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ABSTRACT 
The thesis deals with the design of methodology for determination of vibrations 

effect on fatigue durability and crack growth rate of L 410 NG airplane flaps. The 
introductory part contains necessary information about the airplane and loading of 
flaps. Means for quantitative description of fatigue process by the stress-life approach 
are described afterwards. Definition of general random process and description of 
techniques applied to data, which were obtained by a strain gauge survey, are presented 
to clarify the proposed methodology. The main part of the thesis contains a detailed 
description of the proposed methodology. At the same time, the methodology is applied 
to data obtained from the strain gauge survey on L 410 UVP-E20. 

KEYWORDS 
Fatigue, random cyclic loading, vibration 

 

ABSTRAKT 
5ƛǇƭƻƳƻǾł ǇǊłŎŜ ǎŜ ȊŀōȇǾł ƴłǾǊƘŜƳ ƳŜǘƻŘƛƪȅ ǇǊƻ ǎǘŀƴƻǾŜƴƝ ǾƭƛǾǳ ǾƛōǊŀŎƝ na 

ǵƴŀǾƻǾƻǳ ȌƛǾƻǘƴƻǎǘ ŀ ǊȅŎƘƭƻǎǘ ǑƝǌŜƴƝ ǘǊƘƭƛƴ ǳ ǾȊǘƭŀƪƻǾȇŎƘ ƪƭŀǇŜƪ ƭŜǘƻǳƴǳ [ пмл bDΦ 
¨ǾƻŘƴƝ őłǎǘ ǇǊłŎŜ ƻōǎŀƘǳƧŜ ǇƻǘǌŜōƴŞ ƛƴŦƻǊƳŀŎŜ ƻ ƭŜǘƻǳƴǳ ŀ ȊŀǘƝȌŜƴƝ ǾȊǘƭŀƪƻǾȇŎƘ ƪƭŀǇŜƪΦ 
tƻǘŞ Ƨǎƻǳ ǇƻǇǎłƴȅ ǇǊƻǎǘǌŜŘƪȅ ǇǊƻ ƪǾŀƴǘƛǘŀǘƛǾƴƝ ǇƻǇƛǎ ǵƴŀǾƻǾŞƘƻ ǇǊƻŎŜǎǳ ǎ ǾȅǳȌƛǘƝƳ 
ƴŀǇŠǙƻǾŞƘƻ ǇǌƝǎǘǳǇǳΦ tǊƻ ƻōƧŀǎƴŠƴƝ ƴŀǾǊƘƻǾŀƴŞ ƳŜǘƻŘƛƪȅ ƧŜ ǳǾŜŘŜƴŀ ŘŜŦƛƴƛŎŜ 
ƻōŜŎƴŞƘƻ ƴłƘƻŘƴŞƘƻ ǇǊƻŎŜǎǳ ŀ ǇƻǇƛǎ ǇƻǎǘǳǇǻ ŀǇƭƛƪƻǾŀƴȇŎƘ ƴŀ Řŀǘŀ ȊƝǎƪŀƴł z ƭŜǘƻǾŞƘƻ 
ƳŠǌŜƴƝΦ IƭŀǾƴƝ őłǎǘ ǇǊłŎŜ ƻōǎŀƘǳƧŜ ǇƻŘǊƻōƴȇ ǇƻǇƛǎ ƴŀǾǊȌŜƴŞ ƳŜǘƻŘƛƪȅΦ ¢ŀ je ȊłǊƻǾŜƶ 
ŀǇƭƛƪƻǾłƴŀ ƴŀ Řŀǘŀ ȊƝǎƪŀƴł Ȋ ƳŠǌŜƴƝ ƴŀ ƭŜǘƻǳƴǳ [ пмл ¦±t-E20. 
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1 INTRODUCTION 
Fatigue due to vibrations is an important issue throughout the industry, not only in 

the aerospace engineering. The significance of the term corresponds to the fact, that 
vibration of the structure may cause a fatigue failure earlier than expected by the 
analysis, if the analysis does not cover vibration effects. As can be expected, vibration 
will be much more severe, when the sources of vibration correspond to the natural 
frequency of the structure. 

The airplane is loaded by various loads during each flight. Some of them are 
deterministic, some of them purely stochastic. The thesis analyses vibrations, which 
occur on the flaps. It is presumed that the main source of vibration is the propeller 
slipstream. Vibration is dealt as a stochastic event, which might be described by means 
of statistics. The stress/strain response of the structure might be directly measured via 
strain gauges fixed in the analysed locations. The stress/strain time history is then 
processed using the time-domain approach.  

The introductory chapter contains basic information about analysed aircraft and the 
detaileŘ ŘŜǎŎǊƛǇǘƛƻƴ ƻŦ ŦƭŀǇΩǎ ŘŜǎƛƎƴΦ !ŘŘƛǘƛƻƴŀƭ ƛƴŦƻǊƳŀǘƛƻƴ ŀōƻǳǘ ŀƛǊŎǊŀŦǘΩǎ ǇƻǿŜǊ-plant 
and typical operational conditions in the form of a typical flight profile are also 
mentioned. 

1.1  Description of L-410 NG 

L-410 NG is a twin-engine turboprop commuter category airplane designed in line 
with FAR-23 regulation. The airplane is capable to seat up to 19 passengers. Thanks to a 
brand-new wing structure carrying an integral fuel tank with higher volume capacity, the 
airplane is meant to be the successor of the L 410 UVP-E20. Comparing to L 410 UVP-
E20, L410 NG aircraft has significantly higher range and flight endurance. At the same 
time, the MTOW and payload increased. The baggage compartment was enlarged and 
the aircraft is able to carry 400kg of load more than UVP-E20 version. L-410 NG is 
equipped with more efficient turboprop engine GE H85-200 and a five-blade propeller 
AV 725. 

Another benefit of the aircraft is connected with the improved utility 
characteristics. The aircraft is designed to be easily accessible during maintenance 
procedures. At the same time, the operational life significantly increased by 
implementing the ά5ŀƳŀƎŜ ǘƻƭŜǊŀƴŎŜέ ŘŜǎƛƎn philosophy. 

A brief comparison between L410 UVP-E20 and L410 NG is summarized in Table 1.1.  



4 
 

Airplane L 410 NG L 410 UVP-E20 

Maximum take-off weight 7000 kg 6600 kg 

Empty weight 4200 kg 4200 kg 

Wingspan 19.48 m 19.98 m 

Payload 2200 kg 1800 kg 

Passengers 19 19 

Engines GE H85-200 GE H80-200 

Propellers Avia 725 (5-blade) Avia 725 (5-blade) 

Maximum speed (TAS) 412 km/h 398 km/h 

Maximum range (ISA, 45min. res.)  2840 km 1520 km 

Service life 30 000 FH/FC 20 000 FH/FC 

Table 1.1 ς Comparison between L410 UVP-E20 and L410 NG aircraft 
 

 
 

 
Figure 1.1 ς L 410 NG airplane [1] 
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1.2  Regulatory background 

FAR 23.572 Metallic wing, empennage and associated structures [9] 

FAR 23.572(b)(3) is directive to normal, utility and aerobatic category only, but it is 
mentioned here to point out, that propeller slipstream might have a significant effect 
on aircraft fatigue durability. It prescribes to investigate any significant effect of 
propeller slipstream on fatigue behaviour of the metallic wing or fuselage, including any 
associated structure: 

άFAR 23.572(b)(3) Metallic wing, empennage and associated structures: 

a) For normal, utility, and aerobatic category airplanes, the strength, detail design, and 

fabrication of those parts of the airframe structure whose failure would be catastrophic 

must be evaluated under one of the following unless it is shown that the structure, 

operating stress level, materials and expected uses are comparable, from a fatigue 

standpoint, to a similar design that has had extensive satisfactory service experience:  

(1) A fatigue strength investigation in which the structure is shown by tests, or by 

analysis supported by test evidence, to be able to withstand the repeated loads of 

variable magnitude expected in service;  

(2) A fail-safe strength investigation in which it is shown by analysis, tests, or both, that 

catastrophic failure of the structure is not probable after fatigue failure, or obvious 

partial failure, of a principal structural element, and that the remaining structure is 

able to withstand a static ultimate load factor of 75 percent of the critical limit load 

factor at Vc. These loads must be multiplied by a factor of 1.15 unless the dynamic 

effects of failure under static load are otherwise considered.  

(3) The damage tolerance evaluation of CS 23.573(b). 

b) Each evaluation required by this paragraph must: 

(1) Include typical loading spectra (e.g. taxi, ground-air-ground cycles, manoeuvre, gust) 

(2) Account for any significant effects due to the mutual influence of aerodynamic surfaces 

(3) Consider any significant effects from propeller slipstream loading, and buffet from 

vortex impingementsέ 

 
AC 25.571-1D [10] 
  

This advisory circular provides guidelines to comply with FAR 25 and also FAR 23 
airworthiness standards, if the damage tolerance approach is opted for. Section 5.b. 
deals with the typical loading spectrum expected in service: 

 

ά[ƻŀŘƛƴƎ ǎǇŜŎǘǊǳƳ ǳǎŜŘ ŦƻǊ ŎǊŀŎƪ-growth and fatigue crack initiation assessments (tests or 

analyses) should be based on measured statistical data of the type derived from government and 

industry load-history studies and, where data is insufficient or unavailable, on a conservative 

estimate of the anticipated use of the airplane. The principal loads that should be considered in 

establishing a loading spectrum are flight loads (gust and manoeuver), ground loads (taxiing, 
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landing impact, turning, engine run-up, braking, thrust reversing, and towing), and 

pressurization loads. The development of the loading spectrum includes the definition of the 

expected flight plan, which involves climb, cruise, descent, flight times, operational speeds and 

altitudes, and the approximate time to be spent in each of the operating regimes. Operations for 

crew training and other pertinent factors, such as the dynamic stress characteristics of any 

flexible structure excited by turbulence or buffeting, should also be considered. For pressurized 

cabins, the loading spectrum should include the repeated application of the normal operating 

differential pressure, and the superimposed effects of flight loads and external aerodynamic 

ǇǊŜǎǎǳǊŜǎΦέ 

1.3  F&DT Approaches valid for L 410 NG 

Because L 410-NG aircraft consists of newly designed structure as well as structure 
inherited from L 410 UVP-E20, altogether three possible F&DT approaches are proposed 
over the F&DT evaluation of the structure [18]: 

¶ DTA ς Damage tolerance approach for newly designed structure and structure 
inherited from L 410 UVP-E20 

¶ SLA-1 ς Safe life approach for traditional safe life structure (landing gear, landing 
gear beam, engine mounts) 

¶ SLA-2 ς Safe life approach for structure inherited from L 410 UVP-E20 which is 
not included within SLA-1 category and where damage tolerance approach (DTA) 
is not practical 

Report [18] describes relevant usage of the approaches in more detail. There are 
also stated inspection aims, together with the design service goal of the structure. The 
airframe shall be designed to withstand 30 000 flight hours or 30 000 landings (flight 
cycles), whichever comes first. 
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1.4  Flaps structure 

The wing of L410 NG airplane is equipped with all-metal flaps to increase lift of the 
aircraft, mainly during take-off and landing flight phase.  

Flaps are divided into two sectors along the wingspan ς inner flap and outer flap 
(see Figure 1.2). Each of them consists of two segments. These two segments are tied 
together by a unique kinematic coupling, which enables them to deflect differently. The 
ǎƭƻǘ όŦƛǊǎǘ ǎŜƎƳŜƴǘύ ƛƳǇǊƻǾŜǎ ŦƭŀǇΩǎ ŜŦŦƛŎƛŜƴŎȅ ǿƘŜƴ ŘŜŦƭŜŎǘŜŘ ǘƻ ǘƘŜ ƭŀƴŘƛƴƎ 
configuration. The kinematic coupling is displayed in Figure 1.3. 

 

Figure 1.2 ς Flaps scheme [3] 

 

Figure 1.3 ς Kinematic coupling of flaps [3] 
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Flaps are controlled by the control system, which scheme can be seen in Figure 1.4. 
Executive member of the system is the hydraulic cylinder located in the symmetry plane 
of the aircraft. The hydraulic cylinder drives the system of rods, which transmits the 
motion onto the inner and outer flap at different rates. The outer sector is deflected less 
than the inner sector, which provide the aircraft with convenient stalling characteristics. 

 

 

Figure 1.4 ς Flaps control system [3] 
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1.5  Power-plant 

It has been already mentioned in Table 1.1 that L410 NG is powered by two 
turboprop engines GE-H85-200 and a five-blade AV-725 propeller. The output shaft 
revolutions of the engine are 2080 RPM according to the engine manufacturer. Maximal 
output power is equal to 850 SHP. Comparing to that, L 410 UVP-E20 is powered by GE-
H80-200. The main difference between these engines are the performance 
characteristics. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.5 ς Specifications and maximum take-off power of GE-H85 [7] 
 

 

 

 

 

 

 

 

 

 

 

 
Figure 1.6 ς Specifications and maximum take-off power of GE-H80 [8] 
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1.6  Effect of propeller slipstream 

 Thrust produced by the propeller affect a part of flaps, which is located directly 
in the propeller slipstream. The area affected by the propeller slipstream was adopted 
from [4] and can be seen below.  

 
Figure 1.7 ς Area of flaps affected by the propeller slipstream [4] 

According to [5]Σ ǘƘŜ ŜŦŦŜŎǘ ƻŦ ǇǊƻǇŜƭƭŜǊ ǎƭƛǇǎǘǊŜŀƳ ƻƴ ǘƘŜ ŦƭŀǇΩǎ ƭƻŀŘƛƴƎ Ŏŀƴ ōŜ 
described by an increase of the dynamic pressure on the affected flaps area. The 
dynamic pressure increase corresponds to the air acceleration caused by the propeller. 
Assuming linear propulsion theory, the airspeed beyond the propeller can be calculated 
as a sum of the airspeed ὠ  and the induced airspeed ύ : 

 

ὠ ὠ ύ  

 

Where: 

ύ ὠ Ͻ ρ ρ Ὧ  

Ὧ
Ὂ

ήϽὛ
 

 

Ὧ   Dynamic pressure increase coefficient 

Ὂ   Thrust produced by the propeller 

ή   Dynamic pressure of the undisturbed air 

Ὓ   Propeller disc area 



11 
 

5ŜǘŀƛƭŜŘ ŘŜǎŎǊƛǇǘƛƻƴ ƻŦ ǘƘŜ ŜŦŦŜŎǘ ƻŦ ǇǊƻǇŜƭƭŜǊ ǎƭƛǇǎǘǊŜŀƳ ƻƴ ƭƻŀŘƛƴƎ ƻŦ ǿƛƴƎΩǎ 
structure and high-lift devices might be found in [2] and [5]. 

The assumption described above gives us an information about an average loading 
of the structure due to the propeller slipstream. However, it shall be pointed out, that 
the increase of the dynamic pressure is not uniform. The dynamic pressure increases 
each time, when the propeller blade passes through particular point and then decreases 
again. Such passes produce impulses with frequency proportional to the propeller 
revolutions. 

