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Abstract 

The paper is focused on the identification of selected mechanical fracture parameters of concrete. An inverse analysis based on an 
artificial neural network is used for this purpose. In this approach the laboratory measurements are matched with the results gained 
by reproducing the same test numerically. The identification of mechanical fracture parameters is carried out from the records of 
three-point bending and wedge-splitting tests performed using three specimen sizes. The ATENA software is employed for the 
numerical simulation of the fracture tests. The material model with the exponential and bilinear tensile softening law is selected to 
govern the gradual evolution of localized damage. The obtained parameters are finally analyzed and discussed in terms of their 
dependence on the size of the initial uncracked ligament. The results show that both tensile softening models are able to capture 
the behavior of the specimens in the softening phase reasonably well. The tensile softening model does not affect the modulus of 
elasticity values but has a slight effect on the tensile strength and fracture energy. For the latter two parameters, both models 
detected the influence of specimen size on their values. 
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aspects of material and geometric non-linearity should be taken into account. Thus, a knowledge of the corresponding 
mechanical and fracture parameters of the material is required. These are commonly obtained from fracture laboratory 
tests of specimens in suitable configurations by direct evaluation of the test records (see e.g. RILEM, 1985). Since the 
values obtained depend to some extent on the size and shape of the test specimens, as published in e.g. Nallathambi 
(1985), Bažant and Kazemi (1991), an indirect evaluation by inverse analysis combined with numerical simulations 
of the respective fracture tests, proposed by Lehký et al. (2014), is an alternative way how to obtain the values of 
mechanical fracture parameters. 

The aim of the ongoing research is to develop a complex multilevel approach for experimental–computational 
determination of concrete mechanical fracture parameters with emphasis on independence of specimen size and 
geometry. This approach includes: 

• Experimental testing of specimens of multiple sizes in multiple test configurations 
• Advanced evaluation and soft computing-based identification of mechanical fracture parameters 
• Analyses of relations between fracture parameters and fractal properties of cracked surfaces 
• Analyses of fracture processes using multiscale modelling approaches 

This paper presents a brief summary of the first part of the research and the results of the second part. The aim is 
to present the results of one part of comprehensive procedure – determination of mechanical fracture parameters of 
concrete using artificial neural network-based inverse analysis. For this purpose, the results of an experimental 
program, in particular the responses of test specimens of different sizes and initial notch depths subjected to the three-
point bending and wedge-splitting tests, were used. 

2. Experimental program 

As part of an extensive experimental program previously published by Lehký et al. (2022), three-point bending 
tests (3PBT) and wedge-splitting tests (WST) were performed simultaneously. Three different specimen sizes in the 
ratio of 1:3 were tested. Nominal depths D of prismatic specimens were 100, 200, and 300 mm; all specimens had the 
same width of 100 mm, i.e. specimen sizes differed only in two dimensions. Lengths of specimens tested in 3PBT and 
WST configurations were 4D with loading spans of 3D, and 1D with loading spans of 0.5D, respectively. In order to 
follow the procedure of Abdalla and Karihaloo (2003) and study the effect of the specimen sizes on mechanical 
fracture parameters of the material, specimens with two well-separated depths of notches, a0, were tested for each size 
and test configuration. The shallow initial notches have a relative notch depth of a0/D = 0.2, the value for the deep 
notches was 0.5. The relative depth of the shallow notch was driven by the need to seat the jigs and wedge. To maintain 
consistency of results, the same relative notch depth was used for 3PBT. Three specimens were tested for each testing 
case except of the smallest size in WST configuration. Here, six specimens were tested for deep notches only, due to 
the limitations of the measuring equipment. A comparison of specimen sizes tested in 3PBT and WST configurations 
is shown in Fig. 1. Note that the WST was carried out in the arrangement of Linsbauer and Tschegg (1986). 

 

Fig. 1. Specimen of three different sizes, each with a shallow and deep notch, in (a) three-point bending, and (b) wedge-splitting test 
configuration. 

