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Abstract. We present the ways of constructing special subsets of con-
ics present in the pencils of conics using Geometric Algebra for Conics
(GAC). In particular, we offer geometrically oriented approaches to ob-
tain the line-pairs and generalised parabolas that can be found in the
pencils, by applying the tools of GAC and the classical theory of pro-
jective conics. In addition, we also describe the construction of a conic
passing through five points and, throughout the work, we demonstrate
the usage of points at infinity in the mentioned problems as well. The
text is accompanied by examples with corresponding figures and in-
cludes a partial classification of some of the cases one may encounter in
the topic.
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Introduction

A pencil of conics—constituting a set of all linear combinations of two gener-
ating conics—is one of the crucial objects in the theory of projective conics.
Even though the pencils of conics were extensively studied especially dur-
ing the nineteenth and the beginning of the twentieth century [12,35,36],
the concept has been increasingly regaining attention in recent years. Since
a pencil of conics can also be defined as a set of all conics passing through
the intersection points of two generating conics, the contemporary interest
in the topic is motivated mostly by the problem of computing the intersec-
tion of two conics, a problem often found in various areas of computer vision
[2,3,5,8,10,19,27,33].

In this paper, we focus on two subsets of special conics extant in the
pencils of conics—line-pairs and generalised parabolas. Line-pairs comprise
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the degenerate conics of pencils and are traditionally used in the computation
of the intersection points of two conics, [27,33], including algorithms using
geometric algebras [2,3]. Generalised parabolas are then a subset of conics in
the pencils that—in addition to parabolas in a usual sense—may also include
their degenerate variants, like a pair of parallel lines and others. Unlike line-
pairs, it seems that very little has been said about generalised parabolas of the
pencils before, with a small exception in the form of a short example in the
book [10]. In the text, we present geometrically oriented ways of constructing
these special conics, namely, by combining the theory of conics of the real
projective plane and the framework of Geometric Algebra for Conics (GAC).

Let us note that the paper aims to be a more concise version of the
3rd chapter of the author’s PhD thesis [26]. As such, some of the proofs of
theorems are omitted throughout the text, as some of the less crucial exam-
ples, while most fundamental ideas are presented here; yet with occasional
reformulations and changes. For all proofs, more examples and more detailed
commentaries, see [26].1

1. Geometric Algebra for Conics

1.1. Basics

The first way of representing conic sections using geometric algebras has been
introduced by Perwass in [30], where the vector space R

5,3 has been used as
the underlying framework. In particular, a point p ∈ R

2, p = xe1 + ye2, has
been embedded into R

5,3 using the operator W : R2 �→ R
5,3 as

W(x, y) = xe1 + ye2 +
1
2
x2n1 + n̄1 +

1
2
y2n2 + n̄2 + xyn3 (1.1)

where e1 and e2 stay for the basis vectors of R
2, and n’s and n̄’s denote

the null-vectors constructed as certain linear combinations of the canonical
basis vectors of R5,3 (n′s are sometimes called ‘infinities’ and n̄′s are called
‘origins’).

Hitzer and Sangwine later used the same basis of R5,3 (with different
notation and normalisation of the vectors) to represent conics in their Conic
Conformal Geometric Algebra (CCGA), as described in [15], which reduces
the number of translation versor factors from six to four and avoids the
appearance of sums and differences in the matrix M of (1.15).

Another geometric algebra able of representing conic sections is Geo-
metric Algebra for Conics (GAC), elaborated in [16] by Hrdina et al. and
designed as a generalisation of 2-dimensional Conformal Geometric Algebra
G3,1 (2D CGA), also known as Ruler and Compass Algebra (CRA) [13,14].
GAC has already been acknowledged to be a useful framework for conic ma-
nipulation, e.g. for conic intersections [2], simple conic fitting [17], as well as
conic fitting with additional geometric constraints [22–25], or power quality
analysis [39].

1The attached URL link refers to both the original version of the dissertation thesis and
the version revised after the defence. We recommend using the revised version as a source.
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Let us recall that in CRA, the embedding of a point p ∈ R
2, p = xe1 +

ye2, into R
3,1 is given by

(x, y) �→ n̄ + xe1 + ye2 +
1
2

(
x2 + y2

)
n (1.2)

with e1, e2 being, again, the basis vectors of R2, and n̄ and n staying for the
‘origin’ and the ‘infinity’ of the algebra, respectively. As a generalisation of
CRA, GAC then uses all four basis vectors of CRA together with two extra
pairs of an origin and an infinity—after relabelling n̄ and n from (1.2) to n̄+

and n+, respectively, GAC basis reads

{n̄×, n̄−, n̄+, e1, e2, n+, n−, n×}
where all the ‘origins’ and ‘infinities’ are also null-vectors.

Subsequently, GAC comprises a Clifford algebra G5,3 with embedding
C : R2 → R

5,3 of point p = xe1 + ye2 from the plane R
2 to a six-dimensional

subspace of 1-vectors in GAC, of the form

C(x, y) = n̄+ + xe1 + ye2 +
1
2
(x2 + y2)n+ +

1
2
(x2 − y2)n− + xyn×. (1.3)

The matrix of the bilinear form associated to the inner product of vec-
tors in GAC is

B =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 0 0 0 −1
0 0 0 0 0 0 −1 0
0 0 0 0 0 −1 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 −1 0 0 0 0 0
0 −1 0 0 0 0 0 0

−1 0 0 0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (1.4)

Let us also note that the apparent differences between the point embed-
ding (1.1) and the GAC point embedding (1.3) are caused by different choices
of the vector basis of R5,3.

Next, let us recall two main types of representation of geometric ob-
jects in GAC—the inner product null space (IPNS ) representation and outer
product null space (OPNS ) representation.

Generally, AI ∈ G5,3 is the IPNS representation of geometric entity
A ⊂ R

2 if and only if

A =
{
p ∈ R

2 : C(p) · AI = 0
}

,

where “·” denotes the inner product between vectors in GAC [16]. Conse-
quently, the IPNS representation of a conic Q takes the form of 1-vector

QI = v̄×n̄× + v̄−n̄− + v̄+n̄+ + v1e1 + v2e2 + v+n+ (1.5)

and the IPNS representation of point p = xe1 + ye2 is given by embed-
ding (1.3), i.e.

