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ITERATIVE SYSTEM OF NABLA FRACTIONAL DIFFERENCE
EQUATIONS WITH TWO-POINT BOUNDARY CONDITIONS

MAHAMMAD KHUDDUSH anp K. RAJENDRA PRASAD

Abstract. In this paper, we consider the nabla fractional order boundary value prob-
lem
Vi T IVE(0)] + @(t)gi(z+1(1) =0, tEN 5, 1<B<2,
azj(ng + 1) — bVzj(ng + 1) =0,
czj(n) + dVzj(n) =0,

where j = 1,2,..., N, zy41 = 21, N € N, ng,n € R with n — ng € N and de-
rive sufficient conditions for the existence of positive solutions by an application
of Krasnoselskii’s fixed point theorem on a Banach space. Later, we derive suffi-
cient conditions for the existence of a unique solution by applying Rus’s contraction
mapping theorem in a metric space, where two metrics are employed.

1. INTRODUCTION

Fractional calculus is a generalization of classical integer order calculus and has
been studied for more than three decades. Unlike integer order derivatives, the
fractional derivative is a non local operator, which implies that the future states
depend on the current state as well as the history of all the previous states. From
this point of view, fractional differential equations provide a powerful tool for
mathematical modeling of complex phenomena in science and engineering prac-
tices, see [5,10,12,18,30,39] and references therein. In the qualitative theory of
classical and fractional order differential equations, various theorems have been
extensively deployed by researchers in establishing the existence, uniqueness and
multiple solutions of boundary value problems, see [29,32-34,41] and the references
therein.

Fractional difference equations have been of great interest recently. Diaz and
Osler [13] introduced a fractional difference defined as an infinite series, a gen-
eralization of the binomial formula for the N** order difference A" f. Gray and
Zhang [22] developed a special case for one composition rule and Leibniz formula.
They worked exclusively with the nabla operator. For the recent works in discrete
fractional calculus, see [2-4,19-21] and references therein.

On the other hand, differential equations with state-dependent delays have at-
tracted a great deal of interest to the researchers since they widely arise from
application models, such as population models [6], mechanical models [26], the
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dynamics of economical systems [7], position control [9], two-body problem of
classical electrodynamics [14], etc. As a special type of state-dependent delay-
differential equations, iterative differential equations have distinctive characteris-
tics and have been investigated in recent years, e.g., equivariance [38], analyticity
[40], convexity [36], monotonicity [15], smoothness [11]. In [17], Feckan, Wang
and Zhao established the maximal and minimal nondecreasing bounded solutions
of the following iterative functional differential equations

2 () = g(t, 2Mt), 22Nt), ... 2 (1),

where 2U1(t) := z(2U=1)(t) indicates the j-th iterate of z, where j = 1,2,...,n,
by the method of lower and upper solutions. Recently, Prasad, Khuddush and
Leela [33] derived sufficient conditions for the existence and uniqueness of solutions
by applying Schauder fixed point theorem and contraction mapping theorem in
a Banach space to the following Caputo type fractional order boundary value
problem

Dz(t) = g(t, 2(t), 27(t)), t€[0,1],
2(0) = 4, z(1) = B,
where 1 < <2and 0 < A < B <1.In [27], Jonnalagadda derived sufficient con-

ditions for the existence of positive solutions for the following Riemann-Liouville
nabla fractional order two-point boundary value problem,

g(a)z(t)—i_g(taz(t))zo, tGNZ+2, l1<a<?2,
z(a) =0, 2(b) =0
where Nt := {ng, no+1,n0+2,...,n} by applying Krasnoselskii’s fixed point the-

orem. Recently, Eralp and Topal [16] studied the following Caputo nabla fractional
order two-point boundary value problem,

Vi 2(t) + gt 2(t— (N —1))) =0, teN} 1<pu<2,
az(a—j)—pVzla—(j—-1)=0, j=1,2,...,N—1,
~vz(b) +0Vz(b) =0,
and obtained the existence of positive solutions by using the Schauder and Banach
fixed point theorems. Inspired by the above literature, in this paper, we derive

sufficient conditions for the existence of positive solutions for the following iterative
system of Riemann—Liouville nabla fractional order difference equations