All specimens were made of the same concrete mixture which was designed to be of C30/37 strength class. The 
mixture was specified with a maximum aggregate grain size of 16 mm, CEM 42.5 R Portland cement, a water to 
cement ratio of 0.62, an aggregate to cement weight ratio of 5.44, a binder to aggregate weight ratio of 0.46, and a 
plasticizer SikaPlast-501 W (1 % of cement weight). The specimens were stored in wet conditions with relative 
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aspects of material and geometric non-linearity should be taken into account. Thus, a knowledge of the corresponding 
mechanical and fracture parameters of the material is required. These are commonly obtained from fracture laboratory 
tests of specimens in suitable configurations by direct evaluation of the test records (see e.g. RILEM, 1985). Since the 
values obtained depend to some extent on the size and shape of the test specimens, as published in e.g. Nallathambi 
(1985), Bažant and Kazemi (1991), an indirect evaluation by inverse analysis combined with numerical simulations 
of the respective fracture tests, proposed by Lehký et al. (2014), is an alternative way how to obtain the values of 
mechanical fracture parameters. 

The aim of the ongoing research is to develop a complex multilevel approach for experimental–computational 
determination of concrete mechanical fracture parameters with emphasis on independence of specimen size and 
geometry. This approach includes: 

• Experimental testing of specimens of multiple sizes in multiple test configurations 
• Advanced evaluation and soft computing-based identification of mechanical fracture parameters 
• Analyses of relations between fracture parameters and fractal properties of cracked surfaces 
• Analyses of fracture processes using multiscale modelling approaches 

This paper presents a brief summary of the first part of the research and the results of the second part. The aim is 
to present the results of one part of comprehensive procedure – determination of mechanical fracture parameters of 
concrete using artificial neural network-based inverse analysis. For this purpose, the results of an experimental 
program, in particular the responses of test specimens of different sizes and initial notch depths subjected to the three-
point bending and wedge-splitting tests, were used. 

2. Experimental program 

As part of an extensive experimental program previously published by Lehký et al. (2022), three-point bending 
tests (3PBT) and wedge-splitting tests (WST) were performed simultaneously. Three different specimen sizes in the 
ratio of 1:3 were tested. Nominal depths D of prismatic specimens were 100, 200, and 300 mm; all specimens had the 
same width of 100 mm, i.e. specimen sizes differed only in two dimensions. Lengths of specimens tested in 3PBT and 
WST configurations were 4D with loading spans of 3D, and 1D with loading spans of 0.5D, respectively. In order to 
follow the procedure of Abdalla and Karihaloo (2003) and study the effect of the specimen sizes on mechanical 
fracture parameters of the material, specimens with two well-separated depths of notches, a0, were tested for each size 
and test configuration. The shallow initial notches have a relative notch depth of a0/D = 0.2, the value for the deep 
notches was 0.5. The relative depth of the shallow notch was driven by the need to seat the jigs and wedge. To maintain 
consistency of results, the same relative notch depth was used for 3PBT. Three specimens were tested for each testing 
case except of the smallest size in WST configuration. Here, six specimens were tested for deep notches only, due to 
the limitations of the measuring equipment. A comparison of specimen sizes tested in 3PBT and WST configurations 
is shown in Fig. 1. Note that the WST was carried out in the arrangement of Linsbauer and Tschegg (1986). 

 

Fig. 1. Specimen of three different sizes, each with a shallow and deep notch, in (a) three-point bending, and (b) wedge-splitting test 
configuration. 

All specimens were made of the same concrete mixture which was designed to be of C30/37 strength class. The 
mixture was specified with a maximum aggregate grain size of 16 mm, CEM 42.5 R Portland cement, a water to 
cement ratio of 0.62, an aggregate to cement weight ratio of 5.44, a binder to aggregate weight ratio of 0.46, and a 
plasticizer SikaPlast-501 W (1 % of cement weight). The specimens were stored in wet conditions with relative 
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humidity greater than 90 % for the whole time of ageing. The average bulk density of the hardened concrete at 97 
days was 2320 kg/m3. The process of concrete ageing and development of its mechanical properties was analyzed by 
performing compression tests, splitting tensile tests, static modulus of elasticity tests, and non-destructive tests based 
on the resonance method for the determination of dynamic modulus of elasticity. The accompanying tests were carried 
out at different ages of hardening – at 4, 24, 42, and 97 days. The main 3PB and WST fracture tests were performed 
within one week from 101 to 104 days of hardening. Strains on the surfaces were digitally measured using a system 
with two high-frequency cameras. The outcomes of the tests were diagrams vertical force vs. midspan deflection (in 
case of 3PBT) or vs. crack mouth opening displacement (CMOD, in case of WST). For more details on concrete 
mixture, pilot tests, accompanying tests and resulting values of selected mechanical fracture parameters obtained by 
direct evaluation of test records see Lehký et al. (2022). 

