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Abstract – This article discusses analysis of damped
harmonic signals by spectral methods, Approximated
Discrete Zolotarev Transform (ADZT) in particular. The
ADZT behavior for this type of signal is explored, and
tailored method modification is proposed. It is shown that
the modification performs better compared to the discrete
Fourier transform and selected parametric spectral meth-
ods in detection of partially masked damped harmonic
signal components.

1 Introduction

Damped exponentials model can represent different signals
in a number of applications. For example, fault detection
in power transmission [1, 2], fault detection in rotating ma-
chinery [3], health monitoring [4] or structural statics [5].
The analysis of linear combination of damped exponentials
has several established methods available. This work ex-
plores spectral methods only. The spectral methods can be
divided into parametric deterministic, parametric stochas-
tic and non-parametric.

Parametric deterministic spectral methods such as
Prony method [6] and iterative Steiglitz McBride [7] are
well established. Both represent sub-optimal solution of
non linear identification problem using least squares error
minimization. Stochastic spectral methods representatives
are autocorrelation and covariance methods [8]. The co-
variance method normal equations are formally equal with
the Prony method ones. The autocorrelation method nor-
mal equations converge to Prony ones for larger sample
sequence as well. Therefore, the autocorrelation and co-
variance methods are not distinguished from the Prony
one. The original Prony method is not a consistent esti-
mator. There are extensions improving its robustness to
noise; however, they are not considered since noise free sig-
nal is assumed in this analysis. Another group of paramet-
ric spectral methods is auto-covariance decomposition to
signal and noise subspaces, such as MUSIC [9], Pisarenko,
etc.

Non-parametric spectral methods can be used to detect
damped harmonic signals; however, they do not estimate
particular harmonic component damping and amplitude
values. This can be limiting to its application. On the
other hand, non-parametric methods do not suffer from
instability due to unknown, and/or large, number of signal
components, which makes the results more stable in more

complex signal cases. A representative is Discrete Fourier
Transform (DFT). Since the damped harmonic signal is
non-stationary it is reasonable to assume non-stationary
transforms. The Approximated Discrete Zolotarev Trans-
form (ADZT) [10] spectrum reflects abrupt transitions in
non-stationary signals [11, 12, 13, 14]. However, the anal-
ysis [15] shows that the ADZT is not suitable for damped
harmonic signal analysis. The ADZT does not show the
signal energy in spectrum at all for some cases. This phe-
nomenon is explored in more detail and a modification of
the ADZT, performing better, is proposed. The modifica-
tion results are compared against the DFT since the DFT
is inherit part of the ADZT: the DFT spectrum is a start
point and it is filtered with respect to the non-stationary
properties of analyzed signal.

The article is structured as follows. Section 2 defines an-
alyzed signal, Section 3.1 describes the ADZT, Section 3.2
addresses the parametric spectral methods and Section 3.3
discusses the non-parametric ones. The ADZT modifica-
tion is drafted in Section 3.4. Section 4 defines experiment
methodology and Section 5 states results achieved. Sec-
tion 6 concludes the article.

2 Analyzed signal

This work debates analysis of a real signal composed from
damped harmonic component without presence of noise.
Following discrete signal is assumed

s(n) = Arn sin

(
2πfn

fs

)
, r ∈ (0, 1), n ∈ {0, 1, . . . , N−1}.

(1)
It is a harmonic signal of amplitude A, frequency f , zero
initial phase, sampled with sampling frequency of fs and
N samples long. The rn is the signal envelope which is
exponentially decaying according to rn = exp(σn) with
damping coefficient σ = ln r. An example of the signal is
in Figure 1.

The signal power spectrum is given as

S(exp (jω)) = Z∗{s(n)}Z{s(n)}|z=exp (jω), (2)

where the signal (1) in Z-domain is

Z{s(n)} = A
rz−1 sin

(
2πf
fs

)
1− 2rz−1 cos

(
2πf
fs

)
+ r2z−2

. (3)
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Figure 1: Example of the damped harmonic signal (1) of
parameters: A = 0 dB, f = 20 Hz, r = 0.97, N = 200 sam-
ples, fs = 128 kHz.

Equation (3) can by interpreted as a system impulse re-
sponse with complex conjugate poles having modulus r.
The signal spectrum is non-zero in the whole frequency
range. It varies from narrow band to wide band for small
and large damping, respectively.

