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Abstract

For over centuries astronomers have used the Keplerian mathematical model and its derivatives
to predict the trajectories of planetary bodies and asteroids. With the exponential increase in
asteroid discoveries, some of these objects now pose potential collision risks with Earth. This
thesis presents a Python-based algorithm grounded in the two-body problem and Keplerian
orbital mechanics to assess asteroid trajectories—specifically, whether an asteroid will remain
outside the radius of Earth’s Sphere of Influence (rSOI), perform a flyby, or potentially collide
with Earth.

The algorithm converts orbital elements into position and velocity vectors at the entry point of
rSOI, which are subsequently transformed either back into orbital elements in the case of a flyby,
or into impacted geographical coordinates (latitude and longitude) in the case of a predicted
collision—each within the appropriate reference frames. The outputs of the custom program are
analyzed and validated using the General Mission Analysis Tool (GMAT) to ensure consistency
within acceptable numerical limits. The work concludes by outlining the future scope of this
thesis that may include refinements through advanced numerical methods, considering variables
like the effect of Earth’s oblateness and atmosphere, or extending to a three-body problem
framework.

Keywords: Kepler’s Law, Asteroids, Orbital Mechanics, Sphere of Influence, Orbital Elements,
Collision Mitigation, GMAT.
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Chapter 1

Introduction

Human understanding of celestial mechanics has changed signi�cantly since the17th century
when Kepler's laws were articulated. These laws described the elliptical orbits of planets and
provide a foundation for predicting the motion of celestial bodies. Later in the same century, Sir
Isaac Newton expanded on this framework with his law of universal gravitation law, that gave a
deeper understanding of how gravitational forces are governing motion both within and outside
of our solar system. The mathematical foundation of orbital dynamics allows for accurate
modeling of motion of planets, moons, and small bodies, including asteroids– which is the
main subject of this thesis.

Asteroids range in size from a few meters to several thousand kilometers.These asteroids gener-
ally travel in elliptical orbits around the Sun. While the majority, are found in the asteroid belt
between Mars and Jupiter, a minority count, known as Near-Earth Objects (NEOs), have orbits
closer to Earth's course. These space bodies present a higher degree of potential impact risk.
As the advancements in telescope technology and space-based surveys expanded, the number
of cataloged asteroids has increased from a few in the early19th century to over a million now
with a size greater than 1km.

Given such potential risk posed by a class of NEOs known as Potentially Hazardous Objects
(PHOs), calculating their trajectory and risk analysis accurately is equally crucial. The scope
of this thesis is to create a computational algorithm that uses classical orbital mechanics and
its derivatives to predict the behavior of such objects. Speci�cally, it focuses on a three case
study– whether an asteroid will enter the radius of Earth's sphere of in�uence (rSOI), �yby, or
potentially impact with Earth. The core of this work is a proprietary algorithm that can model
and simulate these scenarios with high temporal resolution and astrodynamic precision.

Structure of the Thesis

The chapters of this thesis progress from basic theory of orbital mechanics to practical asteroid
trajectory analysis. It eventually reveals the rationale that underpins the adopted algorithm.

• Chapter 2: Introduces the basics of orbital mechanics.

• Chapter 3: Expands on the framework discussed in chapter 2 by explaining the concept
of time-dependent motion.

• Chapter 4: Briefs the classi�cation of asteroids and known impact events.
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• Chapter 5: Describes the core approach behind the developed algorithm by referencing
crucial equations introduced in previous chapters.

• Chapter 6: Offers the case studies and background data for selected asteroid subjects.

• Chapter 7: Validates the algorithm by comparing the results with the GMAT software
output.

• Chapter 8: Provides a �nal summary of this thesis by concluding the scope of the work.

By building upon classical principles of orbital dynamics and incorporating the adopted algo-
rithm, the principle of this thesis seeks to offer valuable insights into the modeling and predict-
ing of potential asteroids that may impact on Earth.
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Chapter 2

Fundamentals of Orbital Mechanics

Orbital mechanics is regarded as a crucial framework for understanding the physics and motion
of bodies under gravitational in�uence. This chapter introduces the fundamental ideas of orbital
dynamics as well as its necessary parameters.

Firstly, the principles of gravitation are discussed, which is followed by an exploration of Ke-
pler's laws and their corresponding mathematical formulations. A brief overview of the N-body
problem is also discussed, along with descriptions of primary types of orbits and an introduction
to the concept of the Sphere of In�uence.

2.1 The Gravitational law

The law of gravitation was �rst formulated by Sir Isaac Newton in 1687 [1], and it describes
the attractive force between two or more bodies. So for a body of mass 'M' and 'm', the force
of attraction between two bodies is given by the classical formula:

F =
KMm

r 2
(2.1)

where the 'K' is the constant that was �rst measured by H. Cavendish during18th century that
was later renamed as the gravitational constant 'G'. The aprroximate value of 'G' is6:6743�
0:00015� 10� 11Nm2=kg2[2].

Figure 2.1 represents the force of attraction between two different masses,M 1 andM 2 so the
force of gravitation between these bodiesF12 andF21 in the vector form will be given by

~F12 =
GM1M 2

r 2
12

r̂12 (2.2)

Similarly,
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Figure 2.1: Force vector representation between two body masses [3]

~F21 =
GM2M 1

r 2
21

r̂21 (2.3)

Equation 2.2 and 2.3 provide a classical equation for the force being acted byM 1 on M 2 and
M 2 by M 1 correspondingly.

It should be noted that gravitational forces between two bodies are typically negligible unless
the masses involved are extremely large, for example, the case with planetary bodies like Earth.
Additionally, besides the gravitational pull, a small centrifugal force is also induced by Earth's
rotation. The resultant force that combines both gravitational and centrifugal effects is referred
to as “local gravity” and is denoted byFg.

Figure 2.2: Representing the gravity force as component of centrifugal and gravitation force[4]
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In mathematical context, we we will have

Fg = F + Fc (2.4)

where F de�nes the force due to gravitation andFc de�nes the force caused by the centrifugal
effect. For practical applications involving atmospheric and space �ights, the effect ofFc can
be neglected, and gravity due to acceleration by Earth on an object at height 'h' can be given as:

Fg(h) =
GM

(re + h)2
(2.5)

GM = � = Gravitational Parameter of Earth
M = Mass of the Mass of the Earth
G= Gravitational constant
re= radius of Earth
h= height of an object from Earth surface

2.1.1 Gravitational �eld

A gravitational �eld is used to describe the in�uence that a body exerts in the three-dimensional
space surrounding it. In classical mechanics, the gravitational �eld around a particle of massM
is de�ned as a vector �eld in which each point is associated with a vector directed toward the
particle. The application of Gravitational �eld provides a formulation of a more comprehensible
term: Gravitational �eld Intensity (~ag).

Gravitational �eld Intensity de�nes the gravitational �eld per unit mass. The S.I. unit of grav-
itational �eld intensity isN=Kg and can be formulated as in the equation below. As shown
in equation 2.6,~ag is a vector quantity, and the negative sign in the equation indicates that the
gravitational �eld is attractive.

~ag =
� GM

r 2
r̂ (2.6)

G= Universal gravitational constant
r= distance from the mass M
r̂= Unit vector pointing radially outward from mass M

The understanding of the gravitational �eld can be further manipulated for an understanding of
the Gravitational Potential (Ep) . It can be described as the work per unit mass of an object
that would be required to move an object throughout different point in space in a conservative
magentic �eld.

Ep =
� GM

r
(2.7)

where,
M = Subject mass creating gravitation �eld

13



r= Distance between the subject mass and test mass.

The negative sign in equation 2.7 describes that a test body of massm is bounded under the
gravitational �eld of massM – this means it takes energy for an object of massm to move
away from theM . However, at1 , when the object is no longer under the in�uence of the
gravitational �eld, the gravitational potential tends to reach zero.

Figure 2.3: Variation of the gravitation �eld with source of gravity[5]

Figure 2.3 illustrates that ”Gravitational well” is a manifestation of the curvature of three-
dimensional space. As one moves toward the center of a gravitational well, theEp becomes
increasingly negative. Conversely, moving away from the center of the gravitational well re-
sults in a less negative value ofEp, indicating a shallower well [6].

2.2 Kepler's law of orbits

In classical physics, Kepler's laws are used to describe planetary motion in the solar system.
These foundational principles not only provided the mechanics of celestial bodies but also
paved the way for revolutionary developments among astronomical society. Johannes Kepler
published his �rst groundbreaking work in 1609 inAstronomia Novato resolve the Mars orbit
[7, p. 6]. However, his work did not receive an immediate recognition until he published his
third law in 1619 inHarmonices Mundi—later reiterated inEpitome. Epitomebecame one of
the most widely read texts in Europe between 1630 and 1650. Adding to his story, the publi-
cation of theRudolphine Tablesmarked a major turning point for Kepler, as his theories were
being tested against Brahe's observational data, which later on gained broader acceptance from
the scientists. [7, p. 6].
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2.2.1 Kepler's �rst law

Kepler's �rst law was published in 1609. According to this law, each planet orbits around the
sun in an ellipse, with the Sun being centred at one focus of the ellipse. The planet distance to
the sun is constantly changing as the planet sweeps around its host star. This law is also called
as ”Law of the orbits.”

Figure 2.4: Illustration of an elliptical orbit along with its orbital elements [8]

Assuming the central body of massM is placed in a non-rotating frame with the orbiting body
of massm at a speci�c distancer sweeping a position angle of� then, as per Kepler's �rst law,
the radial distance between two bodies de�ned in the polar equation of the general conic section
is given by:

r =
p

1 + ecos�
(2.8)

and,

p = a(1 � e2) (2.9)

where,
e= eccentricity of the orbit
� = true anomaly1

r= radial distance of the orbiting body from the central body
p= semi-latus rectum2 of the orbit.

Equation 2.8 de�nes the orbital path of a celestial body under the in�uence of gravity in orbital
mechanics. It is important to note that for different conic sections, the mathematical expression
for radial distance varies depending on theeof orbit.

1It is angle between a closest approach and current position of the orbiting body
2perpendicular distance from the focus of a conic section (ellipse, parabola, or hyperbola) to the conic itself,

measured along a line that is perpendicular to the major axis
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2.2.2 Kepler's second law of orbit

According to Kepler's second law, a line extending from a planet to the Sun sweeps out equal ar-
eas of the ellipse in equal time intervals. This explains that a planet accelerates as it approaches
the Sun, known as perihelion3, and decelerates as it moves away, known as aphelion4. This law
is also referred to as the ”Law of Areas.”

Figure 2.5: An Illustration for the elliptical oribits around the star[9]

From this principle, it can be understood that a planet will continue to move in a plane around
its parent star unless an external force perturbs its motion and hence its Speci�c angular mo-
mentum (h) is constant throughout the time. Figure 2.5 illustrates this concept, depicting a
planet orbiting a star and sweeping out equal areas at different positions and times in its orbit.
In simple mathematical terms,

dA
dt

=
1
2

j~r � ~vj = constant (2.10)

where,
r= radial distance of the planet.
v= velocity vector of an orbiting body.

3The point in a planet's orbit that is closest to the Sun.
4The point in a planet's orbit that is farthest from the Sun.
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2.2.3 Kepler's third law

Kepler's third law is also called the ”Law of Harmony” or ”Law of Periods”. According to this
law, the square of the orbital period of the planet is proportional to the cube of its semi-major
axis of its orbit around the parent star. This law was published a decade later by Kepler after his
�rst two laws in the early17th century. Kepler's third law hold true for the elliptical orbit that
was surfaced in his �rst two laws as well[7].

In mathematical terms,

T = 2�

s
a3

�
(2.11)

where,
T= Period of orbit
a= semi-major axis
� = Gravitational Parameter

2.3 N-body problem

An N-body problem refers to predicting the motion of the celestial body under the gravitational
in�uence of n bodies in a 3-dimnensional space. The N-body problem became an important
concept in understanding the dynamics of the globular star cluster in20th the century [10].
The N-body problem assumesn points with masses asmi wherei = 1; 2:::::n in an inertial
reference frame moving in a mutual gravitational attraction. Using Newton's second law, force
of attraction on single point mass by another point mass, i.e.,mj to mn is given by

mi
d2qi

dt2
=

nX

j =1
j 6= i

Gmi mj (r j � r i )
kr j � r i k3

(2.12)

where,
jr j � r i j= magnitude of the distance between two objects.