These pressure pulses act upon the structure and depending on the natural 
frequency of the structure and other impacts, they contribute to the dynamic loading of 
the structure. 

 The frequency of pressure pulses can be estimated by the following equation: 

 

Ὄᾀ ‫
ὲϽᾀ

φπ
 

 

Where: 

ὲ άὭὲ propeller revolutions per minute 

ᾀ   number of propeller blades 

 

 As a conclusion, it can be expected, that pressure pulses generated by the 
propeller will vary with flight mode, especially with revolutions of the propeller and 
thrust delivery. 

1.7  Operational conditions 

Operational conditions of an airplane might alternate from one operator to 
another. It is vitally important to determine representative conditions in a form of a 
flight profile which will be used during the fatigue analysis and which will cover 
operational conditions of most of the aircraft in service. Therefore, it is recommended 
to gather flight data from the operated aircraft and to update flight profile accordingly. 

1.7.1 Typical flight profile 

 There is a long-time experience with L410 aircraft family and its operational 
conditions. Several flight profiles have been derived from the obtained data and the 
typical flight profile was established. 

Flight is separated into altogether seven phases, described in more detail in Table 
1.2. 
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Section 
mark 

Flight 
regime 

Description of the section 

A 

Take-off 
Airplane stay on line-up at take-off configuration (flaps 18 deg.) -> 
take-off rating setting -> brakes release -> ground run -> lift-off -> 
achieving of height 35 ft (10.7 m) above runway surface 

Initial 
climb 

1st segment of climb: landing gear retracting 

2nd segment of climb: climbing to altitude 400 ft (122 m) above 
runway surface 

Accelerate segment: airplane acceleration and flaps retracting 

Final take-off segment: climbing to 1500 ft (457 m) above runway 
surface 

B 
En-route 

climb 
Climbing from 1500 ft (457 m) above runway surface to cruise level 

C 
Cruise 
flight 

Setting of the selected rating in cruise altitude -> steady horizontal 
flight 

D Descent 
Setting required rating for descent -> descent with comfortable 
rate of descent -> continue in descent to altitude 1500 ft (457 m) 
above runway surface 

E Approach 

Initiation of the approach at altitude 1500 ft (457 m) above runway 
surface -> extension of the landing gear -> setting flaps to 18 deg. 
-> propellers fine pitch angle -> achieving of the decision altitude 
200 ft (61 m) above runway surface -> setting flaps to 42 deg. -> 
Idle at both engines -> achieving of threshold altitude 50 ft (15 m) 
above runway surface 

F Landing 
Altitude 50 ft (15 m) above runway surface, VREF speed-> touch 
down -> (reverse thrust setting) -> spoilers deflection -> wheels 
braking -> ground run 

Table 1.2 ς Flight phases [6] 

 

Besides the profile presented above, other ground phases such as straight taxi or 
turns during taxi ŀǊŜ ŀƭǎƻ ŘŜǘŜǊƳƛƴŜŘΣ ōǳǘ ǿƻƴΩǘ ōŜ ǎǘǳŘƛŜŘ ƛƴ ŘŜǘŀƛƭ. It is assumed, that 
loading of flaps during straight taxiing, or turns etc. is quite small in comparison to 
loading during take-off and landing. Therefore, such ground phases are neglected. The 
reverse thrust is used within 50% of landings according to [6]. The average duration of 
thrust reversals is 8 seconds. 
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Figure 1.8 Take-off flight phase[6] 

 

Figure 1.9 En-route flight phase[6] 

 

Figure 1.10 Approach and landing flight phases[6] 
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Table 1.3 Typical flight profile[6] 
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1.7.2 Flap ς duty cycles 

Flaps are loaded predominantly during take-off and landing flight phase, when they 
are in an extended position. Together with other significant loading conditions, which 
are repeated flight by flight, so-called flap duty cycles might be determined. The flap 
duty cycles can be derived from the typical flight profile. Altogether 5 significant states 
can be determined: 

 

1. Taxiing    Flaps retracted ‏ πЈ 

2. Take-off    Flaps deflected  ‏ ρψЈ 

3. En-route flight  Flaps retracted  ‏ πЈ 

4. Approach    Flaps deflected  ‏ ρψЈ 

5. Landing    Flaps deflected  ‏ τςЈ 

 

 

Figure 1.11 Flap-duty cycles [3] 
 

Maximum loading during take-off and minimum loading during cruise flight form 
the flap-duty cycle ƴϲ1. Flap-duty cycle ƴϲ 2, which consists of load during landing and 
ground loading condition, is the main flap-duty cycle.  

There can be seen, that the assumption of unloaded flaps on the ground and in 
cruising configuration will give conservative results, because the loading range of both 
cycles will be higher than expected in service. 

1.7.3 Strain gauge survey 

The in-flight strain gauge survey (further in-flight measurement) was performed on 
L 410 UVP-E20, primarily to gain information about maximal forces acting upon ŦƭŀǇΩǎ 
control system. Report [11] contains detailed description of the survey and results 
summary. 
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The loading of control rods at the end of the control system was measured. 
Measured areas correspond ǘƻ ǊƻŘǎ ƴϲ мΣ нΣ 6 and 7 in Figure 1.4. These rods were 
equipped with strain gauges, plugged in a full bridge. The notation of the strain gauges 
among all other sensors is introduced in Table 1.4. 

 

Terminal rod               
(SG notation) 

Left side Right side 

Inner flap 
B53400N                 

(334) 
B536401N            

(356) 

Outer flap 
B5450062N                 

(338) 
B450063N                        

(357) 

Table 1.4 ς Denotation of strain gauges 
 

Altogether two flights have been carried out to obtain desired data. The entire 
records, designated as F2202_01 and F2202_02 are displayed in Figure 1.12 and Figure 
1.13. 9ȄŎŜǇǘ ǘƘŜ ŦƭŀǇΩǎ ŎƻƴǘǊƻƭ ŦƻǊŎŜǎΣ ǘƘŜ ŀŘŘƛǘƛƻƴŀƭ Řŀǘŀ ŀǊŜ ǇǊƻǾƛŘŜŘΣ ƛƴŎƭǳŘƛƴƎ ŀƴƎƭŜ 
of flaps extension, propeller revolutions, IAS, OAT and ALT.  

¢ƘŜ ƳŀȄƛƳǳƳ ŦƻǊŎŜǎ ƛƴ ǘƘŜ ŦƭŀǇΩǎ ŎƻƴǘǊƻƭ ǎȅǎtem were obtained during each flight 
with flaps extended and IAS near its maximum permissible value. Such loading is not 
important from the fatigue point of view, because it is rarely reached during an ordinary 
operation. However, apart from these extreme cases, the flight record contains flight 
phases repeated during any flight. Because the flaps control rods are evidently loaded 
predominantly when flaps are extended, the following flight phases were extracted (see 
chapter 1.7.2): 

 

¶ Take-off  

 

¶ Approach  

 

¶ Landing  

 

The take-off flight phase comprises flight segments between points A0 to A2 
according to the typical flight profile (Table 1.3) and Figure 1.8. 

 The approach corresponds to a flight segment, bounded by points E1 and E5. The 
landing flight phase is assumed as a flight segment lasting from point E5 to F2. It means, 
that the extracted segment for landing does not cover the loading after touch down.  

The detailed description and graphical interpretation of all flight phases extracted 
from the flight record are attached in the Appendix A. 
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Figure 1.12 ς Flight record F2202_01 
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Figure 1.13 ς Flight record F2202_02 
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2 F&DT analysis 
To perform F&DT evaluation of any structure, it is necessary to gain appropriate 

information about loading of the structure, material properties and some presumptions 
about the state of the structure first time it reaches its operational engagement. 

The following chapter defines basic terms related to F&DT analysis. The F&DT 
approaches corresponding to F&DT evaluation of L 410 NG have been already 
mentioned in chapter 1.3. 

2.1  Basic terms 

2.1.1 Stages of fatigue life 

Fatigue life until failure of the structure might be divided in line with [20] into 
altogether two periods, as shown in Figure 2.1. 

 

Figure 2.1 ς Periods of fatigue life 

Fatigue cracks are initiated on a microscopic scale in slip bands, usually very early in 
the fatigue life. Fatigue is a material surface phenomenon in the crack initiation period. 
The initiation of the microcrack is affected by surface conditions, as for example 
roughness or surface corrosion. After some microcrack propagation, more regular crack 
growth is observed. However, microcrack growth is usually still very slow process due to 
micro structure effects, as grain boundaries, etc. 

In the case of a laboratory specimen, the remaining fatigue life after cracks become 
visible represents usually only a small percentage of the total life. For real structures 
however, the latter percentage may be significantly larger. The direction of macrocracks 
propagation is usually dependent mostly on loading conditions of the structure. Surface 
conditions have just a negligible effect on macrocrack growth. 

As a consequence, the fatigue prediction methods are different for the two periods 
mentioned in Figure 2.1. The stress concentration factor is an important parameter from 
the crack initiation point of view. For the crack growth description, concept of stress 
intensity factor has been established. 

Further information about particular stages of fatigue life might be found in [20]. 
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2.1.2 Description of cyclic loading 

Cyclic loading is described by a sequence of load/stress cycles. Each load cycle is 
represented by a change of load between points A and B, as shown on harmonic loading 
in Figure 2.2. Points A and B are stress levels at which the loading direction is reversed. 
They are so-called reversal points. Apart from reversals, standard [14] further 
distinguishes between peaks and valleys. 

 

Figure 2.2 Harmonic loading ς Description of load cycle 

 

Each stress cycle can be described by the following parameters: 

 

„     Starting stress level 

„     Target stress level 

„ άὥὼ„Ƞ„   Maximum stress (Upper stress level) 

„ άὭὲ„Ƞ„   Minimum stress (Lower stress level) 

„   Mean stress 

„
ȿ ȿ

  Stress amplitude 

Ὑ     Stress ratio 

Ў„ „ „   Stress range 

Ὕ     Cycle period 

‫     Cycle frequency 

 

The information about loading of the structure might have a form of load spectra 
for fatigue analysis or a form of a loading sequence for DT analysis. Contrary to load 
spectra, loading sequence does not contain only the information about quantity and 
type of loading acting upon structure, but contains also an information about time 
sequence of loads. 
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2.1.3 Fatigue properties of material 

The thesis is focused on fatigue analysis using stress-life approach only. 
Determination of fatigue life using strain-life approach is usually recommended for low-
cycle fatigue. This approach is not applied in the thesis.  

According to [20], fatigue properties of any material might be described by one of 
the following methods: 

¶ S-N curve 

¶ Fatigue limit 

¶ Fatigue diagrams 

 

S-N curve 

S-N curve is a graphical interpretation of the fatigue durability of specimens, loaded 
at different stress levels. To obtain the S-N curve, the test specimens are usually loaded 
by a loading with a constant mean stress or by a loading with a constant stress ratio. 

 In the case of the constant mean stress loading, the S-N curve represents a 
relationship between stress amplitude and fatigue durability (number of cycles to 
failure), as shown below. 

 

Figure 2.3 S-N curve for a constant mean stress loading [19] 

In log-log coordinates, the relationship can be mathematically described by a linear 
relation, which is known as a Basquin equation [20]: 

„ Ͻὔ ὃ 

Where: 

ά  Slope of an S-N curve 

ὔ  Number of cycles to failure 

ὃ  Constant of the S-N curve 
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Fatigue limit 

There has been observed a certain threshold of stress amplitude for which the 
fatigue durability rapidly increases much above the order of ρπ cycles, if the specimen 
is loaded by a constant amplitude loading. When the stress amplitude goes down below 
this level, it becomes very difficult for microcracks to grow until failure. Such threshold 
is called a fatigue limit.  

However, it can be defined for some materials only, typically for steel. For other 
materials, as aluminium alloys, it is impractical to establish the concept of fatigue limit. 
There has not been observed any stress limit below which the fatigue durability would 
increase such rapidly. 

 It is necessary to note, that the fatigue limit is a term related to loading by a 
constant amplitude only. In the case of variable amplitude loading, cycles with 
amplitudes below the fatigue limit participate on fatigue process leading to failure. To 
account for the damaging effect of cycles below the fatigue limit, various methods of 
SN-curve extrapolation are suggested in [20]. 

 One of the methods presumes, that the Basquin equation is valid for the stress 
amplitudes below the fatigue limit in the same form as for the stress amplitudes above 
the fatigue limit. 

 Method suggested by Haibach extrapolates the SN-curve below the fatigue limit 
by modifying the SN-curve slope from original value ά  to value ά , which is applied to 
amplitudes lying below the fatigue limit: 

ά ςϽά ρ 

 

Fatigue diagrams 

 S-N curve describes fatigue durability of the specimen loaded by a variable 
amplitude and a constant mean stress. A higher mean stress will give a lower S-N curve.  
Principle of fatigue diagram derivation from a series of S-N curves is apparent from 
Figure 2.4. The lines in a fatigue diagram (also called Goodman or Haigh diagram) 
represent possible combination of mean stress and its amplitude, which will lead to a 
given fatigue life. Where possible, the line corresponding to fatigue limit can also be 
determined. 

 
Figure 2.4 ς Fatigue diagram [20]  
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Based on experience, Schijve [20] declares, that the effect of stress amplitude on 
fatigue is higher than the effect of mean stress. It is in line with a fact, that fatigue failure 
is primarily a consequence of cyclic loading. 

 Another way, how to represent the effect of mean stress on fatigue life is offered 
by a so-called Smith diagram. It is derived for one specific fatigue life, very often for a 
fatigue limit, or for a fatigue life above ρπ cycles. It consists of two lines corresponding 
to minimal and maximal stress in a cycle „  and „ . We get the exact combination 
of „  and „  by connecting these two lines vertically, as shows Figure 2.5. 

 

Figure 2.5 ς Smith diagram [20]  
 

2.1.4 Mean stress effects 

By comparing two variable loadings with the same amplitude and different mean 
stresses, higher maximum stress in a cycle is present for a higher mean stress. As a result, 
opening of microcracks is more severe for higher maximum stresses, which will cause 
shorter fatigue life. The mean stress correction of an S-N curve might be performed by 
its vertical transformation using one of the following equations: 

¶ Goodman: 

 

„ ρ
„

Ὑ
Ͻ„  

¶ Gerber: 

 

„ ρ
„

Ὑ
Ͻ„  

¶ Soderberg: 
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„ ρ
„

Ὑ
Ͻ„  

¶ Oding: 

a) „ π 

 

„ȟ ςϽ„Ͻ„ „  

 

b) „ ᶰộπȟςȢψυχϽ„Ớ 

 

„ȟ ςϽ„ Ͻ„ ȿ„ȿ 

 

„ „ ȿπȟσυϽ„ȿ 

 

c) „ ςȢψυχϽ„ 

 

„ȟ π 

 

 

 

Figure 2.6 ς Mean stress correction 

 

Figure 2.6 shows graphical comparison between equations mentioned above for 
„ π. All of the relations are often cut above the line „ Ὑ, which is an area, 
where macroscopic plastic deformation occurs. Such treatment of a fatigue diagram is 
shown in Figure 2.7. 
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Figure 2.7 ς Additional treatment of the mean stress correction 

 

However, as stated in [20], fatigue is rarely a practical problem for a negative mean 
stress, due to crack closing under compression. The negative part of the cycle may be 
expected as non-damaging. Reversed loading is significant in view of reversed plasticity 
in the area of a crack tip, but crack opening is still necessary for crack extension and also 
for reversed plasticity in the crack tip plastic zone. Amplitude required for a crack 
opening is much larger for negative mean stress. 