VEL V()] + @) gi (241 (1) =0, teNr ,, 1<8<2,j=12,...,N,
anti(t) = z1(t), teNG o
(1.1)
satisfying two-point general boundary conditions
azj(ng+1) —bVzi(ng+1)=0, j=1,2,...,N,
czj(n) +dVz(n) =0, j=1,2,...,N,
where N € N, ng,n € R with n—ng € N, ¢(t) € (P(N}, ), g; : [0,400) = [0, +00)

is continuous for each 1 < j < n, by an application of Krasnoselskii’s fixed point
theorem on a Banach space.

(1.2)
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The rest of the paper is organized in the following fashion. In Section 2, we
estimate bounds for the kernel and provide some lemmas which are needed in
establishing our main results. In Section 3, we establish criteria for the existence of
positive solutions for the boundary value problem (1.1)—(1.2) by applying Holder’s
inequality and Krasnoselskii’s cone fixed point theorem in a Banach space. Also,
we derive sufficient conditions for the existence of a unique positive solution to the
problem by an application of a fixed point theorem in a complete metric space.
Finally, we provide an example to illustrate the main results of the paper.

2. PRELIMINARIES, KERNEL AND BOUNDS

In this section, we present some definitions, lemmas and kernel for the homoge-
neous boundary value problem corresponding to the problem (1.1)—(1.2), which
is useful in the later sections. Throughout the paper, we shall use the following
notations. Denote the set of all positive integers, nonpositive integers, real num-
bers and positive real numbers by N, N~, R and R*, respectively. The generalized

rising function is defined by
tg _ Tt +8B)
I'(t)
fort e R\N7, B € Rand ¢t +8 € R\N". Also, if t € N~ and ¢ + 8 € R\N™, then

we use the convention that t® = 0.
For 8 € R\N~, define the 8" order nabla fractional Taylor monomial by

. \B
Ho(t, no) = M

provided the right hand side exists. Also, Hg(t,n9) = 0 for t € N,, and 8 €
N—\{0}. Also, we denote

Ny ={no,n0+1,m0+2,...},
A= (b—a)c+ acHg_1(n,ng) + adHg—2(n,ng) # 0,

~ 1
R = < [adHo—1(no + 1, mo)Hs—s(n, mo) + (b — a)dHs—a(n, mo)|.
1
N =5 [ac(?—[ﬁ_l(n, n0))? + adHg_1(n, no) + (b — a)cHg_1(n, no) + (b — a)d},

1
= [ac?—[ﬁ_l(n, ng)Hg(n, ng) + ad [Hg—1(n, no)]2
+ (b—a)cHgp(n, ng) + (b — a)dHg—1(n, no)} .
Definition 2.1. [21] The operator g : N, 11 — N, for the nabla transforma-
tion defined by o(t) =t — 1 is called the backward jump operator.

Definition 2.2. [21] Let 2 : N,,41 — R and N € N. The N** order nabla sum
of z based at ng is given by

Volla(t)= Y Hy-a(to(r)x(r), t € Ny,

T=n0+1

where, by convention, V;oNz(nO) =0.
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Definition 2.3. [21] Let 2z : N,,, 41 — R and 8 € R*. The 8" order nabla sum
of z based at ng is given by

Volz(t)= Y Ha-a(t,o(r)z(r), t € Ny,

T=n0+1
where, by convention, V;5z(ng) = 0.

Definition 2.4. [21] Let z: Np,+1 — R, 8 € RT and choose N € N; such that
8 € (N — 1, N]. The 8" order Riemann-Liouville nabla fractional difference of z
is given by
VB 2(t) = VIV =92(1), t € Nygyn.