A well-known case of the n-body problem is the three-body problem; however, it falls outside
the scope of this thesis. This study focuses on the trajectory of an asteroid approaching Earth in
a two-body problem case. Initially, the analysis considers the Sun's gravitational in�uence on
the asteroid. Once the asteroid reaches a suf�ciently close distance to Earth, the Sun's in�uence
is disregarded, and the Earth's gravitational effects become the primary focus.

2.3.1 The Two-Body Problem

The two-body problem deals with the motion of two bodies interacting under the in�uence of
their mutual gravitational force. Instead of treating the motion of both bodies separately, the
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problem is often simpli�ed by reducing it to the motion of a smaller body of massm around a
much larger massM , or by describing the motion relative to the system's barycenter5. When
m � M , the barycenter is substantially closer to the center of massM . This assumption is
generally applicable to Keplerian mechanics, which includes planetary motion, asteroids, and
spacecraft.

For the motion of them around theM , with ~r being the position vector of the smaller body
relative to the larger one, the equation of motion is given by the following equation as refernced
in [11].

•~r = �
GM
r 3

~r (2.13)

2.3.1.1 Equations of Motion Considering the Barycenter

When examining the two-body problem from a barycentric standpoint, the motion of both in-
dividual masses must be considered. Figure 2.6 shows two objects with massesm1 andm2

separated by a distancer , wherem1 � m2. After applying Newton's second Law and the Law
of Universal Gravitation, the equations that govern their motion are

Figure 2.6: Barycentric concept of two-body problem[12]

Form1:

m1
•~x1 = �

Gm1m2

r 3
~r (2.14)

Form2:

m2
•~x2 =

Gm1m2

r 3
~r (2.15)

where the relative position vector is de�ned as

5The barycenter is the center of mass of a system of two or more bodies orbiting around each other due to
gravity
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~r = ~x2 � ~x1 (2.16)

The above-de�ned formulations provide a precise description of the motion of two-bodies
around their barycenter. This can be applicable to systems like planet-moon interactions, bi-
nary stars, or spacecraft trajectories.

2.4 Mathematical description of orbits

An orbit is a regular path that an object follows around the center of gravity of a larger body
or their mutual barycenter [13]. The path of an orbiting object can be elliptical or circular
when bound to a comparable mass or a body of higher mass. Alternatively, under certain con-
ditions such as a close �yby or entry stage of an encounter, the trajectory may take the form
of a parabolic or hyperbolic orbit. A commonly used general term in orbital mechanics is
apoapsis—–or apogee when referring speci�cally to Earth. The apoapsis of an orbit is the point
at which the orbiting body is at its farthest distance from the primary body. Conversely, peri-
apsis —–or perigee in the context of Earth — refers to the point at which the orbiting body is
at its closest distance to the primary body. This subsection provides a mathematical description
and distinction of these different types of orbits.

2.4.1 Circular orbits

The most simple kind of orbit in orbital mechanics is a circular orbit, in which a body keeps
its radius around a gravitating object constant. Such orbits do not exist in real-world situations,
because of disturbances brought on by the gravitational pull of neighboring masses. Neverthe-
less, for some idealized case studies, circular orbits can be employed as an approximation with
e = 0; Table 2.1 lists their mathematical properties

Figure 2.7: Figure illustrating an satellite having circular orbit around Earth[14]
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2.4.2 Elliptical orbits

When an object follows an oval path around a gravitating body, it is said to be in an elliptical
orbit in the context of orbital dynamics. The most frequent examples of this kind of orbit are
satellites orbiting a planet or planets around their parent star. In contrast to circular orbits,
elliptical orbits have ane that is not zero and falls within the range0 � e < 1.

It is useful to discuss some of the fundamental two-dimensional orbital elements in order to
obtain a mathematical grasp of an elliptical orbit, as illustrated in Figure 2.4.

2.4.2.1 Foci

The foci (f ) of an ellipse are positioned along the major axis, symmetrically on either side of
the center of the ellipse. The distance from the center of the ellipse to each focus is denoted by
c wherec = ea.Here,a refers to the semi-major axis.

2.4.2.2 Semi-Major Axis

The semi-major axis (a) is the longest axis of an ellipse. It is half the length of the major axis,
which extends from one end of the ellipse to the other through both foci.

a =
(rapogee+ rperigee)

2
(2.17)

2.4.2.3 Semi-Minor Axis

The semi-minor axis (b) is the shortest axis of the ellipse, running perpendicular to the semi-
major axis. Mathematically, it is described as:

b= a
p

1 � e2 (2.18)

2.4.2.4 Eccentricity

The eccentricity (e) is a measure of how much an orbit deviates from being circular, withe = 0
representing a perfect circle. It is a dimensionless quantity. Mathematically, the eccentricity is
related to the semi-major axis (a) and the semi-minor axis (b).

e =
c
a

(2.19)

Alternatively, eccentricity can also be expressed as:

e =

r

1 �
b2

a2
(2.20)
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2.4.2.5 True anomaly

The True Anomaly (� ) in orbital mechanics is de�ned as the angle swept by an orbiting body
from the periapsis to its current position along the orbit. The calculation of� varies depending
on the type of orbit—elliptical, parabolic, or hyperbolic—each having its own mathematical
formulation.

Figure 2.8: Figure Illustrating the angle swept by the orbiting body with respect to the Periapsis
i.e., True anomaly [15].

2.4.3 Parabolic Orbits

A parabolic orbit hase = 1, which lies at the boundary between elliptical and hyperbolic orbits.
In a parabolic orbit, the object approaches the central gravitational body from a distance and
swings close to in�nity before continuing on its path [16].

2.4.4 Hyperbolic Orbits

A hyperbolic orbit is another type of unbounded trajectory, similar to parabolic orbits, that
an object follows when passing through the gravitational in�uence of a central body, but with
e > 1. Unlike elliptical orbits, a hyperbolic orbit has two separate, symmetrical branches—one
that is physically followed by the orbiting body and the other, a mathematical counterpart, that
has no physical presence but is used for the description of the orbit.
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Figure 2.9: Figure Illustrating a representation of hyperbolic and parabolic orbit with varying
eccentricity [17]

Orbit Type Eccentricity (e) Semi-Major Axis (a) Period (T) Periapsis

Circular e = 0 a = r T = 2�
q

a3

GM NA

Elliptical 0 < e < 1 a > 0 T = 2�
q

a3

GM a � (1 � e)

Parabolic e = 1 Not de�ned (a = 1 ) In�nite (no closed orbit) p
2

Hyperbolic e > 1 a = c � rp < 0 In�nite (no closed orbit) jaj � (e � 1)

Table 2.1: Comparison of Orbital Parameters for Different Orbit Types

Table 2.1 summarizes the fundamental mathematical properties of various types of orbits. It is
important to note that this table outlines basic orbital elements such ase, a and orbital period
(T). These properties serve as the foundation for understanding orbital mechanics and are
essential for analyzing different orbital trajectories. While more complex elements, such asi,
� are covered in later chapters. The table provides a starting point for further exploration of
orbital behavior.

2.5 Cosmic Velocities

Velocity is a fundamental parameter that describes the motion of a body in space. In orbital
mechanics, one of the simplest formulations to determine the velocity of a space body for a
given trajectory is expressed as

V =

s

2�
�

1
r

�
1
2a

�
(2.21)

where,
r = Distance of the body from the central gravitating body at any given timet.
a = Semi-major axis of the orbit.
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It is evident that the velocity of a body in orbit depends on its distance from the central body
and the orbital semi-major axis. Based on this equation, the velocity of a space body can be
classi�ed into three key categories:

• First Cosmic Velocity: Also known as the orbital velocity, it is the velocity required for
an object to maintain a stable circular orbit at a given radiusr . For a circular orbit,a = r ,
so substituting in Equation (2.21) gives

V =

r
�
r

(2.22)

• Second Cosmic Velocity: The minimum velocity required for an object to escape the
gravitational in�uence of the central body, also known as the escape velocity.

Ve =

s �
2�
r

�
(2.23)

• Hyperbolic Velocity: The velocity required for an object to escape the gravitational �eld
and follow a hyperbolic trajectory. It is given by

Vh =
p

V 2
e + V 2

1 (2.24)

where:
V1 = The velocity of the object at in�nite distance from the central body if it follows a
hyperbolic orbit.

2.6 Sphere of in�uence

A Sphere of In�uence (SOI) can be de�ned as the region within which a celestial body exerts its
dominant gravitational force on a smaller object. In an interplanetary �ights, the gravitational
in�uences of the Sun, planets, and other celestial bodies are generally considered. For this
case study, as briefed in the previous subsections, the study on trajectory will be divided into
different stages based on the gravitational in�uence of the dominant bodies.

This method allows for the assessment of the smaller celestial bodies, such as asteroids. It is
important to understand that as an object enters a body's SOI, it undergoes different stages;
this includes entry and exit phases under the in�uence of the central gravitating body. Within
these phases or stages, the motion of the object can be effectively modeled using the two-body
problem. The adoption of two-body problem simpli�es the dynamics of algorithim and provides
a structured framework for analyzing trajectories.
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Figure 2.10: Illustration of Sphere of In�uence around Earth [18]

The reference in �gure 2.10 can be used to understand therSOI for practical purposes. As-
suming that the mass of Earth is denoted asmp and the distance from the Sun isr , with the
Sun's mass represented byms, then the radius ofrSOI is given by the following mathematical
expression as shown below:

r soi = r
�

mp

ms

� 2
5

(2.25)

Furthermore, the equation (2.25) [11] can also be extended to other celestial bodies to calculate
their radius of spheres of in�uence, in presence of the central body like Sun.
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Chapter 3

Orbital Parameters

This chapter provides an in-depth understanding of the three-dimensional (3-D) orbital elements
to form a foundational framework in understanding the algorithim's core concepts. First, it
starts with an introduction of different types of orbits and orbital elements. The discussion in
this chapter then shifts to the three-dimensional aspects of orbital parameters and the respective
coordinate system. After establishing the basics of 3-D orbit, the chapter next introduces the
transformation process for converting a two-dimensional (2-D) coordinate system into a 3-D
one. Finally, it provides a brief understanding of the concept of Julian date.

3.1 Types of Orbits

To develop an understanding of 3-D orbital parameters, it is essential to highlight the different
types of orbits. This section provides a brief overview of the most common types of orbits are
typically investigated while studying the Earth-centered case.

3.1.1 Low Earth Orbit

Low Earth Orbit (LEO), as the name suggests, lies relatively closer to the Earth's surface. LEO
forms at an altitude ranging from180 km to 2,000km. The upper limit to altitude for LEO
is determined by the presence of the Van Allen Belt6, while the lower limit is constrained by
atmospheric drag.

3.1.2 Medium Earth Orbit

A Medium Earth Orbit (MEO) is a type of orbit that lies above the Van Allen Belt but below the
Geostationary Orbit (GEO). It typically lies between2,000 kmand36,000 km. MEO is most
commonly used by the navigational satellites.

3.1.3 Polar Orbit

A Polar orbit (PO), as name suggests employs the orbit above the Earth's pole. It has an altitude
between200km and1,000 km above Earth's surface. Satellites in this orbit travel from pole to
pole, with a typical offset of an angle of10� .

6A region of energetic charged particles originating from the solar wind and trapped by Earth's magnetic �eld.
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3.1.4 Geostationary Orbit

A geostationary orbit (GEO) is an orbit with an altitude of35,786 kmabove the sea level. At
this altitude, satellites matches the Earth's rotational period by remaining �xed over the equator.
Satellites in GEO complete one orbit in one sidereal day7. The advantage of the GEO is its
ability to provide broader coverage of Earth; for example, just three satellites in GEO can cover
nearly the entire globe. Applications of these orbits are utilized for telecommunications and
weather monitoring purposes.