PI = C(x, y). (1.6)
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Next, AO ∈ G5,3 is the OPNS representation of A ⊂ R
2 if and only if

A =
{
p ∈ R

2 : C(p) ∧ AO ∧ n̄− ∧ n̄× = 0
}

,

where ‘∧’ denotes the outer (wedge) product of GAC. This definition slightly
differs from usual definition of the outer product representation in some other
geometric algebras—often, A∗

I of the form

A∗
I = AII

−1

is considered the outer product representation of A [6], where I is the pseu-
doscalar which is in GAC given by

I = n̄×n̄−n̄+e1e2n+n−n×. (1.7)

The reason for the deviation from the conventional definition is that A∗
I is

always a multivector of the form AO∧n̄−∧n̄×, where AO is a 5-vector contain-
ing the basis vectors of the six-dimensional subspace (1.5), only. Therefore, it
is more convenient to consider AO as the OPNS representation of A, instead
of AII

−1 [16].
Furthermore, the conversion between OPNS and IPNS can be carried

out easily using two “pseudoscalars”

IOI = n̄+n̄−n̄×e1e2n+,

IIO = n̄+e1e2n+n−n×,

and the inner product as
AO = AI · IIO,

AI = AO · IOI .
(1.8)

1.2. Projective Extension of GAC

In addition to the real plane R
2, let us now consider its projective extension,

the real projective plane RP
2.

The crucial concept of RP
2 are points at infinity (also called ideal

points)—a point at infinity can be thought of as the common intersection
point of all the parallel lines with the same direction [33]. Because such
a point does not lie in R

2, it is usually depicted as an arrow (vector) in the
direction of the corresponding parallel lines.

The set of all the points at infinity forms the line at infinity l∞, and,
consequently, RP2 = R

2 ∪ l∞. To distinguish between the different types of
points of RP2, we follow the terminology given by [22,23] where the points
of R2 are called proper and the points at infinity are called improper.

Using the projective extension of R2, we can see that some conics pass
through one or more improper points. For example, a parabola contains one
improper point corresponding to the direction of its axis of symmetry and
a hyperbola contains two improper points in the directions of its asymptotes,
as depicted in Fig. 1.

While the improper points are essential for the theory of conic sec-
tions, only proper points were originally covered in GAC [16]. The usual
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Figure 1. Improper points of a parabola and a hyperbola

analytical way of distinguishing proper and improper points is by employ-
ment of homogeneous coordinates—in this regard, recall that proper point
p = (x, y), p ∈ RP

2, has homogeneous coordinates

p = k(x, y, 1), k ∈ R \ {0}, (1.9)

and the homogeneous coordinates of improper point p∞ = (s, t), p∞ �= (0, 0),
p∞ ∈ RP

2, take the form

p∞ = k(s, t, 0), k ∈ R \ {0}. (1.10)

Following on from this, let us note that it is convenient to set k = 1 when
assigning homogeneous coordinates to points according to (1.9) and (1.10).

In paper [23] we presented a projective extension of embedding C,
enabling the representation of both proper and improper points in GAC.
Namely, it defines the embedding CP : RP2 → R

5,3 of a point p = (a, b, c),
(a, b, c) �= (0, 0, 0), of the real projective plane RP

2 as

CP(a, b, c) = c2n̄+ + ace1 + bce2 +
1
2
(a2 + b2)n+ +

1
2
(a2 − b2)n− + abn×.

(1.11)

As a direct consequence, any improper point p∞ = (s, t) �= (0, 0) with homo-
geneous coordinates (s, t, 0) is embedded into GAC as

P∞I ≡ CP(s, t, 0) =
1
2
(s2 + t2)n+ +

1
2
(s2 − t2)n− + stn×. (1.12)

Therefore, both proper and improper points can be used in the following
work.

1.3. Classification of Conics

For the sake of clarity in the sections to come, let us offer a brief overview of
conics in the real projective plane. Also, let us note that the usual equation of
a conic is different if it is considered in RP

2 or in R
2 only—the corresponding

usual equations of the conic are then, respectively:

QR2 : q11x
2 + 2q12xy + q22y

2 + 2q13x + 2q23y + q33 = 0, (1.13)
QRP2 : q11x

2 + 2q12xy + q22y
2 + 2q13xz + 2q23yz + q33z

2 = 0. (1.14)
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It is well known that the type and features of conic Q can be read off
its matrix representation [21], which is obtained using (1.5), or equivalently,
from Eq. (1.13) or Eq. (1.14) as the symmetric matrix

M =

⎛

⎜
⎜
⎝

− 1
2 (v̄+ + v̄−) − 1

2 v̄× 1
2v1

− 1
2 v̄× − 1

2 (v̄+ − v̄−) 1
2v2

1
2v1 1

2v2 −v+

⎞

⎟
⎟
⎠ =

⎛

⎜
⎜
⎝

q11 q12 q13

q12 q22 q23

q13 q23 q33

⎞

⎟
⎟
⎠ . (1.15)

Besides matrix M as a whole, many important properties of the conic can
also be deduced from its 2 × 2 principal submatrix

M̄ = M33 =

(
− 1

2 (v̄+ + v̄−) − 1
2 v̄×

− 1
2 v̄× − 1

2 (v̄+ − v̄−)

)

=

(
q11 q12

q12 q22

)

(1.16)

and two more 2 × 2 submatrices

M11 =

(
− 1

2 (v̄+ − v̄−) 1
2v2

1
2v2 −v+

)

=

(
q22 q23

q23 q33

)

, (1.17)

M22 =

(
− 1

2 (v̄+ + v̄−) 1
2v1

1
2v1 −v+

)

=

(
q11 q13

q13 q33

)

. (1.18)

Furthermore, let us define the following quantities:

Δ = det(M),

δ = det(M̄),

J = Tr(M̄) = q11 + q22,

Δ′ = det(M11) + det(M22).

(1.19)

Subsequently, we can define the most basic groups of the conics with respect
to the defined matrices and quantities as follows:

Definition 1.1. Let us assume conic Q represented by matrix M of the form
(1.15), its submatrices (1.16)–(1.18) and the auxiliary quantities defined in
(1.19).

If Δ �= 0, we call Q a non-degenerate or proper conic, otherwise it is
called degenerate or singular. Equivalently, it holds for a non-degenerate conic
that its matrix M has full rank, i.e. rank(M) = 3.

If δ �= 0, we call Q a central conic, otherwise it is called non-central.
Equivalently, it holds for a central conic that its submatrix M̄ has full rank,
i.e. rank(M̄) = 2.

More detailed classification of the particular types of conics in RP
2

according to their matrix can be seen in an overview in Table 1.

Convention 1.1. Throughout the text we will consider only conic sections with
real coefficients. On the other hand, let us note that even conic equations with
exclusively real coefficients can represent geometrically meaningful loci in C

2

or CP
2, as can be seen in Table 1.
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Table 1. Classification of conics in RP
2 according to their

associated matrices (1.15)–(1.18) and quantities (1.19), [9,
21]

Remark 1.2. Degenerate conics can always be algebraically decomposed into
a pair of lines, including the cases of incident real lines or a pair of imaginary
lines [10]. Also, since the line at infinity can also be at least one of the lines
in a line-pair, a line distinct from the line at infinity is here called proper.

1.4. Conic Passing Through Five Points

Before inspecting the construction of the special conics in the pencils, it is
necessary to realise how a conic passing through five points can be obtained
in the framework of GAC.

