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Abstract This paper presents a new approach for reduction of commensu-
rate fractional-order single-input-single-output systems. The minimization in
the frequency response error of the reduced order model (ROM) relative to the
original system is carried out in the F -plane. A constrained optimization tech-
nique is introduced to satisfy the angle criteria for F -domain stability of the
proposed ROM. Significant improvements in both the time- and frequency-
responses over the recently published literature are illustrated using several
numerical examples.
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F-domain · model order reduction · optimization · reduced order model ·
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1 Introduction

Fractional calculus is a branch of mathematics which deals with the general-
ization of the differentiation and integration operations, see for example [5],
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[28]. It has attracted attention of both pure mathematicians and applied sci-
entists due to wide range of applications of fractional-order (FO) models in
natural and social sciences, economics, control theory, etc., we may refer the
readers to survey [20]. Various definitions of the FO differintegral operators
are available as shortly outlined below; for details see e.g. [28].
(i) Riemann-Liouville (R-L) definition

Considered as an extension of the n-fold successive integration, the αth-
order integration (α ≥ 0) is given by

aD
−α
t f(t) :=

1

Γ (α)

t∫
a

(t− τ)α−1f(τ)dτ, α > 0, (1.1)

where f(t) is a function for which the integral in (1.1) exists, and Γ (·) denotes
the Euler gamma function.

The R-L definition for the αth-order, where n − 1 < α < n, derivative of
f(t) is defined as

aD
α
t f(t) :=

1

Γ (n− α)

dn

dtn

∫ t

a

(t− τ)n−α−1f(τ)dτ. (1.2)

The Laplace transform of (1.2) is

L {0Dα
t f(t)} = sαF (s)−

n−1∑
k=0

skDα−k−1f(0+), (1.3)

where L{·} denotes the Laplace transform operator; L{f(t)} = F (s); and sα

is called the FO Laplacian operator. We have to note that no physical interpre-
tation exists of the initial conditions for the R-L definition, D(α−k−1)f(0+),
while the definition of the Caputo fractional derivative (see [28], §2.4.1 and
(2.140)) includes the initial conditions as f(0), f ′(0), f ′′(0), ..., that allow their
utilization.
(ii) Grünwald-Letnikov (G-L) definition

The G-L definition is based on the generalization of the backward difference
rule.

aDt
αf(t) := lim

h→0

1

hα

[
t− a

h

]
∑
j=0

(−1)j
(
α
j

)
f(t− jh) , (1.4)

where [x] denotes the integer part of x, and

(
α
j

)
=

Γ (α+ 1)

Γ (j + 1)Γ (α− j + 1)
represents the binomial coefficients.

Under zero initial conditions, the Laplace transformation of (1.2) and (1.4)
leads to

L{0Dα
t f(t)} = sαF (s). (1.5)
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A fractional-order transfer function (FOTF) can be represented as

HFO(s) =
aMsM−1+λP + aM−1s

M−2+λP−1 + ...+ a1s
λ1 + a0

bNsN−1+λQ + bN−1sN−2+λQ−1 + ...+ b1sλ
′
1 + b0

, (1.6)

where M,N ∈ Z+; 0<λP , λQ, λP−1, λQ−1, . . . , λ1, λ
′

1 < 1; ai (i = 0, 1, . . . ,
M ) and bj (j = 0, 1, . . . , N ) are the coefficients of the numerator and denomi-
nator polynomials of HFO(s). The integer-order transfer function (IOTF) is a
particular case ofHFO(s) when λP = λQ = λP−1 = λQ−1 = ... = λ1 = λ

′

1 = 1.
The impedance characteristics of the FO Laplacian operator sα can be practi-
cally realized using the fractance elements or emulated using commercial elec-
tronic components [15], [17]. Applications of FO system modeling and their
superiority over the traditional (integer-order) ones are highlighted in various
disciplines such as control engineering [34], image processing [41], filter theory
[22], etc.

Model order reduction (MOR) deals with order diminution while preserv-
ing the essential characteristics (e.g., stability, transient behavior, magnitude,
phase) of the higher-order system [3]. Reduction of large-scale IO systems
based on rational approximants has been widely investigated for the past sev-
eral decades. Seminal techniques in this regard are the truncated balanced
realization [26], singular perturbation [19], etc. Compression of FO systems
using IO models is reported in [16], [40].

