a,ct,v({b}) = {b},7({c}) = {c},7({a,b}) = 1 (X) = X,
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~({b,c}) = {b,c}. Then, (X,v) is a Tp GTS. However, y({a}) # {a}. So
(X,7) is not a Ty GTS.

(3) ATy GTS need not be a T, GTS. Indeed, let X = {a,b, ¢} and v be a map
from the power set P(X) into itself defined by ~v(0) = 0,y({z}) = {z} for
all v € X,v(A) = X, for all other subsets A of X. Then, (X,v) is a T}
GTS. However, {a} #{y(U) | U € G(a)}. So (X,~) is not a Tp GTS.

3. SOME NEW SEPARATION AXIOMS IN GENTOP

We begin by recalling the Ty-reflection of a GTS. Let (X,v) be a GTS and define
the binary relation ~ on X by = ~ y if and only if v({z}) = v({y}). Then, ~
is an equivalence relation on X. Let X be the quotient set X\ ~ and hy the
canonical map from X onto X. We can define the operator 4 from P(X) to itself
by 4(B) = hx (v(hx'(B))), for every B C X. Then, (X,4) is a Ty GTS.

The full subcategory GenTop, of all T; GTS’s is reflective in GenTop. Hence,
the inclusion functor I : GenTop, — GenTop has a left adjoint

Ty : GenTop — GenTop,

which assigns to each GT'S (X,~) the Ty induced GTS (X,4) and to each mor-
phism ¢ : (X,7) — (¥,9) in GenTop a unique morphism ¢ : (X,4) — (Y, 0)
defined by G(hx (x)) = hy (q(x)).

Such a situation can be illustrated by the following diagram:

(X,7) ——(V.9)

hx i O ihy
(%:5) == (79)

Now, let us recall that a continuous map ¢ : (X,7y) — (Y, ) between GTS’s is
said to be a quasihomeomorphism if the induced map ¢4 : Imé — Im~y defined
by ©4(6(B)) = ¢~ '(6(B)) is bijective. Equivalently, ¢/ : A — ¢~'(A) induces
a bijective map from the family of G—open subsets of Y to the family of G—open
subsets of X.

As in Top it is clear that if f, g and h are three continuous maps in GenTop
such that f og = h whenever any two of them are quasihomeomorphisms, so is
the third one.

Now, since hx in GenTop is constructed in the same way as in Top (just
replacing v({z}) by {z}), one can deduce easily the following remark:

Remark 3.1. Let (X,~) be a GTS. Then, the induced map hx : (X,vy) —
(X,%) is an onto quasihomeomorphism.

The following proposition gives some properties of onto quasihomeomorphisms.

Proposition 3.2. Let q : (X,v) — (Y,9) be a continuous onto map between
GTS’s. Then, the following statements are equivalent:

(1) q is a quasihomeomorphism,
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(2) q is closed and, for each subset A of X, we have ¢~'(q(v(4))) = v(A);
(3) q is open and, for each subset A of X, we have ¢~ (q(i,(A))) = i, (A).

Proof. (1) = (2) Let A = v(A) be a G-closed subset of X. Since ¢ is a quasi-
homeomorphism, there exists a subset B of ¥ such that A = v(A) = ¢~ (§(B)).
Now, since ¢ is onto, q(v(4)) = q(¢~*(6(B))) = §(B). Therefore, q is a closed
map and ¢~ (q(v(4))) = ¢~ (3(B)) = v(A).

(2) = (1) Let A be a subset of X. Then, by hypothesis, ¢(v(A)) = §(¢(~v(4)))
and thus ¢ 1(d(q(y(A)))) = v(A). Therefore, p, is onto. Now let B and B’ be
two subsets in Y such that ¢, (v(B)) = ¢4(7(B’)). Then, v(B) = q(¢~ ' (v(B))) =
q(q (v(B"))) = v(B'). Thus, ¢, is one-to-one, hence, ¢ is a quasihomeomorphism.

In the same way, we can deduce (1) <= (3). O

Definition 3.3. Let (X,v) be a GTS. Then, (X,~) is said to be a T{g 1) GTS
if its Tp-reflection is a 77 GTS.

The following result gives a characterisation of Tg 1) GTS’s.

Theorem 3.4. Let (X,v) be a GTS. Then, the following statements are equiv-
alent:
(1) (X,75) is a T(p,1) GTS;
(2) For each x € X,y({z}) = h' (hx({x}));
(3) For eachz,y€ X, x € ’y({y}) =y e v({z});
(4) For each z,y € X such that v({z}) # v({y}), there exists a G-closed
subset of X containing x but not y;
(5) For eachz € X and each subset A of X such that y({z})NvA # 0, x € vA;
(6) For each subset A of X and each x € iy(A),y({z}) C i, (A);
(7) For each x € X, y({z}) =({U | U € G(=)}.