¢ƘŜǊŜŦƻǊŜΣ ǘƘŜ hŘƛƴƎΩǎ ƳŜŀƴ ǎǘǊŜǎǎ ŎƻǊǊŜŎǘƛƻƴ ƳƛƎƘǘ ōŜ ƳƻŘƛŦƛŜŘ ƛƴto the following 
form, which does not count cycles with „ π as damaging: 

 

a) „ π 

 

ʎȟ ςϽ„Ͻ„ „  

 

b) „ π ᷊ „ „ π 

 

„ȟ „ πȢςϽ„ ϽЍς 

 

c) „ „ π 

„ȟ π 
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2.2  Cumulative damage hypothesis 

To obtain an S-N curve, fatigue test specimen is loaded by a constant amplitude 
loading, as was already described earlier. Contrary to that, the service operation of real 
structural parts covers variable loading conditions. The cumulative damage hypothesis 
was therefore introduced to account for the effects of loading variability. During variable 
loading of the test specimen, each load cycle reduces the fatigue resistance of the 
specimen accordingly its amplitude and mean stress. 

The fatigue damage Ὀ caused by ὲ cycles of a particular stress level with constant 
„ , ʎ is defined in [20] as follows: 

 

Ὀ
ὲ

ὔ
 

Where: 

ά ρ  Linear damage accumulation (Palmgren-Miner Rule) 

ά ρ  Non-linear damage accumulation 

Ὀ π  Initial stage of specimen loading 

Ὀ ρ  Failure of the specimen 

ὔ   Number of cycles to failure (Fatigue life endurance) 

 

The failure caused by a variable loading consisting of ὴ different load levels occurs, 
when the accumulated fatigue damage reaches its limit value: 

Ὀ Ὀ ρ 

 

 

Figure 2.8 ς Two blocks of constant amplitude loading [20] 
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Figure 2.9 ς Comparison between damage accumulation theories [20] 
 

According to [20], the basic shortcoming of the Miner-rule is the fact, that 
cumulative fatigue damage is a function of one parameter only, which integrates from 
zero to unity. 

The process of the crack growth (fatigue damage accumulation) is much more 
complicated, than predicted by the Miner-rule and many other methods. It includes 
repeated crack tip plasticity, local strain hardening in the crack tip zone, residual stresses 
around the crack tip, and for notched elements also macro plasticity in the root of the 
notch. It implies, that the fatigue damage increment depends on the material fatigue 
condition, caused by the previous cycles. These effects are called interaction effects. 

Another problem related to the use of Miner-rule is the assumption, that S-N curve 
ƛǎ ŀ ŎǳǊǾŜ ƻŦ ŀ Ŏƻƴǎǘŀƴǘ ŦŀǘƛƎǳŜ ŘŀƳŀƎŜΦ ¢Ƙƛǎ ƛǎƴΩǘ ǳƴŦƻǊǘǳƴŀǘŜƭȅ ŀ ǊŜŀƭ ŀǎǎǳƳǇǘƛƻƴΣ 
because the crack length at failure depends on the maximal stress „ of the last cycle. 
This shortcoming of the Miner-rule may not be so serious, if the fatigue life spent in the 
macro-crack growth period was relatively short. 

One of the ways, that was suggested to deal with the sequence effects within 
fatigue life prediction models, was to define an exponent ά in the definition of fatigue 
damage as a function of the load level. It was believed, that such description might cover 
the sequence effects correctly.  

 

The idea is presented in the Figure 2.9. There is displayed, how different damage 
accumulation methods deals with a simple VA loading consisting of two blocks of CA 
cycles from Figure 2.8. Using non-linear damage accumulation method with variable 
exponent ά, the damage parameter increases along the upper curve during the first 
block and along the lower curve during the second block of CA cycles. Transition to 

another damage curve causes, that the sum of the two contributions  is smaller 

than 1. At the same time, the reversed order of the two blocks would lead to the sum 
greater than 1. 
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However, according to [20], models with such a non-linearly increasing single 
damage parameter have not led to an improved Miner-rule giving reliable predictions 
with a general validity. The problem is still the use of a single damage parameter, which 
is in conflict with the up to date understanding of fatigue damage. Therefore, the 
shortcomings of the Miner-rule are not removed by assuming a non-linear damage 
function. 

Although it is not possible to describe the fatigue process by a single damage 
parameter correctly, due to its simplicity, the Miner-Rule is still the most common way, 
how to deal with fatigue analysis of the structural element subjected to a variable 
loading in the sense of determination of its fatigue life. 

2.3  Crack growth prediction 

Fatigue life prediction might be replaced by a crack growth prediction, if we assume, 
that the initial stages of the fatigue life corresponding to initiation of macrocracks, as 
defined in chapter 2.1.1, are negligible. As an initial flaw is supposed to be a small defect, 
typically a surface damage created during a manufacturing process. Crack growth is then 
predicted using methods of linear fracture mechanics. Methods of linear fracture 
mechnics are already applicable for rather small cracks. 

Crack growth predictions form an essential part of the damage tolerance analysis of 
the L410 NG structure. Crack propagation curves, validated by the test evidence are used 
for planning the maintenance procedures, especially for determination of the inspection 
threshold and the interval between two adjacent inspections. 

A flaw of any length is a source of a stress concentration at the crack tip within the 
structural element of any geometry. Each crack might be loaded in the so-called opening 
modes, as shown in Figure 2.10. The most important way of loading from the practical 
point of view is represented by the tensile opening (Mode I). 

 

Mode I  - Tensile opening 

Mode II  - In-plane shear 

Mode III - Anti-plane shear 

 

Figure 2.10 ς Crack opening modes [25] 
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According to theoretical predictions, the stress reaches an infinite value in the 
vicinity of the crack tip. Therefore, it is impossible to describe the vicinity of the crack 
tip by the use of a stress concentration factor, which is usually defined for a notch of a 
particular shape, loaded by specific conditions. The most widely used instrument for a 
description of the stress field at the crack tip area is the stress intensity factor ὑ, which 
accounts for type and magnitude of applied load as well as geometric arrangement. 

The stress intensity factor is usually presented in the following form for Mode I: 

 

ὑ ‍Ͻ„ϽЍ“Ͻὥ 

where: 

„ nominal stress in the area unaffected by the crack occurrence 

ὥ crack length 

‍ shape function 

 

The shape function ‍ (also called correction factor or simply ‍-function) accounts 
for the geometric arrangement, type of loading etc. 

 Theoretical approach assuming an infinitely high stress magnitude at the crack 
tip is not acceptable for a real material. For a real material, the yield strength is exceeded 
and a plastic zone of a particular size is created at the crack tip area. The primary plastic 
zone is followed by a reverse (secondary) plastic zone, which occurs as soon as the object 
is unloaded again. The reverse plastic zone is represented by residual compression stress 
field at the crack tip, which causes closing of the crack. 

The crack propagation under CA loading might be characterized by ὪЎὑ  

relation, depicted in the Figure 2.11. The curve represents crack length increment per 
cycle as a function of the stress intensity factor range Ўὑ, defined by: 

Ўὑ ὑ ὑ  

 

 

Figure 2.11 ς Typical shape of 
▀╪

▀╝
█Ў╚  curve [25] 
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The typical curve can be divided into three regions: 

I) The Threshold region ς might be represented by the threshold value Ўὑ  
valid for a macro-crack only, which implies, that macro-ŎǊŀŎƪ ǿƻƴΩǘ ƎǊƻǿ ŘǳŜ 
to stress intensity factor lower than the threshold value. However, such 
assumption is valid for a constant amplitude loading only. In the case of 
variable amplitude loading, even cycles providing ranges of stress intensity 
factor below the threshold value participate on a crack propagation. 
Therefore, an extrapolation of the Paris region below the threshold value is 
made to account for the damaging effect of cycles with relatively low 
amplitudes. 

II) The Paris region ς corresponds to the stable growth of a macro-crack 

III) The stable tearing crack growth ς the crack growth rate in this region is high, 
its magnitude is approximately of order ρπ άȾὧώὧὰὩ according to [25] 

 

Various equations describing crack growth in regions discussed above were 
developed. They might be found for example in [20] or [25]. 

As stated in [25], due to a reverse plastic zone and the corresponding compressive 
stress field at the crack tip, the crack closure is induced in the lower part of the load 
cycle. As a result, the crack tip is being opened only during a part of the load cycle. Based 
on this fact, the effective stress range Ў„  and corresponding effective stress intensity 

factor range Ўὑ  were defined: 

Ўὑ ὑ ὑ  

 

The value of Ўὑ  is usually defined by a semi-empirical approach with the use of 

the function Ὗ ὪὙ: 

Ўὑ ὟϽЎὑ 

 

With the knowledge of the closure effect, the description of the crack propagation 
under CA loading becomes a little bit complicated, as described above. 

 

Figure 2.12 ς Non-interaction fatigue crack growth in a 2-block VA test [20] 
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The situation is then even magnified for VA loading. Schijve compares in [20] the 
crack propagation without assuming the interaction effects with the test results 
obtained on 2024-T3 Al-alloy specimens under a 2-block VA loading.  

The crack growth prediction based on the presumption, that previous loads do not 
affect the crack growth caused by the current cycle, is shown in Figure 2.12.  

However, the test evidence has shown that the crack growth in the second block is 
affected by the crack growth in the first block. After the reduction of stress amplitude 
from 54 MPa to 24 MPa, a crack growth retardation during a crack length increment of 
1 to 3 mm occurred. After a retardation period, the crack growth curves became parallel 
to the original crack growth curves again, obtained without assuming the interaction 
effects. The situation is displayed in Figure 2.13. 

 

Figure 2.13 ς Results of the crack growth tests on specimens made of 2024-T3 Al-
alloy [20] 

As a result, it might be noted, that the load interaction is an important issue 
affecting the crack propagation. In the case of structural elements subjected to variable 
loading with peaks separated by a relatively moderate loading, it is sufficient to include 
the interaction effects to the crack growth predictions without any doubts. On the other 
hand, such structural element, as for example pressurized cabin, which is loaded 
predominantly by pressurization, will not be strongly affected by the interaction effects. 

The crack growth prediction under VA loading comprises several steps, which are 
schematically ordered in the Figure 2.14: 

¶ Stress analysis in order to obtain shape function ‍ 

¶ Calculation of the stress range Ў„ 

¶ Computation of the stress intensity factor range (or its effective value) 
Ўὑ Ўὑ  

¶ Determination of the crack growth increment per applied cycle  

¶ Adding the increment to the crack growth curve ὥ Ὢὔ  
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The paradox of this approach is the use of material data obtained under CA tests for 
prediction of the crack growth propagation under VA loading. However, this procedure 
is widely accepted in practice. 

 

Figure 2.14 ς Solution of the crack growth under VA loading [25] 

2.4  AFGROW loading sequence 

AFGROW software is used by AI to analyse fatigue crack growth and fracture of 
metallic structures. AFGROW is a Damage Tolerance Analysis framework, which was 
originally developed by The Air Force Research Laboratory and now it is developed and 
maintained by LexTech, Inc. 

The software contains classic stress intensity factor library providing solutions for 
over 30 different crack geometries/loading conditions. It also implements five different 
crack growth rate models to determine crack growth per applied load cycle. 

The spectrum of loads is loaded into an AFGROW via the spectrum dialog. The user 
is supposed to specify the Stress Multiplication Factor of the loaded spectrum and limit 
stress for Residual Strength calculation, denoted as Residual Stress Strength 
Requirement. 

 

Stress multiplication factor (SMF) [27] 

 ά9ŀŎƘ ƳŀȄƛƳǳƳ ŀƴŘ ƳƛƴƛƳǳƳ ǾŀƭǳŜ ƛƴ ǘƘŜ ǳǎŜǊ ƛƴǇǳǘ ǎǘǊŜǎǎ ǎǇŜŎǘǊǳƳ ƛǎ 
multiplied by SMF. This allows the user to input spectra, which are normalized and 
simply use one factoǊ ǘƻ ǇǊŜŘƛŎǘ ǘƘŜ ƭƛŦŜ ŦƻǊ ŘƛŦŦŜǊŜƴǘ ǎǘǊŜǎǎ ƭŜǾŜƭǎΦέ 
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Residual Stress Strength Requirement (Pxx) [27] 

 άPxx is simply the value of stress (or load for models using load instead of stress 
input), which the structure must be able to carry at all crack sizes. This value is not 
multiplied by SMF. It is very useful for cases in which the user does not know when the 
maximum stress (or load) will occur and wishes to check for failure at all times for this 
condition. If the user set this value to zero (default), failure will occur based on the 
ŎǳǊǊŜƴǘ ŀǇǇƭƛŜŘ ǎǘǊŜǎǎ όƻǊ ƭƻŀŘύΦέ 

 

AFGROW offers an opportunity of defining constant amplitude loading, or creating 
a new spectrum file using the Spectrum wizard, that guides the user throughout the 
process of spectrum generation. 

To specify any spectrum for AFGROW, at least two files are required. The first file is 
called a Spectrum Information File. Its name is in a form of [filename].sp3. The 
subsequent file(s) contain the actual spectrum data. In line with [27], when generating 
spectrum via Spectrum wizard, the filename convention is [filenameXX].sub, where XX 
is a two digit file number (from 01 to 99). When importing an already complete spectrum 
file, it is possible to load an unlimited number of sub-spectra. 

The Spectrum Information File (ASCII text file) of the form [filename].sp3 is 
constructed as follows: 

[t itle] 

[sub-spectrum label] (i.e. Flight, Block, Hour, etc.) 

[type of spectrum] (Either BLOCKED or CYCLExCYCLE) 

[number of files to follow] 

 

The subsequent files associated with the spectrum contain information about the 
actual stress (or load). If the spectrum is specified as CYCLExCYCLE, then there might not 
be specified more than one cycle for any stress (or load) level. The spectrum is supposed 
to be cycle-counted. 

The spectrum data files (ASCII text files) are named [filename01].sub, 
ώŦƛƭŜƴŀƳŜлнϐΦǎǳōΣ ΧΣ ŜǘŎΦ 9ŀŎƘ ƻŦ ǘƘŜǎŜ ŦƛƭŜǎ ƛǎ ŎƻƴǎǘǊǳŎǘŜŘ ŀǎ ŦƻƭƭƻǿǎΥ 

[Sub-spectrum number] [number of levels] 

[max] [min] [cycle] 

Χ Χ Χ 

Χ Χ Χ 

 

Note that if two files are specified in the [filename].sp3 file, there must be a 
[filename02].sub file. The maximum and minimum values are floating point values and 
the cycles are expressed as integer values only. 
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3 DATA PROCESSING 
The following chapter describes techniques which will be used for determination of 

vibration effects on the fatigue damage of flaps and flaps control system, caused by an 
aircraft operation. 