The signal envelope time constant can be approximated
for small damping r ≈ 1 by impulse invariance method [16]
as

τ =
1

1− r
1

fs
. (4)

3 Methods

3.1 Approximated Zolotarev Discrete Transform

This description briefly introduces the ADZT. The trans-
form is better described in [10] and fully in [14]. The ADZT
is algorithm evaluating the Discrete Zolotarev Transform
(DZT) spectrum, which employs family of Zolotarev poly-
nomials [17] or[18] as its basis. The spectrum reflects
abrupt transitions in signals, for comparison with other
methods see [11, 12, 13, 14]. The Zolotarev polynomials
can be expressed as a linear combination of Chebyshev
polynomials with certain set of coefficients. Analogically,
the DZT spectrum can be expressed as a linear combina-
tion of the DFT spectrum, which can be written as

Sz = ZWs, (5)

where s is analyzed signal, W is the DFT basis composed
from exp(2πµnT ), µ ∈ 〈0, N−1〉, n ∈ 〈0, N−1〉 and Z ma-
trix contains the coefficients linking the DZT basis to the
DFT basis as WZ = ZW. Thus the DZT spectrum can
be expressed using the DFT spectrum as

Sz = ZS, (6)

where S is the DFT spectrum, S = Ws.
The ADZT optimization criterion is to minimize the

DZT spectrum in frequency domain |SZ| → min. The
ADZT embeds the approximated Zolotarev polynomials
(ZP) which do not have equi-ripple property; however, the

usage of approximated polynomials allows the algorithm to
be feasible. The basis can be decomposed into two parts,
stationary and non-stationary [10]. The stationary part of
spectral index `, in terms of the ADZT, is DFT spectrum
line at the same index S(`). The non-stationary (N-S) part
N(`) is composed from DFT spectral lines of lower indexes
as

N(`,m) =

m∑
`′=1

(−1)`
′
S(`− `′), (7)

where m is N-S bandwidth of the basis. The optimization
process is administered by finding a N-S bandwidth which
minimizes the N-S part as

mopt(`) = arg min
m′

{
1

m′
N(`,m′) sgn(S(`))

}
,

m′ = {1, 2, . . . , N − 1} ,
(8)

where m′ is tested N-S bandwidth.
Resulting DZT spectrum is then assembled from the sta-

tionary and N-S parts. There are three possible cases how
the DZT spectrum is composed. The first case is to com-
pletely suppressed the spectral line SZ(`) = 0; it is con-
sidered as leakage. The second case is to keep the DFT
spectral line SZ = S(`). And the third case is to incor-
porate the N-S part into the spectral line as sum of the
stationary part and weighted N-S part. Condition decid-
ing between the cases is based on comparison of stationary
and N-S parts values, details can be found in [14].

The ADZT spectrum can be understood as filtered DFT
spectrum. The most of the spectral lines in the DZT spec-
trum are either kept as the DFT ones or removed. The
third case of the spectrum composition is not that com-
mon. Furthermore, the spectral line value in this case is
not much different in value from the DFT one; the N-S part
reaches rather small values since it is being minimized in
(8).

Short Time ADZT (STADZT) [11] is defined in analogy
to Short Time Fourier Transform (STFT) as

SZ(`, n) =

∞∑
m=−∞

s(m)w(m− n) zexp(`, i2πn)

= ADZT {s(m)w(m− n)} (`),

(9)

where the window w has final length of N0 and n is the
window offset in samples. The two dimensional spectrum
SZ(`, n) can be displayed graphically as so-called zologram,
in analogy to spectrogram.

3.2 Parametric spectral methods

At first let us focus at the AR model frequency response
estimation methods: Prony and Steiglitz-McBride. An im-
portant parameter of both methods is AR model order.
Theoretically, the AR model order is given by the order
of signal component Z-transformation (2), while no addi-
tional noise is assumed. In general number of signal com-
ponents is unknown in practice, while selecting the model
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(a) AR model order p = 4, closest pole to each signal component
frequency delta: ∆f1 ≈ 0.25 Hz, ∆f2 ≈ 4.5 Hz.
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(b) AR model order p = 8, closest pole to each signal component
frequency delta: ∆f1 ≈ 0.36 Hz, ∆f2 ≈ 2.0 Hz.
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(c) AR model order p = 16, closest pole to each signal compo-
nent frequency delta: ∆f1 ≈ 0.1 Hz, ∆f2 ≈ 0.6 Hz.
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(d) AR model order p = 24, closest pole to each signal compo-
nent frequency delta: ∆f1 ≈ 0.3 Hz, ∆f2 ≈ 0.3 Hz.