3.1.5 Sun-Synchronous Orbit

A Sun-Synchronous Orbit (SSO) is a special type of polar orbit that has an altitude ranging
from 600 kmto 800 km. In this orbit, satellites maintain synchronization with respect to the
Sun; this means that they pass over the same location on Earth at the same local solar time each
day. This characteristic of SSO makes it highly suitable orbit for Earth observational satellites
by enabling satellites for consistent tracking of patterns and changes over months.

Figure 3.1: Illustration of a Sun-Synchronous Orbit (SSO) [19].

3.1.6 Geostationary Transfer Orbit

A Geostationary Transfer Orbit (GTO) is a highly elliptical orbit that serves as an intermediary
step, allowing spacecraft to transition ef�ciently to their �nal orbits. This orbit is particularly
used by a satellite transiting from a low-altitude parking orbit to GEO by adjusting thea andi.

7The time taken for Earth to complete one revolution relative to distant stars.
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Figure 3.2: Illustration of a Geostationary Transfer Orbit (GTO) [19].

As shown in Figure 3.2, a spacecraft initially enters an elliptical transfer orbit after launch from
Earth. Upon reaching the apogee, an orbital maneuver is performed by �ring the spacecraft's
engine to circularize its orbit in GEO.

3.2 3-D Orbital Elements

The fundamental orbital elements, such as thea, e, and� , which are essential for understanding
two-dimensional conic sections have already been discussed in section 2.4.2. This section will
skip introducing these elements for the purpose of clarity and introduce additional parameters
that are necessary to describe a three-dimensional orbit. For simplicity, all orbital elements that
are discussed here are de�ned with respect to Earth's reference frame.

3.2.1 Inclination

The inclination (i) can be de�ned as the angle between the orbital plane and Earth's equatorial
plane. It determines how tilted the orbit is relative to the Earth's equator.
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Figure 3.3: Illustration of orbital inclination with respect to the equatorial plane [20]

From Figure 3.3, it can be noted that the satellite's orbital plane intersects the equatorial plane.
Understanding inclination also requires knowledge of orbital nodes that is to be followed in
subsections.

3.2.1.1 Ascending Node

The ascending node is the point where the satellite crosses the equatorial plane from the south-
ern hemisphere to the northern hemisphere, as illustrated in Figure 3.4.

3.2.1.2 Descending Node

The descending node is the point where the satellite crosses the equatorial plane from the north-
ern hemisphere to the southern hemisphere.

Figure 3.4: Illustration of ascending and descending nodes [20]
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3.2.1.3 Line of Nodes

It is an imaginary line connecting the ascending node and descending node.

Orbital inclination (i) classi�es orbits into three major categories:

• Prograde Orbit:0� < i < 90�

• Polar Orbit:i = 90�

• Retrograde Orbit:90� < i < 180�

3.2.2 Argument of Perigee

The argument of perigee (! ) is the angle between the line of nodes and the perigee vector. It is
measured along the orbital plane in the direction of the satellite's motion.

3.2.3 Longitude of the Ascending Node

The longitude of the ascending node (
 ) is the angle measured from a �xed reference direction,
i.e., the vernal equinox8, to the ascending node.

Figure 3.5: Illustration of the longitude of the ascending node (
 ) and argument of perigee (! )
along the orbital path [20]

3.3 Time-Dependent Motion of a Body

The motion of a body in orbit, de�ned in terms of its distancer from a gravitating body, is
discussed in Section 2.5, while its position as a function of (� ) is given in Equation (2.8). The
Keplerian equation can be further extended to describe changes in the position and velocity of
an object over a given period of time for all three conic sections. To fully understand time-
dependent motion, the following parameters must be considered:

8The vernal equinox is a reference point in space where the Sun crosses Earth's equator from south to north.
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• Mean Motion: The mean motion (n) of a body indicates the average angular velocity,
assuming that it moves in a circular orbit with the same period as its actual elliptical
counterpart. It is given by:

n =

r
�
a3

(3.1)

• Mean Anomaly : The mean anomaly (M ) represents the fraction of the orbital period
that has elapsed since the body passed perigee (or periapsis). It is important to note that
M does not correspond to the body's actual position but it serves as a mathematical clock:

M = n(t � tp) (3.2)

where,
t = current time
tp = time when the object was at perigee

• Eccentric Anomaly: Eccentric Anomaly (E) acts as an intermediate between the mean
anomalyM and the true position of the body in its orbit, i.e,� . The mathematical expres-
sion forE varies depending on the type of conic section selected.

• True Anomaly: As discussed in previous sections,� represents the angular position of
an orbiting body relative to its closest approach to the central body (perigee). It provides
the actual position of an object at a given timet.

The mathematical expressions that de�ne the relationship between velocity and position over
time for different conic sections are compiled in the table below.

Table 3.1: Summary of Time-dependent Motion Analysis [11]

Ellipse Hyperbola Parabola

Mean motion n =
p �

a3 nh =
p �

a3 np =
q

�
r 3

p

Mean anomaly M = n(t � tp) M h = n(t � tp) M p = np(t � tp)

Equation M = E � esinE M h = esinhEh � Eh tan �
2 + 1

3 tan3 �
2 = M pp

2

E ! � tan �
2 =

q
1+ e
1� e tan E

2 tan �
2 =

q
e+1
e� 1 tanh Eh

2 N/A

� ! E tan E
2 =

q
1� e
1+ e tan �

2 tanh Eh
2 =

q
e� 1
e+1 tan �

2 N/A

where,
rp = distance in perigee.
M h; Mp = Mean anomaly in hyperbola and parabola correspondingly.
Eh = Eccentric anomaly in hyperbola.
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3.4 Coordinate System

The coordinate system acts as a fundamental framework in physical domains like astrodynamics
and astronomy in providing a structured method to locate celestial objects. When describing
the position and motion of an orbiting body, it is always essential to de�ne its initial and �nal
coordinate systems.

This thesis entails the use of several coordinate systems for example, three-dimensional ones;
this includes coordinate systems such as the heliocentric and geocentric systems. In some cases,
a two-dimensional system—speci�cally the perifocal coordinate system—has also been ap-
plied. A solid grasp of these systems is necessary for reliable state analysis and interpretation.
Their standardized structure supports consistent and accurate calculations throughout the work.

3.4.1 Perifocal Coordinate System

The Perifocal coordinate system is type of cartesian coordinate system9 that remains �xed in
space and centered at the focus of the orbit. It is a two-dimensional system where thex-axis
is denoted bŷp, is aligned with the apse line10. Thex-axis passes through the periapsis. On
the other hand, they-axis, denoted bŷq, is perpendicular to thex-axis at an angle of90� . The
z-axis in contrast, is perpendicular to the orbital plane, makingz = 0. It is important to note
that this coordinate system applies to only one orbiting body at a time.

Figure 3.6: Illustration of the Perifocal coordinate system [21].

In the Perifocal coordinate system, the position and velocity vectors of an orbiting body are
expressed in terms ofx; y; z and vx ; vy; vz, respectively. Since the motion is set to a two-
dimensional plane, the third componentz andvz are always zero.

9A coordinate system that describes points in space using two perpendicular axes intersecting at the origin.
10An imaginary line connecting the apoapsis and periapsis.
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The position vector is given by:
8
<

:

x
y
z

9
=

;
=

8
<

:

r cos�
r sin�

0

9
=

;
; (3.3)

where
r =

p
1 + ecos�

: (3.4)

Similarly, the velocity vector in the Perifocal coordinate system is expressed as:
8
<

:

vx

vy

vz

9
=

;
=

8
<

:

_x
_y
_z

9
=

;
=

r
�
p

8
<

:

� sin�
e+ cos�

0

9
=

;
: (3.5)

The formulations in equations 3.3 and 3.5 [11] are derived to compute the position and velocity
of an orbiting body in a two-dimensional system. This coordinate system can be transformed
into a three-dimensional coordinate system, which is a topic of discussion for the following
sections.

3.4.2 Heliocentric Ecliptic Coordinate System

The Heliocentric coordinate system (ECH) is a 3-D coordinate system that places the Sun at
its center while having the Earth's ecliptic plane as a reference. In this system, thex-axis
points towards the vernal equinox, while thexy-plane aligns with the ecliptic plane, and thez-
axis points northward, perpendicular to the ecliptic plane [22]. Unlike the Perifocal coordinate
system, which focuses on an orbital plane, the Heliocentric coordinate system is centered on
the ecliptic plane.

This system is generally used in tracking solar system bodies such as asteroids, satellites,
meteors, and dwarf planets, as it enables the prediction of their future trajectories in three-
dimensional space. As three-dimensional positional and velocity components (or state vectors)
are necessary for accurate trajectory calculations, a series of mathematical transformations is
applied to the 2-D state vectors. In the scope of this study, mathematical transformations of
such will be applied to each of the three chosen subjects to determine their orbital elements and
state vectors.

3.4.3 Geocentric Ecliptic coordinates

The Geocentric Ecliptic Coordinate System (ECG), as the name suggests, is centered on the
Earth and uses the Earth's ecliptic plane as a frame of reference. Similar to the Heliocentric
Ecliptic Coordinate System, it is 3-D coordinate system centered but towards Earth's orbit.
The x-axis in ECG frame extends from Earth's center toward the vernal equinox, they-axis
is directed 90 degrees eastward relative to thex-axis, while thez-axis is perpendicular to the
ecliptic plane. [23].

An object's position within this system can also be expressed using an angular coordinate frame-
work: ecliptic longitude, ecliptic latitude, and ecliptic distance. However, describing an object's
position within this framework is beyond the scope of this thesis. In the case study of this thesis,
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to obtain the orbital data with respect to Earth as a part of the methodology, the state vector of
object in the ECH system will be transformed into the ECG, which will then be transformed
into the geoequatorial coordinate system.

3.4.4 Geocentric Equatorial coordinate system

The Geocentric Equatorial Coordinate System (EQG) extends Earth's equatorial plane outward
to the celestial sphere11. This system is particularly well-suited for tracking arti�cial satellites,
asteroids, or any celestial objects in proximity to Earth's orbit. In contrast, a heliocentric coor-
dinate system is more appropriate for describing the motion of bodies across the solar system.

Like other standard systems, the geocentric equatorial frame is a 3-D cartesian coordinate sys-
tem. Thex-axis points toward the vernal equinox, they-axis lies in the equatorial plane, point-
ing 90� east of thex-axis, and thez-axis aligns with Earth's rotational axis, pointing toward the
North Celestial Pole[24].

Figure 3.7: Geocentric equatorial cartesian system along with its axis system[11]

In the upcoming case studies focused on asteroid arrival phases, all state vectors of the target ob-
jects will be transformed into this geocentric equatorial coordinate system. This transformation
provides a consistent Earth-based reference frame, aligned with the equatorial plane, making it
more convenient and precise for tracking and locating objects in Earth's vicinity.

3.5 Transformation of the coordinate system

This section is crucial as it focuses on transforming one type of coordinate system into another.
While there are multiple approaches that exist for direct transformation—i.e., obtaining results

11An imaginary sphere with the observer at the center, around which all celestial objects appear to lie.
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directly in the desired coordinate system—this section follows a step-by-step approach. Es-
cpicially, it details the transformation in a systematic way, i.e., from the perifocal frame to the
ECH, then to ECG, and �nally to EQG for the arrival trajectory in Earth's vicinity. The process
is reversed in Phase 3 of the departure trajectory.