Lemma 2.5. [25] Let 8 > —1 and 7 € N,,. Then, we have the following
properties:
(i) Ift € Nycry, then Hg_1(t,0(7)) > 0, and if t € N, then N,y > 0.
(ii) Ift € Nyry and B >0, then Hg(t, o(7)) is a decreasing function of T.
iii) Ift € N, and —1 < 8 < 0, then Hg(t, 0(7)) is an increasing function of T.
v) Ift € Ny7y and B > 0, then Hg(t, o(7)) is a nondecreasing function of t.
) If t € N and 8 > 0, then Hg(t, o(7)) is an increasing function of t.
)

i
(v
(vi) If t € Noyq and =1 < 8 < 0, then Hg(t, o(7)) is a decreasing function of

T.

—

—

Definition 2.6. [24] Let 0 < p < oo be a finite real number. A sequence
of scalars z = (z)ken is p-summable if Y77 |z]P < co. A sequence of scalars
z = (2 )ken is bounded if supy ey | 2] < 0.

Definition 2.7. [24] If 0 < p < oo, then the space £? consists of all p-summable
sequences of scalars. That is, a sequence z = (2 )ren belongs to £? if and only if

oo 1/p
lzllp = lI(zr)kenllp = [ZWV’] < o0,

k=1
For p = oo, the space ¢P consists of all bounded sequences of scalars. That is, a
sequence z = (zx)gen belongs to P if and only if

12llp = (21 )wenllp = sup 2| < 0.
keEN

Remark 2.8. [24] By making appropriate changes in the preceeding definitions,
we can consider spaces of sequences that are indexed by sets other than the natural
numbers N. For example, if I is a countable index set, then we say that a sequence
z = (2 )ker is p-summable if and only if Y72 | [2|? < co. For finite p, we let £7(1)
be the space of all p-summable sequences indexed by I, and we define £>°(I) to be
the space of all bounded sequences indexed by I.

Lemma 2.9. [8] Let b > a and f : Npy41 — R. Then, the boundary value
problem
VELVa ()] +f(t) =0, teNL ,, 1<8<2,
az(no+1) —bVz(ng+1) =0,
ca(n)+dVa(n) =0
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has a unique solution

alty= Y N(E7)f(r),

T=np+1
where
_ Nl(th)a t<Q(7),
R(t,7) = { Ro(t,T), T <t,
in which

Ry (t7) = % acH 1 (t moYHo 1 (n, 0(7)) + adHy_1 (£ n0)YHy_2(n, o(7))

+ (b—a)cHg—_1(n, o(T)) + (b — a)dHg—2(n, o(T))

and
No(t,7) = Ry (t,7) — Ha—1(t, o(7)).
Lemma 2.10. [28] Let b > a. Then
(i) Ny(t,7) is an increasing function of t for all (t,7) € N x Np .| and

t < o(7).
(ii) No(t,7) is a decreasing function of t for all (t,7) € N xNp | and T < t.

Lemma 2.11. Suppose that R > Hg_1(n,ng) and let n = (R—Hg_1(n, ng)) /R*.
Then, kernel function X(t, ) has the following properties:
(i) N(t,7) >0 for (t,7) € N} x Np ;.
(i) N(¢t, 1) < N(o(1),7) for (t,7) € Ny, X Np .
(iii) N(¢,7) > nX(o(7),7) for (t,7) € N x N ;.
(iv) S N(t,7) < 2 forteNj .

T=no+1
Proof. The results (i) and (iv) are established in [28]. To prove (ii), we let
t < o(T), then, we have from (i) of Lemma 2.10 that

)
)
)
)

N(th) = Nl(taT) < Nl(Q(T)aT)'
Now, for 7 < t, we have from (ii) of Lemma 2.10 that
R(t,7) = Ra(t,7) < Vao(7,7) < Na(o(7),7) as o(7) < 7.