Figure 2: Estimated power spectrum for mixture of two damped harmonic components (1) for Prony and Steiglitz-
McBride spectral parametric methods. The signal parameters are A1 = 0 dB, f1 = 20 Hz, A2 = −10 dB, f2 = 30 Hz,
r1 = r2 = 0.97, N = 200 samples, fs = 128 Hz. AR model poles are depicted as crosses. Poles with non-negative
frequencies are displayed only; their complex conjugates are not.

order is crucial. There are information statistical crite-
ria which estimate number of degrees of freedom; however,
they are out of the scope of this paper.

An important question is how to detect presence of a sig-
nal component and its frequency. A common approach is
to manually select a pole pertaining to desired signal fea-
ture, component, and then extract the pole frequency.

Consider example signal as mixture of two damped har-
monic components (1) with parameters: f1 = 20 Hz and
f2 = 40 Hz, r1 = r2 = 0.97, A1 = 0 dB, A2 = −10 dB,
N = 200 samples long sampled with fs = 128 Hz sampling
frequency. The order of the signal frequency response is
equal to four. However, both methods do not perform
well for AR model order of four, see the Figure 2a. Esti-
mated power spectrum almost ignores the second compo-
nent peak. The second pole frequency error is relatively
high, ∆f2 ≈ 4.5 Hz for both methods. The results are bet-
ter if higher AR model order is chosen. The reason is that
the methods use biased covariance estimate and the signal
has rather limited length due to damping. This does not
allow covariance estimate to converge with small enough

bias. More degrees of freedom improve the behavior. The
error in pole frequency localization decreases with higher
model order; however, if number of poles in the model is
higher, it becomes increasingly difficult to distinguish sin-
gle pole to each component. The first peak in frequency is
defined by multiple poles, see Figure 2d.

An option is to detected distinctive peaks in power spec-
trum and extract its frequencies, assuming that local max-
imum of a distinctive peak is close to a signal component
frequency; however, there are cases of false peaks in power
spectrum, see Figure 2b, thus this approach is tricky. In
addition to that there are cases where a signal component
does not have a peak in the power spectrum. Consider
an example, where frequencies are spaced closer together,
damping is higher and amplitude of the second compo-
nent is smaller: f1 = 20 Hz, f2 = 25 Hz, A1 = 0 dB,
A2 = −20 dB, r1 = r2 = 0.90. In this case the second
component frequency is indeed hidden in the first compo-
nent bandwidth, there is only a slight inflection around its
frequency, see the theoretical power spectrum in Figure 3a.
The cause is combination of larger bandwidth due to damp-
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(a) AR model order p = 4, closest pole to each signal component
frequency delta: ∆f1 ≈ 0.01 Hz, ∆f2 ≈ 8.6 Hz.
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(b) AR model order p = 16, closest pole to each signal compo-
nent frequency delta: ∆f1 ≈ 0.2 Hz, ∆f2 ≈ 1.6 Hz.

Figure 3: Estimated power spectrum for mixture of two
damped harmonic components (1) for Prony and Steiglitz-
McBride spectral parametric methods. The signal parame-
ters are A1 = 0 dB, f1 = 20 Hz, A2 = −20 dB, f2 = 25 Hz,
r1 = r2 = 0.90, N = 200 samples, fs = 128 Hz. AR model
poles are depicted as crosses. Poles with non-negative fre-
quencies are displayed only; their complex conjugates are
not.

ing as well as smaller distance in amplitude and frequency.
In case where order of AR model is equal to the signal Z-
transformation order of four, the second component pole
frequency has relatively large error of ∆f2 ≈ 8.6 Hz, see
Figure 3a. The error decreases for higher model orders, for
example, order of sixteen has the error of ∆f2 ≈ 1.6 Hz,
see Figure 3b. But again it is problematic to detect the
component presence since power spectrum peak search is
inconclusive.

Usage of AR model frequency response methods leads
to time consuming, per signal, usage in order to be able to
tune the model parameter. This makes automatic detec-
tion troublesome. Another aspect is that to extract a de-
tected component frequency is not straightforward. It can
be difficult to assign correct pole to a peak in power spec-
trum, especially since a peak can be composed by more
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Figure 4: Estimated pseudo-spectrum via MUSIC for mix-
ture of two damped harmonic components (1). The signal
parameters are A1 = 0 dB, f1 = 20 Hz, A2 = −10 dB,
f2 = 30 Hz, r1 = r2 = 0.97, N = 200 samples, fs = 128 Hz.

than a single pole. For these reasons we will not elaborate
further about the methods.