A recent work demonstrated that MOR of IO systems using FOTF achieved
improved accuracy compared to the IOTF-based reduced order models (ROM)
[6]. The superior performance of the compressed FO model in capturing the
dynamics of the large-scale system may be attributed to the additional flexi-
bility yielded from the non-integer exponents of s in its transfer function. The
global reduction (e.g., direct truncation) and local reduction (e.g., Pade ap-
proximation) techniques were employed for MOR of commensurate FO systems
and the ROM was obtained as a commensurate FOTF [33]. Representation of
FO controllers based on commensurable transfer functions was demonstrated
in [14]. Reduction of FO system based on retention of dominant dynamics
was reported in [32]. MOR was carried out on Krylov subspaces for linear
FO systems in [11]. The Arnoldi algorithm matched a specific number of
moments of the ROM with the original system [18]; the technique was ex-
tended to solve MOR problems for FO systems in [13]. The Arnoldi algorithm
attains stable ROM when the original system is a stable one. The approx-
imation error between the ROM and the original system can be minimized
in the frequency-domain by the Lanczos algorithm [2]. Although the number
of matched moments for the Lanczos algorithm is double than that of the
Arnoldi method, however, stability is not assured for the ROM designed using
the Lanczos process [9]. Stable MOR of FO system using the unsymmetric
Lanczos algorithm was recently reported [10]. The integral square error (ISE),

defined as
∫∞
0

[yO,S(t)− yR,S(t)]
2
dt, where yO,S(t) and yR,S(t) are the unit-

step responses of the original and reduced systems, respectively, was used as
the objective function for diminution of commensurate FO systems using the
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big bang–big crunch optimization (BBCO) algorithm [12]. The mixed-method
reduction scheme of [4] where the numerator and denominator polynomials
of the IO-ROM were determined using BBCO algorithm and time moment
matching method, respectively, was extended in [30] to yield the reduced com-
mensurate FOTF. In [27], an extended continued fraction expansion (CFE)
method was demonstrated for the MOR of commensurate FO systems.

This paper introduces an optimal F -domain-based approach for the MOR
of linear time-invariant (LTI) commensurate FO single-input-single-output
(SISO) systems. The primary contributions of this paper are the following:

1. The stability of the proposed ROM is guaranteed by incorporating the crit-
ical phase in the F -plane (F = sα, 0 < α < 2) as a design inequality con-
straint. The suggested approach to satisfy the stability of the compressed
FO model is different from the stability technique reported in [37] where
the V -plane (V = s1/p, where α = k/p, with k and p being positive in-
tegers) method was used to design the FO proportional-integral-derivative
controller. The objective function in [37] was minimized with respect to
the target minimum angle root position inside the stable region of the first
Riemann sheet, while the alteration of model parameters was incorporated
as bound constraints to define the interval uncertainty. Furthermore, it is
worth emphasizing that the BBCO-based optimization method published
in [12] is an unconstrained one, which may not always produce a stable
ROM.

2. The proposed objective function is formulated based on the minimization
of frequency-domain behavior of the FO system, whereas the time-domain
(ISE) behavior was considered in [12]. Three design examples are consid-
ered to demonstrate the markedly superior frequency and time-domain
response matching of the proposed ROMs as compared to those of the re-
cent literature. While previous works have reported the frequency-domain-
based design of FO controllers [8], this research may be the first attempt
to carry out the optimal fitting between the frequency characteristics of
the original (large-scale) model and the reduced-order approximant for the
commensurate FO systems directly in F -plane.

In the rest of the paper, Section 2 presents the proposed technique. Simu-
lation results demonstrating the ROM stability and performance comparisons
with the recent literature are discussed in Section 3. Finally, the paper con-
cludes in Section 4.
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2 Proposed Technique

Consider the LTI, SISO, proper, and commensurate FO system defined by

HO(s) =

M∑
i=0

bi(s
α)i

N∑
j=0

aj(s
α)j

, (2.1)

where bi (i = 0, 1, . . . , M ) and aj (j = 0, 1, . . . , N ) are the coefficients of the
numerator and denominator polynomials of HO(s); bi, aj ∈ ℜ; N > M ; and
0 < α < 2.

