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Abstract 

Materials like concrete are widely used for civil engineering constructions, due to some well-known benefits such as low cost, wide 
applicability, and general availability. The structural part is usually loaded in combined load referred as mixed mode (normal mode 
I and shear mode II). Generally, concrete, the quasi-brittle material, gets more brittle as its strength increases. The experiments 
already measured on civil engineering materials were analysed by the mixed-mode crack growth criteria based on the fracture 
toughness KIc (critical energy release rate GIc), it follows that different authors very extensively and variously use this concept. The 
criteria applied in the contribution are based on the parameters stress intensity factor K and energy release rate G. The value of Keff 
based on material fit and index of dispersion were discussed and compared for material with different compression strength. 
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1. Introduction 

Fracture toughness (KIC) represents the ability to resist crack growth. It is a critical mechanical parameter, which 
has been widely applied in fracture mechanical area as: civil engineering, geotechnical engineering and mechanical 
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engineering etc. It is also an important parameter that describes the material behavior, independent of shape and 
loading conditions of the specimen. Most studies on the fracture toughness of materials were usually focused on mode 
I because the opening mode failure occurs more frequently or during the crack propagation the crack rotates and crack 
continues to grow in perpendicular the main load, see Shah & Carpinteri (1991), (RILEM1985), Fowell (1995), 
Karihaloo (1995), Kusaka et al (1998), Anderson (2005), Merta et al 2017, etc. 

 

Fig. 1. (a) Example of bending beam with marked part of mixed mode loading; (b) schema of BDCN; (c) example of experimental set up. 

 
Nomenclature 

E Young’s Modulus  [MPa] 
  Poisson’s ratio   [-] 
 Shear Modulus   [MPa] 
KI Stress Intensity factor, mode I [MPamm1/2] 
KII Stress Intensity factor, mode II [MPamm1/2] 
KIII Stress Intensity factor, mode III [MPamm1/2] 
GI Strain energy release rate, mode I [kJ/m2] 
GII Strain energy release rate, mode II [kJ/m2] 
GIII Strain energy release rate, mode III [kJ/m2] 
KIC Fracture toughness, mode I [MPamm1/2] 
KIIC Fracture toughness, mode II [MPamm1/2] 
t Tensile Strength   [MPa] 
P Applied Force    [N] 
R Radius of disc specimen  [mm] 
a Length of initial notch  [mm] 
R2 Coefficient of determination [-] 
β1 Coefficient of criterion of Richard [-] 
F Coefficient of criterion of Forth [-] 
T Coefficient of criterion of Tanaka [-] 
rC critical distance    [mm] 
AAC Alkali Activated Concrete 
HPC High Performance Concrete 
HSC High Strength Concrete 
LEFM Linear Elastic Fracture Mechanics 
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However, due to the randomly distributed cracks, faults, joints and natural weak plane, actual cracks in concrete 
blocks are often subjected to combined loading, and occur not only in tension but also in shear, see Fig. 1 left. When 
concrete material is being subjected to mixed mode load, the value of fracture toughness KIC can change. 

Previously, several researchers have concentrated on the study of the mixed mode behavior of a crack in various 
materials, see lliterature survey focused on metallic materials in Qian & Fatemi (1996) and Rozumek et al (2009), on 
limestone in Alliha (2010), on concrete C50/60 in Seitl et al (2018), on HPC in Miarka et al (2019), on AAC in Miarka 
et al. (2019), and on HSC in Miarka et al (2020). 

The aim of contribution is to compare various criteria for description of mixed mode fracture toughness and discuss 
appropriate application for selected civil engineering materials. For this purpose the four selected mixed-mode criteria 
from the literature are used. The experimental data from the literature available for various civil engineering materials 
are evaluated based on these mixed mode fracture criteria. Obtained results from the used criteria are discussed and 
compared. 

2. Mixed mode criteria 

This contribution is based on a linear elastic fracture mechanics Anderson (2005), Note that, the linear elastic 
fracture mechanics concept uses the stress field in the close vicinity of the crack tip described by the Williams’ 
expansion Williams (1961). This means that criteria used in this contribution are based on stress intensity factors KI 
for mode I and KII for mode II. 