As shown in [16], an outer product null space (OPNS) representation
of a conic Q can be generally constructed from five distinct GAC points
P1, . . . , P5 of the form (1.6) using the wedge product:

QO = P1 ∧ P2 ∧ P3 ∧ P4 ∧ P5. (1.20)

Consequently, the resulting conic either passes through all points P1, . . . , P5

or cannot be determined uniquely, that is, it does not exist, and in such a case
it holds that

P1 ∧ P2 ∧ P3 ∧ P4 ∧ P5 = 0. (1.21)

Let us note that the condition (1.21) can also be interpreted as the points
P1, . . . , P5 being linearly dependent in R

5,3 which—in other words—means
that they span at most a 4D subspace in R

5,3.
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Table 2. Classification of conics spanned by a set of 5 dis-
tinct points

The existence and uniqueness of the conic spanned by five points can
be classified according to the greatest number of collinear points in the quin-
tuplet [29], and is summarised in Table 2.

To show how the construction of a conic passing through five points
works in GAC, let us consider the following example.

Example 1. Let us assume five points (−1,−4), (3,−2), (3, 3), (−2, 3) and
(−4, 0) and their GAC representatives

P1 = C(−1,−4) = n̄+ − e1 − 4e2 +
17
2

n+ − 15
2

n− + 4n×,

P2 = C(3,−2) = n̄+ + 3e1 − 2e2 +
13
2

n+ +
5
2
n− − 6n×,

P3 = C(3, 3) = n̄+ + 3e1 + 3e2 + 9n+ + 9n×,

P4 = C(−2, 3) = n̄+ − 2e1 + 3e2 +
13
2

n+ − 5
2
n− − 6n×,

P5 = C(−4, 0) = n̄+ − 4e1 + 8n+ + 8n−.

According to (1.20), the OPNS representation of the conic spanned by these
five points then takes the form of 5-vector

QO = P1 ∧ P2 ∧ P3 ∧ P4 ∧ P5 = −86n̄+e1e2n+n− + 7n̄+e1e2n+n×
+469n̄+e1e2n−n× − 20n̄+e1n+n−n× + 27n̄+e2n+n−n× + 3588e1e2n+n−n×.

Further conversion into the IPNS representation according to (1.1) and (1.8)
then reads

QI = (QO)∗ = −86n̄× − 7n̄− + 469n+ − 27e1 − 20e2 − 3588n+

and its associated Euclidean equation is

Q : −231x2 + 86xy − 238y2 − 27x − 20y + 3588 = 0.
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Since the five used points are in general linear position (i.e. no three points
are collinear), the spanned conic is a non-degenerate conic, in particular, an
ellipse depicted in Fig. 2a.

For the sake of brevity, we include the remaining examples of such a con-
struction without detailed description of the computations.

The case of five points—out of which exactly three are collinear—can be
seen in Fig. 2b. The conic spanned by the points is degenerate, i.e. a line-pair:
One of the lines necessarily passes through the three collinear points and the
other one connects the remaining two points.

To illustrate the cases when the five points contain exactly four, or
five, collinear points, respectively, we include Fig. 2c, d. In both cases we
get P1 ∧ P2 ∧ P3 ∧ P4 ∧ P5 = 0, or, in other words, the conic spanned by
these points is not determined uniquely. The reason is the following—when
considering case (c), one of the lines from the line-pair must pass through
the four collinear points and the other line must go through the remaining,
but the direction of the other line can be arbitrary. A similar reasoning can
be done when all the five points are collinear.

Moreover, thanks to the projective extension of GAC, we do not have to
restrict ourselves to proper points only, when applying the construction (1.20).
At the same time, one must not forget that we have to resort to the usage of
the extended embedding CP when working with improper points. Some of the
conics spanned by five points (including at least one point that is improper)
are given by the next example.

Example 2. First, let us assume 4 proper and 1 improper point from Fig. 3a:
Wedging all the five points according to (1.20) yields a parabola passing
through all the points, i.e. visibly passing through the proper points and
invisibly passing through the improper point which corresponds to the direc-
tion of its axis of symmetry. Let us stress that such a construction results
in a parabola only under very special circumstances (as has been further
elaborated in [26]).

Next, let us also show a similar case depicted in Fig. 3b—here, as well,
4 proper and 1 improper are used, but the conic spanned is a hyperbola with
one of its asymptote in a direction of the wedged improper point. Analogous is
the third case, visualised in Fig. 3c, where there are 3 proper and 2 improper
points: here, both asymptotes go in the directions of the improper points.

Remark 1.3. The resulting type of the conic spanned by five points is always
dependent on the particular placement of the points. Additionally, more than
2 improper points can also be considered in our construction of the spanned
conic. For the discussion of these cases and more examples of the conics
spanned by five points using GAC, see [26].
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Figure 2. Conics spanned by five points from Example 1
according to the greatest number of collinear points in the
quintuplet

2. Pencils of Conics

2.1. Intro

Definition 2.1. Pencil of conics (or bundle of conics) generated by two conics
Q1 and Q2 is a family of all conics passing through the points of intersection
of Q1 and Q2. Moreover, if Q1 and Q2 are represented by equations E1 = 0
and E2 = 0, respectively, such a pencil can also be characterised as a set
of all conics represented by a non-trivial linear combination of the equations
E1 = 0 and E2 = 0, i.e. as

{Q : λE1 + μE2 = 0, λ, μ ∈ R, (λ, μ) �= (0, 0)} .

E1 = 0 and E2 = 0 are equations of the form (1.13) or (1.14), depending on
whether the conics are considered in R

2 or RP
2 [3,29,33].
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Figure 3. Conics spanned by five points (with at least one
improper point) from Example 2

The points of intersection of the two generating conics in the pencil are
then called the base points.

Moreover, if a pencil consists of degenerate conics only, it is called de-
generate or singular, otherwise it is called non-degenerate or proper [10,32].

For the sake of the following text, let us also note that the pencils of
conics in RP

2 can be one of five main kinds according to the five main kinds
of relative position of their members and their base points [10,32,34].

Definition 2.2. A family of conics passing through four distinct base points
B1, B2, B3, B4 is called a pencil of the first kind or a simple pencil of conics.

Let us assume three distinct base points B1, B2, B3. A family of conics
that pass through B1, B2, B3 and touch line t1 at B1 is called a pencil of the
second kind.

Let us assume two distinct base points B1, B2 and distinct lines t1, t2
passing through B1 and B2, respectively, but not through both. Then a pencil
of conics passing through B1, B2 and touching t1 at B1 and t2 at B2 is called
a pencil of the third kind.

A family of conics osculating a given conic c at the base point B1 and
passing through a distinct base point B2 is called a pencil of the fourth kind.

A family of conics hyperosculating a given conic c at the base point B1

is called a pencil of the fifth kind [10].

Examples of these five types of pencils can be seen in Figs. 4 and 5.