The ROM can be modeled as

HR(s) =

m∑
i=0

di(s
α)i

n∑
j=0

cj(s
α)j

, (2.2)

where di (i = 0, 1, . . . , m) and cj (j = 0, 1, . . . , n) are the coefficients of the
numerator and denominator polynomials of HR(s); di, cj ∈ ℜ; m < n; m < M ;
and n < N . Stability studies for a mapping function of the form F = sα [29]
have demonstrated that:

1. For α ≤ 1 (α > 1) the unstable region in the F -plane is smaller (larger)
than that of the s-plane. This implies that the stable F -domain region
reduces as α is increased;

2. Intersections in the F -plane occur between the stable regions for 1 < α <
4

3

or between the stable and unstable regions for
4

3
< α < 2;

3. System exhibits oscillatory behavior for α = 2 and becomes unstable for
α > 2; and

4. The stability region in the F -plane is attained if the absolute minimum
phase angle of the roots (|θF |) is greater than the critical phase angle
θCr = 0.5απ, where θF and θCr are expressed in radians (rad).

Substituting F = sα in (2.1) and (2.2) leads to the F -domain transfer
function representations of the original and reduced models, respectively, as
given by

HO(F ) =

M∑
i=0

biF
i

N∑
j=0

ajF
j

, (2.3)
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HR(F ) =

m∑
i=0

diF
i

n∑
j=0

cjF
j

. (2.4)

Integer-valued exponents of F for the numerator and denominator poly-
nomials of HO(F ) and HR(F ) are possible due to the commensurate form of
the FOTF. The F = sα mapping function is applicable when dealing with
fractional derivatives, which are always multiples of α. In contrast, the V -
plane [1], [36], [37] (also known as the W -plane [29]) transformation is more
pertinent when α can be expressed as any rational number.

Therefore, a stable ROM may be designed in the F -plane by formulating a
constrained optimization problem with the objective function f , which mini-
mizes the frequency-domain error relative to the original model subject to the
F -domain stability condition.

f =

L∑
i=1

|||HO(F, ωi)| − |HR(F, ωi, X)|| + |∠HO(F, ωi)− ∠HR(F, ωi, X)|| ,

(2.5)

Subject to: |θF | > θCr,

where |θF | represents the minimum absolute phase angle attained from the
n number of roots of the characteristic equation for HR(F ), i.e.,
n∑

j=0

cjF
j = 0; F = sα; ω is the frequency in radians per second (rad/sec);

L represents the total number of sampled frequency points spaced in a loga-
rithmic fashion in the range [ωmin, ωmax] rad/sec; and the decision variables
vector is given by X = [dm dm−1 . . . d0 cn cn−1 . . . c0]. The dimension (D)
of the problem is m+ n+ 2. The frequency-domain representation of F = sα

is given by (jω)α = ωα∠(απ/2). The purpose of the optimization routine is
to determine the value of X which satisfies the design constraint and also
achieves the least fitting error in the F -domain between the proposed ROM
and the original system. Finally, the optimal s-domain transfer function for
the proposed ROM can be obtained by replacing F with sα in (2.4), which
results in (2.2).

3 Simulation Results and Discussions

Metaheuristic techniques have demonstrated promising performance in dealing
with nonlinear and non-convex optimization problems, including reduced order
modeling [16], [21]. Inspired by the intelligence sharing process or evolutionary
phenomena of organisms in nature, these algorithms can also efficiently handle
constrained optimization problems [25]. The proposed FO MOR design prob-
lem is solved using the constrained composite differential evolution (C2oDE)
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[38] and the feasibility rule with incorporation of objective function informa-
tion (FROFI) [39] algorithms. For the sake of brevity, the detailed framework
of C2oDE and FROFI is not discussed here. Recent works have exemplified
the effectiveness of C2oDE in designing optimal and stable FO digital filters
[23], [24]. In this work, the population size and termination criteria for both
the algorithms are selected as 100 and 10000×D objective function evalua-
tions, respectively. All the simulations are carried out in MATLAB, with L
= 100, ωmin = 10−2 rad/sec, and ωmax = 105 rad/sec. The performance of
the proposed method is illustrated using three design examples taken from
the recent literature. Time-domain performance indices such as the integral
absolute error (IAE), ISE, integral time absolute error (ITAE), and integral
time square error (ITSE) are considered to quantify the modeling performance
[7]. Frequency-domain error metrics such as the maximum and mean values
of absolute magnitude error (AME) and absolute phase error (APE), mean
square error (MSE) about the magnitude and phase, and the H∞ norm [31],
are also used to evaluate the accuracy of the reduced models.