Let us now focus at the methods based on auto-
covariance decomposition to signal and noise subspaces,
such as MUSIC, Pisarenko etc. These methods do not per-
form well compared to Prony one. The first reason is that
there is no noise present in the analyzed signal. The second
reason is that the auto-covariance decomposition requires
more samples for reliable estimation, more than the ana-
lyzed signal is composed of due to damping. Due to both
reasons, the estimated pseudo-spectrum suffers from false
peaks significantly. Consider an example of signal iden-
tical to the one analyzed in Figure 2. Pseudo-spectrum
estimated by MUSIC method [9] is in Figure 4. If the or-
der of MUSIC model is higher than the signal frequency
response order the pseudo-spectrum estimate suffers from
false peaks. Since the signal frequency response order is
generally unknown, it is a significant problem. Thus this
type of methods is not relevant to damped harmonic signal
analysis and will not be further considered.

3.3 Non-parametric spectral methods

Since the damped harmonic signal is non-stationary the
non-parametric methods are used in their non-stationary
form. The DFT as STFT producing spectrogram and the
ADZT as STADZT producing zologram. In order to ac-
quire signal Power Spectral Density (PSD), spectrogram
and zologram are marginalized using periodogram aver-
aging method [19]. A question raises whether the peri-
odogram averaging is a suitable method since its purpose is
to estimate PSD of stationary stochastic signals; however,
the signal (1) is deterministic, non-stationary and noise-
less. DFT spectral lines within the signal bandwidth have
consistent magnitude in all periodograms. The spectral
leakage is inconsistent within different analysing window
steps. Thus resulting PSD estimates the signal spectrum,
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(a) Analyzed signal; r = 0.97.
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(b) Analyzed signal; r = 0.90.
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(c) Spectrogram; Hamming;
r = 0.97.
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(d) Spectrogram; Hamming;
r = 0.90.
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(e) Zologram; Hamming;
r = 0.97.
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(f) Zologram; Hamming;
r = 0.90.
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(g) Estimated PSD; r = 0.97.
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(h) Estimated PSD; r = 0.90.

Figure 5: Analysis of mixture of two damped harmonic
components (1) closely spaced in frequency; f1 = 20 Hz,
f2 = 30 Hz, A1 = 0 dB, A2 = −10 dB, r1 = r2 = 0.97,
N = 200 samples, fs = 128 Hz; both transforms lengths
are 128 samples, steps are 1 sample.

while the spectral leakage is slightly reduced. The same
can be said for the ADZT since it takes the DFT spectrum
as a start point and filters it.

In order to distinguish different harmonic signal com-
ponents in the spectrum, leakage reduction is the key.
It is reduced by two mechanisms in this case: the for-
mer described periodogram averaging and by used window
weighting function. Additionally by the ADZT optimiza-
tion properties. Hamming, Blackman weighting windows
are considered. Hamming since it is commonly used in
signal analysis and Blackman for its usage in radar tar-

get detection, where is considered as the most suitable to
prevent target masking [20]. The other windows are not
considered, since the key aspect is low peak side lobe ampli-
tude level which is lower for both Hamming and Blackman
than the others.

Transform length is set to N0 = 128 and step to one
sample for both spectrogram and zologram. The trans-
form length, or window length, is a question of frequency
step which is set to ∆f = 1 Hz. Note that the frequency
localization cannot be increased by lengthening the trans-
forms for larger dampings. The analyzed signal energy
dissipates due to damping; longer transform length effec-
tively manifests as zero padding, see the Figure 5b. The
analysing window step of one sample yields as zologram
99 % overlap, which guarantees no information loss [12].

Figure 5c shows the spectrogram, Figure 5e the zolo-
gram, both with Hamming weighting window, and Fig-
ure 5g estimated PSD. The analyzed signal is the same
as in Figure 2. It is noticeable that both spectrogram
and zologram detect both harmonic components. The es-
timated PSD shows distinct peaks for both the STFT and
the STADZT.