Remark 2.3. Pencils of different kinds can equivalently be characterised by
the algebraic multiplicity of the base points as the common intersection points
of the conics in the pencil. For example, all the base points in a pencil of the
first kind are algebraically simple.

In a pencil of the second kind, the base point B1 in which the members
touch each other, is algebraically twofold, while two other base points are
simple.

Both base points B1 and B2 of a pencil of the third kind are algebraically
twofold and the members of the pencil touch each other at these points.
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Figure 4. Pencils of the first, the second and the third kind,
respectively (taken from [10])

Figure 5. Pencils of the fourth and the fifth kind, respec-
tively (taken from [10])

The members of a pencil of the fourth kind osculate each other at the
base point B1 which is algebraically threefold, and intersect each other at B2

which is algebraically simple.
In a pencil of the fifth kind, the members hyperosculate each other at

the only common base point B1 which is algebraically fourfold.
More detailed insight into the characterisation of different kinds of pen-

cils of conics is given in [10] and [35].

2.2. Conic Passing Through a Four-Point and Another Point

In addition to the points, conics and their transformations, GAC is also able
to represent the intersection of two conics as a compact object called four-
point [16]. The IPNS representation of a four-point generated as an intersec-
tion of conics Q1 and Q2 constitutes a bivector

(
Q1 ∩ Q2

)
I

= Q1
I ∧ Q2

I . (2.1)
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Let us note that the intersection (2.1) is called a four-point even in cases
when it does not represent four real distinct points. This corresponds well
with the fact that the conics of the form (1.14) are plane algebraic curves of
degree 2, therefore, as a consequence of Bézout’s theorem, two distinct conics
in RP

2 have precisely 2 · 2 = 4 points of intersection, including potential
multiplicities and points at infinity. Consequently, the intersection points can
also have complex coordinates, lie on the line at infinity or be algebraically
multiple [20].

The greatest advantage of the GAC representation of conic intersections
is that we can treat all the points of the intersection as one object, even with-
out explicit knowledge of the coordinates of the individual points. Moreover,
as shown in [26], a four-point is algebraically equivalent to the wedge of four
points, therefore, we can construct a conic passing through all the points of
intersection and another point by wedging the corresponding four-point with
the point not lying on the intersection, according to following theorem.

Theorem 2.4. Let Q1
I , Q

2
I be IPNS representations of two distinct conics

Q1, Q2 ⊂ RP
2 and PI be an IPNS representation of point p ∈ RP

2 which
does not lie at the intersection of the conics Q1

I , Q
2
I . Then QO computed as

QO =
(
Q1

I ∧ Q2
I

)* ∧ PI (2.2)

where * signifies duality between IPNS and OPNS given by transition equa-
tions (1.8) and QO of the form (2.2) is the OPNS representation of a conic
Q ⊂ RP

2.

Proof. Q1
I , Q

2
I are according to (1.5) of the forms

Q1
I = v̄×1n̄× + v̄−1n̄− + v̄+1n̄+ + v11e1 + v21e2 + v+1n+,

Q2
I = v̄×2n̄× + v̄−2n̄− + v̄+2n̄+ + v12e1 + v22e2 + v+2n+.

Furthermore, let us assume p = (xp, yp, zp). Therefore,

PI = CP(p) = z2
pn̄++xpzpe1+ypzpe2+

1
2
(x2

p+y2
p)n++

1
2
(x2

p−y2
p)n−+xpypn×.

Then, the subsequent computations yield

QI = Q∗
O =

((
Q1

I ∧ Q2
I

)* ∧ PI

)∗
=

= v̄×n̄× + v̄−n̄− + v̄+n̄+ + v1e1 + v2e2 + v+n+

(2.3)

where coefficients v̄×, v̄−, v̄+, v1, v2, v+ are functions of the coefficients of
Q1

I , Q
2
I and of the coordinates of point p. Since (2.3) is equivalent to (1.5), it

is apparent that QO computed in (2.2) is generally an OPNS representation
of a conic in GAC. �

Now, let us see this construction practically.

Example 3. Let us now consider two distinct conics, namely an ellipse Q1

and a hyperbola Q2 with equations

Q1: 9x2 + 25y2 − 225 = 0,

Q2: 44x2 − 64xy − 4y2 − 112x + 136y − 31 = 0,
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Figure 6. Four-point obtained as an intersection of the
conics Q1, Q2 from Example 3. Conics C1and C2 were con-
structed as wedge of the four-point with the GAC points P1

and P2, respectively

and with IPNS representations

Q1
I = −34n̄+ + 16n̄− + 225n+,

Q2
I = 64n̄× − 48n̄− − 40n̄+ − 112e1 + 136e2 + 31n+,

and points p1 = (−2,−6) and p2 = (6, 2) with IPNS representations

P 1
I = C(p1) = n̄+ − 2e1 − 6e2 + 20n+ − 16n− + 12n×,

P 2
I = C(p2) = n̄+ + 6e1 + 2e2 + 20n+ + 16n− + 12n×.

Consequently, we can wedge the four-point created as an intersection of the
conics Q1

I , Q
2
I with the points P 1

I , P 2
I according to (2.2), thus acquiring OPNS

representations of two new conics C1, C2 as

C1
O =

(
Q1

I ∧ Q2
I

)* ∧ P 1
I

C2
O =

(
Q1

I ∧ Q2
I

)* ∧ P 2
I .

After conversion into IPNS, the representations of the new conics read

C1
I =

(
C1

O

)∗
= 2528n̄× − 688n̄− − 4147n̄+ − 4424e1 + 5372e2 + 18212n+,

C2
I =

(
C2

O

)∗
= 6368n̄× − 7728n̄− + 2293n̄+ − 11144e1 + 13532e2 − 38428n+.

The initial setting of the example and the results of the computations are
depicted in Fig. 6.

Remark 2.5. Let us note that—by using duality between inner and outer
product in geometric algebras—the construction of a conic passing through
a four-point and another point can also be expressed in terms of the IPNS
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Figure 7. Pencil of conics through four points and three
degenerate conics, i.e. line-pairs (from [33])

representation. In particular, the IPNS representation of such a conic reads

QI =
(
Q1

I ∧ Q2
I

) · PI . (2.4)

Generally, this method of construction seems more straightforward and com-
putationally more efficient since it needs no dualisation. Subsequently, we can
consider OPNS and/or IPNS representation when constructing the conics in
the following examples. For the proof of Eq. (2.4) see [26].

With the knowledge of the concepts of a four-point and a pencil of con-
ics, the construction of a conic passing through a four-point and another
point can be perceived as choosing one conic out of the whole pencil of con-
ics. In the following text, we will use this finding as a means to constructing
line-pairs and generalised parabolas.