3.5.1 Perifocal to Heliocentric Ecliptic coordinate system

To transform the state vector from perifocal coordinate system into the three dimensional he-
liocentric ecliptical coordinate system, the required transformation matrix is given by equation
3.6 [11]

[Tp ! GE] =

2

4
cos! cos 
 � sin! sin 
 cos i � sin! cos 
 � cos! sin 
 cos i sin 
 sin i
cos! sin 
 + sin ! cos 
 cos i � sin! sin 
 + cos ! cos 
 cos i � cos 
 sin i

sin! sini cos! sini cosi

3

5

(3.6)

The transformed state vectors can be expressed as

~rECH =

8
<

:

X ECH

YECH

ZECH

9
=

;
= [ Tp! GE]

8
<

:

x
y
z

9
=

;
(3.7)

Similarly, the velocity vectors transform as

~vECH =

8
<

:

_X ECH
_YECH
_ZECH

9
=

;
= [ Tp! GE]

8
<

:

_x
_y
_z

9
=

;
(3.8)

whereX ECH , YECH , andZECH represent the position components, and_X ECH , _YECH , and
_ZECH represent the velocity components in the heliocentric ecliptic coordinate system. In con-

trast,x, y, z, and _x, _y, _z belong to the perifocal coordinate system. This transformation practice
can be be applied both to Earth and to object of interest.

3.5.2 Heliocentric Ecliptic to Geocentric Ecliptic coordinate system

After transforming the state vectors into the heliocentric coordinate system, the next step in-
volves converting these state vectors from the ECH! ECG. This transformation is the sim-
plest among all transformations, as it only requires basic arithmetic operations— speci�cally,
subtracting the Earth's state vector from that of the object of interest i.e., the asteroid, both
expressed in the ECH coordinate system.

~rECG ast =

8
<

:

X ECG ast

YECG ast

ZECG ast

9
=

;
=

8
<
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X ECH ast

YECH ast

ZECH ast

9
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;
�

8
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:

X ECH ear

YECH ear

ZECH ear

9
=

;
(3.9)
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Similary for the velocity vector, we will have,

~vECG ast =

8
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_X ECG ast

_YECG ast

_ZECG ast

9
=

;
=

8
<

:

_X ECH ast

_YECH ast

_ZECH ast

9
=

;
�

8
<

:

_X ECH ear

_YECH ear

_ZECH ear

9
=

;
(3.10)

here,X ECGast, YECGast, andZECGast represent the position components, while_X ECGast, _YECGast, and
_ZECGast represent the velocity components of the asteroid in the ECG coordinate system.

It is important to note that Earth does not have an independent state vector in this coordinate
system. This is because subtracting Earth's ECH state vector from itself provides value zero,
effectively placing Earth at the origin of the geocentric ecliptic frame.

3.5.3 Geocentric Ecliptic to Geocentric Equatorial coordinate system

Similar to the ECG, the geocentric equatorial frame places Earth at the origin, assigning zero
state vectors to Earth in this coordinate system. Since the Earth is stationary at the origin of
the geocentric frame, no transformation is required for Earth's state vector.

The transformation from the ECG to the EQG accounts for the tilt between the ecliptic plane
and Earth's equatorial plane that is characterized by the obliquity angle (� = 23:44� ). The
transformation matrix is given by equation 3.11[11].

T� =

2

4
1 0 0
0 cos� � sin�
0 sin� cos�

3

5 (3.11)

This matrix performs a rotation about thex-axis by� , aligning the ecliptic coordinate frame
with that to Earth's equatorial plane. The transformation is applied individually to both the
position and velocity vectors as follows

~rEQG ast = T� ~rECG ast (3.12)

~vEQG ast = T� ~vECG ast (3.13)

Here,~rEQG ast and~vEQG ast represent the position and velocity vectors in the geocentric equa-
torial frame of an asteroid, while~rECG ast and~vECG ast are the corresponding vectors in the
geocentric ecliptic frame. This transformation ensures alignment of the reference frame with
Earth's equator, which is crucial in predicting the asteroids' orbital elements.
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3.6 Transforming 3-D State Vectors to Orbital Elements

In the following chapter of this thesis, there are instances that may require determining the
orbital elements of the target body to predict its trajectory accurately. This can be achieved by
converting the three-dimensional state vector into the corresponding orbital elements using a
systematic approach as described below [11] . For purpose of clarity, the derivation process is
divided into multiple steps:

• Step 1: Calculation of state vector magnitudes
The magnitudes of the position and velocity vectors are computed using the Euclidean
formula:

r =
p

x2 + y2 + z2

v =
p

_x2 + _y2 + _z2
(3.14)

• Step 2: Calculation of speci�c angular momentum
The speci�c angular momentum (h) vector is then obtained through the cross product of
position and velocity vectors:

~h = ~r � ~v

h =
q

h2
x + h2

y + h2
z

(3.15)

• Step 3: Calculation of inclination
Inclination can be calculated using thez-component of theh :

i = arccos
�

hz

h

�
(3.16)

• Step 4: Calculation of the semi-major axis
Thea is calculated using the speci�c orbital energy (� 0)12:

� 0 =
v2

2
�

�
r

(3.17)

a = �
�
2� 0

(3.18)

• Step 5: Calculation of the Longitude of the Ascending Node
The
 is then computed based on the direction of motion as follows:


 =

(
arccos

�
ux
u

�
if uy � 0

360� � arccos
�

ux
u

�
if uy < 0

(3.19)

where,
ux =� hy

uy = hx

uz = 0

u =
q

u2
x + u2

y (3.20)
12Speci�c orbital energy is the total energy per unit mass, consisting of kinetic and potential energy.
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• Step 6: Calculation of eccentricity
Theevector is determined using the position and velocity vectors:

~e=
~r

�
v2 � �

r

�
� ~v(~r � ~v)

�
(3.21)

• Step 7: Calculation of the Argument of Perigee
Similar to the calculation of
 , the! is computed conditionally based on thez-component
of the eccentricity vector:

! =
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• Step 8: Calculation of True Anomaly
The �nal orbital element includes calculation of� that de�nes the current position of the
target body in its orbit:

� = arccos
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3.7 Julian date

Julian Date (JDT) is a timekeeping format that de�nes the continuous count of days elapsed
since noon (12:00 GMT) of January1st , 4713 BC. Each JDT begins at noon of the current
day and ends at noon of the next day [25]. This convention allowed astronomers a method for
seamless counting of the days without requiring the need of hours, minutes, or seconds.

The JDT is still widely used today to simplify the timekeeping of astronomical events. The
current Gregorian date can be converted to its corresponding JDT using the mathematical ex-
pression in Equation 3.24 [11]:

JDT = JD 0 +
UT
24

(3.24)

The value ofJD 0 is calculated as:

JD 0 = 367Y � Int
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275M
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�
+ D + 1721013:5 (3.25)

where,
Y = year
M = month
D = day
Int = integer part of the expression

The JDT system is continuous and unbounded by any calendar limitations, which makes it
valid for an inde�nite range of years. A notable advantage of the JDT is its ability to represent
fractions of a day in decimal values, hence providing precise time representation.
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Chapter 4

Asteroids

Prior to implementing the method utilized in this thesis for predicting the collision trajectories
of possible asteroids, it is essential to �rst understand the fundamentals of these celestial bodies–
asteroids. This chapter will explore the history and de�nition of asteroids and highlight their
distinctions from other celestial objects such as comets. Additionally, it will also provide an
overview of common orbital trajectories that is followed by asteroids in our solar system. Lastly,
this chapter will provide a brief insights into past asteroid impacts on Earth.

4.1 Fundamentals of asteroids

As been discussed, asteroids are small rocky bodies that orbit the Sun. A major chunk of these
asteroids are located within the asteroid belt between Mars and Jupiter. These celestial objects
are remnants of the early solar system that was formed over 4.6 billion years ago. Asteroids
may appear in a vast range of sizes, from small fragments measuring just a few meters across to
massive bodies with several hundred kilometers in diameter. One of such asteroid, the largest
known asteroid, isCereswhich has a diameter of approximately 940 km and is classi�ed as
a dwarf planet [26]. Most asteroids, however, are much smaller and have irregular, cratered
surfaces due to frequent collisions over time.

Unlike planets, asteroids lacks suf�cient gravitational force to achieve a spherical shape, which
leads to an elongated or irregular shape. The surface of the asteroid are covered with a layer of
loose debris, known as regolith13, resulting from continuous impacts with other space objects.
Some classes of asteroids contain metal-rich compositions which suggest that they might be
remnants of ancient protoplanetary bodies that went through several stage of differentiation
before breaking apart[27].

Learning about these asteroids can provide crucial information about understanding the condi-
tion and formation of the early solar system. Their compositions holds valuable insights about
the building blocks that contributed to the formation of planets and other celestial bodies. Also,
understanding their orbital dynamics and potential for Earth impacts make them signi�cant
subjects for the case study.

13The layer of unconsolidated dust covering the solid surface of rock
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4.1.1 De�nition and distinction

The term asteroid was �rst of�cially coined by the famous astronomer William Herschel in
London's Royal Society in the early19th century. The word is derived from the Greek term
meaningstarlike. According to the Cambridge Dictionary, an asteroid is de�ned as ”any one
of the small planets that go around the Sun, which is not considered a true planet or a comet”
[28]. However, this de�nition introduces ambiguity due to the introduction of the term ”small
planets,” which lacks precision, as if asteroids can be considered as ”small planets”. Therefore,
a clearer distinction is necessary to differentiate asteroids from other celestial bodies such as
meteorites and comets.

As mentioned earlier, asteroids are rocky remnants from the early solar system that orbit the
Sun. However, despite their prevalence, the term ”asteroid” has never been of�cially de�ned
with precise parameters. Most asteroids are composed of clay, silicate rock, and metals. Their
structural composition leads them to disintegrate into relatively smaller pieces when entering a
planetary atmosphere due to intense frictional heating.

4.1.1.1 Distinction Between Asteroids, Meteorites, and Comets

A meteorite is a small fragment that originates from an asteroid and survives its passage through
a planet's atmosphere to reach the surface [27]. Unlike asteroids, meteorites are essentially
remnants of collisions or potential disintegration events.

Comets, on the other hand, are icy celestial bodies that orbit the Sun. Comets typically have very
high eccentric orbits. Unlike asteroids, when comets approach the Sun, they develop a visible
coma (so-called tail) due to the sublimation of their icy surface caused by the solar radiation. It
is to be noted that a comet may be classi�ed as an asteroid if it loses all its volatile ice. This
highlights the distinction of a very thin line between these celestial objects.

A further distinction between comets and asteroids can be observed in their orbital characteris-
tics. A comet typically have very high eccentric trajectories, often extending to the Oort Cloud14

as compared to an asteroid trajectory. This difference in orbital behavior is another key factor
in distinguishing these celestial bodies.

4.2 Historical discoveries and Terminologies

The discovery of asteroids is relatively recent on the astronomical timescale compared to hu-
manity's discovery of scienti�c laws and the invention of machines. The �rst asteroid was
spotted by the astronomer Giuseppe Piazzi in the early19th century with his discovery ofCeres
(now classi�ed as a dwarf planet). Shortly afterCeres' discovery, three other asteroids were
identi�ed by Von Zach's group, culminating in the discovery ofVesta, the second-largest as-
teroid, in 1807. Subsequent discoveries were sporadic, with astronomers such as Karl Ludwig
Hencke and James Craig Watson identifying new asteroids throughout the late 19th century.

A major breakthrough came in 1891 when Max Wolf pioneered the use of astrophotography
to detect the short streaks left by asteroids on long-exposure photographic plates [29]. Figure

14A vast spherical shell surrounding the Sun, planets, and Kuiper Belt objects.
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4.1 is showing the photochronic plate over which the asteroidSapphowas tracked against the
background stars[30]. This method has dramatically increased the rate of asteroid discover-
ies compared to earlier visual observation techniques that were being used. Max Wolf alone
identi�ed 248 asteroids with precise orbital calculations by considering background stars for
reference. However, despite of this advancement, only a few thousand asteroids had been dis-
covered by the mid-20th century.

Figure 4.1: Long exposure showing track of asteroid Sappho against points of stars [30].

It was the during 1970s when the �rst dedicated astronomical survey for Near-Earth Asteroids
(NEAs), also known as the Planet-Crossing Asteroid Survey (PCAS) was established. This ini-
tiative was later succeeded by the establishment of the Palomar Asteroid and Comet Survey, led
by Eugene Shoemaker. PACS utilized Kodak Tech Pan 4415 photographic �lm and a stereo-
scopic microscope in order to detect NEAs [31]. By the mid-1980s, as the advancement in
engineering progressed, asteroid survey techniques had advanced further with the adoption of
Charged-Coupled Devices (CCDs).