From the above two inequalities, we obtain R(¢,7) < R(o(7), 7). Next, we prove
(iii). We note from Lemma 2.5 that
Hg—1(no + 1,n9) < Hg_1(t, np) for t € Npyy1,
0="Hg_1(n,n) < Hg-1(n, (7)) < Hg—1(n, no),
Hp—2(n,n0) < Hg—2(n,0(7)) < 1,
He—1(0(7), m0) < Hg—1(7,n0) < Hp—1(n, no),
Hp—1(t,0(7)) < Hp-1(t, no) < Hg—1(n, no).
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So,
Ni(t,7) = % [GCHﬁ—l(t no)Hg—1(n, o(7)) + adHg—1(t, no)Hs—2(n, o(7))
+ (b= a)cHg1(n, o(r)) + (b — a)dHya(n, o(7))]
> % [ dHg—1(no + 1, no)Hg—2(n, no) + (b — a)dHg—2(n, no)} =R

and
Ri(e(r), ) = 3 [acHa-1(e(r), mo) a1 (n, (7)) + adHa1(o(r), no)Ha2(n, (7))

+ (b—a)cHg—_1(n, o(T)) + (b — a)dHg_2(n, Q(T))}
< % {ac(?—lg_l(n, no))? + adHgs_1(n, no)

+ (b — a)Hg_1(n,no) + (b — a)d] — &,

Therefore, for ¢ < o(7), we have

R(t,r) W) R R Hya(n, )
N(Q(T)>T) Nl(Q(T)7T) TR N
and, for 7 < t, we get from (i) that
R(t,7)  _ Re(t,r)  Wi(t7) ~Hea(te(r) | R - Hyoi(nmo)
R(o(r),7)  Nyi(o(r),7) Ry (o(7),7) - N '
This completes the proof. O

We note that an N-tuple (z, 22, ..., zy) is a solution of (1.1)—(1.2) if and only
if

z(t) = Z N(tyﬁ)éf’(ﬁ)gll Z N(7'1,7’2)¢(7'2)92[ Z N(72,73)9(T3)

T1=no+1 T2=np+1 T3=np+1

ng_Q[ N(TN 2, TN—1)(TN_1)

£

XgN—ll (TN-1,7TN ¢(TN)9N(Z1(TN))‘| ]

and
n

5(t) = Y R(E,7)e(T)gi(z41(7), j=2,3,..., N,

T=np+1
ZN+1(t) = Zl(t), te NZO.

Denote the set of all real-valued functions z defined on N7 by B. Then, B is
a Banach space equipped with the norm |z|| = maxeny z(t)|. Next, we take the
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cone D C B defined by
D= {z €B:z(t) >0 forte Ny and min 2(t) > r]||z||}
ng+1

For any z € D, define an operator .% : D — B by

n n n

(Fa)t)= Y N(t’71)¢(7'1)91[ > N(7177'2)¢(72)92[ > R(r,7s)

T1=np+1 T2=no+1 T3=no+1

n

XgNzl Z N(Tn-2,Tn—1)B(Tn-1)

TN—1=n0+1
><9N—1l > N(TN—hTN)¢(TN)9N(21(TN))]]-
TN=ng+1

Lemma 2.12. The operator % is self mapping and completely continuous on
D.

Proof. Since g;(zj11(7)) is nonnegative for 7 € N}, |, 2z € D and N(t T) is
nonnegative for all (¢,7) € N x Nj. ., it follows that y(zl(t)) > 0 for all
t e Nj, , 1 € D. Now, by Lemma 2.11, we have

min (F z)(¢)
tGNZOil
= min { >, N(t,ﬁ)Cb(ﬁ)fhl > N(Tl,Tz)éf’(Tz)gzl Y N(m,7)
N+ Uri=no+1 T2=mno+1 T3=no+1

n

ng_zl > N2, 7n-1)$(Tn-1)

TN-1=no+1

><gN—1l Z N(TN—laTN)¢(TN)9N(21(TN))] ] }

TN=no+1

=n Y. N(Q(Tl)771)¢(71)91[ > N(7'1772)¢(T2)92l > R(r2,73)