∥H∥∞ = ∥HO(s)−HR(s)∥∞ = max
ω>0

|HO(jω)−HR(jω)| . (3.1)

3.1 Example 1

Consider the following all-pole commensurate original FO system.

HO(s) =
250

s0.6 + 15.88s0.4 + 42.46s0.2 + 106.2
. (3.2)

The BBCO-based ROM reported in [12] is given by

HR(s) =
−0.15s0.2 + 96.38

6.25s0.4 + 16.162s0.2 + 41.05
(3.3)

To provide a fair comparison with [12], the F -domain transfer function for
the proposed technique is chosen as per (2.4) with m = 1 and n = 2. The lower
bound (Lb) and upper bound (Ub) of the design variables are chosen as [–30 0
0 0 0] and [30 30 30 30 30], respectively. The optimal value of X based on the
C2oDE algorithm is obtained as [−0.6648 19.9933 1.3075 2.9166 8.5665] which
results in the poles being located at −1.1153±2.3039i in the F -plane. Hence,
the phase angles of the roots are given by ±115.83◦. Since |θF | = 115.83◦

is larger than θCr = 18◦, therefore, the proposed model is stable in the F -
domain. The locations of the poles in the F -plane for the designed ROM are
shown in Fig. 1, which illustrates that the poles lie in the stable region. Re-
substituting s0.2 = F , the C2oDE-based ROM in the s-domain is obtained
as

HR(s) =
−0.6648s0.2 + 19.9933

1.3075s0.4 + 2.9166s0.2 + 8.5665
. (3.4)

The FROFI algorithm yieldsX = [−0.9984 29.9836 1.9623 4.3699 12.8499];
hence, the pole locations in the F -plane are −1.1135±2.3040i. The F -domain



8 S. Mahata et al.

 !"#$

%&"#$

 !"#$%

&'(!"#$%

'

'

()*

)*

%&"#$

 !"#$

Fig. 1 Locations of poles in the F -plane for the proposed C2oDE-based ROM in Example 1

stability condition is also satisfied for this design since |θF | (= 115.79◦) >
θCr(= 18◦). The s-domain based compressed model yielded using FROFI is
given by

HR(s) =
−0.9984s0.2 + 29.9836

1.9623s0.4 + 4.3699s0.2 + 12.8499
. (3.5)

It may be noted that although the values of X attained using C2oDE and
FROFI algorithms are different, the normalized values of the optimal design
coefficients are nearly the same. For example, carrying out the normalization
of X with respect to coefficient c2 results in X = [−0.5085 15.2912 1.0000
2.2307 6.5518] and [−0.5088 15.2798 1.0000 2.2269 6.5484], respectively, for
the C2oDE and FROFI-based designs. This implies proximity in the locations
of the zeros and poles in the the F -plane for both the optimal approximants.
Hence, a close agreement may be expected in the performances of the ROMs
designed using C2oDE and FROFI.

Comparisons about the various frequency response performance metrics
are presented in Table 1, which highlight the lower errors achieved by the de-
signed models as compared to [12]. For instance, ∥H∥∞ for the ROM designed
using C2oDE (0.00421) and FROFI (0.00440) is significantly lower than that
of the BBCO method [12] (0.04970). The similarity in the performances of
C2oDE and FROFI-based ROMs can be also confirmed from the results pre-
sented in Table 1. Comparisons with [12] about the magnitude and phase re-
sponses, as shown in Fig. 2, demonstrate the superior accuracy of the proposed
technique in approximating the characteristics of the original system. The er-
ror e(jω) = |HO(s)−HR(s)|s=jω for both the proposed designs is markedly
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Fig. 2 Comparison of magnitude and phase responses of the proposed ROMs with the
literature for Example 1
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Example 1

smaller compared to [12], as demonstrated in Fig. 3 (top). Note that similar
response curves are achieved for the C2oDE and FROFI-based designs.
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Error metric [12] C2oDE FROFI

Max AME 0.0442 0.0033 0.0035
Mean AME 0.0214 0.0013 0.0013
Max APE (rad) 0.1242 0.0264 0.0267
Mean APE (rad) 0.0348 0.0027 0.0027
MSE for magnitude 7.46× 10−4 2.04× 10−6 2.08× 10−6

MSE for phase (rad2) 0.0026 2.58× 10−5 2.64× 10−5

∥H∥∞ 0.04970 0.00421 0.00440

Table 1 Comparisons with the literature about various frequency-domain performance in-
dices for Example 1