With the advent of increasingly sophisticated ground-based and space-based telescopes operat-
ing at different wavelengths of light, asteroid detection rates grew exponentially. According to
a research, as of March 2002, 39,462 asteroids had been cataloged, with approximately 2,000
new discoveries each month —a trend that continues to the present day [32]. The Infrared Space
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Observatory Deep Asteroid Search (IDOS) estimates that our asteroid belt contains between 1.1
million- 1.9 million space rocks larger than 1 kilometer in diameter [32].

4.2.1 Terminology of asteroids

Similar to how most planetary bodies were being named at the time of their discovery, asteroids
were initially named using the conventional naming methods based on legendary characters.
For instance, Greek-Roman mythology served as the inspiration for the naming ofCeres. Some
exception though did, however, arise, such as the naming of asteroids after Egyptian gods and
those honoring famous people.

As the number of discovered asteroids increased, a systematic approach to naming asteroids
became necessary and �nally, in 1892, a provisional naming system was introduced. Interna-
tional Astronomical Union (IAU) in 1925 [33] later adopted this naming system. Today, as far
as naming asteroids is concerned, according to the IAU, asteroids initially receive a provisional
designation until their orbits are precisely determined. Once con�rmed, they are assigned a
permanent number and may receive a formal name. The chosen names must adhere to speci�c
guidelines:

• They must not promote political or offensive ideas.

• They should be limited to 16 characters or fewer.

• They must not duplicate the name of an existing minor planet or planetary body [34].

The IAU's provisional designation system for newly discovered asteroids follows a structured
format:

YYYY XX n

where:

• YYYY – It represents the year of discovery.

• First letter (X) – Represents discovery in the half-month period.

• Second letter (X) – Represents discovery within that half-month.

• n – A numeric subscript is also added when more than 25 asteroids are discovered in the
same half-month period.

This system of provisional naming ensures that each asteroid receives a unique and traceable
designation before being assigned a permanent name [34].

4.3 Classi�cation of asteroids

Depending on composition, impact history, and position in the solar system, asteroids can have
a broader set of classi�cations. These asteroids differ greatly in size, shape, and surface features.
Because of their frequent collisions, some asteroids with larger mass are found to be spherically
cratered, while others have extremely uneven forms. Their surface may be smooth, heavily
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cratered, or covered in regolith, depending on their exposure to space weathering15 and past
impacts. Additionally, variations in density and internal structure suggest that some asteroids
are solid monolithic bodies, whereas others are loosely bound ”rubble piles” held together by
gravity.

To entail the scope of the discussion within this thesis, the following subsection will primarily
focus on the classi�cation of asteroids based on two key parameters: the �rst is based on their
composition, and the second is based on their location within the solar system.

4.3.1 Classi�cation based on composition

Based on composition, the asteroids can be classi�ed based on their emission spectra, i.e., C-
type, M-type, and S-type asteroids, with the distinction as follows:

• C-Type: The chondrite C-type asteroids are carbonaceous-rich and constitute approxi-
mately 75% of known asteroids in the asteroid belt. These asteroids are known to have a
low albedo16 ranging from0:03 to 0:10, which accounts for their dark appearance [35].
Their average density of C-type asteroids is1:7 g/cm3 [36].

• S-Type: As the name suggests, the silicaceous-type, S-type asteroids are composed of
silicates and nickel-iron. They make up around 17% of known asteroids. These types
of asteroids are moderately bright in nature with a relatively higher albedo compared to
C-type asteroids. Their average density is approximated to be around3:0 g/cm3 [36].

• M-Type: With an albedo ranging from0:1 to 0:3, the Metallic-type or M-type, asteroids
have the greatest albedo of all and are rich in metallic material. Their average density is
higher than3:0g=cm3 due to the inclusion of heavy metals[36].

4.3.2 Classi�cation Based on Location

A further classi�cation of the asteroids can be made based on their distribution and distance
from the Sun within the solar system.

• Asteroid Belt: The majority of known asteroids that is known so far exist within the
asteroid belt. The asteroids within this belt typically have relatively low eccentricity. A
recent survey indicates that the asteroid belt contains over200asteroids larger than100
km and approximately1:1 to 1:9 million asteroids exceeding1 km in size. The four
largest asteroids—Ceres, Vesta, Pallas, and Hygieaare to be found within this belt. The
�gure 4.2 below shows the distribution of the asteroids within the belt [37].

15Weathering that occurs when a body is exposed to the harsh environment of space, like solar radiation
16A measure of how much sunlight is re�ected from the surface.
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Figure 4.2: Figure representing the asteroid distribution [37].

• Trojans: These are groups of asteroids that share an orbit with a larger planet or moon at
theL4 andL5 Lagrange points.17 Jupiter is known to have more than a million Trojans,
while Mars, Neptune, and Uranus have only a few. Earth has two known Trojans [38].

• Near-Earth Asteroids: (Near-Earth Asteroids) NEAs are asteroids whose orbits bring
them close to Earth. As of 2021, more than28; 000NEAs have been discovered, with878
of them exceeding1 km in size [39]. Additionally, surveys indicated that81 NEAs that
have at least one moon, while three are known to have two moons [40]. Some famously
known NEAs areAtens, Apollos, andAmorsas shown in �gure 4.3 below[41].

17Lagrange points are stable regions in space where the gravitational forces of two larger bodies balance the
centripetal force required for a smaller body to maintain a stable orbit relative to them.

43



Figure 4.3: NEAs crossing the Earth [41].

4.4 Factors Affecting the Orbital Path of Asteroids

While asteroids may seem to follow relatively �xed paths within the solar system, numerous
reasons may cause changes to their paths. These changes could, in the long run, make some
asteroids a possible danger to Earth—altering orbits and contributing to collisions, which is
described in the next sub-section. This section will navigate onto the various factors that may
affect asteroids' orbital trajectories. These factors include the effects of gravitational distur-
bances, mean motion resonance, thermal effects, and fragmentation by of collisions.

• Gravitational Perturbation : Asteroids located within the asteroid belt can be perturbed
by the gravitational in�uence of Jupiter. This may eject asteroids from their stable orbit
within the belt or create Kirkwood gaps18. The gaps arise due to mean-motion resonance19

that gradually destabilizes the orbits of the asteroids. [42].

• Mean-Motion Resonance: This is de�ned as the effect where repeated gravitational
interactions of the asteroids with larger bodies, such as Jupiter, increase the orbital ec-
centricity. This could result in asteroids experiencing close encounters with planets, like,
Mars or Earth [42].

• Yarkovsky Effect: This is a thermal effect caused by uneven heating from the Sun or
other sources, although, leading to small but continuous changes in an asteroid's orbital

18A Kirkwood gap is a region in the asteroid belt where fewer asteroids exist due to the gravitational in�uences
of some bodies within the system.

19Mean-motion resonance occurs when the orbital periods of two bodies exhibit a simple integer ratio, indicative
of two bodies repeatedly passing one another.
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parameters, such asa ande [43].

• Collision and Fragmentation: One of the most common causes of orbital deviation
known so far is the collision with another asteroid. Such impacts can result in fragmen-
tation, with newly formed debris potentially crossing Earth's orbit and hence increasing
the risk of impact events.

• Gravitational Keyholes: Gravitational Keyholes are the small regions near a planetary
body where an asteroid's trajectory can be signi�cantly altered due to gravitational inter-
actions. If an asteroid or comet passes through such a keyhole, its orbit may be modi�ed
in a way that leads to a potential future collision with that of planet. [44].

• Radiation Effects: While radiation pressure does not signi�cantly alter the orbits of
larger asteroids, it can have a very little to noticeable impact on smaller bodies—bodies
with size smaller than a meter. The Poynting-Robertson effect20, this effect can gradually
reduce the semi-major axis of small asteroids and hence slowly altering their orbits over
long timescales [43].

4.5 Impact History of Asteroids on Earth

Earth's history has had many notable asteroid impacts, some of which were catastrophic con-
sequences. One of the most well-known events is theChicxulub Impact. It was a massive
asteroid impact that was estimated to be caused by an asteroid of diameter between 10-15 km
in present-day Mexico approximately a66 million years ago. This event is widely believed to
have caused the mass extinction of nearly 70% of all species, including the dinosaurs. This
impact created a bowl-shaped crater of120-mile-wide [45]. However, a detailed discussion of
theCretaceous Period,21 and its impact on Earth's biosphere is beyond the scope of this thesis.
Instead, this section of chapter will focus on two most commonly known events from the 20th
and 21st centuries.

• The Tunguska Event (1908): On June 30, 1908, a space rock approximately 30 meters in
diameter entered Earth's atmosphere. The drag offered by the Earth caused the asteroid to
explode over the Tunguska river of Russia. The resulting airburst �attened approximately
80 million trees over an area of 2,150 square kilometers, with an estimated energy release
thousands of times greater than the Hiroshima atomic bomb [46]. At the time, the event
did not receive thorough scienti�c investigation until nearly two decades later, in 1927.

• The Chelyabinsk Event (2013): A more recent asteroid impact occurred over the city
of Chelyabinsk, Russia, on February 15, 2013. A meteor22 approximately 20 meters
in diameter exploded about30 kilometers above the ground. This created an energy
equivalent to500kilotons of TNT. The resulting shockwave from the explosion damaged
approximately7; 200buildings and structural failures. [46].

Although Earth is being bombarded by small space rocks on a daily basis, most of these im-
pacts go unnoticed due to the protective layer provided by the Earth's atmosphere, which
burns up these celestial bodies before they reach the ground. However, NEOs and PHOs still

20The Poynting-Robertson effect is a form of drag caused by the interaction between moving particles and solar
radiation.

21The Cretaceous Period spanned from145to 66million years ago.
22A meteor is a fragment of a larger asteroid that enters Earth's atmosphere.
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pose a potential threat. A recent example is the asteroid2024 YR4, which initially raised con-
cerns among the scienti�c community. Initial mathematical models suggested a2%proba-
bility of impact with Earth by 2032. However, as more information on asteroid's trajectory is
known, the calculated risk has signi�cantly dropped to0%[47].

These events highlight the need for asteroid monitoring and planetary defense modeling to
mitigate potential future impacts. As technology advances, early detection and de�ection ef-
forts may play a crucial role in protecting Earth from any potential collisions.
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Chapter 5

Description of the algorithim

This chapter of the thesis provides a detailed description of the algorithm that is used to calculate
the orbital elements of asteroids and to determine their proximity with that of Earth. The chap-
ter is structured in way to provide the reader an in-depth explantion of program structure and
used mathematical models. Additionally, this chapter outlines the step-by-step computational
process, explaining the logic behind each stage of the algorithm. It also discusses the format and
structure of the output data generated after compiling the program to ensure a comprehensive
understanding of both the methodology and the results. While following the methodology of
the algorithm, it should be noted that in this study, Earth has been considered perfectly spherical
with a negligible effect offered by its oblatness.

5.1 Software used for analysis

Using the PyCharm application, the asteroid's orbital parameters were calculated and predicted.
An Integrated Development Environment (IDE) speci�cally made for Python development is
called PyCharm. It is appropriate for intricate scienti�c computations since it offers user-
friendly features including code inspection, debugging, and testing [48]. PyCharm Professional
Edition version 2024.3.3 was utilized as the environment for this thesis, while Python 3.13 was
set up as the interpreter.

5.2 Algorithm description

This section brie�y describes the algorithm functionality in terms of calculating and predicting
the orbital elements of the asteroid. The case study for predicting the collision parameters has
been divided into four phases:

• Phase 1:Determine whether the asteroid has entered Earths Sphere of In�uence (SOI).

• Phase 2: If the asteroid enters Earths SOI, compute its orbital elements and time to
perigee.

• Phase 3:Evaluate the condition for a potential impact and in case of collision and esti-
mating the time of impact and the geographic coordinates on Earth.