 Criterion of Richard et al (2014) 

 𝐾𝐾𝑒𝑒𝑒𝑒 = 𝐾𝐾𝐼𝐼
2 + 1

2 √𝐾𝐾𝐼𝐼
2 + 4(𝛽𝛽1𝐾𝐾𝐼𝐼𝐼𝐼)2 (1) 

 Criterion of Forth et al (2002) 

 𝐾𝐾𝑒𝑒𝑒𝑒 = √𝐾𝐾𝐼𝐼
2 + 𝛼𝛼𝐹𝐹𝐾𝐾𝐼𝐼𝐼𝐼

2 (2) 

 Criterion of Tanaka (1974) 

 𝐾𝐾𝑒𝑒𝑒𝑒 = (𝐾𝐾𝐼𝐼
4 + 𝛼𝛼𝑇𝑇𝐾𝐾𝐼𝐼𝐼𝐼

4)0.25 (3) 

 Generalized Maximum Tangential Stress (GMTS) criterion Seitl et al (2018) 

 𝐾𝐾𝑒𝑒𝑒𝑒 = 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃
2 [𝐾𝐾𝐼𝐼𝑐𝑐𝑐𝑐𝑐𝑐2 𝜃𝜃

2 − 3
2 𝐾𝐾𝐼𝐼𝐼𝐼𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠] + √2𝜋𝜋𝑟𝑟𝐶𝐶𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃 (4) 

Parameters were obtained by a numerical minimization of the residual sum of squares (SS, Eq.(5) where y are the 
measured values and yˆ the calculated values) via a commercial software excel. Results are reported, together with the 
coefficient of determination R2 Eq.(6), where SSres divided by SStot Eq.(7). 

 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟 = ∑(𝑦𝑦𝑖𝑖 − 𝑓𝑓𝑖𝑖)2, (5) 

 𝑅𝑅2 = 1 − 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟
𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡

, (6) 

 𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡 = ∑(𝑦𝑦𝑖𝑖 − 𝑦̅𝑦)2. (7) 
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3. Materials data 

In the following chapters, the basic fracture mechanical properties of used materials for criteria are introduced. The 
mixed mode stress intensity values (KI and KII) are introduced from the experimental data that was obtained in previous 
laboratory campaigns. The precise description of materials could be found in mentioned references. 
 C 50/60 (Seitl et al. 2018), Table 1 

C 50/60 (a/R=0.4) 

Specimen n.o. angle α [°] KI [MPamm1/2] KII [MPamm1/2] 

C50/60_6_01 0 26.033 0.001 

C50/60_6_02 0 33.647 0.001 

C50/60_6_03 0 32.666 0.001 

C50/60_6_04 5 25.520 10.947 

C50/60_6_05 10 22.068 21.420 

C50/60_6_06 10 23.830 23.130 

C50/60_6_07 15 13.543 25.380 

C50/60_6_08 15 17.281 32.387 

C50/60_6_09 25.2 0.005 42.989 

C50/60_6_10 25.2 0.005 41.056 

 

 HSC (Miarka et al. 2019) 
HSC (a/R=0.4) 

Specimen n.o. angle α [°] KI [MPamm1/2] KII [MPamm1/2] 

HSC_04_01 0 57.697 0.000 

HSC_04_02 5 54.518 23.554 

HSC_04_03 10 48.976 47.878 

HSC_04_04 10 46.265 45.228 

HSC_04_05 10 46.668 45.622 

HSC_04_06 15 29.613 55.893 

HSC_04_07 15 28.884 54.519 

HSC_04_08 15 29.932 56.497 

HSC_04_09 15 29.433 55.555 

HSC_04_10 15 25.282 47.719 

HSC_04_11 20 11.663 50.079 

HSC_04_12 20 14.496 62.247 

HSC_04_13 25.2 0.121 55.930 

HSC_04_14 25.2 0.125 57.781 

HSC_04_15 25.2 0.162 74.934 

HSC_04_16 25.2 0.160 73.869 

HSC_04_17 25.2 0.151 70.090 
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 HPC Miarka et al (2018) 
 

HPC (a/R=0.4) 

Specimen n.o. angle α [°] KI [MPamm1/2] KII [MPamm1/2] 

HPC_04_2_02 0 38.798 0.001 

HPC_04_2_03 0 33.508 0.001 

HPC_04_2_04 5 34.981 15.006 

HPC_04_2_05 10 28.597 27.757 

HPC_04_2_06 10 24.668 23.943 

HPC_04_2_07 15 20.736 38.862 

HPC_04_2_08 15 20.516 38.450 

HPC_04_2_09 20 11.543 49.219 

HPC_04_2_10 20 11.503 49.049 

HPC_04_2_11 25.2 0.006 48.499 

HPC_04_2_12 25.2 0.007 53.178 

 
 AAC Miarka et al (2019) 

AAC (a/R=0.4) 

Specimen n.o. angle α [°] KI [MPamm1/2] KII [MPamm1/2] 