First of all, various types of processes and sampling frequency suitable for their 
measurement are defined. Main part of the chapter describes specific techniques of 
data processing in detail: 

¶ The purpose of data filtration is to get rid of the noise induced by a sensor 
and to reduce the volume of data. Chapter 3.4 describes the basic principles 
of an amplitude filtration based on a 4-point algorithm. 

¶ Loading cycles might be detected and counted by various cycle counting 
methods. The method used for determination of vibrations effect on fatigue 
life of flaps is mentioned in chapter 3.5. 

¶ Loading history of user-defined length is reconstructed, enabling a 
normalization of the flight duration. Chapter 3.6 provides detailed 
description of the load reconstruction method applied in the proposed 
methodology. 

¶ Random processes might be characterized by a PDF. The PDF of detected 
cycles is estimated using one of non-parametric estimation methods. This 
method is described in the chapter 3.7. 

3.1  Classification of variable loading 

Variable loading as a general process might be divided into classes according to [13] 
as shown in Figure 3.1. 

 

 

 

Figure 3.1 ς Classification of variable loading  
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3.2  Sampling frequency 

It is convenient not to record data continuously in time, but to sample any 
measurement of load-time history with proper sampling frequency. It means, that only 
values in specific moments, separated by a gap with constant width (sampling period), 
will be recorded, as shown in Figure 3.2.  

 

Ὕ   Sampling period 

‫   Sampling frequency 

 

Figure 3.2 ς Data sampling 

 It is necessary to choose sampling frequency to be greater than a maximum 
frequency of any process ‫ , which is desired to be measured. Minimum permissible 
Nyquist sampling frequency is equal to ‫ ςϽ‫ . When the characteristics of 
local extremes are desired, it is recommended to choose frequency as follows, according 
to [13]: 

‫ ρπϽ‫  

  

It is presumed, that vibrations on flaps and flaps control system are caused by 
propeller slipstream. As stated in chapter 1.6, each pass of one of the propeller blades 
causes an increase of dynamic pressure. Such increase might be presumed as a source 
ƻŦ ŦƭŀǇΩǎ ōǳŦŦŜǘƛƴƎΦ ¢ƘŜǊŜŦƻǊŜΣ ǘƘŜ ƳƛƴƛƳŀƭ ŀƴŘ ǊŜŎƻƳƳŜƴŘŜŘ ǎŀƳǇƭing frequencies 
might be derived from maximum propeller revolutions per minute ὲ  and number of 
blades ᾀ: 

 

‫
ὲ Ͻᾀ

φπ

ςπψπϽυ

φπ
ρχσ Ὄᾀ 

 

‫ ςϽ‫ στφ Ὄᾀ 

 

‫ ρπϽ‫ ρχσπ Ὄᾀ 
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3.3 Random process 

It has been already mentioned without further justification, that vibration loading 
might be assumed as a random process. The state of such process ŎŀƴΩǘ ōŜ determined 
in any time. However, its behaviour can be described statistically, as for example by the 
probability density function. 

3.3.1 Definition of a random process 

¶ Random sample time history [12]: 

ά! ǎȅǎǘŜƳ ǇǊƻŘǳŎŜǎ ŀ ŎŜǊǘŀƛƴ ǊŜǎǇƻƴǎŜ ǳƴŘŜǊ ŜȄŎƛǘŀǘƛƻƴΦ LŦ ǘƘŜ ŜȄŎƛǘation or the 
response motion ὢὸ is unpredictable, the system is in random vibration, because the 
exact value of ὢὸ cannot be precisely predicted in advance. It can only be described 
ǇǊƻōŀōƛƭƛǎǘƛŎŀƭƭȅΦέ 

 

¶ Random process [12]: 

Random process is any process comprised of an infinite number of sample time 
histories ὢ ὸ, ὢ ὸ, ὢ ὸΣ Χ 9ŀŎƘ ǘƛƳŜ ƘƛǎǘƻǊȅ ƛǎ ǊŜǇǊŜǎŜƴǘŜŘ ōȅ a separate 
experiment. 

 

Figure 3.3 shows random process defined by an ensemble of load-time histories. 

 

 

 

Figure 3.3 ς Ensemble of time histories creating a random process [13] 
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3.3.2 Statistical characteristics of a random process 

It is distinguished between characteristics of the first and the second order 
according to [13]. When only one section of a process ὢὸ in a random time ὸ is 
assumed, the following characteristics can be defined: 

¶ Distribution function : 

Ὂὼȟὸ ὖὢὸ ὼ 

 

¶ Probability density function : 

Ὢὼȟὸ
ὨὊὼȟὸ

Ὠὼ
ὖὼ ὢὸ ὼ Ὠὼ 

 

¶ Mean value: 

‘ὸ ὪὼȟὸϽὨὼ 

 

¶ Variance: 

„ ὸ ὼ ‘ὸ ϽὪὼȟὸϽὨὼ 

 

Characteristics of the second order correspond to two different sections of a 
process in random times ὸ and ὸ: 

¶ Two-dimensional distribution function: 

Ὂὼȟὼȟὸȟὸ ὖ8ὸ ὼȟὢὸ ὼ  

 

¶ Two-dimensional probability density function: 

Ὢὼȟὼȟὸȟὸ
‬Ὂὼȟὼȟὸȟὸ

‬ὼϽ‬ὼ
 

 

¶ Auto-correlation function: 

It describes a correlation between two values of a random process in two different 
times, which indicates a speed of change of the process. 

Ὑὸȟὸ ὼϽὼϽὪὼȟὼȟὸȟὸ ϽὨὼϽὨὼ 

 

Characteristics of the first and second order will be used for proper definition of the 
basic types of random processes discussed in the following chapter.  
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3.3.3 Basic types of random processes 

¶ Gaussian process [12]: 

The process ὢὸ is called Gaussian if its PDF Ὢὼ follows a bell-shape distribution 
(also called normal distribution), given by the following equation: 

Ὢὼ
ρ

„ϽЍς“
ϽὩὼὴ

ρ

ς
Ͻ
ὼ ‘

„
 Ὢέὶ ὼɴ ЊȠЊ  

 

 Where: 

 ‘  mean value of the process ὢὸ 

 „ standard deviation of the process ὢὸ 

 

¶ Gaussian random process  [12]: 

The ensemble of probability densities at each time instant and at any two time units 
must be gaussian for a gaussian random process. 

¶ Stationary random process [13]: 

Characteristics of the first order are time invariant for a stationary random process. 
It means that the probability distribution for the ensemble remain the same (stationary) 
for each time instant. 

The difference between stationary and non-stationary random process can be seen 
by comparing Figure 3.4 and Figure 3.5. 

. 

 

Figure 3.4 ς Non-stationary random processes [13] 



39 
 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 

Figure 3.5 ς Stationary random processes [13] 
 

 

¶ Ergodic process [12]: 

α! ǎǘŀǘƛƻƴŀǊȅ ǇǊƻŎŜǎǎ ƛǎ ŎŀƭƭŜŘ ŜǊƎƻŘƛŎ ƛŦ ǘƘŜ ǎǘŀǘƛǎǘƛŎŀƭ ǇǊƻǇŜǊǘƛŜǎ ŀƭƻƴƎ ŀƴȅ ǎƛƴƎƭŜ 
sample are the same as properties  ǘŀƪŜƴ ŀŎǊƻǎǎ ǘƘŜ ŜƴǎŜƳōƭŜΦά 

Therefore, characteristics of an ergodic process might be replaced by the 
characteristics calculated along any of its samples. 

 

Figure 3.6 ς Difference between an ergodic and a non-ergodic process [13] 
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3.4 Data filtration 

Raw data might contain a noise produced by the sensor which was used for the 
measurement. Sometimes, it might be also beneficial to eliminate cycles with stress 
ranges which are too small to produce fatigue damage of similar severity to fatigue 
damage produced by other loading cycles in the sequence. 

Therefore, the purpose of the filter is to remove cycles with load range Ὑ less than 
significant value for fatigue Ὑ . Appropriate value of Ὑ  must be established prior 
to data filtering. 

 

 

Figure 3.7 Rain-flow filtering 
 

Figure 3.7 displays the rain-flow filtering of a sequence of peaks detected in a time 
record of load. 

Procedure consists of two steps. Peaks are found and data between peaks are 
extracted from the signal in the first step. Second step is based on ASTM 4-point 
algorithm, mentioned also in [21]: 

1. For any set of 4 consecutive turning (reversal) points compute the three 
corresponding ranges (absolute values) 

2. If the middle range is smaller than the checked minimum value Ὑ  and both 
outer ranges, extract a cycle of that range from the signal. 

3. Repeat step 1-3 until no cycle can be removed from the signal. 

3.5 Cycle counting methods 

Standard [14] defines acceptable procedures for cycle-counting methods employed 
in fatigue analysis. Basic parameters of cyclic loading are displayed in Figure 2.2 and 
Figure 3.8. Detailed description of any term might be found in [14]. 
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Cycle counting methods are used to summarize irregular load-time histories by 
ŎƻǳƴǘƛƴƎ ǉǳŀƴǘƛǘȅ ƻŦ ǇŀǊǘƛŎǳƭŀǊ ŎȅŎƭŜΩǎ ƻŎŎǳǊǊŜƴŎŜ ƛn the history. Although the definition 
of cycle might vary with the cycle counting method, the definition of cycle parameters 
defined in the previous chapters is of general applicability. 

Procedures of cycle counting might be divided into one-parameter and two-
parameter procedures. One-parameter methods provide the analyst with one-
parametric information about the cycle, for example number of cycles with its peak in 
selected interval or number of cycles with its range of selected magnitude. 

 

 

Figure 3.8 ς Basic parameters of cyclic loading [14] 
 

Two-parameter methods register not only range of a cycle, but also its mean value. 
The results of such procedures might be presented in a form of range-mean matrix, 
from-to matrix or other relevant forms. 

 

¶ One-parameter procedures: 

o Level-crossing counting 

o Peak counting 

o Simple-range counting 

¶ Two-parameter procedures: 

o Range-pair counting 

o Rain-flow counting 

o Simplified rain-flow counting for repeating histories 

 

Further in the text only two-parameter procedures will be described with a scope 
on the rain-flow counting and the simplified rain-flow counting and the difference 
between them. 
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Rain-flow counting method [14]: 

Rules for this method are as follows: 

ά[Ŝǘ X denote range under consideration; Y previous range adjacent to X; and S 
starting point in the history. 

(1) Read next peak or valley. If out of data, go to Step 6. 

(2) If there are less than three points, go to Step 1. Form ranges X and Y using the 
three most recent peaks and valleys, that have not been discarded. 

(3) Compare the absolute values of ranges X and Y. 

(a) If X < Y, go to Step 1. 

(b) If X җ Y, go to Step 4. 

(4) If range Y contains the starting point S, go to Step 5; otherwise, count range Y as 
one cycle; discard the peak and valley of Y; and go to Step 2. 

(5) Count range Y as one-half cycle; discard the first point (peak or valley) in range 
Y; move the starting point to the second point in range Y; and go to Step 2. 

(6) Count each range that has not been previously counted as one-ƘŀƭŦ ŎȅŎƭŜΦέ 

 

 

Figure 3.9 ς Rainflow counting example [14] 
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Simplified rainflow counting method [14]: 

wǳƭŜǎ ŦƻǊ ƻōǘŀƛƴƛƴƎ ŎȅŎƭŜ ŎƻǳƴǘΣ ŎŀƭƭŜŘ άǎƛƳǇƭƛŦƛŜŘ ǊŀƛƴŦƭƻǿ ŎƻǳƴǘƛƴƎ ŦƻǊ ǊŜǇŜŀǘƛƴƎ 
ƘƛǎǘƻǊƛŜǎέ ŀǊŜ ǘƘŜ ŦƻƭƭƻǿƛƴƎΥ 

α[Ŝǘ X denote range under consideration; and Y previous range adjacent to X. 

(1) Arrange the history to start with either the maximum peak or the minimum 
valley. 

(2) Read the next peak or valley. If out of data, STOP. 

(3) If there are less than three points, go to Step 2. Form ranges X and Y using the 
three most recent peaks and valleys that have not been discarded. 

(4) Compare the absolute values of ranges X and Y. 

(a) If X < Y, go to Step 2. 

(b) If X җ Y, go to Step 5. 

(5) Count range Y as one cycle; discard the peak and valley of YΤ ŀƴŘ Ǝƻ ǘƻ {ǘŜǇ оΦά 

 

 

Figure 3.10 ς Simplified rain-flow counting example [14] 
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The simplified rain-flow counting method was developed specifically for repeating 
load histories. By the time when the maximum peak or valley is reached for the first 
time, the resulting loading sequence produced by this method is the same as loading 
sequence produced by the rain-flow counting procedure. Sequence of such a repeating 
history does not contain any half cycles, only full cycles. 

In the case, that the analysed load-ƘƛǎǘƻǊȅ ƛǎƴΩǘ ǊŜǇŜŀǘŜŘ άŀƭƭ ǊƻǳƴŘέΣ ǘƘŜ ǎŜǉǳŜƴŎŜǎ 
produced by the methods mentioned above might differ. The significance of the 
difference depends on the history length, which is analysed. 

3.6  Fatigue loading history reconstruction 

Sometimes, it might be beneficial to reconstruct a loading history after data 
processing using one of the cycle counting procedures mentioned above. Such 
reconstruction methods can be found in [15]. Altogether three methods based on rain-
flow cycle counting matrix are presented in detail. Histories reconstructed by any of this 
method produce a rain-flow matrix identical to rain-flow matrix of the original history. 
Therefore, it is expected that a fatigue life similar to the original history will be produced, 
when using any of the reconstruction methods. This expectation was verified by a 
limited number of cases, as stated in [16] or [17]. 

 All methods which are described in [15] can be used conveniently for 
reconstruction of irregular loading histories in a form of a time sequence. 

Rain-flow reconstruction method based on a 2-D matrix will be described in detail. 
The use of 3-D matrix is not considered due to greater demands on computational time.
  

The reconstruction method based on a 2-D matrix requires a rain-flow matrix as an 
input. The rain-flow matrix can be defined in two forms. In the first form (range-mean 
matrix), all values above the matrix diagonal are zero. Such matrix does not account the 
direction of detected ŎȅŎƭŜǎΦ ²ƘŜƴ ƛƴŘƛŎŀǘƛƻƴ ƻŦ ŎȅŎƭŜΩǎ ŘƛǊŜŎǘƛƻƴ ƛǎ ƻf interest, it is 
necessary to use a rainflow matrix in a form of from-to matrix. Such matrix distinguishes 
between ascending and descending cycles, as can be seen in Figure 3.11. 
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Figure 3.11 ς Types of rain-flow matrices [15] 

 

When working with range-mean matrix, the loading history reconstruction 
procedure is as follows according to [15]: 

1. The bottom-most row of a matrix is considered first. 

2. The largest cycle in a row, corresponding to the left-most column is considered 
and reconstructed first. Then all of the columns corresponding to the same row 
are considered in increasing order. 