3. Special Conics in Pencils of Conics

3.1. Line-Pairs

One of the important sets of conics found in a pencil of conics is the set of
degenerate conics, consisting of at most three line-pairs passing through all
the base points of the pencil. Furthermore, a point where two lines of an
intersecting line-pair intersect is called a double point (or a diagonal point),
therefore, every pencil also contains at most three double points (with the
exception of very singular cases). An example of a pencil of conics and the
corresponding line-pairs can be seen in Fig. 7. Moreover, let us note that
not all the base points, double points and line-pairs are necessarily real,
[10,33,37].

As has already been said, the major reason for investigating the line-
pairs and their construction is their extensive use in computation of the indi-
vidual points of intersection of two conics [3,7,33]. For instance, the algorithm
described in [33] goes basically as follows:

1. Compute three degenerate members of the pencil of conics generated by
the two conics, i.e. three pairs of lines,

2. Decompose one of the pairs of lines into two distinct lines,
3. Intersect each of the two lines with one of two intersecting conics.
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The normal way of finding the degenerate members of a pencil is by
exploiting the algebraic characterisation of a degenerate conic, i.e. that a de-
generate conic is represented by a singular matrix. As stated earlier, any conic
Q in a pencil generated by conics Q1 and Q2 can be expressed as a linear
combination of these two conics and the same holds for the matrices repre-
senting the conics. Thus, if conics Q1 and Q2 are represented by matrices
M1 and M2 of the form (1.15) then Q is represented by M = λM1 + μM2.
Consequently, for Q to be degenerate, M must satisfy

det(M) ≡ det(λM1 + μM2) = 0 (3.1)

which comprises a cubic equation in variables λ and μ. An algorithm for
solving the Eq. (3.1) is in detail described in [33]. Let us note that since
Eq. (3.1) is cubic, it can have either three real solutions corresponding to
three real line-pairs or one real and two complex solutions leading to one
real line-pair and two imaginary line-pairs. Moreover, the solutions are three,
including possible multiplicities, so the line-pairs are not necessarily distinct.

In the following text, let us offer an alternative—more geometrical—
way of constructing the line-pairs. Since every line-pair of the pencil passes
through the points of intersection and a double point, we can simply obtain
the OPNS representation of the line-pair as a wedge of the dual of the cor-
responding four-point and the double point (Eq. (2.2), or, equivalently, its
IPNS representation by applying the inner product between the four-point
and the double point (Eq. (2.4)).

Although the explicit knowledge of the coordinates of the points of
intersection of the generating conics is not necessary in this construction (as
was shown in the previous section), we need to know the coordinates of the
double point. However, as proved by different papers and theses [11,18,40],
the double point of the pencil can be acquired using the concept of polarity
of conics.

Definition 3.1. Let Q be a conic represented by matrix M and p = (xp, yp, zp)T

be a homogeneous point in RP
2. Furthermore, by abuse of notation, let us

identify a homogeneous line l : ax + by + cz = 0 with the vector of its coef-
ficients, i.e. l = (a, b, c)T . Then a homogeneous line l = Mp is called a polar
line (or simply a polar) of point p with respect to conic Q. Point p is then
called a pole [33].

Definition 3.2. Let Q be a conic and p1, p2, p3 three homogeneous points in
RP

2. If a polar of any of these points with respect to conic Q passes through
the remaining two points, then the triangle �p1p2p3 is called a self-polar
triangle of conic Q [11].

Definition 3.3. Let Q1 and Q2 be two conics and p1, p2, p3 three homogeneous
points in RP

2. If p1, p2, p3 form a self-polar triangle of both conics simulta-
neously, the triangle is then called a common self-polar triangle of conics Q1

and Q2 [11].

For an example of a self-polar triangle of a conic and a common self-
polar triangle of two conics see Fig. 8.
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Figure 8. Self-polar triangles. a The dashed lines are the
tangents of the conic through the poles (polars intersect
a conic in the points of tangency). b The dashed lines denote
the line-pairs of the associated pencil generated by the two
conics

Remark 3.4. If a common self-polar triangle of two conics Q1 and Q2 exists,
it is a common self-polar triangle for any two conics of the pencil generated
by Q1 and Q2 [35].

Theorem 3.5. The double points of a pencil of conics form the vertices of
a common self-polar triangle of the generating conics Q1 and Q2 [35]. This
property is further illustrated in Fig. 8b.

Furthermore, the computation of the double points of a pencil of conics
can be achieved using the following theorem [11,18,40].

Theorem 3.6. Let Q1 and Q2 be generating conics of a pencil of conics and
M1 and M2 their matrices. Then, if a common self-polar triangle of the conics
Q1 and Q2 exists, its vertices can be found as eigenvectors p of generalised
eigenproblem

M1p = λM2p. (3.2)

Proof. The self-polar triangle common to both conics must not only share
the vertices (poles) but also the polars. Therefore, if we denote a common
polar as l and a common pole as p, it must hold simultaneously

l = M1p, (3.3)
l = λM2p, (3.4)

where λ is a scalar parameter (multiplying by λ does not change the ge-
ometrical meaning of homogeneous objects) [18]. Consequently, identifying
the right-hand sides of Eqs. (3.3) and (3.4) immediately yields

M1p = λM2p.

�



20 Page 18 of 33 P. Loučka Adv. Appl. Clifford Algebras

Let us point out that Eq. (3.2) results in homogeneous coordinates of
the double points, so they should (generally) be embedded into GAC using
embedding CP.

Consequently, we can construct each line-pair of a pencil of conics gen-
erated by conics Q1 and Q2 by connecting the four-point of the pencil with
one of the double points pi obtained by Eq. (3.2). More concretely, we can
construct the OPNS representation of the i-th line-pair LP i of the pencil as

LP i
O =

(
Q1

I ∧ Q2
I

)* ∧ CP(pi) (3.5)

and the IPNS representation as

LP i
I =

(
Q1

I ∧ Q2
I

) · CP(pi) (3.6)

as will be demonstrated by the following examples.2

Example 4. Let us consider two ellipses E1, E2 with equations

E1: 9x2 + 25y2 − 225 = 0,

E2: 4x2 + y2 − 16x − 2y + 1 = 0,

IPNS representations

E1
I = 16n̄− − 34n̄+ + 225n+,

E2
I = −3n̄− − 5n̄+ − 16e1 − 2e2 − n+,

and the associated matrices

M1 =

⎛

⎜
⎜
⎝

9 0 0

0 25 0

0 0 −225

⎞

⎟
⎟
⎠ , M2 =

⎛

⎜
⎜
⎝

4 0 −8

0 1 −1

−8 −1 1

⎞

⎟
⎟
⎠ .

Consequently, the solution to the generalised eigenproblem (3.2) is given by
⎛

⎜
⎜
⎝

λ1

λ2

λ3

⎞

⎟
⎟
⎠ ≈

⎛

⎜
⎜
⎝

13.0501

21.6502

2.7997

⎞

⎟
⎟
⎠ ,

(
p1 p2 p3

)
≈

⎛

⎜
⎜
⎝

2.4167 2.2320 10.1865

−1.0921 −6.4631 −0.1261

1 1 1

⎞

⎟
⎟
⎠ ,

and the IPNS representation of the points of intersection P1, P2, P3 of the
sought after line-pairs are computed as an embedding of the obtained eigen-
vectors to GAC, i.e.