The STADZT removes spectral leakage thoroughly; how-
ever, significant part of harmonic component energy is re-
moved as well. The component with higher frequency is
even removed completely for higher damping value r =
0.90, see figure 5f and 5h. The STADZT assumes the signal
is of leakage characteristics and removes it. Experiments
showed that the signal is completely removed if the signal
time constant in samples Nτ = dτfse is roughly an order of
magnitude shorter than analyzed window length N0. This
relation is examined in the Table 1.

ri Nτ N0 = 32 N0 = 64 N0 = 128 N0 = 256

0.97 33 3 3 3 3

0.91 11 3 3 7 7

0.86 7 3 7 7 7

Table 1: Ability of STADZT to detect harmonic signal of
f = 64 Hz frequency sample by fs = 512 Hz in relation to
different signal time constant in samples Nτ and transfor-
mation length N0. The symbol 3 depicts the presence of
the signal while the symbol 7 the opposite.

3.4 ADZT modification for damped harmonic sig-
nals

The modification lays in constraining the ADZT basis
bandwidth m to a fixed number for all spectral indexes `.
This limits the basis selectivity; thus prevents from remov-
ing spectral lines so aggressively. It was found by experi-
ment that the best performance, in terms of damped har-
monic signal preservation and spectral leakage reduction,
is provided when the bandwidth is limited to 1. In case
of the bandwidth being fixed to 1 the transform algorithm
degrades into a much simpler form. There no need to find
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an optimal bandwidth by (8), the N-S part degrades to

N(`,m = 1) = (−1)`S(`− 1). (10)

Furthermore, the decision part of the algorithm reduces
only to two cases. In the first case, where the signs
of stationary part and N-S part are equal sgn{S(`)} =
sgn{N(`)}, the spectral line is kept as stationary part
(DFT spectral line) only SZ(`) = S(`). In the second case,
where the signs are different sgn{S(`)} 6= sgn{N(`)}, the
spectral line is removed SZ(`) = 0.

The ADZT with fixed bandwidth to 1 (ADZTFB1) pre-
serves the damped harmonic component spectral line in
spectra in all cases specified in the Table 1, while the spec-
tral leakage is still being removed. Experiments showed the
best performance in terms of spectral leakage and signal
preservation is achieved with Hamming weighting window.

Short time version of the modified method, the
(STADZTFB1), is defined by (9) where the ADZT function
is replaced by ADZTFB1.

4 The experiment setup

The main objective is to compare the STADZTFB1 against
the STFT. The Prony method is compared only illustra-
tively.

Test1 Compare the STADZTFB1 and the STFT perfor-
mance in detection of multiple damped harmonic com-
ponents randomly distributed in frequency.

Test2 Compare the STADZTFB1 and the STFT perfor-
mance in detection of damped harmonic components
which are close together in frequency, close enough so
that one component is partially masked by the other
one’s bandwidth.

The tests are realized by simulation which description
follows. Each iteration a test signal as sum of harmonic
components (1) with random parameters is generated, and
PSD is estimated for each method. To evaluate the results
a simple peak detector was designed. The peak detector
locates local maximum and peak width in the PSD using
a-priori knowledge of given component frequency. A peak
is considered as detectable if the peak height is at least
3 dB. Note that false detections are not taken into account
for simplicity. Frequency of a peak is calculated as spectral
centroid, center of mass of frequency bins, within the peak.
Error in estimated peak frequency is given by comparing
the frequency against known given component frequency.
The outputs of the simulation are histograms of component
frequency error and peak height accumulated in multiple
iterations.

In case of the Test1 the simulation was set up as fol-
lows. The test signal contained NC harmonic components
(1) with random parameters: frequency uniformly spread

within
(

0, fs2

)
, amplitude uniformly spread within (0, 1〉

and damping uniformly spread within 〈0.90, 0.999〉. The

output statistics are given for all the components cumula-
tively.

In case of the Test2 the simulation was set up as fol-
lows. The test signal contained a pair of harmonic com-
ponents (1) with defined distance in frequency fdist, dis-
tance in amplitude Adist and fixed damping for both; thus
f2 = f1 + fdist (Hz) and A2 = A1 + Adist (dB). Fre-
quency of the first component is spread uniformly within(

0, fs2

)
across iterations. Both distances in frequency and

amplitude have additional normal noise of small variance,
0.52 Hz and 1 dB, respectively. The second, weaker in am-
plitude, hence masked, component output statistics are of
interest.