AAC_04_1 0 18.463 0.000 

AAC_04_2 5 21.678 9.299 

AAC_04_3 5 20.846 8.942 

AAC_04_4 10 18.716 18.166 

AAC_04_5 10 17.039 16.538 

AAC_04_6 10 17.298 16.790 

AAC_04_7 15 12.806 24.000 

AAC_04_8 20 14.375 26.940 

AAC_04_9 20 7.318 31.203 

AAC_04_10 20 7.126 30.383 

AAC_04_11 25.2 0.004 34.309 

4. Results and discussion 

Figs. 2–5 illustrate the relationship of SIFs corresponding to fracture toughness under three kinds of fracture modes, 
in which points on axes x and y denote, mode I and mode II, respectively and the rest of points denote the mixed mode 
I-II for various level of combination. For each studied materials (C 50/60, HSC, HPC and AAC) the fit of obtain 
experimental data were performed by mentioned criteria. In Figs. 2–5 firstly, the best fit by criteria is compared by 
graphical view and later the coefficients of criteria together with coefficient of determination (R2) are mentioned in 
Table 1. As it is known, the higher coefficient of determination is, the better fit. 
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GMTS criterion showed a slightly better agreement with the experimental data than the curves that used the Tanaka 
(1974), Forth et al (2002) Richard et al (2014) criteria. The main reason for this was that, the effect of the first non-
singular stress term (T-stress) was taken into account in the GMTS criterion. Based on the research performed by 
Aliha 2010, Wen Hua et al (2015), Seitl et al (2018) and Miarka et al (2020), the effect of the first non-singular term 
(T-stress) played an increasingly important role in characterizing the mixed mode fracture behavior of concrete and 
rock materials by increasing the mode II component. The coefficient of determination R2 is higher than 0.9 for all 
studied concrete materials, see Table 1. 

 
  

Fig. 2. Experimental data for C50/60 material - comparison of fits by 
Tanaka, Forth and Richards criteria 

Fig. 3. Experimental data for HSC  material - comparison of fits by 
Tanaka, Forth and Richards criteria 

 
  

Fig. 4. Experimental data for HPC material - comparison of fits by 
Tanaka, Forth and Richards criteria 

Fig. 5. Experimental data for AAC material - comparison of fits by 
Tanaka, Forth and Richards criteria 
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Table 1. Found fracture criteria’s coefficients with index of dispersion for studied materials. 

Criterion Material Coefficient R2 –coefficient of 
determination 

Tanaka (1974) 

C 50/60 3.05 0.5751 

HSC 0.96 0.527 

HPC 0.925 0.3704 

AAC 0.3 0.6598 

Forth et al (2002) 

C 50/60 0.95 0.6211 

HSC 0.78 0.821 

HPC 0.62 0.778 

AAC 0.32 0.6247 

Richard et al (2014) 

C 50/60 0.8 0.7580 

HSC 0.82 0.7963 

HPC 0.68 0.9023 

AAC 0.47 0.8624 

GMTS – rC [mm] 

C 50/60 1.64 0.9003 

HSC 1.57 0.9595 

HPC 2.73 0.9728 

AAC 5.45 0.9271 

 

5. Conclusion 

Selected criteria for mixed mode based on “stress intensity factor” parameter of the fracture mechanics were studied 
on 4 different types of concrete mixtures, including some particular concrete C 50/60 ad HPC that are already used in 
the construction industry and some other that are still being developed like HSC and AAC. 
The parameters of selected mixed mode criteria were evaluated by using the “Least Squared Method”, applied in an 
iterative way. 

The following conclusions can be drawn: 
 The “Criterion of Tanaka (1974)” did not perform very well in comparison to experimental results with 

an index of description around 0.6. For the evaluated materials, the coefficient 𝜶𝜶𝑻𝑻[0.30, 3.05]. While in 
aluminium, 𝛼𝛼𝑇𝑇=8. 

 The “Criterion of Forth (2002)” displays useful results with an index of description around 0.8 and a 
coefficient 𝑨𝑨[0.30, 0.95] in the evaluated concrete. While in aluminium, F =0.4. 

 The “Criterion of Richards (2014)” displays useful results with an index of description around 0.8 and 
a coefficient 𝜷𝜷𝟏𝟏[0.45, 0.85] in the evaluated concrete mixtures. While in metals, 𝜷𝜷𝟏𝟏1.15. 

 The GMTS criterion showed a slightly better agreement with the experimental data than the curves that 
used the Tanaka (1974), Forth et al (2002) Richard et al (2014) criteria. The coefficient of determination 
R2 is higher than 0.9 for all studied concrete materials 
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