Pi = CP(pi), i = 1, 2, 3.

Finally, each of the line-pairs can be expressed using OPNS or IPNS repre-
sentation according to (3.5) or (3.6), respectively, as

LP i
O =

(
E1

I ∧ E2
I

)* ∧ Pi,

LP i
I =

(
E1

I ∧ E2
I

) · Pi, i = 1, 2, 3.

2The computations in the paper have been performed in Maple software, using the “Clif-
ford” package [1].
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Figure 9. Four-point obtained as an intersection of two
conics from Example 4. Each of the three line-pairs of the
associated pencil was constructed by connecting the four-
point and one of the double points

The IPNS representations of the acquired line-pairs then read

LP 1
I ≈ −61.8141n̄− + 50.6733n̄+ − 113.4863e1 − 14.1858e2 − 577.1220n+,

LP 2
I ≈ 6.0273n̄− + 3.4153n̄+ + 22.8196e1 + 2.8524e2 + 26.0161n+,

LP 3
I ≈ −32.3103n̄− − 29.6363n̄+ − 138.2622e1 − 17.2828e2 − 98.4471n+.

Both conics, the intersection four-point and the constructed line-pairs with
their points of intersection can be seen in Fig. 9.

Furthermore, a construction of the line-pairs of a pencil can be partic-
ularly easy in certain settings, e.g. in cases when two intersecting conics are
concentric, as seen in the following example.

Example 5. Let us consider two concentric ellipses E1, E2 depicted in Fig. 10a.
Since both are concentric, it is obvious that their intersection points are sym-
metric with respect to their common centre, hence, one of the line-pairs pass-
ing through the intersection four-point must also pass through the centre,
which is the point (0, 0, 1) in this case. Additionally, because of concentricity
of both conics, the other two line-pairs must be pairs of parallel lines inter-
secting in improper points. Also, both conics are axes-aligned, therefore, the
parallels pass through the improper points corresponding to the directions of
the x-axis (point (1, 0, 0)) and the y-axis (point (0, 1, 0)), respectively. Thus,
thanks to the trivial setting of the intersecting conics and the possibility
of expressing improper points in terms of GAC, the construction of the line-
pairs may proceed in a more straightforward way than in Example 4, without
the need to compute the eigenvectors. OPNS and IPNS representations of the
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line-pairs, respectively, then take the form:

LP 1
O =

(
E1

I ∧ E2
I

)* ∧ CP(0, 0, 1), LP 1
I =

(
E1

I ∧ E2
I

) · CP(0, 0, 1),

LP 2
O =

(
E1

I ∧ E2
I

)* ∧ CP(0, 1, 0), LP 2
I =

(
E1

I ∧ E2
I

) · CP(0, 1, 0),

LP 3
O =

(
E1

I ∧ E2
I

)* ∧ CP(1, 0, 0), LP 3
I =

(
E1

I ∧ E2
I

) · CP(1, 0, 0).

Ellipses E1, E2 in Fig. 10b are also concentric with the common centre
(0, 0, 1), but one of the ellipses is rotated by 30◦. The situation is almost the
same as in case (a): there will be a line-pair passing through the common
centre and two remaining line-pairs will be two pairs of parallels. A crucial
difference between cases (a) and (b) is that the directions of the parallels do
not coincide with the directions of the coordinate axes and must be computed
using eigenproblem (3.2).3 The eigenvectors for these two conics yield

(
p1 p2 p3

) ≈

⎛

⎜
⎜
⎝

0 −0.2525 2.2281

0 1 1

1 0 0

⎞

⎟
⎟
⎠ ,

and the construction of the line-pairs is given as

LP 1
O =

(
E1

I ∧ E2
I

)* ∧ CP(p1), LP 1
I =

(
E1

I ∧ E2
I

) · CP(p1),

LP 2
O =

(
E1

I ∧ E2
I

)* ∧ CP(p2), LP 2
I =

(
E1

I ∧ E2
I

) · CP(p2),

LP 3
O =

(
E1

I ∧ E2
I

)* ∧ CP(p3), LP 3
I =

(
E1

I ∧ E2
I

) · CP(p3).

The demonstrated construction of the line-pairs can be particularly ad-
vantageous in situations when we know the corresponding double point in
advance. For instance, such cases can occur in problems related to certain
linear dynamical systems of ODE’s, in which the trajectories of the underly-
ing system are concentric conics [7], so the construction would proceed as in
Example 5.

Remark 3.7. Let us note that the described construction of the line-pairs
cannot be done in some particular special relative positions of the two gen-
erating conics. Namely, both Examples 4 and 5 considered the two conics
generating a pencil of the first kind, for which there exists exactly one com-
mon self-polar triangle [11], and, therefore, for the pencils of the first kind
our construction is well-defined. For the sake of completeness, let us also
assume an example of the conics generating pencils of different kinds, as de-
picted in Fig. 11. In general, in pencils of the second, the fourth and the fifth
kind the double points do not form a common self-polar triangle in a proper
sense [11], meaning that some of the points coincide and, moreover, can lie
at the four-point of intersection, which ruin our construction of—or at least
some of—the line-pairs in these pencils (see Fig. 11a, c and d, respectively).
On the other hand, there are infinitely many common self-polar triangles in

3As will be shown in the next subsection, the directions of the parallel line-pairs can be,
in the case of two concentric cases, computed in an even simpler way.
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Figure 10. Four-point as an intersection of two concentric
conics. One out of three line-pairs passing through the four-
point is constructed by connecting the four-point with the
common centre; the remaining two line-pairs were obtained
as a connection of the four-point with an improper point

the pencils of the third kind [11], nonetheless, Eq. (3.2) produces one of the
common self-polar triangles, so our construction can be successful for these
pencils (Fig. 11b).

3.2. Generalised Parabolas

In addition to the line-pairs, let us also consider so called generalised parabo-
las present in the pencils of conics. Let us recall that a parabola is a non-
degenerate, non-central conic, therefore, if it is characterised by matrix M
and principal submatrix M̄ , it holds that

det(M) �= 0,

det(M̄) = 0.