5 Results

Simulation of the Test1, described in Section 4, was con-
ducted with test signals containing NC = 6 damped har-
monic components (1) of random amplitude, damping and
frequency across spectrum. Estimated frequency error
histogram for STFT with Hamming window is in Fig-
ure 6a and for STADZTFB1 in Figure 6b. The STFT
mean error is zero and standard deviation 0.09 Hz. The
STADZTFB1 reaches mean error 0.27 Hz and standard
deviation 0.44 Hz. Thus the STADZTFB1 frequency es-
timation is biased and deviates more. However, the error
statistics are calculated only for occurrences where a peak
was actually detected. The STFT detected 85.8 % of com-
ponents and the STADZTFB1 98.0 %. The STADZTFB1
is more capable of detection a component. Further ex-
periments showed that the higher standard deviation of
STADZTFB1 is partially caused by components which
STFT failed to detect. For the components STFT detected
correctly the STADZTFB1 standard deviation is 0.21 Hz,
approximately double of the STFT one.

Simulation of the Test2, described in Section 4, was con-
ducted with test signals containing a pair of components
with distance in frequency fdist = 5 Hz and amplitude
Adist = 20 dB. Two simulations were done separately for
lower r = 0.97 and higher r = 0.90 damping, illustrations
of estimated PSDs for each damping are in Figure 7a and
Figure 7b, respectively. The statistical results are given
for the weaker component, the second one with lower am-
plitude and higher frequency.

The simulation for r1,2 = 0.97 revealed the STFT fre-
quency estimation error mean 0.02 Hz, standard deviation
0.13 Hz and 70.8 % peaks detected, see Figure 8a. In case
of the STADZTFB1 error mean 0.06 Hz, standard devia-
tion 0.08 and 99.5 % peaks detected, see Figure 8c. It is
noticeable that the STFT with Hamming window starts to
fail in detection of components. Peak of the second com-
ponent in the example Figure 7a is relatively small and
can diminish in some other process realizations. This can
be observed in peak height histogram of the method in
Figure 8b. The STFT is on the edge of 3 dB peak heigh,
while the STADZTFB1 peak height distribution is quite
tailed, see Figure 8d. The STFT statistics further degrade
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(a) Error of detected peak fre-
quency estimation for STFT,
Hamming window.
meanerr = 0.00 Hz,
stderr = 0.09 Hz,
85.8 % peaks detected.
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(b) Error of detected peak
frequency estimation for
STADZTFB1, Hamming win-
dow. meanerr = 0.27 Hz,
stderr = 0.44 Hz,
98.0 % peaks detected.

Figure 6: Simulation results for mixture ofNC = 6 damped
harmonic components (1) with random frequency, ampli-
tude and damping; the transform length is 128 samples
(∆f = 1 Hz), step is one sample; 500 iterations.
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(a) Smaller damping r1,2 = 0.97.
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(b) Larger damping r1,2 = 0.90.

Figure 7: An example of estimated PSD of two damped
harmonic components closely spaced in frequency; f1 =
15.8 Hz, f2 = 20.5 Hz, A1 = 0 dB, A2 = −20 dB, N =
200 samples, fs = 128 Hz; the transform length is 128
samples (∆f = 1 Hz), step is one sample.

if damping is higher, distance in frequency smaller or dis-
tance in amplitude higher, see the Table 2. Note that the
STADZTFB1 keeps similar performance for all parameters
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(a) Error of detected peak fre-
quency estimation for STFT,
Hamming window.
meanerr = 0.02 Hz,
stderr = 0.13 Hz.
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(b) Peak height histogram for
STFT, Hamming window.
70.8 % peaks detected.

-1 -0.5 0 0.5 1
Error in frequency (Hz)

0

50

100

150

200

250

O
cc

ur
en

ce
(c) Error of detected peak
frequency estimation for
STADZTFB1, Hamming win-
dow.
meanerr = 0.06 Hz,
stderr = 0.08 Hz.
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(d) Peak height histogram
for STADZTFB1, Hamming
window.
99.5 % peaks detected.

Figure 8: Simulation results of two damped harmonic com-
ponents (1) mixture; fdist = 5 Hz, Adist = −20 dB,
r = 0.90, N = 200 samples, fs = 128 Hz and damp-
ing of r1,2 = 0.97; the transform length is 128 samples
(∆f = 1 Hz), step is one sample; 500 iterations.

in the table.
The second simulation of the Test2 with higher damp-

ing r1,2 = 0.90 revealed that the STFT failed to detect
all peaks. By looking at the example Figure 7b we can
see that the peak of the second components is quite small
in this case, actually, it was smaller than 3 dB, or non-
existent, for all process realizations. On the other hand
the STADZTFB1 detected 90.8 % of peaks with mean error
0.17 Hz and standard deviation 0.29 Hz, see Figure 9a. The
peak height distribution in Figure 9b still offers margin for
a detector. If a higher damping is used the STADZTFB1
performance degrades quickly, see the Table 3. Note that
the STFT failed to detected the second components in all
cases of all parameters in the table.