Proof. (1) = (2) Let 2 € X. Since (X,4) is Ty, we have:
hx (v(hy' ({hx (2)}))) = {hx (2)}.

Now, we can see easily that:

T({z}) =7({y € X :7({y}) =r{=z})}).
Hence:
v({z}) = (hx ({hx (2)}) = by (hx (v({z}))).
Then, hx (y({z})) = hx(z) and thus y({z}) = hx' ({hx(2)}).
(2) = (3) = € v({y}) = hy'(hx({y})) = hx(2) € {hx(y)} = hx(2) =
hx(y) =y € hx' (hx({z})) = 7({z}).
(3) = (4) Let x,y be two points such that v({z}) # v({y}). By hypothesis,
y ¢ v{x} and thus v({z}) is a G-closed subset containing x but not y.
(4) = (5) Let x € X and A C X such that v({z}) Nv(A) # (. Fix a point y in
v({z}) N y(A). Then, y € y({z}). Now, since y € y(A), v({y}) € ¥(4).
If 2 is not in y(A), then y({z}) # v({y}) and thus by hypothesis there exists
B = v(B) containing x but not containing y. So, [y € y({z}) C v(B) and y ¢
~(B)] which is impossible.
(5) = (6) Let i,(A) be a G-open subset of (X,7) and = € i(A). Then, z ¢
A(X \ A). Therefore, 7({z}) N7(X \ 4) =0, 50 7({z}) C iy (A).
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(6) = (7) By hypothesis the first inclusion is immediate.

Conversely, note that t € y({z}) if and only if any G-open subset containing ¢
also contains z.

Hence, let t € ({U | U € G(x)}. So every G-open subset containing x also
contains ¢ and thus z € v({¢t}) C({U | U € G(t)}. This means that any G-open
set containing ¢ contains x. Therefore, t € y({z}).

(7) = (1) Let  and y be two points in X such that hx(z) # hx(y). Then,
2({a}) £ 2w}

Let us check that ¢ v({y}). Soif not z € {U | U € G(y)} and, conse-
quently, = belongs to every G-open subset containing y then y € v({z}), immedi-
ately implying that v({z}) = v({y}), which is impossible.

Then, z ¢ v({y}) = ({U | U € G(y)}. So there exists a G-open subset U
of X, containing y but not x. Finally, hx (U) is a G-open subset of X containing
hx(y) but not hx(z). O

Remark 3.5. The [3, Theorem 3.5] is a particular case of Theorem 3.4 if we
consider a topological space X and define v by v(A) = A, for any subset A of X.

Definition 3.6. Let (X,v) be a GTS. Then, (X, ) is said to be a Ty py GTS

if the Tp-reflection (X,%) is a Tp GTS.
The following result gives a characterization of T(o py GTS’s.

Theorem 3.7. Let (X,v) be a GTS. Then, the following statements are equiv-
alent:

(i) (X,v) is a Tio,py GTS;

(ii) for eachz € X, 7({z}) = y({z})\{y € X | v({z}) =v({y})} is a G-closed
subset of (X,7).

Proof. (X,v) is T(o,py <= (X,%) is Tp GTS

— Vze X, 5({hx(®)})\{hx(z)} is G-closed subset of (X, %)
= Voe X, hy' (3({hx(@))\hy ({hx(2)})
is G-closed subset of (X, ~)
= Vze X, yhx ({hx(@P)\{y € X : v({y}) =v({z})}
is G-closed subset of (X,~)
= VzeXy({zh)\{ye X: v({y}) =+v{=z})}

is G-closed subset of (X, ~)
— Vze X,7({z}) is G-closed in (X, 7).

O

Remark 3.8. The [3, Theorem 3.3] is a particular case of Theorem 3.7 if we

consider a topological space X and define v by v(A) = A, for any subset A of X.
Definition 3.9. Let (X,v) be a GTS. Then, (X,~) is said to be a T(g o) GTS

if the Tp-reflection (X,%) is Ts.
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Lemma 3.10. Letq: (X,v) — (Y,0) be an onto quasihomeomorphism. Then,
for each z € X, N{y(q~*(V)) | V € Glq(2))} = ¢ (N{(V) | V € G(q(2))}) =
N{HU) U € Ga)}-

Theorem 3.11. Let (X,v) be a GTS. Then, the following statements are equiv-
alent:
(1) (X,v) is a Tp,2) GTS ;
(2) For each z,y € X such that v({z}) # v({y}), there exist two disjoint
G-open subsets i(A) and i,(B) of X containing x and y, respectively;

(3) For each x € X, v({z}) =N{»(U) | U € G(z)}.

Proof. (1) = (2) Let 2,y € X be such that v({z}) # v({y}). Then hx(x) #
hx (y). So, by hypothesis, there exist two disjoint G-open subsets i5(C') and i4(D)
with hy(z) € i5(C) and hx(y) € i5(D). Therefore, h'(i5(C)) and hy' (i5(D))
are two disjoint G-open subsets of X containing x and y, respectively.