3. Inverse analysis – determination of fracture parameters 

The values of selected mechanical fracture parameters of the tested concrete were determined with utilization of 
an artificial neural network-based inverse analysis. The aim of the analysis was to find the input parameters P (i.e. 
selected mechanical fracture parameters) that lead to the given response R (measured test records). In general, the 
inverse analysis can be performed in two ways:   

1. Using optimization – an iterative search for input parameters under the condition of minimizing the difference 
between the obtained (from the model) and the desired (from the experiment) response. A direct forward 
relationship between the input parameters P and the output response R (P → R) is used. 

2. Using direct inversion – the inverse relationship between P and R (R → P) is used. This must first be defined. 
The second approach was used in this paper. An inverse procedure developed by Novák and Lehký (2006) 

transforms fracture test response data into the desired mechanical fracture parameters. This approach is based on 
matching laboratory measurements with the results gained by reproducing the same test numerically. The cornerstone 
of the inverse method is the artificial neural network (ANN), which is used as a surrogate model of an unknown 
inverse function between the input mechanical fracture parameters P and the response of the test sample R. The 
ATENA FEM program (Červenka et al. 2016) is employed for the numerical simulation of the fracture tests. The 
process used for determination of the selected concrete fracture parameters can be summarized as follows: 

• In the first step, the ATENA FEM numerical models were created for each specimen size and fracture test 
configuration. The “3D NonLinear Cementitious 2” material model was selected to govern the gradual evolution 
of localized damage. Tensile softening of the material was described using the exponential model according to 
Hordijk (1991) or the bilinear softening law to study the influence of the tensile softening model on the fracture 
parameters identification process. The analyses were performed under plane stress conditions. 

• The aim of the identification process was to determine the values of selected mechanical fracture parameters. In 
our case, three or five material parameters were identified using the inverse analysis. For the analysis with the 
exponential tensile softening law, modulus of elasticity, E, tensile strength, ft, and fracture energy, Gf, were 
identified as representative fracture parameters. In case of the bilinear tensile softening law, modulus of 
elasticity, E, tensile strength, ft, horizontal and vertical coordinates, c1,x, c1,y, and c2,x, were identified. c1,x and c1,y 
denote the horizontal and vertical coordinates of the “breaking point” in the descending branch of the stress–
strain diagram in tension, and c2,x is the horizontal coordinate for a value of the tensile stress to tensile strength 
ratio of c2,y = 0.001. Let us note that the horizontal coordinate corresponds to the strain, ε, and the vertical 
coordinate corresponds to the tensile stress to tensile strength ratio, σ/ft. For details see Fig. 2. 

• A stochastic model of the identified fracture parameters was defined. Then a set of numerical FEM analyses was 
performed repeatedly with the randomly generated realizations of material parameters to provide random 
responses of the test samples. All the parameters had the uniform distribution with predefined minimal and 
maximal values (see the first line in Tab. 1) and 50 random realizations were generated using Latin Hypercube 
Sampling method. 

• The inverse relationship between the input material parameters P and the response parameters R of the test 
sample was sought in the form of the ANN, i.e. 𝐏𝐏 = 𝑓𝑓ANN−1 (𝐑𝐑). The random realizations of the material parameters 
together with the corresponding random response parameters of the simulated fracture test were used as a training 
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set for training the ANN. Thus, the surrogate function for determination of selected fracture parameters was 
obtained. 

• Once the network was properly trained to respond to the input information (random response) with the 
corresponding output (material parameters), it was simulated with the experimental response as its input. The 
output of the simulation is the set of identified concrete fracture parameters. With the obtained parameters, a 
validation numerical simulation was performed and compared with the experimental measurements. 

 

Fig. 2. Illustration of the identified parameters of exponential and bilinear tensile softening model.  

4. Results of the identification process 

The mechanical fracture parameters were identified for all specimens tested in 3PBT and WST configurations. In 
this paper, the results for specimens with deep notch only are presented and the influence of the tensile softening 
model on the identified fracture parameter values is discussed. 