T1=no+1 To=np+1 T3=ng+1

n

XgNzl Z N(Tn—2, Tn-1)(Tn-1)

TN—1=no+1

><9N—1l Z N(TN—1,TN)¢(TN)9N(ZI(TN))H

TN=no+1
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>77tré1§"x{ Z N(t,71)¢0 [ Z R(11,72)d [ Z N(72,73)

"0 U mi=no+1 T2=no+1 T3=no+1

XgNzl Z N(Tn—2, TN—1)d(Tn-1)

TN—1=no+1

)

XgNll > N(TN1aTN)<25(TN)9N(»’«’1(TN))]] > max |7z (t)].

teNn
TN=no+1

Thus, # (D) C D. Therefore, the operator % is completely continuous by standard
methods and by the Arzela—Ascoli theorem. a

3. EXISTENCE OF POSITIVE SOLUTIONS

By an application of the following theorems, we derive the sufficient conditions for
the existence of positive solutions to the problem (1.1)—(1.2).

Theorem 3.1. (Krasnoselskii’s [23]) Let D be a cone in a Banach space B
and Ey, Es are open sets with 0 € Ey, E1 C Es. Let F : DN (E2\E1) — D be
a completely continuous operator such that

(a) [|Zz|| <|zll, 2 € DNOEL, and || Fz|| > ||2||, 2 € DN IE,, or
d) |Z 2] = ||zll, z € DNOEy, and ||Z 2| < ||z||, z € DN OEs.

Then, F has a fized point in D N (E2\Ey).

Theorem 3.2. (Holder’s inequality [31]) Fiz 1 < p < oo and let g be the dual
indez to p, i.e., 1/p+1/qg=1. Let z = (z)p_, € £ and 9 = (V)7_, € L9, then
the sequence 20 = (20,)7_, € (*, and

[20]lx < 2]l pl ]l -
Moreover, if z € £' and ¥ € £, then 29 = (29;)7_, € £*, and
120l < [[2][119]] oo

We consider the follwoing three possible cases for ¢ € (P(N;) :p>1,p=1
and p = oo. The case p > 1 is treated in the following theorem.

Theorem 3.3. Let ¢ be bounded below by a positive real number @ and there
exist positive numbers R, r such that nr < r < 0r < R, where

n -1

0> |no Z N(o(Tn), TN)

TN=no+1
and g;, 7 =1,2,..., N, satisfies the following conditions
(J1) gj(z) < MiR for 0 < z < R, where
1
M < s,
IR[lq /Il

(J2) gj(z) = Or fornr < z<r.
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Then, the problem (1.1)~(1.2) has at least one positive solution.
Proof. Consider the open subsets F; and Es of B defined by
Ei={ze€B:|z|| <R}, Ba={z€B: || <r}
Let z1 € DN OE;. Then, z (1) < R = ||z for all 7 € N .. By (J1) and

TN-1 € Np 11, We have

n

Y Rw-1,m)e(rw)gn () < > Rlo(rw), Tw)d(ra)gw (21 (n))

TN=no+1 Tv=no+1
< MyR Z N(o(Tn), TN) (TN )-
TN=no+1

There exists a ¢ > 1 such that 1/p+ 1/¢q = 1. By the first part of Theorem 3.2
and for N := R(o(7n), 7N ), We get

> (w1, 7w)e(rn)gn (z1(Tw)) < MiRIR|lloll, < R.

TnN=no+1
It follows in similar manner for 7y _o € N;} 1,

n

> N(ry-2,7n-1)b(Tn-1)gn-1 Z N(Tn—1,7n)O(Tn) gn (21 (7))
TN—1=n0+1 TN=no+1

< > Rle(rv—1), in-1)d(rn—1)gn-1(R)

TN—1=no+1

< MiR Z o(Tn=1)s TN-1)P(TN-1)

TN=ng+1

< MiR|[R[g]lelly < R.