Nevertheless, as a hyperbola can degenerate into a pair of intersecting lines,
so a parabola can degenerate, in particular, into a pair of parallel lines or
into a double line. Moreover, the double line can also be the double line at
infinity (for an overview of conics in RP

2 see Table 1). Consequently, when
looking for parabolas in a pencil of conics, let us further assume parabolas
in a more general sense, i.e. all non-zero, non-central conics. Therefore, such
generalised parabolas should satisfy relations

M �= 0, (3.7)
det(M̄) = 0. (3.8)

Furthermore, in addition to the mentioned generalised parabolas, let us also
add that a union of a proper real line and the line at infinity also constitutes
a generalised parabola, since it satisfies both (3.7) and (3.8), cf. Table 1. All
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Figure 11. Other relative positions of two conics by kind of
their generated pencil and their common self-polar triangles.
Full lines represent the line-pairs of the pencil constructed as
wedge of the four-point and a vertex of the triangle. Dashed
lines stand for the line-pairs of the pencil which cannot be
constructed in such a way

the types of the generalised parabolas are depicted in Fig. 12 (the line at
infinity is depicted as a dashed circle, since it can be perceived as a circle
with infinite radius).

As shown in [26], the number of generalised parabolas in a pencil of
conics generated by conics Q1 and Q2 can be deduced by inspection of the
matrices and the principal submatrices of the generating conics, namely, ac-
cording to the following theorem.

Theorem 3.8. Let us assume two conics Q1 and Q2 represented by matrices
M1 and M2 of the form (1.15) and principal submatrices M̄1 and M̄2 of the
form (1.16). Also, let us the define matrix

N =

(
δ1 γ12

γ12 δ2

)

,
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Figure 12. Types of generalised parabolas

Table 3. Number of generalised parabolas (abbreviated as
’g. parabolas’) found in a pencil generated by conics Q1 and
Q2 with matrices M1 and M2 w.r.t. their relationship and
to the matrix N

Cases denoted with bold style. Settings with “–” cannot occur

where
δ1 = det(M̄1),

γ12 =
1
2

Tr
(
adj

(
M̄1

)
M̄2

)
,

δ2 = det(M̄2).

Then the number of generalised parabolas in the generated pencil can be clas-
sified according to the overview given by Table 3.

For the proof of the theorem, see [26].
Thanks to the classification of the number of generalised parabolas in

pencils, we can now discuss different situations that can possibly occur when
constructing these curves. Just as in the case of the line-pairs, the generalised
parabolas can also be constructed as a ‘connection’ of four-point Q1 ∧Q2 and
another point (either obtaining the OPNS representation (2.2) or the IPNS
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representation (2.4)). In particular, every generalised parabola (except those
containing the line at infinity) passes through exactly one improper point
which corresponds to the direction of the parabola axis of symmetry—it is,
therefore, natural to connect the four-point of the associated pencil with this
improper point. Moreover, the computation of these improper points will be
done in a way very analogous to the computation of the double points of the
pencil, namely, using conjugate diameters and conjugate directions.

Definition 3.9. A line d is called diameter of conic Q if it is a polar line of
any improper point w.r.t. Q. Equivalently, a diameter of conic Q is any line
passing through its centre [12].

Two diameters d1 and d2 of conic Q are called conjugate when each is
a polar line of the improper point of the other w.r.t. Q [12]. Moreover, if the
diameters d1 and d2 are shared by two conics Q1 and Q2 at the same time,
they are called common conjugate diameters.

Definition 3.10. Let us assume a conic Q and two directions p̄∞1 =
(xp∞1 , yp∞1)

T and p̄∞2 = (xp∞2 , yp∞2)
T . Then p̄∞1 and p̄∞2 are called con-

jugate directions w.r.t. conic Q if they are directions of a pair of conjugate
diameters of Q.

Moreover, if directions p̄∞1 and p̄∞2 are conjugated w.r.t. conics Q1 and
Q2 at the same time, they are called common conjugate directions.

As proved in [26], a pencil contains conjugate directions common to
all conics in the pencil, so they are common to the generating conics Q1

and Q2, too. Moreover, these directions are the very directions of the axes
of symmetry of the sought generalised parabolas of the pencil and can be
obtained, again, using a generalised eigenproblem.

Theorem 3.11. Let Q1 and Q2 be generating conics of a pencil of conics and
M̄1 and M̄2 their principal submatrices. Then, if common conjugate direc-
tions of conics Q1 and Q2 exist, they can be found as eigenvectors p̄∞ of the
generalised eigenproblem

M̄1p̄∞ = λM̄2p̄∞. (3.9)

Proof. Let us assume a conjugate direction d̄. Since it should be common to
both conics, it must hold simultaneously

d̄ = M̄1p̄∞,

d̄ = λM̄2p̄∞,

where λ is a scalar parameter (here, again, multiplying by λ does not change
the geometrical meaning of homogeneous objects). Consequently, identifying
the right-hand sides of Eqs. (3.3) and (3.4) yields

M̄1p̄∞ = λM̄2p̄∞.

�

Consequently, to construct the generalised parabolas in a pencil gen-
erated by conics Q1 and Q2, we have to compute the common conjugate
directions p̄∞j using Eq. (3.9), then add 0 as their third coordinates (thus,
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making them the associated improper points p∞j) and, finally, use them to-
gether with the four-point according to either Eq. (2.2) or Eq. (2.4). More
mathematically, the OPNS representation of the j-th parabola P j of a pencil
of conics can be obtained as

P j
O =

(
Q1

I ∧ Q2
I

)* ∧ CP(p∞j) (3.10)

while its IPNS representation is of the form

P j
I =

(
Q1

I ∧ Q2
I

) · CP(p∞j). (3.11)

Now, let us demonstrate the described construction on particular exam-
ples. For the sake of brevity of the text, we include the whole computation
only in the first subexample (construction in other subexamples follows anal-
ogously).

Example 6. (1) Let us consider two ellipses E1, E2 with equations

E1: − 13x2 + 8xy
√

3 − 21y2 + 225 = 0,

E2: − 20x2 − 24xy − 20y2 + 92x + 68y + 19 = 0,

IPNS representations

E1
I = −8

√
3n̄× − 8n̄− + 34n̄+ − 225n+,

E2
I = 24n̄× + 40n̄+ + 92e1 + 68e2 − 19n+,

and the associated principal submatrices

M̄1 =

(
−13 4

√
3

4
√

3 −21

)

, M̄2 =

(
−20 −12

−12 −20

)

.

Consequently, the solution to the generalised eigenproblem (3.9) is given by
(

λ1

λ2

)

≈
(

0.2916

3.0142

)

,
(
p̄∞1 p̄∞2

)
≈

(
1.4547 −0.9115

1 1

)

,

and the IPNS representation of the improper points p∞1 and p∞2 associated
with the directions p̄∞1 and p̄∞2 of the axes of the sought after parabolas
are computed as an embedding of the obtained eigenvectors to GAC, i.e.

P∞j = CP(p∞j), j = 1, 2.

Finally, the parabolas P j are computed using according to (3.10) or (3.11),
respectively, as

P j
O =

(
E1

I ∧ E2
I

)* ∧ P∞j ,

P j
I =

(
E1

I ∧ E2
I

) · P∞j , j = 1, 2.