3. The procedure continues, until all elements of the matrix are covered. 

4. A cycle can be placed within any cycle in the matrix with equal or more extreme 
peak and valley, that is, greater or equal row number and less or equal column 
number. 

5. A random location is chosen among all the possibilities, and then the partially 
reconstructed sequence is rearranged accordingly.  

 

It is possible to place cycles with the same peak and valley into a sequence in various 
ways. They all might be placed in the same location which gives the simplest 
reconstructed history. However, if more diverse loading history is desired, it is necessary 
to place the cycles with the same peak and valley to different locations. They might be 
placed one-by-one, or by groups created by ὲ cycles. Diversity of the reconstructed 
history increases with decreasing number ὲ of cycles in each group.  
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¦ƴŦƻǊǘǳƴŀǘŜƭȅΣ ǘƘƛǎ ŎƭŀƛƳ ƛǎƴΩǘ sufficiently accurate. It is meaningful to decrease 
number ὲ of cycles in each group to a specific point. Before beginning to place cycles 
ǿƛǘƘ ǇŀǊǘƛŎǳƭŀǊ ǇŜŀƪ ŀƴŘ ǾŀƭƭŜȅΣ ǘƘŜ ƴǳƳōŜǊ ƻŦ ƎǊƻǳǇǎ ǎƘƻǳƭŘƴΩǘ ōŜŎƻƳŜ ƘƛƎƘŜǊ ǘƘŀƴ ǘƘŜ 
number of possible locations for placing these cycles. Otherwise, the diversity of the 
reconstructed sequence stays the same and the computational time increases 
redundantly. In addition, when assuming the direction of cycles, it might happen that 
the direction of particular group will be changed unwillingly. 

The procedure for loading history reconstruction from a 2-D matrix with values on 
both sides of the diagonal is as follows: 

¢ƘŜ ŜƭŜƳŜƴǘǎ ǿƛǘƘƛƴ ǘƘŜ ƳŀǘǊƛȄ ŀǊŜ ŎƘƻǎŜƴ ŀŎŎƻǊŘƛƴƎ ǘƻ ŎȅŎƭŜΩǎ ǊŀƴƎŜ ƛƴ ŘŜǎŎŜƴŘƛƴƎ 
ƻǊŘŜǊΦ ¢ƘŜ ǘȅǇƛŎŀƭ ƻǊŘŜǊ ƻŦ ŎȅŎƭŜΩǎ ŎƻƴǎƛŘŜǊŀǘƛƻƴ ŦƻǊ он ōȅ он ƳŀǘǊƛȄ ƛǎ ŘƛǎǇƭŀȅŜŘ ƛƴ Figure 
3.12. 

There are altogether four rules for inserting a cycle into a partially reconstructed 
history according to [15]: 

άLŦ ǘƘŜ ŎȅŎƭŜ ǘƘŀǘ ƛǎ ōŜƛƴƎ ƛƴǎŜǊǘŜŘ όƛƴǎŜǊǘƛƴƎ ŎȅŎƭŜύ Ƙŀǎ ŀ ƎǊŜŀǘŜǊ Ǌƻǿ ǘƘŀƴ ŎƻƭǳƳƴΣ 
that is, if it is ordered peak-valley, then it can be placed within any cycle (receiving cycle), 
provided: 

1. If the receiving cycle is ordered valley-peak, that is, if it has a row less than the 
column, then the receiving row must be less than or equal to the inserting 
column, and the receiving column must be greater than or equal to the inserting 
row. Figure 3.13 illustrates this case. 

2. If the receiving cycle is ordered peak-valley, that is, if it has a row greater than 
column, then the receiving row must be greater than or equal to the inserting 
row, and the reiving column must be less than or equal to the inserting column. 
Figure 3.14 illustrates this case. 

 

On the other hand, if' the inserting cycle has a column greater than a row, that is, if 
it is ordered valley-peak, then it can be placed within any cycle, provided: 

1. If the receiving cycle is ordered peak-valley, that is, if it has a row greater than 
the column, then the receiving row must be greater than or equal to the inserting 
column, and the receiving column must be less than or equal to the inserting 
row. Figure 3.15 illustrates this case. 

2. If the receiving cycle is ordered valley-peak, that is, if it has a row less than 
column, then the receiving row must be less than or equal to the inserting row, 
and the receiving column must be greater than or equal to the inserting column. 
Figure 3.16 illustrates this case. 

 

In addition, the reconstruction must alternate between peaks and valleys. This 
results in the insertion being made in the rising branch of the receiving cycle for cases 1. 
and 2., and in the falling branch for 3. and 4.  Also, the envelope cycle could be 
considered to be either a peak-valley or a valley-ǇŜŀƪ ŎȅŎƭŜΦέ 
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Figure 3.12 ς OrdŜǊ ƻŦ ŎȅŎƭŜΩǎ insertion [15] 

 

Figure 3.13 ς Insertion of cycle into a loading history - case 1 [15] 

 

Figure 3.14 ς Insertion of cycle into a loading history - case 2 [15] 

 

Figure 3.15 ς Insertion of cycle into a loading history - case 3 [15] 

 

Figure 3.16 ς Insertion of cycle into a loading history - case 4 [15] 
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The reconstructed loading history is never the same as the original loading history, 
as might be expected. The reason is very simple. There is usually more than one 
possibility of placing an inserting cycle. However, the fatigue damage of the 
reconstructed history will be the same as the fatigue damage calculated from the 
original history, because the rain-flow matrices of the original history and the 
reconstructed history are identical. 

When defining the rain-flow matrix in a different way (not directly by rain-flow cycle 
counting of the original history), as will be described further in the text, it is vitally 
important to remember, that the envelope cycle must be included in the rain-flow 
matrix which sequence is desired to be reconstructed. 

The envelope cycle is any cycle which has more extreme or equal peak and valley as 
the rest of the cycles in the matrix. If such cycle does not exist, it is impossible to 
reconstruct the loading history by the procedure described above. 

3.7  PDF estimation using kernel density 

estimator 

An output from any of the cycle counting methods mentioned in chapter 3.5 would 
be a sufficient input for further fatigue and DT analysis only if the analysed structure was 
not loaded by any cycles other than those detected by a measurement.  

It is hard to meet such a strict requirement on real measurement results. The typical 
process meeting this requirement is an ergodic process for which the characteristics of 
the whole process might be replaced by the characteristics calculated along any of its 
sample, as stated before. To work with ergodic processes only, it would be necessary to 
divide the whole measurement record into sections, where each of them might be 
assumed as representatives of an ergodic process. Such sections could be analysed 
separately and compiled together after the analysis to follow the same order as 
observed during measurements. 

Lƴ ƎŜƴŜǊŀƭΣ ǘƘŜ ƭƻŀŘƛƴƎ ƻŦ ŀƴȅ ŀƛǊŎǊŀŦǘΩǎ ǎǘǊǳŎture is generated by various sources. In 
our case, it can be distinguished between three basic sources of loading: 

 

¶ Manoeuvers (Take off, Approach, Landing, Cruise flight) 

¶ Gusts 

¶ Vibrations 

 

Although a certain simplification is often made by considering manoeuvers as 
deterministic processes, the fact is, that it is not possible to perform specific manoeuver 
exactly in the same way two times in a row. Therefore, all of the three loading types 
mentioned above might be considered as more or less stochastic events. As a result, the 
recorded data obtained by an in-flight measurement vary from one to each other. Due 
to stochastic nature of manoeuvres and gust loads, it is impossible to separate a single 
section following conditions of an ergodic process. 



49 
 

Therefore, data extrapolation is an essential procedure for determination of long-
term load spectrum from a short-term one.  

One possible way, how to extrapolate detected loading cycles, is to describe the 
process by its probability density function (PDF). PDF can then be used for predicting a 
cycle occurrence in any time interval. An extrapolation of measured data is practically 
made by generating random events in a form of loading cycles of desired quantity in line 
with the PDF of the process. 

Kernel density estimator is one of the non-parametric methods used for PDF 
estimation. Contrary to parametric methods of PDF estimation, non-parametric 
methods are able to predict PDF of a general shape. 

3.7.1 Kernel method for univariate data 

In this chapter, a PDF estimation Ὢ of a sample ὢȟȣ ὢ  of ὲ independent, 
identically distributed observations from a continuous univariate distribution with 
probability density function Ὢ using a kernel method according to [22] will be described.  

The probability density function can be defined according to [22] as a probability of 
observationΩǎ occurrence in an incremental interval ὼ Ὤȟὼ Ὤ: 

Ὢὼ ὰὭάO
ρ

ςὬ
ὖὼ Ὤ ὢ ὼ Ὤ 

 

For any given Ὤ, ὖὼ Ὤ ὢ ὼ Ὤ can be estimated by the proportion of the 

sample falling in the interval ὼ Ὤȟὼ Ὤ. Therefore, the natural estimator Ὢ is given 
by choosing a relatively small bandwidth Ὤ and setting: 

Ὢὼ
ρ

ςϽὬϽὲ
ὲέȢέὪ ὢȟȣ ὢ ὪὥὰὰὭὲὫ Éὲ ὼ Ὤȟὼ Ὤ  

The naive estimator might be also expressed as follows: 

Ὢὼ
ρ

ὲ
Ͻ
ρ

Ὤ
Ͻύ
ὼ ὢ

Ὤ
 

Where ύό is a weight function, defined by: 

ύό   if ȿόȿ ρ 

ύό π  otherwise 

 

The kernel estimator is made by replacing the weight function ύό by a kernel 
function ὑὼ. Kernel function ὑὼ, used for PDF estimation, is usually any symmetric 
function, satisfying the following conditions: 

ὑὼϽὨὼ ρ 

ὼϽὑὼϽὨὼ π 
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ὼϽὑὼϽὨὼ π 

 

The kernel estimator with constant bandwidth (also called smoothing parameter) 
can be then defined: 

Ὢὼ
ρ

ὲὬ
Ͻ ὑ

ὼ ὢ

Ὤ
 

 

The kŜǊƴŜƭ ŜǎǘƛƳŀǘƻǊ ƛǎ ƴƻǘƘƛƴƎ ƳƻǊŜ ǘƘŀƴ ŀ ǎǳƳ ƻŦ ΨōǳƳǇǎΩΣ ǿƘƛŎƘ ŀǊŜ ǇƭŀŎŜŘ ŀōƻǾŜ 
each observation. Kernel function ὑὼ determines a shape of the bump, while the 
bandwidth Ὤ affects its width. Some kernel functions for univariate data can be found in 
[23]: 

 

¶ Gaussian kernel: 

ὑό
ρ

Ѝς“
ϽÅØÐ 

ό

ς
 

 

¶ Epanechnikov (Parabolic) kernel: 

+ό Ͻρ ό   if ό ρ 

ὑό π    otherwise 

 

¶ Biweight kernel: 

ὑό Ͻρ ό   if ό ρ 

ὑό π    otherwise 

 

¶ Triangular kernel 

+ό ρ ȿόȿ   if ό ρ 

ὑό π    otherwise 

 

The influence of bandwidth selection and kernel function on the PDF estimation 
might be found in [22]. Because it turned out to be inconvenient to use constant 
bandwidth for the PDF estimation in some specific situations, especially for a long-tail 
probability distribution, various methods enabling to use alternating bandwidth were 
developed. 
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Nearest neighbour method 

The amount of smoothing is controlled by an integer Ὧ, which enables to adapt the 
degree of smoothing to the local density of data. 

Distance between two points on a line Ὠὼ can be defined as ȿὼ ὢȿ. The 
distances between particular point ὼ and the points of the sample, are arranged in the 
ascending order: 

Ὠ ὼ Ὠ ὼ Ễ Ὠ ὼ 

 

 

 

The Ὧ-th nearest neighbour density estimate is then defined by: 

Ὢὼ
ρ

ὲϽὨ ὼ
Ͻ ὑ

ὼ ὢ

Ὠ ὼ
 

 

Contrary to the kernel estimator with constant bandwidth, which is based on the 
number of observations falling in a box of fixed width centered at the point of interest, 
the bandwidth of the nearest neighbour estimate is proportional to the size of the box 
needed to contain a given number of observations. As a consequence, the nearest 
neighbour estimate is not itself a probability density, since it does not integrate to unity. 
Another drawback of this method are heavy tails at both ends of the estimate. 

 

Variable kernel method 

As well as the Nearest neighbour method, variable kernel method adapts the 
amount of smoothing to the local density of data. The estimate is constructed similarly 
to the kernel estimate, but the scale parameter of the bandwidth is allowed to vary from 
one data point to another. 

 The distance Ὠȟ ὼ is defined as a distance between Ὥ-th observation ὢ to the 

Ὧ-th nearest point in the set consisting of ὲ ρ data points. Then the variable kernel 
estimate with bandwidth Ὤ is defined by: 

Ὢὼ
ρ

ὲ
Ͻ

ρ

ὬϽὨȟ ὼ
ὑ

ὼ ὢ

ὬϽὨȟ ὼ
 

 

It is apparent from the definition above, that the window width of the kernel placed 
above the observation ὢ is proportional to the distance Ὠȟ ὼ. It is ensured, that in 
regions with data points close to each other is used proportionally narrow window width 
and vice-versa. 

For any fixed Ὧ, the overall degree of smoothing depends on the bandwidth Ὤ. The 
choice of Ὧ influences the sensitivity of the variable kernel estimator to the local details. 
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Contrary to the nearest neighbour method, the variable kernel method produces a 
PDF itself. At the same time, the method does not suffer from heavy tails. Comparing to 
kernel method with constant bandwidth, it might be used to eliminate the noise in the 
tails for a long-tailed distributions, when using appropriate parameters. 