Reference IAE ISE ITAE ITSE

[12] 0.01269 8.05×10−5 0.0362 1.12×10−4

C2oDE 0.00560 5.46×10−6 0.0210 1.64×10−5

FROFI 0.00512 4.51×10−6 0.0201 1.37×10−5

Table 2 Comparisons with the literature about various time-domain performance indices
for Example 1

The step and impulse responses of the FOTFs are determined using the
FOMCON toolbox in MATLAB [35]. The absolute error curves for both these
time responses of the C2oDE and FROFI-based models are compared with the
published literature [12] in Fig. 3 (middle and bottom). Note that yO,I(t) and
yR,I(t) represent the impulse responses of the original system and the ROM,
respectively. The proposed models achieve lower step response and impulse
response errors in the time interval [0, 2] sec and [0, 0.14] sec, respectively,
when compared to [12]. It may be observed that both the optimally designed
proposed ROMs demonstrate similar time-domain behavior. Table 2 shows the
performance comparisons of the C2oDE and FROFI-based designs with [12],
which confirm that the proposed approach achieves smaller IAE, ISE, ITAE,
and ITSE. The ROM designed using FROFI attains marginally better accu-
racy than C2oDE for all the time-domain performance indices. Although the
objective function of the proposed method and [12] are based on minimiza-
tion of errors in the frequency- and time-domain, respectively, however, the
suggested technique can outperform the cited literature in both domains.

3.2 Example 2

Consider another original FO commensurate SISO system as given by

HO(s) =
s4 + 9s3.2 + 31s2.4 + 58.01s1.6 + 60.01s0.8 + 16.03

s4.8 + 6s4 + 48s3.2 + 286s2.4 + 935s1.6 + 1580s0.8 + 888
. (3.6)
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The Arnoldi algorithm [13] and unsymmetric Lanczos algorithm [10] based
ROMs are respectively reported as

HR(s) =
0.6459s2.4 + 1.2085s1.6 + 1.2501s0.8 + 0.3339

s3.2 + 5.9584s2.4 + 19.4920s1.6 + 32.9168s0.8 + 18.5003
, (3.7)

HR(s) =
1.0737s2.4 + 3.0549s1.6 + 6.5803s0.8 + 2.1319

s3.2 + 4.3930s2.4 + 18.7373s1.6 + 132.4863s0.8 + 118.1308
. (3.8)

Therefore, the proposed ROM in the F -domain can be considered as per
(2.4) with m = 3 and n = 4. The objective function minimization is carried out
by selecting Lb and Ub for all the design variables as 0 and 100, respectively.
The optimal value of X is attained as [1.0298 2.4014 3.2091 0.9448 1.0000
0.0000 33.6919 74.6944 52.1202] for the C2oDE-based reduced system. The lo-
cations of the poles for the designed approximant HR(F ) are {1.0572±5.9688i,
−1.0572±0.5484i}. Hence, the polar form representation of the poles of HR(F )
is given as {6.0617∠± 79.96◦, 1.1910∠± 152.58◦}. Since θCr = 72◦ is smaller
than |θF | = 79.96◦, therefore, the stability of the designed ROM is confirmed.
Fig. 4 justifies the stability of the C2oDE-based design by highlighting the
absence of poles in the unstable region of the F -plane. After retro-fitting from
F -domain to s-domain, the transfer function of the C2oDE-based model can
be obtained as

HR(s) =
1.0298s2.4 + 2.4014s1.6 + 3.2091s0.8 + 0.9448

1.0000s3.2 + 33.6919s1.6 + 74.6944s0.8 + 52.1202
. (3.9)

The FROFI algorithm yielded X = [1.0564 2.2407 3.2275 1.0003 1.0001
0.0000 33.8247 69.9989 55.0322] for the same design problem. Therefore, the
locations of the poles for the ROM are {1.0047±5.9444i, −1.0047±0.7103i},
i.e., {6.0287∠ ± 80.40◦, 1.2304∠ ± 144.74◦}, in the complex F -plane. The F -
domain stability of the model is assured since |θF | = 80.40◦ exceeds the critical
value θCr = 72◦. The FROFI-based ROM transfer function in the s-domain is
given by

HR(s) =
1.0564s2.4 + 2.2407s1.6 + 3.2275s0.8 + 1.0003

1.0001s3.2 + 33.8247s1.6 + 69.9989s0.8 + 55.0322
. (3.10)