• Phase 4:In the �yby case, state vectors and orbital elements at departure are calculated.
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These phases can be further broken down into inclusive steps as illustrated in the �owchart
below. Each step of the algorithm, as depicted in the �owchart, will be explained in detail as a
part of individual phases in the following sections, with references to the relevant formulas and
tables already discussed in the thesis.

Step 1: Check if asteroid
enters SOI using pro-
vided orbital elements

Asteroid enters SOI?
Calculating the closest

approach distance
Compute geocentric

equatorial coordinates

Step 2: Flyby
a) Calculate aster-

oids orbital elements
b) Time to perigee

Step 3: Flyby or colli-
sion probability check

Collision?

step 5:
Compute im-
pact location

and time

step 4: a) EQG
State vectors

b) ECH state vec-
tors and orbital el-
ements at SOI exit.

Flyby completed and
returning depar-

ture orbital elements

End

No Yes

YesNo

Figure 5.1: Algorithm Phase Flow Chart with Revised Branching Order

5.2.1 Phase 1: Validating the asteroids' entry into Earth SOI

To start with, we assume that Earth's orbital elements remain constant throughout the analysis.
These elements includea, e, i, 
 , ! , andT0, wherea is given in astronomical units (AU),i, ! ,
and
 are expressed in degrees (� ), T0 represents the time of perihelion passage in JDT. The
algorithm requires the user to input the asteroid's orbital elements to initialize the mathematical
simulation. A series of the steps is followed under Phase 1 to validate if the asteroid is under
rSOI .
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Derivation of Relative Position: A Staged Process

To derive the relative position between an object (such as an asteroid) and Earth that can indicate
whether the asteroid is withinrSOI , the orbital parameters are �rst used to compute the state
vectors through a series of distinct stages:

Stage 1: State Vector Computation

• First, the position and velocity vectors of both the asteroid and Earth are calculated at
a selected time. Since the� helps in locating an object in its orbit that is not directly
available, it must be derived using time-dependent orbital motion equations as discussed
in chapter 3.

Stage 2: Calculation of Mean Motion and Mean Anomaly

• n using the known standard gravitational parameter is computed with the known value of
� and the semi-major axisa, as outlined in Table 3.1.

• Next, theM is determined by incorporating the speci�ed current time (T) and the given
time of perihelion passage (To).

Stage 3: Iterative Solution for the Eccentric Anomaly

• E based on the orbitale must be derived.

• E is caluclated using the iterative numerical methods such as

E0 = M;

E i +1 = M + esinE i :

Stage 4: Determination of the True Anomaly

• Once theE is determined with suf�cient accuracy, the� is calculated using Table 3.1.
This angle locates the position of the object along its orbit.

Stage 5: Transformation to Coordinate Systems

• With � computed, the state vectors for both the asteroid and Earth can be easily obtained
in the perifocal coordinate system using Equations 3.3 and 3.5.

• State vectors under perifocal vectors are then transformed into the ECH coordinate system
using Equations 3.7 and (3.8) (see Section 3.5.1).

• This transformation is necessary because, at this stage, both bodies are considered with
the Sun at the center, while the direct gravitational interaction between Earth and the
asteroid has not yet been applied.

Stage 6: Distance Calculation via Euclidean Norm

• Once the position vector in the ECH coordinate system is known, the Euclidean distance
between the asteroid and Earth can be calculated. It is calculated as the magnitude of the
difference between position vectors of Earth and asteroid in the ECH coordinate system.

Stage 7: Determining SOI Entry

• SincerSOI has a value of924000km, if the computed distance is greater thanrSOI ,
asteroid's position at an incremented time step of 18 min is calculated.
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• Minimal time increments could be used to closely observe more precise steps of the as-
teroid's passage in three-dimensional space.

• If the relative position between the asteroid and Earth is observed to be withinrSOI ,
consider the asteroid to be inside Earth's SOI; otherwise, the minimum approach distance
is recorded.

5.2.2 Phase 2: Orbital elements during SOI �yby

After the entry of the asteroid into therSOI , the next step marks transforming the previously
calculated state vectors into the EQG frame. This transformation is crucial because, within
therSOI , the asteroid is primarily in�uenced by Earth's gravity. In such case, Earth act as the
central body and the equatorial plane serves as the reference, as discussed in Chapter 3, Section
3.4.4.

By expressing the state vectors in the EQG system, they can then be converted into orbital
elements, as detailed in Section 3.6. This transformation provides insights into the� and allows
for an estimation of the time the asteroid will take to reach perigee. Similar to the previous
section, this section will also a series of steps in order to calculate the time to perigee for the
asteroid and its state vector the geocentric frame at the moment of departure.

Calculating Time to Perigee and State Vectors

To accurately determine the time to perigee and the corresponding orbital elements in the EQG
frame, the process is divided into the following stages:

Stage 1: Transforming State Vectors to the EQG Frame

• The asteroids state vectors are �rst transformed from the ECH coordinate system to the
ECG system, as described in section 3.5.2.

• The ECG vectors are then converted into the EQG frame as detailed in section 3.5.3. At
this stage, the position and velocity vectors are referenced with respect to the Earth in the
equatorial coordinate system.

• Since the asteroids trajectory withinrSOI is typically hyperbolic, verifying the orbit type
is essential. This is determined in the next stage by computing the orbitale.

Stage 2: Computing Orbital Elements

• As a part of the next step, the asteroid's orbital elements are calculated, as detailed in
section 3.6. These orbital elements provide data of the trajectory close to Earth.

• If the a is negative this indicates that the trajectory is hyperbolic (as indicated in Table
2.1); for computational purposes, only the absolute value ofa is considered.

• The� is derived in this stage, and it plays an important role in the calculation of time to
perigee.

Stage 3: Calculating Time to Perigee

• With the orbital elements and� known, the next step is to determine the time it takes for
an asteroid to reach perigee.

50



• This is calculated by working through the reverse sequential order as described in Table
3.1. The process follows the order: calculateE, thenM , and �nally, � t with n calculated,
where� t represents the time taken for the asteroid to travel from its entry atrSOI to
perigee.

• In the general case of a hyperbolic trajectory, assuming symmetry for an orbit, the total
time for the asteroid from its entry atrSOI to its exit is given by:

Ttotal = 2� t:

• Sincen is expressed in seconds,� t is also calculated in seconds for consistency.

5.2.3 Assessing the Collision Event

In the event of a potential collision, the program con�rms if the calculated perigee, as calculated
in table 2.1, is less than Earth's radius. If this condition holds true, the program proceeds to use
the orbital elements in the EQG frame to determine the impact parameter that includes the
impact angle, time of impact, velocity, and geolocation through the following stages.

Stage 1: Determining the Time of Impact

• The program reverses the orbital propagation steps to compute the mean anomaly and
mean motion as outlined in table 3.1, based on the orbit type.

• Using the derived mean motion, the time difference� t is calculated (see Table 3.1).

• With the valueTa (Time to enterrSOI known , the time of impact is determined as:

Timpact = Ta + � t

Stage 2: Calculating Impact Velocity and Angle of Impact

• The impact velocity is computed using the equation:

Impact velocity =

s

� earth �
�

2a � rearth

rearth � a

�

• The angle of impact is given by:

Impact angle = arctan
�

esin�
1 + ecos�

�

• The� at impact is determined usingr = Rearth in Equation 2.8.

Stage 3: Determining the Geographical Coordinates of Impact

• Using the� corresponding to the impact angle (as determined in the previous stage), the
initial 2-D positional coordinates are computed based on Equation 3.3.

• These 2-D coordinates are then transformed into the 3-D EQG frame using the heliocentric-
to-ecliptic conversion de�ned in Equation 3.7.
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• The latitude of the impact site is calculated using the following expression [11]:

latitude = arctan
�

Z
p

X 2 + Y 2

�

• To compute the longitude, the Right Ascension (RA) and Greenwich Sidereal Time (GST)
are �rst determined. GST is calculated as follows [49]:

t =
Timpact � J2000

36525
; whereJ2000 = 2451545(Julian Date)

Raw GST= 280:46061837 + 360:98564736629� (Timpact � 2451545:0)

+ 0:000387933� t2 �
t3

38710000:0

GST= Raw GSTmod 360

• The longitude is then determined by:

longitude= RA � GST

• It is to be noted that both RA and GST are expressed in degrees.

• Finally, the computed latitude and longitude values can be converted into Degrees, Min-
utes, and Seconds (DMS) format and referenced relative to the North/South and East/West
hemispheres using appropriate geolocation tools.

5.2.4 ECH State Vectors and Orbital Elements at Departure

In event of �yby, as the asteroid exitsrSOI , Earth is no longer the central body, and calculations
must be performed with respect to the Sun in the ecliptic frame, i.e., the ECH coordinate sys-
tem. A reverse transformation is required to obtain the state vectors �rst in EQG then in ECH,
following the sequenceEQG ! ECG ! ECH .

Stage 1: Reconstruction of State Vectors at Departure in the Geocentric Frame

• Once the asteroid reaches the exit point ofrSOI , its state vectors must be reconstructed.

• Given the assumed symmetry, the absolute value of� at entry is the same as at exit.

• The state vectors are �rst calculated in the perifocal coordinate system using� , as in step
5 of section 5.2.1.

• These vectors are then transformed back into a three-dimensional state within the EQG
frame.

Stage 2: Transformation from EQG ! ECG

• The transformation from the EQG frame to the ECG frame follows the inverse matrix
operations using Equations 3.12 and 3.13.

• Applying these equations in reverse order yields the state vectors in the ECG frame.

Stage 3: Transformation from ECG ! ECH
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• Once the state vectors in ECG are obtained, the next step is to transform them into the
ECH coordinate system.

• As already explained in section 3.5.2, equations 3.9 and 3.10 require the state vectors of
Earth in the ECH frame to be known.

• Since the asteroid's total time of travel from entry to exit ofrSOI is 2� t, the position and
velocity vectors of Earth must be computed for this time frame.

• With this calculation, Earth's motion relative to the Sun during this period is known by
following section 5.2.1, with the only difference being the time frame for which the state
vectors are derived.

Stage 4: Computation of the Asteroid's State Vectors in ECH

• Once the state vectors of Earth are obtained, equations 3.9 and 3.10 are applied to compute
the state vectors of the asteroid in the ECH frame.

• These state vectors describe the position and velocity of the asteroid with respect to the
Sun and con�rms that the asteroid has exitedrSOI .

Stage 5: Derivation of Orbital Elements

• The state vectors in ECH can be further processed to derive the orbital elements of the
asteroid.

• These elements provide a reference to quantify changes in the asteroids orbital elements
due to Earth's gravitational interaction.

• The method for deriving orbital elements from state vectors is outlined in stage 2 of
section 5.2.2.

• The results yield a direct comparison of the asteroids orbital parameters before and after
interacting with Earths gravity.

In conclusion, this chapter has presented the methodology for simulating an asteroids trajectory
as it approaches therSOI . The complete Python implementation, including all libraries and
helper functions, is available in Appendix A.
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Chapter 6

Identi�cation of the subjects

This chapter focuses on the implementation of the described algorithm to three selected subjects
for analysis within the scope of this thesis. The algorithm is executed in the PyCharm environ-
ment, as discussed in Chapter 5. The selection of subjects is based on the process illustrated in
�owchart 5.1, where one subject does not enterrSOI , another undergoes a close �yby , while
the last one is subjected to an impact collision with that of Earth.

The subjects are chosen from the NASA CNEO database. However, due to the absence of a
known asteroid within the database that is con�rmed to collide with Earth, the third subject
is an imaginary asteroid. Its orbital elements have been modi�ed to ensure a direct collision
course with Earth.

This chapter �rst introduces the background of asteroids individually and details the orbital
parameters used for analysis. The analysis of these subjects is presented in a tabular format.
The working principle of the algorithm for each subject is omitted to avoid redundancy, as it
has already been part of Chapter 5.