 

Adaptive kernel estimator 

 The natural way, how to deal with long-tailed densities is to use a broader kernel 
in regions of low density. The basic idea of an adaptive kernel estimator is to construct 
an estimator consisting of kernels placed above the observations and to allow the 
window width to vary from one point to another. One of the practical problems related 
to the method is deciding whether or not an observation lies in a region of low density. 
The adaptive kernel approach according to [22] copes with this problem by the use of a 
two-stage procedure: 

1) Find a pilot estimate Ὢὼ, that satisfies Ὢὼ π for all observations ὢ 

 

2) Define local bandwidth factors ‗ by: 

 

‗
Ὢὢ

Ὣ
 

 

where Ὣ is the geometric mean of the pilot estimate Ὢὢ : 

 

ÌÏÇὫ
В ὰέὫ Ὢὢ

ὲ
 

 

and ‌ is the sensitivity parameter, a number satisfying ‌‭ộπȠρỚ 

 

3) Define the adaptive kernel estimate Ὢὼ by: 

 

Ὢὼ
ρ

ὲ
Ͻ

ρ

ὬϽ‗
ὑ
ὼ ὢ

ὬϽ‗
 

 

The sensitivity of the method to variations in the pilot density increases with higher 
values of sensitivity parameter ‌. The value ‌ π transforms the method into the 
kernel method with constant bandwidth independent from the pilot estimate. 
According to [22], there are good reasons for setting ‌ πȟυ. Literature [22] also 
suggests to construct the pilot estimate to be sensitive to local variability of the density 
on the same sort of scale as the final estimate. It implies to generate the pilot estimate 
by means of a fixed kernel estimator of bandwidth Ὤ, the same as for the final estimate. 
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3.7.2 Measures of discrepancy 

To evaluate the discrepancy between an estimator Ὢ and the original unknown 
function Ὢ in single points, the mean square error (MSE) might be used. MSE is defined 
by: 

ὓὛὉὪ ὉὪὼ Ὢὼ  

 

 Using standard elementary properties of mean and variance, the MSE might be 
expressed as a sum of the squared bias and the variance at ὼ: 

 

ὓὛὉὪ ὉὪὼ Ὢὼ % Ὢὼ ὉὪὼ  

 

ὓὛὉὪ ὄὭὥίὪὼȟὪὼ ὺὥὶὪὼ  

 

As mentioned in [22], there is a trade-off between the bias and the variance terms, 
which means that the bias can be reduced at the expense of increasing the variance and 
vice versa by adjusting the amount of smoothing. 

The most widely used way, how to measure global accuracy of the density estimate 

Ὢ is the mean integrated square error (MISE): 

 

ὓὍὛὉὪ Ὁ Ὢὼ Ὢὼ Ὠὼ 

 

 In the case of non-negative integrand, the order of integration and expectation 
might be reversed to give a different form of MISE: 

 

ὓὍὛὉὪ ὉὪὼ Ὢὼ Ὠὼ 

 

ὓὍὛὉὪ ὓὛὉὪὨὼ 

 

ὓὍὛὉὪ ὄὭὥίὪὼȟὪὼ Ὠὼ ὺὥὶὪὼὨὼ 
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3.7.3 Choice of the smoothing parameter 

Choice of the smoothing parameter strongly affect the result obtained by the PDF 
estimator. Its choice is therefore crucially important.  

As stated in [22]Υ ά¢ƘŜ ŀǇǇǊƻǇǊƛŀǘŜ ŎƘƻƛŎŜ ƻŦ ǎƳƻƻǘƘƛƴƎ ǇŀǊŀƳŜǘŜǊ ƛǎ ŀƭǿŀȅǎ 
ƛƴŦƭǳŜƴŎŜŘ ōȅ ǘƘŜ ǇǳǊǇƻǎŜ ŦƻǊ ǿƘƛŎƘ ǘƘŜ ŘŜƴǎƛǘȅ ŜǎǘƛƳŀǘŜ ƛǎ ǘƻ ōŜ ǳǎŜŘΦέ Lƴ ǘƘŜ ŎŀǎŜ ƻŦ 
detected load cycles extrapolation, it would be definitely appropriate to choose such a 
value of the smoothing parameter which will give conservative results in a form of 
fatigue damage, or a crack growth rate. Too low bandwidth causes under-smoothing of 
data and therefore does not enable their extrapolation at all. On the other hand, too 
high value of bandwidth might over-smooth the measured data and cause a loss of basic 
patterns detected by the measurement. 

Various methods for choosing optimal bandwidth for PDF estimation are suggested 
in  [22]: 

 

a) Subjective choice 

b) Reference to a standard distribution 

c) Least-square cross validation 

d) Likelihood cross validation 

 

Subjective choice is made by comparing several curves produced by the estimator 
using various smoothing parameters. However, the choice is fully subjective, because it 
ǊŜŦƭŜŎǘǎ ƻƴŜΩǎ ǇǊƛƻǊ ƛŘŜŀǎ ŀōƻǳǘ ǘƘŜ ŘŜƴǎƛǘȅΦ 

The use of a standard distribution requires to predict a shape of the distribution in 
advance, which might be inconvenient when predicting for example a PDF of a complex 
process comprising several sub-processes, although each of them might follow a normal 
distribution. It would be necessary to extract sub-processes from the record before 
estimating their PDF. 

Methods providing fully automatic choice independent from any standard 
distribution or a subjective idea about the density being estimated are the cross 
validation methods mentioned above. These methods will be described in more detail. 

 

Least square cross validation 

 The method was suggested by [24] and is based on a simple idea. For a given 

estimation Ὢὼ of the PDF  Ὢὼ, the integrated square error can be written as: 

 

Ὢὼ Ὢὼ Ὠὼ Ὢὼ Ὠὼ ςϽ ὪὼϽὪὼὨὼ Ὢὼ Ὠὼ 
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The last term in the equation does not depend on the estimation Ὢὼ. Therefore, 
the ideal choice of a window width in the sense of minimizing integrated square error 

corresponds to minimizing the quantity ὙὪ, defined by: 

 

ὙὪ Ὢὼ Ὠὼ ςϽ ὪὼϽὪὼὨὼ 

 

An estimate of the quantity ὙὪ is computed directly from the data themselves 

within least square cross validation method. ὙὪ is then minimized over Ὤ to obtain an 

optimal value of bandwidth. The whole process step by step is as follows: 

a) Term ᷿ Ὢὼ Ὠὼ is calculated directly from the estimate Ὢὼ for a given Ὤ 

 

b) Density estimate constructed from all the data points except the Ὥ-th 
observation ὢ is computed for Ὥ ρȟςȟȣȟὲ. For a kernel estimator with 
constant bandwidth: 

 

Ὢ ὼ
ρ

ὲ ρϽὬ
Ͻ +

ὼ ὢ

Ὤ
 

 

c) Score function ὓ Ὤ is defined by: 

 

ὓ Ὤ Ὢὼ Ὠὼ
ς

ὲ
Ͻ Ὢ ὢ  

 

The idea of the least square cross validation is to minimize the score function over 
Ὤ. Literature [22] provides a derivation of equality between minimizing the Ὁὓ Ὤ and 

minimizing ὉὙὪ. 

 

Likelihood cross validation 

 The method is based on an idea to use likelihood to judge, how the statistical 
model matches measured data. It is of general applicability, not just in the estimation of 
a PDF. 

 It is supposed, that there is an additional independent observation ὣ to the 
original data set ὢȟὢȟȣȟὢ  from the same PDF Ὢὼ available. Then the likelihood of 

Ὢὼ as a density underlying the observation ὣ would be ÌÏÇ Ὢὣ. Assuming, that Ὢὼ 
is actually a parametric family of densities depending on the bandwidth Ὤ, the log 

likelihood ÌÏÇ Ὢὣ is also a function of Ὤ. 
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 Since an independent observation ὣ is not available, one of the original 
observations ὢ from the sample might be omitted. This would give log likelihood 

ÌÏÇ Ὢ ὢ , where Ὢ ὼ is the same as defined above. To discharge a necessity to 
choose which observation from the original data set to leave, the log likelihood is 
averaged over each possible choice of ὢ omitted, to give the score function defined by: 

ὅὠὬ
ρ

ὲ
Ͻ ÌÏÇ Ὢ ὢ  

 

 The optimal bandwidth in the sense of likelihood cross validation is such a value 
of bandwidth which maximizes the score function ὅὠὬ for the given data set. 

3.7.4 Kernel method for multivariate data 

The definition of the kernel estimator with constant bandwidth mentioned earlier 
might be easily generalized to the multivariate data set ╧ȟ╧ȟȣȟ╧▪: 

 

Ὢ●
ρ

ὲὬ
Ͻ ὑ

● ╧░
Ὤ

 

 

where bold face is used for definition of points in Ὠ-dimensional space. The same 
generalization can be made for other methods, which have been already defined for 
univariate data. 

The kernel function in the case of Ὠ-dimensional variable ● satisfies the following 
conditions: 

 

ὑ●ϽὨ● ρ 

●Ͻὑ●ϽὨ● π 

●Ͻὑ●ϽὨ● π 

 

The kernel function is usually a radially symmetric unimodal probability density 
function. Two different kernel functions used for multivariate data according to [22], 
which are frequently used, are: 

 

¶ Standard multivariate normal density function: 

ὑό
ρ

ς“
ϽÅØÐ 

◊╣Ͻ◊ 

ς
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¶ Multivariate Epanechnikov kernel function: 

+ό
Ͻ
ϽὨ ςϽρ ◊╣Ͻ◊  if ◊╣Ͻ◊ ρ 

ὑό π      otherwise 

 

where ὧ is the volume of the unit Ὠ-dimensional sphere, which gives: 

ὧ ς, ὧ “, ὧ , etc. 

 

When using just a single smoothing parameter Ὤ according to equation above, the 
kernel function is scaled equally in all directions. In certain circumstances, typically in 
the case where the data are spread greater in one direction than the others, it may be 
beneficial to use a vector of smoothing parameters or even a matrix of scaling 
coefficients. 

According to [22], it is possible to pre-scale the data to avoid extreme differences 
of spread in the various coordinate directions. If this is done, then there is no need to 
consider more complicated forms of the kernel density estimate than the form involving 
a single smoothing parameter. 
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4 PROPOSED METHODOLOGY 
As might be derived from the strain-gauge survey (see chapter 1.7.3), flaps are 

loaded predominantly by the flap-duty cycles. Apart from the flap-duty cycles, variable 
loading of low-ŦǊŜǉǳŜƴŎȅ ƳƛƎƘǘ ƻŎŎǳǊ ŘǳŜ ǘƻ ǾŀǊƛŀōƛƭƛǘȅ ƻŦ ŀƛǊŎǊŀŦǘΩǎ ŀƛǊǎǇŜŜŘΣ head-on 
gusts etc. High-frequency loading is supposed to be caused by the effects of propeller 
slipstream described in chapter 1.6. 

As already mentioned, it is not possible to perform take-off or landing in the same 
way two times in a row. Apart from that, loading by gusts, as well as loading by 
vibrations, are stochastic processes from nature. Therefore, it is reasonable to presume, 
that any two data records from a long row of in-flight measurements would not be the 
same. They might vary from the load levels as well as from the time duration point of 
view. 

These facts make the determination of vibrations effect on fatigue life of flaps and 
ŦƭŀǇΩǎ ŎƻƴǘǊƻƭ ǎȅǎǘŜƳ ŀ ŎƻƳǇƭex problem. 

An alternative approach, especially suitable for a quick and easy estimation of 
vibrations effect, might be inspired by [26]. The report contains a summary of methods 
describing the effect of vibrations on fatigue life and crack propagation in aluminium 
alloys and partially in steel. 

The vibration cycles might be supposed to be cycles with high frequency. The 
vibration cycles are superposed onto basic cycles of low frequency. The vibration cycles, 
as well as basic cycles are presumed to be harmonic loadings. Therefore, the resulting 
loading has a biharmonic character with the following parameters: 

 

„     Amplitude of vibration cycles 

„     Amplitude of basic cycles 

„     Mean value of basic cycles 

„ „ „    Amplitude of the biharmonic loading  

 

 

Figure 4.1 ς Superposition of basic and vibration cycles [26] 
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The effect of biharmonic loading on the reduction of fatigue life can be expressed 
by a ratio between fatigue durability under biharmonic loading and fatigue durability 
under monoharmonic loading in a form of a basic cycle.  

The validity of the following equation suggested in [26] was demonstrated on 
specimens made of aluminium alloy D16T. The equation describes the effect of 
biharmonic loading as a relative reduction of fatigue durability under monoharmonic 
loading with frequency ‫  and loading amplitude „: 

 

ὔ ὔ

ὔ
ρ

ρ

ρ
‫
‫ Ͻ

„
„

 

 

The equation works with parameters of the basic cycle, vibration cycle and 
corresponding fatigue durability: 

ὔ Fatigue life due to monoharmonic loading with frequency ‫  and 
loading amplitude „ 

.   Fatigue life due to biharmonic loading 

‫   Frequency of vibration cycles 

‫   Frequency of basic cycles 

ά   SN-curve exponent 

 

Analysis of fatigue durability of specimens made of aluminium alloys might be 
carried out using this equation, if the parameters of basic cycle as well as parameters of 
vibration loading are determined. 

In practical applications, necessity to choose representative parameters of vibration 
cycles and parameters of basic cycles arises.  In the case of an inappropriate choice, such 
approaches might become unconservative, or far conservative, leading to under or 
overestimating the effect of vibrations in a form of a ratio between fatigue damage 
caused by the biharmonic loading and fatigue damage due to basic cycle. 

Therefore, the aim of the proposed methodology is to perform complex analysis of 
the in-flight measurement to reach as much information about the loading as possible. 
To accomplish this task, an algorithm consisting of several scripts was developed. 

To determine the effect of vibrations, each flight is divided into three flight phases, 
which are analysed separately. For further details about separated flight phases, see 
chapter 1.7.3 and Appendix A.  

PDF of loading cycles is determined for each flight phase. The sequence of length 
corresponding to time duration of the typical flight profile is reconstructed and the 
entire flight is formed. The methodology provides a loading sequence for crack growth 
calculations using AFGROW and ratio between fatigue damage due to vibrations and 
fatigue damage due to flap duty cycles. 
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4.1  Description of the algorithm 

The algorithm leading to determination of vibration effects comprises altogether six 
steps, that are displayed in a form of a flowchart on the figure below. 

 

 

Figure 4.2 ς Basic flowchart 
 

The data processing is made with the use of Matlab or Octave depending on the 
choice of the user. An excel file AIVIB.xlsx contains all important parameters which have 
an influence on the final result. The excel file acts also as an interface providing all major 
sub-results and links on files created during data processing to the user. 

 

The AIVIB.xlsx file is composed of the following sheets: 

 

¶ INPUT_DATA 

¶ PARAM 

¶ TAKO 

¶ APP 

¶ LNG 

¶ OUTPUT  
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INPUT_DATA 

It is a spreadsheet containing all necessary information for data loading. The user is 
requested to input directory of input files as well as an output directory. 

 

PARAM 

 It is an excel sheet containing all parameters which are requested during the data 
processing. 

 

TAKO ς APP ς LNG 

These sheets contain sub-results obtained by the algorithm, links on the output files 
in the output directory, as well as some additional parameters related to the 
corresponding flight phase only. The user has to define especially the bandwidth for the 
final PDF estimation and boundaries of the area, where the PDF will be established. 

 

OUTPUT 

 The final results of the algorithm are stated in this spreadsheet. The results have 
two forms. First of them is represented by a vibration factor describing the effect of 
vibrations on the fatigue durability. The second one is a loading sequence for further 
crack growth analysis using AFGROW. The sheet contains a link on the loading sequence 
files .sp3 and .sub (see chapter 2.4 for more detail). 

4.2  Data loading 

To load desired data, it is necessary to fill the following entries into the spreadsheet 
INPUT_DATA of AIVIB.xlsx file and call the script DLOAD.m: 

 

¶ Output files notation (OFN) ς Forms a core of the output filename. The output 
filename is formed from the input OFN at the first place, followed by other 
relevant chars. 

 

Output directory ς Name of a directory containing all output files. 