In the following text, the individual specimens are labeled as follows: The first letter “B/W” indicates the 
bending/wedge-splitting test configuration. The number in the second position indicates the nominal depth D of the 
specimen, which is either 100, 200, or 300. The letter in the third position indicates the depth of the initial notch and 
is “L” for a deep (large) notch. Values of modulus of elasticity, E, tensile strength, ft, fracture energy, Gf, and 
coordinates c1,x, c1,y, and c2,x are summarized in Tab. 1 together with the mean value and percentage value of coefficient 
of variation (CoV) for all tested specimens. For the individual set of experiments, the mean values and CoVs of 
identified parameters are mentioned in the bars in Fig. 3. In order to be able to compare the identified values of the 
selected fracture parameters, the last column of Tab. 1 shows also the value of the fracture energy, Gf, calculated as 
the area under the descending branch of the crack width vs. tensile stress to tensile strength ration diagram, which in 
the case of a bilinear tensile softening model is defined by the coordinates c1,x, c1,y, and c2,x. 

Figure 3 shows a comparison of mean values, standard deviation and coefficient of variation (values in brackets) 
for fracture parameter identified based on the analysis with exponential and bilinear tensile softening model, 
respectively. The statistics were calculated for individual specimen set consisted of three specimens tested for 
specimen size and test configuration, as obvious from Tab. 1. As mentioned above, six specimens were tested for the 
W_100_L specimen set due to the limitations of the measuring equipment. 

Figure 4 depicts obtained values of mechanical fracture parameters, all plotted against the depth of the initial 
uncracked ligament. Figure 4 also shows, for comparison, the results of the experimental evaluation of the modulus 
of elasticity and fracture energy obtained using the Effective crack model and the Work-of-fracture method, see Lehký 
et al. (2022) for details. Note that the tensile strength and coordinates of the bilinear tensile softening model cannot 
be obtained by direct evaluation of experiments and thus inverse analysis is the ideal way to determine it. 

5. Conclusions 

The identification part of an extensive experimental program was presented. Values of three mechanical fracture 
parameters of investigated concrete were identified using ANN-based inverse analysis method. Two tensile softening 
models were used. 
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is “L” for a deep (large) notch. Values of modulus of elasticity, E, tensile strength, ft, fracture energy, Gf, and 
coordinates c1,x, c1,y, and c2,x are summarized in Tab. 1 together with the mean value and percentage value of coefficient 
of variation (CoV) for all tested specimens. For the individual set of experiments, the mean values and CoVs of 
identified parameters are mentioned in the bars in Fig. 3. In order to be able to compare the identified values of the 
selected fracture parameters, the last column of Tab. 1 shows also the value of the fracture energy, Gf, calculated as 
the area under the descending branch of the crack width vs. tensile stress to tensile strength ration diagram, which in 
the case of a bilinear tensile softening model is defined by the coordinates c1,x, c1,y, and c2,x. 

Figure 3 shows a comparison of mean values, standard deviation and coefficient of variation (values in brackets) 
for fracture parameter identified based on the analysis with exponential and bilinear tensile softening model, 
respectively. The statistics were calculated for individual specimen set consisted of three specimens tested for 
specimen size and test configuration, as obvious from Tab. 1. As mentioned above, six specimens were tested for the 
W_100_L specimen set due to the limitations of the measuring equipment. 

Figure 4 depicts obtained values of mechanical fracture parameters, all plotted against the depth of the initial 
uncracked ligament. Figure 4 also shows, for comparison, the results of the experimental evaluation of the modulus 
of elasticity and fracture energy obtained using the Effective crack model and the Work-of-fracture method, see Lehký 
et al. (2022) for details. Note that the tensile strength and coordinates of the bilinear tensile softening model cannot 
be obtained by direct evaluation of experiments and thus inverse analysis is the ideal way to determine it. 

5. Conclusions 

The identification part of an extensive experimental program was presented. Values of three mechanical fracture 
parameters of investigated concrete were identified using ANN-based inverse analysis method. Two tensile softening 
models were used. 
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Table 1. Identified values of selected parameters for specimens with a deep notch tested in 3PBT a WST – comparison of results determined 
with exponential (left) and bilinear (right) tensile softening model. 