(2) = (1) Let o,y € X be such that hx(z) # hx(y). Then, y({z}) # v({y}).
Hence, there exist two disjoint G-open subsets i,(A) and i,(B) of (X,7) such
that z € i,(A) and y € i,(B). Since hx is a quasihomeomorphism, there are
two G-open subsets i5(C) and i5 (D) of (X,4) such that hy'(i5(C)) = i,(A) and
hy'(i5(D)) = i,(B) and thus i5(C) and i5(D) are two disjoint G-open subsets
containing hx (x) and hx (y), respectively.

(1) = (3) Let z € X. Since (X,7) is T(g,2), we have {hx(z)} ={H(V) |V €
G(hx(x))}. Now, since every T(g o) GTS is T{g 1),

({=}) = _1({hx( )})
= ') |V € Glhx(x))}
= (5 (V) |V € G(hx(2))}
= (V) |V eG@)}.

(3) = (1) First, we show that (X,~)is a T(p,1) GTS. Let x € X. We are aiming
to prove that v({z}) = ({U | U € G(x)}. Tt is easily seen that ({U | U €
G(z)} Cy({z}). Conversely, let y € y({z}). Then, for each G-open subset i~ (A)
of (X,~) containing y, = € iy(A). So, by hypothesis, € v({y}). Therefore,
Y({z}) S U | U € G(2)}. Thus, v({z}) = (WU | U € G(z)}; that is (X, 7) is
T(0,1)- This implies that v({z}) = hy' ({hx(2)}). Applying Lemma 3.10, we have
{hx(x)} =M{3(V) |V € G(hx(x))}, so that (X,v) is a T(g,2) GTS. O

Remark 3.12. The [3, Theorem 3.12] is a particular case of Theorem 3.11 if
we consider a topological space X and define v by v(A4) = A, for any subset A of
X.

4. MORPHISMS RENDERED INVERTIBLE BY THE T(-REFLECTION IN GenTop

For any functor F' : C — D between two categories, sometimes, the family of
all arrows in C rendered invertible by F' has important applications [12,13]. In
this section we are interested in morphisms of GenTop rendered invertible by the
functor Tg. To this end, we need to introduce some definitions.
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Definition 4.1. Let ¢ : (X,v) — (Y, 0) be a continuous map between GTS’s.

(1) ¢ is said to be topologically onto if, for each y € Y, there exists an € X

such that 3({y}) = 6({a(x)})-
(2) ¢ is said to be topologically one-to-one if, for each x,y € X such that

() = q(y), v({=z}) =v({y}).
(3) ¢ is said to be topologically bijective if it is topologically onto and topo-
logically one-to-one.

Example 4.2. (1) Every onto continuous map between GTS’s is topologically
onto.
(2) Every one-to-one continuous map between GTS’s is topologically one-to-one.

In general, a topologically one-to-one map between GTS’s need not be one-
to-one. Let (X,~) be a GTS which is not Tp. The canonical onto map hx is
topologically one-to-one but not one-to-one.

Remark 4.3. Let ¢ : (X,7) — (Y, ) be a continuous map between GTS’s.
(1) If (X,~) is Tp, then ¢ is one-to-one if and only if it is topologically one-to-
one.
(2) If (Y,9) is To, then ¢ is onto if and only if it is topologically onto.

The following result gives a characterisation of morphisms in GenTop rendered
invertible by the reflector Tj.

Theorem 4.4. Let q : (X,v) — (Y,9) be a continuous map between GTS’s.
Then, the following statements are equivalent:
(i) q is a topologically onto quasihomeomorphism,
(ii) G is a homeomorphism.

Proof. (i) = (ii) Since ¢hx = hyq, hy o q and hx are two quasihomeomor-
phisms, ¢ is a quasihomeomorphism.

Using Remark 4.3 (2), ¢ is onto. Now let z,y € X be such that §(hx(z)) =
G(hx(y)). Then, 6({q(z)}) = 6({q(y)}). We are aiming to prove that y({z}) =
v({y}). It suffices to show that v({z}) C v({y}). Let A be a subset of X such
that © € i,(A). Since ¢ is a quasihomeomorphism, there exists a subset B of
Y such that ¢ !(is(B)) = i,(A). Then, q(y) € i,(A); that is y € i,(A4). So
v({z}) € v({y}). Now, using Proposition 3.2, a bijective quasihomeomorphism is
a homeomorphism and thus ¢ is a homeomorphism.

(ii) = (i) Clearly, ¢ is a quasihomeomorphism. It remains to be proved that ¢
is topologically onto. To this end, let y € Y. Since ¢ is onto, there exists an z € X
such that §(hx(x)) = hy (y), which means that hy (¢(z)) = hy (y). Consequently,

5({q(2)}) = 6({y})- O
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