6.1 Subject One: 2014 CE13

The �rst subject selected for analysis is 2014 CE13, a NEO whose orbit does not currently enter
rSOI . This section presents the background, orbital parameters, and concludes results based on
model analysis for 2014 CE13.

6.1.1 Background of 2014 CE13

Asteroid 2014 CE13 is a small NEA. Simulations performed on this asteroid indicated that its
trajectory will not lead to a collision with Earth. The estimated diameter ranges from 42 to 92
meters, with a perihelion of approximately 0.37 AU and an aphelion of about 1.33 AU [50]. It
completes an orbit in roughly 286 days.

The designation 2014 CE13 reveals that it was discovered in the �rst half of February in 2014,
as discussed in section 4.2.1. Although its exact composition is still not de�nitive, the ap-
proximated albedo 0.05 - 0.25 [51] suggests it is likely an S-type asteroid, as discussed in
Section 4.3.1.
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Figure 6.1: Orbit of 2014 CE13, highlighted in white [52].

Figure 6.2: Physical attributes of 2014 CE13 as indicated by NASA [53].

6.1.2 Orbital Parameters of 2014 CE13

The orbital parameters of asteroid 2014 CE13 are presented in Table 6.1. These parameters
translate as an input for the computation. The analysis relies on these elements to track the
asteroids evolution as it marches in time, including the validation of its' interaction with Earth's
gravity.

These orbital elements are expressed in their standard astronomical units. For instance, thea
represents the distance between the asteroid to the Sun ande de�nes the oval shape of an orbit.
Thei indicates the tilt of the orbit, the
 indicates the point at which the asteroid intersects the
ecliptic when moving from south to north. The! gives the orientation of the orbit in the plane
[54], and the time of perihelion passage (T0) indicates the time that the asteroid is the closest to
the Sun.
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Asteroid Name 2014 CE13

Orbital Element Value Units

a 0.8513 Astronomical Unit (AU)

e 0.5716 -

i 5.4733 Degrees�


 334.7669 Degrees�

! 312.7330 Degrees�

T0 2460786.56 JDT

Table 6.1: Orbital elements of asteroid 2014 CE13

After entering these parameters into the custom program, the asteroids state vectors can be ac-
curately calculated. These calculations are fundamental in assessing the potential gravitational
interaction of an asteroid with that of Earth or any other celestial body.

6.1.3 Calculative analysis of 2014 CE13

These user inputs for 2014 CE13 were incorporated into the model employed in this thesis. The
simulation was performed over a time span from JDT 2460660.5 to JDT 2460682.5. The model
analyzed the asteroid's trajectory at incremental time steps of 18 minutes, yielding the results
presented in Table 6.2.

Asteroid Name: 2014 CE13

Parameter Time (JDT) Time (UTC) Distance (km) Yes No

Entry into SOI - - - - X

Closest
Approach

2460682.48750 06/1/2025 23:42:00 67,633,258.35 X -

Start Time
(Tstart )

2460660.5 16/12/2024
00:00:00

- - -

End Time (Tend) 2460682.5 07/01/2025
00:00:00

- - -

Time Step
Interval

- 18 min - - -

Table 6.2: Trajectory analysis of asteroid 2014 CE13

From the analysis of 2014 CE13's trajectory within the given timeframe, it is concluded that
the asteroid did not enterrSOI . However, the model identi�ed its closest approach at JDT
2460682.48750, with a minimum distance being 67,633,258.35 km from Earth. It is important
to note that the model performed calculations with high precision, retaining �ve decimal places
in the closest approach timing to ensure accuracy.
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As the asteroid did not enterrSOI , this con�rms that Earth's gravitational �eld was not suf�cient
to signi�cantly alter the asteroid's trajectory. This result aligns with prior estimations that was
made that 2014 CE13 as NEA will not enterrSOI .

6.2 Subject Two: 2024 YC

The second subject is chosen in a way that it challenges the methodology and program devel-
oped. Asteroid 2024 YC follows a trajectory where it enters therSOI before departing without
any impact. This section provides a background on 2024 YC, its orbital parameters, and a com-
parative analysis of its �nal and initial orbital elements. The objective is to demonstrate how
gravitational interactions can alter an asteroid trajectory. Additionally, the exact time at which
the asteroid entersrSOI is determined.

6.2.1 Background of 2024 YC

2024 YC is a NEO similar to 2014 CE13. It has an estimated diameter between 9 and 20 meters
and was �rst discovered in December 2024 when it was approximately 460,000 km away from
Earth. The discovery was made using a remotely controlled virtual telescope [55]. Although
2024 YC is not classi�ed as one of PHOs, a designation that applies to asteroids exceeding 150
meters in diameter, its close approach highlights the necessity of monitoring NEOs of all sizes.

Figure 6.3: Physical attributes of 2024 YC [56]
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Figure 6.4: Orbital trajectory of 2024 YC; highlighted in white [57]

Due to limited observational data available, the compositional analysis of 2024 YC still remains
inconclusive. However, its orbital path has been simulated by researchers based on its initial
discovery in 2024. The image presented is a reconstruction of 2024 YC as provided by NASA,
while the orbital trajectory is documented by the CNEOs.

6.2.2 Orbital Parameters of 2024 YC

The orbital parameters of 2024 YC are presented in Table 6.3. Parameters such asa, e, i , 
 ,
! , andTo are used as input values in the model. The analysis is performed using an 18-minute
time step to track the evolution of the asteroid as it enters and exits therSOI .

Asteroid Name 2024 YC

Orbital Element Value Units

a 1.0677 Astronomical Unit (AU)

e 0.2073 -

i 4.1216 Degrees�


 88.1298 Degrees�

! 82.6808 Degrees�

T0 2460731.295 JDT

Table 6.3: Orbital elements of asteroid 2024 YC

By providing these parameters into the program, the SOI entry of the asteroid, along with its
�yby elements, time of departure, and �nal orbital elements after the �yby can be determined.
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6.2.3 Calculative analysis of 2024 YC

The provided orbital elements are entered into the model used in this thesis. The simulation was
conducted over the same time span as that for 2014 CE13, from 2460660.5 JDT—- at which�
before entering into SOI is calculated, to 2460676.5 JDT, with the analysis performed using an
18-minute time step.

It has been observed that, based on the given parameters associated with the asteroid 2024 YC,
the object enters therSOI at Julian Date 2460666.1625 JDT. Upon entry, the perturbed orbital
elements are as follows:a = � 10301:99 km, e = 59:99, i = 99:52� , 
 = 89 :73� , and
! = 93:99� . From Table 2.1, it can be observed that during the �yby, thea takes on a negative
value, indicating a hyperbolic orbit. Once these orbital elements are captured at the moment
of entry intorSOI, the program proceeds to propagate the trajectory and determine the updated
orbital elements as the asteroid leave the sphere of in�uence.

The table below summarizes the results produced during the simulation run. It compares the
orbital elements before entry and after departure fromrSOI. Additionally, the table also includes
critical time markers such as the time to perigee during the �yby, Time to perigee passage, and
the time of SOI departure.

Asteroid Name: 2024 YC

Orbital Elements Before Entering SOI After Departure

a 1.0677 AU 1.0698 AU

e 0.2073 0.2094

i 4.12° 3.86°


 88.12° 87.91°

! 82.68° 82.71°

T0 2460731.295 JDT 2460731.045 JDT

� � 86:57 �78.10°

Additional Information

Time of SOI Entry 2460666.1625 JDT

Time to Perigee(� t) 1.274525 days

Time of Perigee passage (Tp) 2460667.437 JDT

Departure Time 2460668.72404590 JDT

Table 6.4: Orbital Analysis of 2024 YC

From the table 6.4, a slight variation in the orbital elements can be observed. The analysis also
shows that 2024 YC entersrSOI at 2460666.1625 JDT and exits at 2460668.72404590 JDT,
with the time to perigee being approximately 1.3 days.
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6.3 Subject 3: Asteroid with rede�ned course

As discussed in the beginning of this chapter, Subject 3 refers to a hypothetical asteroid that
is engineered to follow a trajectory that intersects with that of Earth's. Since this asteroid is
entirely �ctional, it lacks any physical or historical background. The following subsections will
omit contextual details and instead will focus solely on the de�ned orbital parameters used to
conduct a computational analysis of the potential impact location.

6.3.1 Orbital Parameters of Subject 3

The orbital parameters of the subject 3 is presented in the table below. The analysis is per-
formed under similar time-step as that of the last two subjects to track the changes in the ateroid
trajectory as it enters and petrburated after entering therSOI .

Asteroid Name Subject 3

Orbital Element Value Units

a 7.136997067 Astronomical Unit (AU)

e 0.864119593673657 -

i 4.2589 Degrees�


 356.0898 Degrees�

! 160.9645 Degrees�

T0 2460737.547 JDT

Table 6.5: Orbital elements of Subject 3

It is important to note that special attention was given to the precision of the orbital elements
entered into the program. Input parameters were given the decimal representation in a way that
could ensure the highest precision for obtaining simulation results. This was especially the case
for e as it was observed that roundinge to just four decimal places introduced some noticeable
deviations in the computed outcomes. These variations signi�cantly impacted the trajectory
outcome that resulted in a mismatch between the simulated behavior and the intended orbital
scenario. Therefore, a caution to full-precision input was taken to respect the analysis.

6.3.2 Calculative analysis of Subject 3

Using the input provided by the users, a simulative run for Subject 3 was performed over the
timespan from2460700JDT – for which� before enteringrSOI is calculated to2460800JDT
with a �xed time step of 18 minutes. During this interval, the perigee distance was calculated
and compared against the Earths radius,rearth, as referenced in Section 5.2.3. The corresponding
orbital elements were computed upon the asteroids entry into therSOI, with results summarized
in Table 6.6.

The simulation further computes the� at collision, as well as the impact velocity and angle.
These outputs, along with determining the latitude and longitude of the impact site could serve
as a data in assesing the magnitude of the impact. Table 6.6 provides a concise comparison of
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the asteroids orbital elements before and after crossing intorSOI. It is important to note that
prior to enteringrSOI , the asteroids orbital elements are referenced in the ECH frame, whereas
after crossing intorSOI , they are expressed in the EQG frame. Therefore, the data in each
column of the table is intended for informational purposes only and not for direct comparison.

Subject 3

Orbital Element Before Entering rSOI After Entering rSOI

a 1,067,679,564.41 km -2,742.06 km

e 0.8641 2.8996

i 4.25° 100.90°


 356.0898° 57.65100°

! 160.96° 144.14°

� -47.31° � 109:71°

Additional Information

Time of rSOI Entry 2460750.37500 JDT

True Anomaly to Impact � 41:11 °

Time of Impact 16 Mar 2025 18:05:34.3 UTC

Impact Velocity 16.44 km/s

Impact angle 30.9°

Latitude 73� 4025:600N

Longitude [169� 4025:000W ]

Table 6.6: Orbital Element Transition and Impact Metrics for Subject 3

The data presented in Table 6.6 offer valuable insights into some of the most important param-
eters involved during an asteroid's atmospheric entry, i.e., its velocity and impact angle. The
table indicates that the asteroid is traveling with a velocity of approximately16:4km/s at an
impact angle of approximately31� .
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Figure 6.5: Satellite view pinpointing the Impact location [58]

Furthermore, the corresponding geo-location coordinates corresponds to place the event over
the Alaska, at a latitude of73� 4025:58800N and169� 4025:039"W longitude. Understanding these
parameters would play an essential part in modeling impact scenarios for assessing potential
consequences on both regional and global scales.
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Chapter 7

Veri�cation of the result

The aim of this chapter is to verify the results produced by the developed program through the
application of the GMAT (General Mission Analysis Tool). The validation process is divided
into three separate cases, each corresponding to a distinct scenario.

For the �rst case, validation is performed by comparing the Euclidean distance between the
asteroid and Earth over time, particularly focusing on the point of closest approach at a speci�c
Gregorian time.

In the second case, GMAT validates the results through two subsections: �rst, by con�rming
the orbital elements as the asteroid makes the transitions from the ECH frame to the EQG frame
upon entering therSOI ; and then, by verifying the orbital elements again in the ECH frame as
the asteroid performs a �yby and exits therSOI .