 

 

Fig. 3. Dependence of the identified parameter values on the specimen size: analysis with exponential (black bars) and bilinear (grey bars) tensile 
softening model. The values in the bars correspond to the mean value and coefficient of variation (in brackets) of values identified for the 

individual set of experiments.  

 Exponential tensile softening model  Bilinear tensile softening model 

 E (GPa) ft (MPa) Gf (J/m2)  E (GPa) ft (MPa) c1,x ×10–2 (–) c1,y ×10–2 (–) c2,x ×10–2 (–) Gf (J/m2) 
min–max 25–40 2.0–4.5 140–260  25–40 1.5–3.5 1.5–5.5 5.0–15.0 9.0–15.0 – 
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2.48 
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3.58 
3.14 
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6.03 
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13.2 
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9.47 

211.20 
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B_all_L: 
Mean (CoV) 31.39 (9.7) 3.40 (18.1) 194.57 (19.0)  32.00 (9.6) 2.70 (13.2) 2.74 (18.8) 8.19 (40.3) 11.4 (22.9) 188.42 (8.4) 

W_all_L: 
Mean (CoV) 28.22 (11.6) 3.41 (11.2) 174.07 (17.5)  28.95 (11.2) 2.78 (9.8) 2.53 (27.8) 8.16 (20.9) 11.7 (36.7) 198.95 (20.8) 

All_L: 
Mean (CoV) 29.58 (11.8) 3.41 (14.1) 182.86 (18.7)  30.26 (11.4) 2.75 (11.1) 2.62 (23.9) 8.17 (29.9) 11.5 (28.9) 193.50 (15.0) 
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Fig. 4. Dependence of modulus of elasticity (left), tensile strength (middle) and fracture energy (right) on the size of the uncracked ligament: 
identification vs. experiment. 

According to the assumptions, the tensile softening model has no influence on the obtained values of modulus of 
elasticity. On the other hand, differences are noticeable for the tensile strengths, which are lower for the bilinear 
model, compensated by slightly higher fracture energies. A decrease/increase in the values of tensile strengths/fracture 
energies with the size of the original uncracked ligament was detected for both softening models and is consistent 
with the experimental results. From the comparison of the experimental and simulated responses of the specimens in 
the form of force vs. displacement/CMOD diagrams (not shown here due to the scope of the paper), it can be concluded 
that both tensile softening models are able to capture the behavior of the specimens in the softening phase reasonably 
well. Which model is more appropriate varies from specimen to specimen. In general, however, both are by definition 
limited to change their shape more significantly and thus better capture specimens whose experimental response is 
more variable due to local material defects. From this perspective, the use of a trilinear model seems promising based 
on pilot studies and will be investigated in follow-up research. 
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Table 1. Identified values of selected parameters for specimens with a deep notch tested in 3PBT a WST – comparison of results determined 
with exponential (left) and bilinear (right) tensile softening model. 

 

 

Fig. 3. Dependence of the identified parameter values on the specimen size: analysis with exponential (black bars) and bilinear (grey bars) tensile 
softening model. The values in the bars correspond to the mean value and coefficient of variation (in brackets) of values identified for the 

individual set of experiments.  
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Fig. 4. Dependence of modulus of elasticity (left), tensile strength (middle) and fracture energy (right) on the size of the uncracked ligament: 
identification vs. experiment. 

According to the assumptions, the tensile softening model has no influence on the obtained values of modulus of 
elasticity. On the other hand, differences are noticeable for the tensile strengths, which are lower for the bilinear 
model, compensated by slightly higher fracture energies. A decrease/increase in the values of tensile strengths/fracture 
energies with the size of the original uncracked ligament was detected for both softening models and is consistent 
with the experimental results. From the comparison of the experimental and simulated responses of the specimens in 
the form of force vs. displacement/CMOD diagrams (not shown here due to the scope of the paper), it can be concluded 
that both tensile softening models are able to capture the behavior of the specimens in the softening phase reasonably 
well. Which model is more appropriate varies from specimen to specimen. In general, however, both are by definition 
limited to change their shape more significantly and thus better capture specimens whose experimental response is 
more variable due to local material defects. From this perspective, the use of a trilinear model seems promising based 
on pilot studies and will be investigated in follow-up research. 
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