 

¶ Number of input files ς Number of files which are desired to be loaded. If the 
entered value is lower than number of entered filenames, the filenames with IDs 
higher than desired number oŦ ƛƴǇǳǘ ŦƛƭŜǎ ǿƻƴΩǘ ōŜ ƭƻŀŘŜŘΦ LŦ ǘƘŜ ŜƴǘŜǊŜŘ ǾŀƭǳŜ 
is higher than number of entered filenames, an error message will occur. 

 

¶ Slot no. ς Measurement unit usually receives signals from several sensors. The 
ǎƭƻǘ ƴϲ indicates the sensor which signal will be analysed.  
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¶ Directory of measured data ς Directory containing all input files. 

 

¶ Flight phase ς Indicates which flight phase is represented by the corresponding 
input file. Altogether three possibilities are accepted: 

o TAKO ς Take-off (Flaps deflected ‏ ρψЈ) 

o APP ς Approach (Flaps deflected ‏ ρψЈ) 

o LNG ς Landing (Flaps deflected ‏ τςЈ) 

 

¶ Input filename ς Name of file containing the data of the in-flight measurement, 
including suffix. Be aware, that only input files of the same format as specified in 
Appendix B might be loaded. 

 

Apart from the INPUT_DATA sheet, the user is requested to specify the stress 
multiplication factor (SMF) and desired data unit in the sheet called PARAM, prior to 
data loading: 

 

¶ SMF ς Stress multiplication factor has the same meaning as defined in the case 
of AFGROW sequence (see chapter 2.4). Each value obtained by the 
measurement is multiplied by the user-defined SMF. SMF enables to convert the 
data from original units to user-defined units. 

 

The functionality of the algorithm will be demonstrated using the results of the in-
flight measurement on L410 UVP ς E20 aircraft (see chapter 1.7.3). Data from ǎƭƻǘ ƴϲооп 
(see Table 1.4) will be used for the analysis. It will be assumed, that it is necessary to 
analyse a structural detail loaded in tension for which the relationship between 
measured loading Ὂ ὔ  and the normal stress „ ὓὖὥ might be described by the 
following value of SMF: 

 

ὛὓὊ
„

Ὂ
πȢπυ 

 

Table 4.1 and Table 4.2 summarize all necessary parameters to be filled in the 
INPUT_DATA and PARAM spreadsheets prior to calling the script DLOAD.m.  

 

 

Table 4.1ς Necessary parameters for the initial loading of data ς PARAM spreadsheet 
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Table 4.2 ς Necessary parameters for the initial loading of data ς INPUT_DATA 
spreadsheet 

 

After filling all entries mentioned above, the script DLOAD.m shall be called. The 
script opens all input files and finds the data corresponding to desired slot number. 

Raw data are sorted out based on the flight phase which they refer to. All data 
referring to the same flight phase are merged together and multiplied by SMF. During 
their merging, the last point of one record is replaced by the first point of the following 
record. The resulting record has therefore ὲ  number of data points. Such merging 

ƎǳŀǊŀƴǘŜŜǎΣ ǘƘŀǘ ǘƘŜǊŜ ǿƻƴΩǘ ōŜ ŀƴȅ ǘƛƳŜ ŜȄǘŜƴǎƛƻƴ ƻŦ ƳŜŀǎǳǊŜŘ Řŀǘŀ: 

ὲ ὲ  ὲ ρ 

where: 

ὲ  number of data files corresponding to the same flight phase 

ὲ  number of data points in particular file of index Ὥ 

 

The time duration of merged data ὸ  is therefore equal to a sum of time durations 

of the data before merging ὸ : 

ὸ ὸ  

 

Excel spreadsheet (TAKO, APP, LNG) contains the summary of data loading, as 
shown in Table 4.4 to Table 4.6. The resultant records are shown in Figure 4.3 to Figure 
4.5 for each flight phase. 
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Table 4.3 ς Data loading output summary ς description 

 

Table 4.4 ς Data loading output summary ς TAKO 

 

Table 4.5ς Data loading output summary ς APP 

 

Table 4.6 ς Data loading output summary ς LNG  
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Figure 4.3 ς Merged data ς TAKO 

 

Figure 4.4 ς Merged data ς APP 

 

Figure 4.5 ς Merged data ς LNG 
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4.3  Cycle counting 

The proposed methodology continues with separating peaks in the merged loading 
history of particular flight phase by calling the script CC.m. After the peaks are separated, 
the simplified rainflow counting method for repeating histories is applied as described 
in chapter 3.5. Detected cycles are registered in two vectors, representing the starting 
and target level of each cycle.  

To provide an instrument for a quick and easy check of the performed cycle count 
by the user, the scatter plot of detected cycles is created. The scatter plots of cycles 
derived from the in-flight measurement can be seen in Figure 4.6 to Figure 4.8. 

 It is evident, that most cycles lie nearby the diagonal. Such cycles are 
characterized by a low amplitude, which is defined as an absolute value of the difference 
between target and starting load level. 

After the cycles are counted, corresponding fatigue damage is calculated by the 
linear damage accumulation hypothesis (see chapter 2.2) and the user-specified mean 
stress correction method (in line with chapter 2.1.4). The fatigue damage is related to 
the user-defined duration of flight phase in PARAM spreadsheet. It is recommended to 
specify the flight duration in line with the typical flight profile and definition of the 
analysed flight phases, as defined in chapters 1.7.1 and 1.7.3. 

All necessary parameters to be specified in the PARAM spreadsheet prior to calling 
the script CC.m are summarized in the Table 4.7. 

 

 

Table 4.7 ς Parameters for the fatigue damage determination 
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Figure 4.6 ς Scatter plot of detected cycles ς TAKO 

Figure 4.7 ς Scatter plot of detected cycles ς APP 

Figure 4.8 ς Scatter plot of detected cycles ς LNG 
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Altogether four inputs are accepted to define the mean stress correction method 
for the computation of an equivalent load/stress: 

¶ ODING    for modified Oding 

¶ GERBR    for Gerber 

¶ GODMN   for Goodman 

¶ SDRBG    for Soderberg 

The SN-curve is generally assumed as an SN-curve with knee at user-defined knee 
point ὔ Ƞ„ . To construct such SN-curve, it is necessary to define the 
following: 

ὔ    reference number of cycles to failure 

„    reference stress value 

ά    SN-curve slope at the reference point ὔ ȟ„  

ὔ    Number of cycles specifying position of the SN-curve knee 

ά    SN-curve slope after the SN-curve break 

 

The rest of parameters are calculated accordingly: 

ὃ „ Ͻὔ  

„
ὃ

ὔ
 

ὃ „ Ͻὔ  

 

The absolute frequencies of occurrence of the detected cycles are normalized to fit 
the user-defined flight phase duration: 

ὲ 
ὸ

ὸ
 

where: 

ὲ   absolute frequency of occurrence of each detected cycle related to the 

user-defined flight phase duration 

ὸ  user-defined time duration of the flight phase 

ὸ  time duration of the flight phase derived from the in-flight measurement 

 

Together with fatigue damage, the cumulative frequency of occurrence of an 
equivalent load/stress is determined. Contrary to the fatigue damage, the frequency is 
related to the duration of the in-flight measurement ὸ . It means, that each detected 

cycle is present once per measurement. The cumulative frequency derived from the 
input data mentioned above with the use of modified Oding method is shown in Figure 
4.9 to Figure 4.11. 
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Figure 4.9 ς Cumulative frequency of equivalent stress ς TAKO 

 

Figure 4.10 ς Cumulative frequency of equivalent stress ς APP 

 
Figure 4.11 ς Cumulative frequency of equivalent stress ς LNG 
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Table 4.9 to Table 4.11 show an output summary after calling the script CC.m for 
each flight phase separately. 

 

Table 4.8 ς Cycle counting output summary ς description 
 

 

Table 4.9 ς Cycle counting output summary ς TAKO 
 

 

Table 4.10 ς Cycle counting output summary ς APP 
 

 

Table 4.11 ς Cycle counting output summary ς LNG 
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4.4  Bandwidth selection 

The loading of flaps and flapΩs control system is assumed as a stochastic process, as 
discussed earlier. To deal with a stochastic loading, cycle extrapolation is made. Cycle 
extrapolation is performed by estimating the PDF of detected cycles in a form of a from-
to matrix. Using the PDF, a loading of any length might be generated.  

The PDF is estimated by one of the kernel estimation techniques, described in 
chapter 3.7. The algorithm enables the user to use kernel estimator with constant 
bandwidth, or an adaptive kernel estimator. As a kernel function, a Normal kernel (also 
called Gaussian kernel) is used. 

 

Prior to bandwidth selection, all necessary parameters in PARAM spreadsheet and 
spreadsheets of the investigated flight phases (TAKO, APP and LNG) must be defined. 
These parameters include: 

 

¶ Target life (╝◄▌◄) ς desired number of flights to be generated after PDF 

estimation. 

 

¶ Method for an automatic bandwidth selection ς only one input accepted by the 
algorithm is possible in the moment. Enter LSCV for Least square cross validation 
method. 

 

¶ Kernel function ς only one possible input is accepted. Enter NORM for a normal 
kernel function. This function should be more suitable for cycle extrapolation 
than Epanechnikov kernel defined in chapter 3.7.4., because the probability of 
cycle occurrence outside local bandwidth is non-zero in the case of normal kernel 
function. 

 

¶ Reduction factor (RF) ς this factor directly influences the speed of an automatic 
bandwidth selection. The bandwidth is reduced by the reduction factor in each 
step of the iteration method, leading to minimizing MISE using LSCV procedure. 
²ƘŜƴ ŜƴǘŜǊƛƴƎ ά59C!¦[¢έ, reduction factor is set equal to 3.0. 

 

¶ Overrun (OVR) ς defines, how many values of bandwidth will be investigated 
beyond the recommended value obtained by an automatic bandwidth selection. 
This parameter enables the user to see the trend of change of the score function 
ὓ  with bandwidth decreasing beneath the recommended value. Only integers 
ŀǊŜ ǇŜǊƳƛǘǘŜŘΦ ²ƘŜƴ ŜƴǘŜǊƛƴƎ ά59C!¦[¢έΣ ƻǾŜǊǊǳƴ ƛǎ ǎŜǘ Ŝǉǳŀƭ ǘƻ нΦ 
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¶ Precision of the automatic bandwidth selection (Ⱡ╟) ς defines desired precision 
of bandwidth recommended by an automatic bandwidth selection procedure. 
The precision is relative to the maximal data range 2 : 

 

2 άὥὼ„ άὭὲ„ 

 

The recommended bandwidth Ὤ  found out by the bisection method is set 
equal to a current bandwidth only if the following condition is satisfied: 

‐
ȿὬ Ὤȿ

2
‐ 

Ὤ Ὤ
Ὤ Ὤ

ς
 

Where: 

„  data vector (univariate data) 

‐  relative error in Ὥ-th step 

ộὬȠὬỚ interval containing recommended bandwidth 

Ὤ  current bandwidth  

²ƘŜƴ ŜƴǘŜǊƛƴƎ ά59C!¦[¢έΣ precision is set equal to 0.05. 

 

¶ Maximal permitterd bandwidth ▐□╪● ς maximal bandwidth permitted by the 
user. The iteration procedure for recommended bandwidth determination 
begins by investigating this value. Similarly to desired precision, it is relative to 
input data range 2 . It means, that maximal permitted bandwidth is 
computed based on the data range as follows: 

 

Ὤ Ὤ Ͻ2  

 

 ²ƘŜƴ ŜƴǘŜǊƛƴƎ ά59C!¦[¢έΣ ƛǘ ƛǎ ǎŜǘ Ŝǉǳŀƭ ǘƻ лΦрΦ 

 

¶ Minimal permitted bandwidth ▐□ ▪ ς minimal bandwidth permitted by the 
user. The iteration procedure is terminated, if the minimum of the score function 
has not been found till reaching this value. Then, the recommended bandwidth 
is set equal to minimal permitted value. As well as maximal permitted value, it is 
relative to input data range 2 : 

 

Ὤ Ὤ Ͻ2  

 

²ƘŜƴ ŜƴǘŜǊƛƴƎ ά59C!¦[¢έΣ Ὤ  is set equal to ρπ. 
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¶ Roughness (RGHNS) ς indicates the roughness of generated PDF in a form of a 
from-to matrix. Roughness specifies number of intervals, into which bandwidth 
Ὤ is divided. It means, that x-axis as well as y-axis of the estimated PDF will be 
defined by discrete points with spacing Ўὼ and Ўώ: 

 

Ўὼ Ўώ
Ὤ

ὙὋὌὔὛ
 

 

²ƘŜƴ ŜƴǘŜǊƛƴƎ ά59C!¦[¢έΣ ƛǘ ƛǎ ǎŜǘ Ŝǉǳŀƭ ǘƻ рΦлΦ 

 

¶ Investigated distance ╓╘╢╣ ς specifies the investigated distance from the 
most extreme data point obtained by the measurement. This value is relative to 
current bandwidth, similarly to roughness. Contrary to roughness, it defines the 
distance to be investigated for an automatic bandwidth selection only. It is not 
valid for final PDF estimation. Specifying ὈὍὛὝ, the extremes on the x-axis for 
univariate PDF function are defined as follows: 

 

ὼ άὭὲ„ ὈὍὛὝϽὬ 

 

ὼ άὥὼ„ ὈὍὛὝϽὬ 

 

²ƘŜƴ ŜƴǘŜǊƛƴƎ ά59C!¦[¢έΣ ǘƘŜ ƛƴǾŜǎǘƛƎŀǘŜŘ ŘƛǎǘŀƴŎŜ ὈὍὛὝ is set equal to 10.0. 

 

¶ Sensitivity factor ς defines the sensitivity of the AKE method to variations in the 
pilot density, as stated in chapter 3.7.1 

 

¶ PDF estimator ς PDF estimator to be used for a subjective choice of bandwidth 
as well as for the final PDF estimation. Two possible inputs accepted by the 
algorithm might be entered by the user: 

 

CKE  for Kernel Estimator with Constant bandwidth 

AKE  for Adaptive Kernel Estimator 

 

¶ Minimal permitted load ς minimal load permitted by the user, which is 
generated after estimating PDF. This value is used for a subjective choice of 
bandwidth and for a final choice of bandwidth instead of investigated distance. 
This value directly indicates the minimal value on x-axis as well as on the y-axis 
of the estimated PDF. Therefore, it should be set proportionally smaller than the 
minimal load obtained by the measurement for a particular flight phase. 
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¶ Maximal permitted load ς maximal load permitted by the user. It has the same 
meaning as the minimal permitted load. It directly indicates the maximal value 
on x-axis as well as on the y-axis of the estimated PDF. Therefore, it should be 
set proportionally higher than the maximal load obtained by the measurement 
for a particular flight phase. 

 

To estimate PDF of detected cycles properly, an optimal bandwidth must be 
selected. Bandwidth selection is performed in altogether two steps. Firstly, an initial 
value of bandwidth is recommended by an algorithm for an automatic choice. However, 
because the automatic choice does not always provide an optimal value, subjective 
choice of bandwidth must follow. 