The Prony method is compared only illustratively on a
single example. The illustrative example is in Figure 3b,
where the signal parameters are same as in the second
simulation of the Test2. The model parameter was set
to p = 16, where the power spectrum estimates well and
a pole can be still easily assigned to both components.
However, detectability of the weaker component is ques-
tionable without a-priori knowledge of its existence and
frequency. The frequency estimation error for the weaker
component is 1.6 Hz.
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fdist

Adist 25 dB 20 dB 15 dB

4 Hz 0 % 0.14 Hz, 0.76 Hz, 14 % 0.07 Hz, 0.37 Hz, 83 %
5 Hz 0 % 0.08 Hz, 0.14 Hz, 79 % 0.05 Hz, 0.10 Hz, 97 %
6 Hz 0 % 0.07 Hz, 0.14 Hz, 99 % 0.05 Hz, 0.10 Hz, 100 %

Table 2: The STFT with Hamming window performance in detection of the weaker component in mixture of two
damped harmonic components closely spaced in frequency, where f2 = f1 + fdist (Hz), A2 = A1 + Adist (dB) and
damping r1,2 = 0.97. The f1 is uniformly spread. N = 200 samples, fs = 128 Hz; the transform length is 128 samples
(∆f = 1 Hz), step is one sample. Entries are in following format: (meanerr, stderr, Pdetection).

fdist

Adist 25 dB 20 dB 15 dB

4 Hz 0.29 Hz, 0.51 Hz, 71 % 0.15 Hz, 0.28 Hz, 75 % 0.09 Hz, 0.19 Hz, 83 %
5 Hz 0.25 Hz, 0.49 Hz, 86 % 0.17 Hz, 0.29 Hz, 91 % 0.12 Hz, 0.16 Hz, 98 %
6 Hz 0.36 Hz, 0.58 Hz, 88 % 0.19 Hz, 0.22 Hz, 90 % 0.12 Hz, 0.09 Hz, 100 %

Table 3: The STADZTFB1 with Hamming window performance in detection of the weaker component in mixture of
two damped harmonic components closely spaced in frequency, where f2 = f1 + fdist (Hz), A2 = A1 + Adist (dB) and
damping r1,2 = 0.90. The f1 is uniformly spread. N = 200 samples, fs = 128 Hz; the transform length is 128 samples
(∆f = 1 Hz), step is one sample. Entries are in following format: (meanerr, stderr, Pdetection).
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(a) Error of detected peak
frequency estimation for
STADZTFB1, Hamming win-
dow.
meanerr = 0.17 Hz,
stderr = 0.29 Hz.
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(b) Peak height histogram
for STADZTFB1, Hamming
window.
90.8 % peaks detected.

Figure 9: Simulation results of two damped harmonic com-
ponents (1) mixture; fdist = 5 Hz, Adist = −20 dB,
r = 0.90, N = 200 samples, fs = 128 Hz and damp-
ing of r1,2 = 0.90; the transform length is 128 samples
(∆f = 1 Hz), step is one sample; 500 iterations.

6 Conclusion

It has been shown that the non-parametric spectral meth-
ods, namely Prony and Steiglitz-McBride, are not suited
to detect damped harmonic signal components relatively
closely spaced in frequency. On the other hand the non-
parametric spectral methods, used to estimate signal power
spectral density by employing periodogram averaging, per-
form better. Non-parametric methods have limitation that
only frequencies of particular harmonic components are es-
timated. Non-stationary STADZT ignores damped har-
monic signal components completely in cases where its
time constant is roughly a magnitude shorter than the
transform length. The ADZT with fixed bandwidth to 1

(ADZTFB1) keeps the spectral lines pertaining to a har-
monic component frequency, while removes spectral leak-
age as well as sides of particular component bandwidth.
The modification allows to detect closely separated, par-
tially masked, damped harmonic components with better
performance than the STFT. The best STADZTFB1 per-
formance is achieved with Hamming weighting window.
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