Error metric [10] [13] C2oDE FROFI

Max AME 0.3177 0.5236 0.0183 0.0163
Mean AME 0.0133 0.0264 7.52× 10−4 7.78× 10−4

Max APE (rad) 1.0054 1.3023 0.0296 0.0372
Mean APE (rad) 0.0566 0.1511 0.0058 0.0068
MSE for magnitude 0.0023 0.0071 4.59× 10−6 4.42× 10−6

MSE for phase (rad2) 0.0222 0.1080 9.91× 10−5 1.49× 10−4

∥H∥∞ 0.45140 0.53650 0.01836 0.01890

Table 3 Comparisons with the literature about various frequency-domain performance in-
dices for Example 2
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Fig. 4 Locations of poles in the F -plane for the proposed C2oDE-based ROM in Example 2
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Fig. 5 Comparisons of magnitude and phase responses of the proposed ROMs with the
literature for Example 2

As shown in Fig. 5, the magnitude and phase responses of both the op-
timally designed ROMs exhibit better proximity with the original systems’
behavior as compared to the models reported in [10], [13]. The responses of
the C2oDE and FROFI-optimized models nearly superimpose on the theo-
retical (large-scale system) characteristics. Comparisons about e(jω) with the
published designs, as presented in Fig. 6, justify the lower error of the pro-



Optimal F -domain stabilization technique . . . 13

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

10
5

0

0.1

0.2

0.3

0.4

0.5

0.55

Frequency (rad/sec)

|H
O

(j
ω

) 
−

 H
R

(j
ω

)|
[10]

[13]

C
2
oDE

FROFI

Fig. 6 Comparisons of absolute error in frequency response of the proposed ROMs with
the literature for Example 2

0 1 2 3 4 5
−0.05

0

0.1

0.2

Time (sec)

A
m

p
li

tu
d

e

Original [10] [13] C
2
oDE FROFI

0 0.5 1 1.5 2 2.5 3
−1.2

0

1.2

2.4

Time (sec)

A
m

p
li

tu
d

e

Fig. 7 Comparisons of step (top) and impulse (bottom) responses of the proposed ROMs
with the literature for Example 2

posed approximants. Comparisons for the AME, APE, and MSE metrics are
presented in Table 3. Results highlight that the suggested method signifi-
cantly outperforms the ROMs designed using the Arnoldi and Lanczos algo-
rithms. The ∥H∥∞ achieved by the ROMs designed using C2oDE (0.01836)
and FROFI (0.01890) is also much smaller as compared to that of the models
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reported in [13] (0.5365) and [10] (0.4514). The C2oDE-based model attains
marginally better accuracy than the FROFI-based design for the mean AME,
max APE, mean APE, MSE for phase, and ∥H∥∞ metrics.

The proposed ROMs distinctly outperform the cited literature about the
step and impulse responses, as illustrated in Fig. 7. The time-domain responses
of both the proposed compressed models nearly superimpose with the char-
acteristics of the original system. The time-domain performance indices are
compared with the published literature in Table 4 which shows that the pro-
posed approach based on FROFI algorithm achieves the least values for all
four error metrics.

Reference IAE ISE ITAE ITSE

[10] 0.07550 0.003275 0.1594 0.006061
[13] 0.06571 0.004808 0.1023 0.006629
C2oDE 0.01960 0.000187 0.0455 0.000366
FROFI 0.01799 0.000159 0.0425 0.000307

Table 4 Comparisons with the literature about various time-domain performance indices
for Example 2

3.3 Example 3

The higher-order commensurate system for this example is considered as

HO(s) =
s2.1 + 6.82s1.4 + 17.205s0.7 + 16.0012

s2.8 + 4.79s2.1 + 9.58s1.4 + 9.21s0.7 + 3.69
. (3.11)

The transfer function of the ROM obtained using the extended CFEmethod,
as reported in [27], is given by

HR(s) =
0.71s0.7 + 5.4738

s1.4 + 1.94s0.7 + 1.282
. (3.12)

In order to compare with the reported model, the proposed ROM in the
F -domain can be designed by selecting m and n as 1 and 2, respectively. The
Lb and Ub values for all the coefficients (design variables) are chosen as 0 and
30, respectively. The optimal value of X based on the C2oDE algorithm is de-
termined as [5.0059 19.9948 5.0646 7.5679 4.6220]. The F -domain poles of the
corresponding ROM are located at −0.7471± 0.5953i (= 0.9553∠± 141.45◦),
as presented in Fig. 8. The designed approximant satisfies the condition of
F -plane stability since |θF | = 141.45◦ exceeds θCr = 63◦. The C2oDE-based
model obtained after re-conversion from F -domain to s-domain is given below.