 

Summary of all parameters mentioned above is made in the following tables. 

 

 

Table 4.12 ς Parameters from PARAM spreadsheet for PDF estimation 
 

 

Table 4.13 ς Parameters for PDF estimation ς description 
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4.4.1 Automatic choice 

The purpose of the automatic choice of bandwidth is to provide an initial value, 
recommended by the Least square cross validation procedure for the kernel estimator 
with constant bandwidth. 

Automatic bandwidth selection is initiated by calling the script OSP.m. The 
flowchart of the procedure is shown in Figure 4.12. 

Figure 4.12 ς Flowchart of an automatic bandwidth selection 

 

First of all, detected cycles obtained by the cycle counting procedure are loaded. 
They are in a form of a from-to matrix, which means, that ὼ-variable represents the 
starting load level and ώ-variable represents target level of the cycle. 

As stated in chapter 3.7.1, it is desirable to pre-scale the multivariate data before 
estimating their PDF by radially symmetric kernel function. Such scaling is made in the 
main coordinate system: 

 

¶ Center of data is translated into the point πȟπ using parameters ЎὼȟЎώ: 

Ўὼ
В ὼ

ὲ
 

Ўώ
В ώ

ὲ
 

ὼ ὼ Ўὼ 

ώ ώ Ўώ 



76 
 

¶ Deviation moment of the data is reduced to zero by rotating the translated 
coordinates ὼȟώ by an angle •. Main coordinates ὼȟώ are therefore 
obtained: 

ὐ
В ώ

ὲ
 

 

ὐ
В ὼ

ὲ
 

 

Ὀ
В ὼ Ͻώ

ὲ
 

 

•
ρ

ς
ϽÔÁÎ

ςϽὈ

ὐ ὐ
 

 

ὼ ὼϽὧέί• ώϽίὭὲ• 
 

ώ ώϽὧέί• ὼϽίὭὲ• 
 

¶ To obtain the same load ranges in both main directions ὼ, ώ, the ὼ 
coordinates are scaled, which provides ίȟί coordinates: 

 

ὛὊ
άὥὼώ άὭὲώ

άὥὼὼ άὭὲὼ
 

 

ί άὭὲώ ὼ άὭὲὼ ϽὛὊ 

 

ί Ù 

 

 In the case of an automatic bandwidth selection, variables ί and ί are analysed 
separately. As if they were two different univariate data sets. An optimal bandwidth in 
the sense of minimizing MISE is found for each of them. The bandwidth recommended 
for further analysis of bivariate data is set equal to greater from both values. Such choice 
guarantees, that data in any direction shall not be under-smoothed. 

 Scaling of counted cycles for take-off flight phase can be seen in figures below. 
The rest of flight phases are transformed in the same way. 
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Figure 4.13 ς Scatter plot of scaled data for TAKO 
 

 

Figure 4.14 ς Histogram of scaled data for TAKO ς ŘƛǊŜŎǘƛƻƴ ƴϲм 
 

 

Figure 4.15 ς Histogram of scaled data for TAKO ς ŘƛǊŜŎǘƛƻƴ ƴϲн 
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After data transformation, a score function ὓ  is computed till its minimum is 
reached. After that, the bandwidth of desired precision is found by applying the 
bisection method. Resulting relationship between the score function ὓ  and the 
bandwidth Ὤ for each direction of data corresponding to take-off flight phase is shown 
in Figure 4.16 and Figure 4.17. 

 

Figure 4.16 ς Score function ╜ █▐ for TAKO ς direction ƴϲм   
 

 
Figure 4.17 ςScore function ╜ █▐ for TAKO ς ŘƛǊŜŎǘƛƻƴ ƴϲн  
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It can be seen, that an optimal bandwidth was not properly established for direction 
ƴϲмΣ ōŜŎŀǳǎŜ ǘƘŜ ƳƛƴƛƳǳƳ ƻŦ ǘƘŜ ǎŎƻǊŜ ŦǳƴŎǘƛƻƴ ὓ  was not found. Therefore, the 
recommended bandwidth was set equal to the user-defined minimal permitted value. 

An output of the automatic choice of bandwidth for particular flight phase is shown 
in Table 4.15 to Table 4.17. 

 

 

Table 4.14 ς Automatic choice output summary ς description 
 

 

Table 4.15 ς Automatic choice output summary ς TAKO 
 

 

Table 4.16 ς Automatic choice output summary ς APP 
 

 

Table 4.17 ς Automatic choice output summary ς LNG 
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4.4.2 Subjective choice 

PDF estimate using bandwidth, which was recommended by the procedure of an 
automatic bandwidth selection, might not always be the best choice from data 
extrapolation point of view. Therefore, it is up to the user to define bandwidth which 
will be used for the final PDF estimate. Generally speaking, it is better to work with a 
little over-smoothed PDF than with under-smoothed one, because it is impossible to 
regenerate cycles different from those obtained by the in-flight measurement with a 
heavily under-smoothed PDF. 

CǊƻƳ ǘƘŜ ǳǎŜǊΩǎ Ǉƻƛƴǘ ƻŦ ǾƛŜw, it is necessary to define criterion, which would 
designate, that the PDF estimation might be assumed as sufficient enough for cycle 
extrapolation. 

Literature [12] suggests to construct a cumulative frequency distribution 
(cumulative exceedance diagram) based on a short-term measurement and then to 
extrapolate the detected cycles to the target life by shifting the short-term spectrum by 
an extrapolation factor Ὧ  and fitting and projecting the data curve to the upper left 
corner for higher load estimates. However, it is necessary to reduce the rain-flow cycle 
count into a simple frequency histogram prior to data extrapolation, by applying any of 
the mean stress correction methods. As a consequence, an information about the mean 
load level is lost.  

 

 

Figure 4.18 ς Cycle extrapolation using cumulative exceedance diagram [12] 

 

The proposed procedure of a subjective choice is based on estimating PDFs for 
various bandwidths and comparing obtained results. For each bandwidth, the following 
characteristics are determined: 

¶ PDF estimation using user-defined bandwidth 

¶ Determination of fatigue damage matrix 

¶ Production of cumulative exceedance diagram 

¶ Overall fatigue damage 
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The generated characteristics shall provide all necessary information to decide 
which bandwidth is the most suitable for cycle extrapolation. 

t5C ŜǎǘƛƳŀǘƛƻƴ ƳƛƎƘǘ ōŜ ǇŜǊŦƻǊƳŜŘ ǳǎƛƴƎ /Y9 ƻǊ !Y9 ƳŜǘƘƻŘΣ ōŀǎŜŘ ƻƴ ǳǎŜǊΩǎ 
selection. It was suggested in chapter 3.7.4 to use the same bandwidth for the pilot 
estimate as well as for the final PDF estimate when using AKE method. However, the 
procedure enables the user to enter different bandwidths for the pilot and the final 
estimate.  

The estimated PDF is normalized to meet the following condition: 

ὖὈὊȟ ρ 

For each estimated PDF, the fatigue damage per flight is derived from the fatigue 
damage matrix by summing all local damages: 

Ὀ ὲ ϽὈ ὲ Ͻ Ὀȟ 

Where: 

ὲ    number of data points on ὼ-axis 

ὲ    number of data points on ώ-axis 

ὲ ὲ Ͻ   overall number of cycles per flight 

Ὀȟ ὈϽὖὈὊȟ  fatigue damage matrix - local damages relevant to ὖὈὊȟ 

 

The cumulative exceedance diagram relevant to target life ὔ  is determined by 

two means: 

a) Multiplying of already derived cumulative exceedance diagram relevant to 
measurement length by an extrapolation factor Ὧ : 

Ὧ
ὸ

ὸ
Ͻὔ  

 

b) From PDF estimate by applying user-defined mean stress correction method 
and multiplying by the number of cycles per target life ὲ : 

ὲ ὲ Ͻὔ ὲ Ͻ
ὸ

ὸ
Ͻὔ  

Where: 

ὲ  Overall number of loading cycles per flight 

ὲ  Overall number of cycles detected in the particular flight phase of the in-
flight measurement 
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It is up to the user to choose several bandwidths for detailed analysis and enter 
them into TAKO, APP and LNG spreadsheets, as shown in Table 4.19. The user specifies 
the PDF method used for detailed analysis (CKE/AKE method) as well. In the case of AKE 
method, the third column correspond to the bandwidth which is used for the pilot 
estimate. In the case of CKE method, the third column is not applied. At the same time, 
the user shall specify an appropriate minimal and maximal permitted load (see Table 
4.13) 

Table 4.18 shows the input parameters as well as corresponding fatigue damages 
for take-off flight phase using CKE method. 

 

 

 

Table 4.18 ς Input and output parameters for a subjective choice of bandwidth for 
CKE method ς TAKO 

 

Detailed analysis providing all necessary characteristics for subjective choice of 
bandwidth is initiated by calling the script PDF_DISPLAY.m. Figure 4.19 to Figure 4.36 
show results obtained by the use of the CKE method for the take-off flight phase. 
Extreme loads and bandwidths mentioned in the Table 4.18 have been used. 
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Table 4.19 ς Input parameters for subjective choice of bandwidth ς description 
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Figure 4.19 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 
 

 

 

Figure 4.20 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 
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Figure 4.21 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 
 

 

 

 

Figure 4.22 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 
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Figure 4.23 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 
 

 

 

 

Figure 4.24 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 
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Figure 4.25 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 
 

 

 

 

Figure 4.26 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 
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Figure 4.27 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 

 

 

 

 

Figure 4.28 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 
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Figure 4.29 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 

 

 

 

 

Figure 4.30 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 
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Figure 4.31 ς Cumulative exceedance diagram for ▐ Ȣ  ╜╟╪ 

 

 

 

Figure 4.32 ς Cumulative exceedance diagram for ▐ Ȣ  ╜╟╪ 
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Figure 4.33 ς Cumulative exceedance diagram for ▐ Ȣ  ╜╟╪ 

 

 

 

Figure 4.34 ς Cumulative exceedance diagram for ▐ Ȣ  ╜╟╪ 
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Figure 4.35 ς Cumulative exceedance diagram for ▐ Ȣ  ╜╟╪ 

 

 

 

Figure 4.36 ς Cumulative exceedance diagram for ▐ Ȣ  ╜╟╪ 
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It can be seen, that bandwidth Ὤ πȢυπ ὓὖὥ, which is a higher value than was 
recommended by an automatic procedure, generates heavily under-smoothed PDF. 
Such PDF estimate is unacceptable from the cycle extrapolation point of view. On the 
other hand, PDF estimate produced by CKE with bandwidth Ὤ τȢππ ὓὖὥ might be 
definitely supposed as over-smoothed, because the CED produced from PDF estimate 
shows a strong deviation from the original CED. Apart from that, fatigue damage 
distribution changed significantly from the distribution based on PDFs produced by 
smaller bandwidths. A damaging effect of the basic cycle characterizing the take-off 
flight phase totally dismissed.  

Based on the observation, the general procedure leading to an optimal bandwidth 
selection was established: 

¶ Increase the bandwidth till the number of peaks in the PDF estimate becomes 
acceptably small. Too many peaks throughout the PDF is a sign of under-
smoothing and is therefore unacceptable. 

¶ Increase the bandwidth till the cumulative exceedance diagram (CED) derived 
from PDF estimate follows the CED derived from the in-flight measurement in 
the area of low and moderate amplitude cycles. A significant deviation between 
CEDs in the area of low and moderate amplitude cycles might be a sign of over-
smoothing. 

¶ LǎƻƭŀǘŜŘ άƛǎƭŀƴŘǎέ ƻŦ ƭƻŀŘ ŎȅŎƭŜǎ ǿƛǘƘ ƘƛƎƘ ŀƳǇƭƛǘǳŘŜǎ ǎƘŀƭƭ ƴƻǘ fully dismiss. They 
usually correspond to envelope cycles of the loading history. Merging of 
envelope cycles with the rest of the PDF would overestimate the effect of 
vibrations from the fatigue point of view. 

¶ Growth of fatigue dominant areas with an increasing bandwidth is a natural 
phenomenon. However, the growth must have its limit. It is unacceptable to 
permit disappearance of a group of fatigue dominant areas, if it is not replaced 
by one larger area in their centre. 

 

In line with the established procedure for a subjective choice of an optimal 
bandwidth, the value Ὤ ρȢυπ ὓὖὥ has been selected for the final PDF estimation of 
take-off flight phase by using CKE method. 

Relationship between the fatigue damage Ὀ derived from the PDF estimate 
obtained by CKE method and corresponding bandwidth Ὤ might be seen from the output 
listed in the excel file AIVIB.xlsx, as shown in Table 4.18. 

 

The PDF estimation using AKE method should be able to describe a long-tail 
distribution better than CKE method, as already stated in chapter 3.7.1. However, using 
the same bandwidth for the pilot estimate as well as for the final estimate have not 
occurred as a reliable way to an optimal PDF estimation. Moreover, in the case of using 
different bandwidths for the pilot estimate and the final estimate, it becomes tough to 
find a suitable combination of both parameters. 
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Table 4.20 ς Input and output parameters for a subjective choice of bandwidth for 
AKE method ς TAKO 

 

Table 4.20 displays the input parameters and resulting fatigue damage of an 
attempt to estimate PDF for take-off flight phase using constant bandwidth Ὤ
ςȢππ ὓὖὥ for a pilot estimate and various values of bandwidths for the final estimate. 
The choice of Ὤ ς ὓὖὥ for the pilot estimate comes from the statement mentioned 
in [22], which claims, that there is not necessary to require some specific smoothness of 
the pilot estimate to achieve a good result. 

Based on the resulting fatigue damage mentioned in Table 4.20 might be stated, 
that using AKE is much more sensitive to the choice of bandwidth than CKE method. 
Moreover, contrary to the CKE method, the AKE method does not guarantee, that the 
conservative result will be obtained. It is quite easy to obtain such PDF estimation by the 
AKE method which produces lower fatigue damage than the load cycles derived directly 
from the in-flight measurement. 

Figure 4.37 to Figure 4.54 show the contour plots of PDF estimate and FD 
distribution as well as cumulative exceedance diagrams for take-off flight phase, which 
were obtained by AKE method in line with parameters mentioned in Table 4.20. 
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Figure 4.37 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 

 

 

 

 

Figure 4.38 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 
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Figure 4.39 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 

 

 

 

 

Figure 4.40 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 
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Figure 4.41 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 

 

 

 

 

Figure 4.42 ς Contour plot of PDF estimate for ▐ Ȣ  ╜╟╪ 
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Figure 4.43 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 

 

 

 

 

Figure 4.44 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 
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Figure 4.45 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 

 

 

 

 

Figure 4.46 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 
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Figure 4.47 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 

 

 

 

 

Figure 4.48 ς Contour plot of FD distribution for ▐ Ȣ  ╜╟╪ 
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Figure 4.49 ς Cumulative exceedance diagram for ▐ Ȣ  ╜╟╪ 

 

 

 

Figure 4.50 ς Cumulative exceedance diagram for ▐ Ȣ  ╜╟╪ 










































