Afterwards, the IPNS representations of the acquired parabolas are found
to be

P 1
I ≈ −20.278n̄× − 7.779n̄− + 21.718n̄+ − 26.084e1 − 19.280e2 − 213.387n+,

P 2
I ≈ −12.706n̄× − 1.179n̄− − 12.760n̄+ − 40.876e1 − 30.213e2 − 24.724n+.

Both generating ellipses, the intersection four-point and the constructed
parabolas with their axial directions can be seen in Fig. 13a.
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Moreover, let us note that this example truly represents the case A1 of
the classification given by Table 3, i.e. two distinct real parabolas in a pencil
generated by two conics. This can also be seen algebraically, because the
conics E1 and E2 are clearly distinct, the matrix N of the form (3.8) is

N =

(
225 340 + 48

√
3

340 + 48
√

3 256

)

and det(N) < 0.

(2) Similarly, let assume the two hyperbolas H1,H2 depicted in Fig. 13b.
Both hyperbolas share a common improper point (both have one asymptote
going in an identical direction) and this improper point is, at the same time,
the improper point of the only parabola appearing in the pencil (Eq. (3.9)
yields only one direction). Therefore, this parabola cannot be obtained using
either of constructions (3.10) or (3.11), because both hyperbolas intersect at
the very same improper point p∞, so

(
H1

I ∧ H2
I

)*∧P∞ =
(
H1

I ∧ H2
I

)·P∞ = 0.
Further computation does confirm that this case falls under the category A2.

(3) Next, let us consider two hyperbolas H1,H2 from Fig. 13c. These conics
intersect each other in four real points but these points form a non-convex
quadrangle and no real parabola can pass through all such points, [28]. Never-
theless, the computation does yield two complex directions and two imaginary
parabolas (case A3).

(4) Finally, let us inspect two parabolas Q1, Q2 in Fig. 13d which share the
direction of their axes of symmetry. In such setting, the generated pencil con-
tains an infinite number of generalised parabolas. Interesting is that in this
case, all non-zero vectors are solutions of the generalised eigenproblem (3.9).
If one tries to construct a conic passing through the four-point and the im-
proper point p∞1 associated with the direction of the y-axis, the construc-
tion fails, because it is the same improper point where Q1, Q2 intersect, thus,
(
Q1

I ∧ Q2
I

)* ∧ P∞1 =
(
Q1

I ∧ Q2
I

) · P∞1 = 0. On the other hand, the analo-
gous computation using any other improper point results in P 2, a generalised
parabola consisting of a proper line (which connects the proper intersection
points of Q1, Q2) and the line at infinity. Truly, the setting represents the
case A4.

Regarding singular cases B2 and B4, they both stand for cases when
both generating conics of the pencil are geometrically the same and the equa-
tion of one is just a non-zero multiple of the other, therefore, in both cases
the geometric loci of the associated pencil coincide with the generating con-
ics and the pencil does not contain any other conics. More concretely, B2
occurs when both Q1 and Q2are geometrically the same but they are not
a generalised parabola. On the other hand, B4 represents two of the same
generating conics which are a generalised parabola and the pencil contains
this only conic. Because of the nature of these settings, there is no need to
use our constructions for those.
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Figure 13. Conics from Example 6, intersection points and
the generalised parabolas of the associated pencils. Grey
parabolas cannot be constructed using either of Eq. (3.10)
or Eq. (3.11)

Since the described way of obtaining the generalised parabolas in pencils
seems reasonable especially in the case A1, i.e. for pencils containing exactly
two real generalised parabolas, let us inspect some more examples of this
instance.

Example 7. (1) Let us consider two settings from Fig. 14a, b where both
pairs of conics generate a pencil of the first kind. In the first case, the conics
intersect in two real and two imaginary points of intersection, nevertheless,
two axial directions were computed and two associated real parabolas of the
pencil were successfully constructed using our method. The second case may
come as a bigger surprise, since the conics have no real intersection points,
yet two real distinct parabolas of the pencil were found as well.

(2) Now, let us assume pairs of conics from Figure 11, where, thanks to
the relative position of the conics, pencils of the second, the third, the fourth
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and the fifth kind are generated. In each situation, both axial directions are
computed and the associated pair of generalised parabolas is constructed.
Respective situations can be seen in Fig. 14c–f. It is apparent that in addition
to parabolas in the usual sense, other generalised parabolas, like parallel lines
or a double line, may truly appear in a pencil.

Finally, inspection of matrix N in the mentioned cases would confirm
that, indeed, all the cases fall under the category A1, where two real distinct
parabolas are found, regardless of the respective kind of pencil.

Remark 3.12. Let us point out that the construction of parallel line-pairs in
Example 5 can more easily be done using the construction described in this
subsection, since a pair of parallel lines constitutes a generalised parabola.
What’s more, a pencil generated by two concentric conics always contains
exactly two pairs of parallel lines, [26,38].

Conclusions

The main contribution of the paper lies in the investigation of two topics:
(1) The construction of a conic passing through five points and (2) The
acquirement of special conics in pencils by constructing a corresponding conic
passing through the intersection four-point and some other point.

While a way of constructing a conic spanned by five points has been
known since the ancient times [10], and the computation of its equation
can be also reached using determinants [21,31], the practical examples of
the computation seem rare in the literature, and—what is more—although
some sources assume the possible use of improper points, they never actually
employ them in computations (sometimes, they appear in terms of purely
geometric construction of the spanned conic, e.g. in [4,29]).

Also, using the GAC framework in the construction of a conic spanned
by five points made it possible to deduce a similar construction for a four-
point of two conics and another point, thus enabling us to obtain the special
subsets of conics present in the pencils of conics.

In particular, we were able to obtain the line-pairs of the pencil as the
conics spanned by the four-point and the double points of the pencil, both in
OPNS and IPNS representation. We also offered a discussion of cases when
the suggested construction of the line-pairs fail.

Analogously, we managed to acquire both OPNS and IPNS represen-
tation of generalised parabolas in the pencils, namely as conics spanned by
the four-point and the improper points corresponding to the common con-
jugate directions of the generating conics of the pencil. Also, a classification
of the number of generalised parabolas in a pencil according to the matrix
representation of the generating conics was given.

Let us also note that the constructions of line-pairs and generalised
parabolas share many traits: both are constructed as a conic spanned by the
four-point and another point, and, in both cases, this distinct point is found
using polarity as a solution to some generalised eigenproblem. Finally, let us
add that since the eigenproblem used in the construction of line-pairs involves
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Figure 14. Two conics generating a pencil of respective
kinds from Example 7 and the parabolas of the pencil con-
structed with the wedge product

an underlying cubic equation and the construction of the generalised parabo-
las deals only with the quadratic equation, it can be argued that obtaining
the generalised parabolas is a task computationally easier and numerically
more stable than computing the line-pairs of the pencils. With this in mind,
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the generalised parabolas might be an appropriate tool to simplify the com-
putation of the intersection points of two conics in the future.
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