The third case, similar to the second, involves a two-phase validation; initially, the orbital ele-
ments are con�rmed in the EQG frame as the asteroid entersrSOI , followed by the validation
of the longitude, latitude, and impact velocity during the collision phase.

Even if GMAT is very precise in computing orbital variables, the outputs generated by the
custom program in this thesis may not be identical with the GMAT outputs. These outputs may
have some discrepancies with GMAT outputs because of input parameters in decimal precision,
the method of computing some values, or the number of iterations for computing some values
like E.

7.1 GMAT Overview

To give an overview, GMAT is an open-source software tool. It is designed for space mission
design, navigation, and trajectory optimization. GMAT supports orbital calculations for a wide
range of missions, from LEO and lunar to deep-space missions [59]. GMAT has recently been
extensively utilized in the mission analysis of some sophisticated missions namely LCROSS
(Lunar Crater Observation and Sensing Satellite), OSIRIS-REx, MAVEN (Mars Atmosphere
and Volatile Evolution), and TESS (Transiting Exoplanet Survey Satellite) [60].

The purpose of employing GMAT in this work is to demonstrate the robustness of the developed
program in analyzing asteroid trajectories. This provides an edge, especially in assessing the
asteroid trajectory, whether it has enteredrSOI , and if so, whether it would perform a �yby or
result in a direct collision impact.
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7.2 Validation of data with GMAT

This section of the chapter will deal with validating the results of program simulted for individ-
ual subject with that of the GMAT.

7.2.1 Validating the results of 2014 CE13

To validate asteroid trajectory data against GMAT, GMAT was con�gured and run in �ve dif-
ferent steps. Each step ensures that GMATs output can be directly compared to results obtained
from the program, con�rming that the asteroid's closest approach to that of Earth and con�rm-
ing that the asteroid never crosses therSOI .

• Step 1: De�ning a custom coordinate system: In the Resources pane, a new co-
ordinate system is set withOrigin to Sun andAxis Systemto MJ2000Ec23. This action
sets GMATs inertial frame as the Sun-centered, J2000 ecliptic reference.

• Step 2: Initialize the asteroid state: UnderSpacecraft , the Keplerian elements are
entered at the chosen epoch.

• Step 3: Con�guring the propagator: In thePropagator settings, the integrator is
chosen as (e.g.RungeKutta89 ) and thenCentral Body is set to Sun, with Sun and
Earth as point masses. This action replicates the same gravitational environment used in
our equations of motion.

• Step 4: Specifying the propagation interval: As table 6.2 indicates an 22 day propa-
gation. In theMission sequence aPropagate command is linked to the propagator
with an elapsed time of 22 days i.e, from 2460660.5 till 2460682.5 JDT.

• Step 5: Generating reports and plots: UnderReport File (in Output ), a new
report that logs all orbital elements in the ECH frame is created. This is then proceeded by
adding anXYPlot with the X- axis is seleced as UTC (Universal Time Coordinated) in
the Gregorian calendar and Y as Earth-asteroid distance. These outputs allows to overlay
GMATs results in distance-time curves and enable to verify the asteroid never penetrates
rSOI .

After executing the simulation as described above, GMAT outputs theRmag. Table 7.1 summa-
rizes this parameter at the conclusion of the 22-day propagation. Both the custom program and
GMAT place asteroid 2014 CE13 outside therSOI around JDT 2460682.5. The closest approach
occurs at 2460682.48750033 JDT, with only a negligible difference inRmag between the two
simulations, as can be observed.

23An ecliptic plane that refers to J2000 epoch
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Veri�cation of Asteroid 2014 CE13 Using GMAT Results

Orbital Parameter Custom Program Output GMAT Output

Rmag (km) 6:7633258� 107 6:7584181� 107

Closest Approach (UTC) 2025/01/06/, 23:42:00.000 2025/01/06/, 23:42:00.000

Closest Approach (JDT) 2460682.487500 2460682.487500

Table 7.1: Comparison of orbital parameters for asteroid 2014 CE13 between program simu-
lated and GMAT output.

A graphical interpolation is also performed using the data variables generated by GMAT to cal-
culateRmag over the speci�ed time interval. Figure 7.1 illustrates how the distance between
2014 CE13 and Earth decreases over time in UTC (The format followed by the time axis is
dd.mm.yy hh.mm under UTC time zone) . In contrast, �gure 7.2 shows the same trend calcu-
lated using data obtained from a custom Python program, included here for comparison.

After observing both the graphs, it can be concluded that the asteroid never comes close enough
to enterrSOI within the provided user-de�ned time range.

Figure 7.1: Plot generated from GMAT data showing the distance between 2014 CE13 and
Earth.

Although the only difference between the two graphs that can be observed is that the curve pro-
duced by the custom program may appear a bit steeper and narrower compared to that produced
using GMAT-generated output. This could be due to the signi�cantly higher data resolution
obtained from the custom program. The Python script generated over 1,000 data points at 18-
minute intervals, covering the range from 2460660.5 to 2460682.5 JDT. In contrast, GMAT
data was extracted directly from a report �le with coarser resolution. Despite of this minor dif-
ference, both plots provide nearly an identical value forRmag the moment of closest approach,
i.e., 23:42:00.00 UTC on 2025/01/06.
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Figure 7.2: Distance between 2014 CE13 and Earth was calculated using a custom Python
program.

7.2.2 Validating the Results of 2024 YC

The second object of interest is 2024 YC. It performs a �yby of Earth as discussed in the
previous chapters. To extract the asteroids orbital elements as it enters and exits (rSOI), the
following con�guration was implemented in GMAT:

• Step 1: De�ning the ECH Coordinate SystemAs in the previous simulation with the
Sun as the inertial frame, a new coordinate system is created under theResources
pane. The coordinate system is set to the Sun as theOrigin at the MJ2000Ec frame.

• Step 2: Initializing the Asteroid State Under theSpacecraft tab, the Keplerian
elements of 2024 YC are entered with the newly de�ned ECH frame.

• Step 3: Con�guring the PropagatorsTo simulate the asteroids �yby trajectory, two sep-
arate propagators are de�ned. The �rst propagator uses theCentral Body as the Sun,
with Point Masses as Sun and Earth; ensuring a heliocentric environment. While the
second propagator is Earth-centered, capturing the asteroid's motion inside EarthsrSOI.

• Step 4: De�ning the Mission SequenceWithin the Mission tab, three separate seg-
ments of missions are created. The �rst segment uses the original propagator with a
stopping condition of the asteroid enteringrSOI. The second uses the Earth-propagator
with a stopping condition of 910,000 km, and the last segment uses the original propaga-
tor with a time-based stopping condition of 2.53 days to simulate the departure after the
�yby.

• Step 5: Reporting and PlottingThe command summary under eachMission Sequence
is set up to report in the appropriate reference frame, which is EarthMJ2000Eq24 for the
�yby phase and ECH for the approach and departure. AnXYPlot is added for the anal-
ysis as well, with UTC on the X-axis andRmag on the Y-axis.

24An equatorial reference frame that refers to J2000 epoch
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The orbital data obtained from GMAT is compared in Table 7.2. This table presents the orbital
elements of asteroid 2024 YC at the point of its exit fromrSOI, as determined by GMAT and by
the custom simulation program, both initialized with nearly identical conditions. The compari-
son in the table shows a high degree of agreement between the two datasets, which includes the
orbital elements and the time ofrSOI entry and exit.

The minor discrepancies observed are most likely due to differences in numerical integration
techniques, force modeling approaches, or the level of �oating-point precision employed by the
GMAT tool.

Veri�cation of Asteroid 2024 YC Using GMAT Results

Orbital Elements Custom Program
(Post-Departure)

GMAT (Post-Departure)

a (AU) 1.0698 1.0710

e 0.20940 0.2112

i (deg) 3:86� 3:84�


 (deg) 87:91� 87:89�

! (deg) 82:71� 82:6157�

� (deg) 281:9� 282:0�

Additional Data for Comparison

Time of rSOI Entry (GMAT) 2460666.162222 JDT

Time of rSOI Entry (Custom Program) 2460666.175000 JDT

Time of rSOI Exit (GMAT) 2460668.726771 JDT

Time of rSOI Exit (Custom Program) 2460668.724049 JDT

Table 7.2: Comparison of orbital elements for asteroid 2024 YC between the custom program
and GMAT outputs.

A trajectory graph was also generated using GMAT output corresponding to three mission
phases: the entry, the �yby, and the exit. As shown in Figure 7.3, the graph depicts the variation
of theRmag with respect to the time in UTC (The format followed by the time axis is dd.mm.yy
hh.mm under the UTC time zone). Initially, asteroid 2024 YC is located at a considerable dis-
tance from Earth. This separation, gradually decreases, reaching a minimum of approximately
600,000 km during the closest approach. After the closest approach, the distance increases once
more as the asteroid departsrSOI.
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Figure 7.3: Graph illustrating the distance between 2024YC and Earth

To ensure analytical consistency, GMAT was con�gured to simulate over the same temporal
window as the custom-developed program, terminating at the prede�ned departure date. Figure
7.4 illustrates the simulated trajectory of asteroid 2024 YC by GMAT as it enters and exits
EarthsrSOI. The trajectory is observed to lie approximately within Earths ecliptic plane. In the
�gure, the blue segment of the trajectory indicates the asteroids approach and entry into Earths
rSOI, while the yellow segment represents its departure from the same region.

Figure 7.4: Figure illustrates the simulation result for 2024 YC �yby around Earth
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7.2.3 Validating results of Subject 3

The orbit of Subject 3, as mentioned earlier, is designed to follow a collision trajectory with
Earth. To validate the key impact parameters, namely, longitude, latitude, impact velocity,
and impact time obtained from the custom program (as discussed in Section 6.3.2), GMAT is
con�gured to follow the following set of procedures:

• Step 1: De�ning the ECH Frame A new coordinate system is created with the reference
body set to the Sun and the reference frame de�ned asMJ2000Ec.

• Step 2: Entering the Orbital Elements of the Asteroid Under theSpacecraft
section withinResources , the Keplerian orbital elements of the asteroid are de�ned
in the ECH frame.

• Step 3: Con�guring Propagators Two propagators are de�ned. The �rst uses the Sun
as the central body, considering both the Sun and the Earth as point masses. On the other
hand, the second propagator sets Earth as the central body to simulate the �nal stage of
the impact.

• Step 4: De�ning the Mission SequenceTwo mission segments are established. The �rst
uses the initial propagator and terminates when the asteroid enters intorSOI . The second
sequence uses the Earth-centered propagator and with the stopping condition of asteroid
reaching to zero altitude (i.e., surface impact).

• Step 5: Reporting and Visualization Output commands are con�gured to log data in
theEarthMJ2000Eq frame. To visualize the plot, under theOutput section, variation
of Rmag with respect to UTC is de�ned.

The simulation is performed over the interval from JDT2460660:5 to 2460800:5. The resulting
impact parameters are summarized in the table 7.3. The table compares the outputs of GMAT
with those of the custom simulation program. To avoid the clutterness in data, for clarity pur-
poses, only the �nal impact parameters are presented. The results obtained only shows some
minor discrepancies that could be due to differences in integration techniques, force models, or
numerical precision.

Veri�cation of Subject 3 Using GMAT Results

Orbital Parameter Custom Program Output GMAT Output

Latitude (DMS) 73� 4025:600N 73� 11018:200N

Longitude (DMS) 169� 4025:000W 168� 49050:08800W

Impact Heading (deg) 318:9� 319:0�

Impact Velocity (km/s) 16:44 16:45

Impact Time (UTC) 16 Mar 2025, 18:05:34.433 16 Mar 2025, 18:00:55.433

Table 7.3: Comparison of orbital impact parameters for asteroid 2014 CE13 between the custom
simulation and GMAT.

For a further examination in understanding the variation ofRmag near the �nal impact phase, an
XY plot is generated as shown in �gure 7.5. The plot reveals a nearly linear decrease ofRmag
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