HR(s) =
5.0059s0.7 + 19.9948

5.0646s1.4 + 7.5679s0.7 + 4.6220
. (3.13)
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Fig. 8 Locations of poles in the F -plane for the proposed C2oDE-based ROM in Example 3

The FROFI-based optimization routine yieldedX = [7.3765 29.8520 7.4625
11.3024 6.8968]. The poles ofHR(F ) are located at −0.7573±0.5922i (= 0.9614
∠±141.97◦). Since the critical phase θCr(= 63◦) is smaller than |θF | (= 141.97◦),
the reduced-order approximant attains the F -plane stability. The s-domain
transfer function of the FROFI-optimized ROM is given as

HR(s) =
7.3765s0.7 + 29.8520

7.4625s1.4 + 11.3024s0.7 + 6.8968
. (3.14)

The magnitude and phase responses of the optimal ROMs are compared
with the extended CFE-based model [27] in Fig. 9. Both the proposed de-
signs attain better agreement with the responses of the large-scale model when
compared to the cited literature. The various frequency response performance
measures for the proposed and reported ROMs are compared in Table 5.
These results confirm that the proposed approach achieves better accuracy
when compared to the design published in [27]. For instance, the C2oDE and
FROFI-optimized ROMs achieve 0.02873 and 0.02761, respectively, for the
∥H∥∞ metric; the same for the extended CFE-based model yields a much
larger value (0.06233). The values of the error metrics for the ROM designed
using C2oDE and FROFI are nearly the same. Comparisons with [27] about
e(jω) and the absolute error in the step and impulse responses, as presented
in Fig. 10, validate the better performance of the proposed designs. The pro-
posed approximants distinctly outperform the reported literature [27] about
the different time-domain performance metrics, as shown in Table 6. Compar-
isons also reveal that FROFI (0.4644) attains only marginal improvement over
C2oDE (0.4823) for the ITAE metric.
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Fig. 9 Comparisons of magnitude and phase responses of the proposed ROMs with the
literature for Example 3
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Fig. 10 Comparison of the proposed ROMs with the literature about the absolute error
in frequency response (top), step response (middle), and impulse response (bottom) for
Example 3

Error metric [27] C2oDE FROFI

Max AME 0.0621 0.0287 0.0268
Mean AME 0.0189 0.0044 0.0042
Max APE (rad) 0.1580 0.0276 0.0288
Mean APE (rad) 0.0388 0.0061 0.0063
MSE for magnitude 7.91× 10−4 6.28× 10−5 5.66× 10−5

MSE for phase (rad2) 0.0039 8.38× 10−5 9.34× 10−5

∥H∥∞ 0.06233 0.02873 0.02761

Table 5 Comparisons with the literature about various frequency-domain performance in-
dices for Example 3
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Reference IAE ISE ITAE ITSE

[27] 0.4249 0.02722 2.1690 0.11530
C2oDE 0.1463 0.00510 0.4823 0.01242
FROFI 0.1474 0.00557 0.4644 0.01322

Table 6 Comparisons with the literature about various time-domain performance indices
for Example 3

4 Conclusions

The F -plane angle condition is incorporated as a design constraint to attain
stable ROMs for the fractional-order SISO systems in the presented approach.
The proposed method is well-suited for diminution of commensurate FO sys-
tems since the s-plane model readily converts into an integer-order form in
the F -domain. Optimal reduction of the large-scale system is carried out us-
ing C2oDE and FROFI, with both the algorithms demonstrating similar per-
formances. The superior accuracy of the proposed ROMs as compared to the
recent literature is validated using various time- and frequency-domain perfor-
mance measures. The { ∥H∥∞, ISE} achieved for the three design examples by
the C2oDE-based ROMs are {0.00421, 5.46×10−6}, {0.01836, 0.000187}, and
{0.02873, 0.00510}, respectively; the same for the FROFI-based routine are
{0.00440, 4.51×10−6}, {0.01890, 0.000159}, and {0.02761, 0.00557}, respec-
tively. The achieved results are considerably lower than {0.04970, 8.05×10−5},
{0.45140, 0.003275}, and {0.06233, 0.02722} yielded by the state-of-the-art.
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