Continuing with this bootstrapping argument, we get

921 Z Nt’]’l [ Z NThTQ [ Z NTQaTS

T1=np+1 T2=np+1 T3=no+1

XgNzl Z N(Tn—2, TN—1)d(Tn-1)

TN—1=np+1

<R, teNj.

><9N1l Y R(w-1,78)(n)gn (21 (7))

TN=no+1
Since R = ||z1|| for z1 € DN OE;, we get
[Fal < lall- (3.1)
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Let 7 € Ny 1. Then, r = [|z1]] = 21(7) = min  x(t) = nla] = 6r. By (72)

TE no+1

and for 7y_1 € Ny 41, we have

> RN(ewvon w)dlrn)gn(almn)) =0 Y R(e(rn), ™n)e(rv)gn (21 (1w))

TN=no+1 N=no+1

n

= nor Z N(o(Tn), Tv)9(TN)

TN=no+1
n
> nfre Z N(o(Tn), ) = T
TN=no+1

Continuing with the bootstrapping argument, we get

(Fa)t)= N(t’ﬁ)fb(ﬁ)gl[ > N(71772)¢(T2)92[ > R(r,7s)

T1=n0+1 To=no+1 T3=ng+1

n

XgN—2l Z N(Tv-2, Tn-1)P(TN-1)

TN_1=no+1

><9N—1l > N(TN—laTN)QS(TN)QN(Zl(TN))]] >, teNg.

Tn=no+1
Thus, if 21 € DN JEs, then
[Zal = [lall. (3.2)
It is evident that 0 € Ey C Ey C Ey. From (3.1), (3.2), it follows from Theorem

3.1 that the operator .# has a fixed point 2y € DN (El\Eg) such that Z{T) >0
on Ny o. Next, setting zy41 = 21, we obtain a positive solution (21,22, ...,2) of
(1.1)—(1.2) given iteratively by

The proof is completed. O

For p =1, we have the following theorem.

Theorem 3.4. Let ¢ be bounded below by a positive real number @ and there

exist positive numbers R, r such that nr < r < 0r < R, where
-1
n

0> |ng Y. Re(rn)7n)

TN=no+1

and g;, j =1,2,..., N, satisfies (J2) and
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(J3) 9j(z) < MaR for 0 < z < R, where
1
[N
Then, the problem (1.1)—(1.2) has at least one positive solution.

My <

Proof. Consider the open subsets F; and Es of B defined by
Ei={zeB:|z| <R}, Ba={z€B:|z|| <r}.

Let z1 € DN OE. Then, z(1) < R = ||z1]| for all 7 € N ;. By (J3) and
TN_1 €N0+1,We have

n n

Y Raw-1,mw)e(n)gn(a(mn) < D Re(tn), Tn)d(ra) gn (21 (Tn))

TN=no+1

< M>R Z N(Q(TN)vTN)¢(TN)

TN=nop+1

< My RINl|oc lll1 < B

TN=no+1

It follows in similar manner for 7n_2 € Njy 11,

n n

> RNwoa,mn-)d(rv-)gn-1| Y, R(rw-1, 78)é(rn)gn (2 (1w))

TN—1=no+1 TN=no+1

< > Rle(rv—1), TN-1)d(Tn-1)gn-1(R)

TN—1=no+1

< MR Z o(Tv-1), TN-1)0(Tn-1) < MaR|N[|sc[lpll1 < R.

TnN=no+1

Continuing with this bootstrapping argument, we get

Z N t, 7'1 [ Z N 7'1,7'2 ) [ Z N(TQ,TZ&)

T1=no+1 T2=no+1 T3=no+1

n

XGN—2 l Z N(TN—277-N—1)¢(TN—1)

TN_1=no+1

XgN-1 l > Nwvo,mn)(rn)gn(a(mh)| | <R, teNp.
TN=no+1
Since R = ||z1|| for z1 € DN IE;, we get
[Fal < [lall.
The rest of the proof is similar to the proof of Theorem 3.3. This completes the
O

proof.
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Theorem 3.5. Let ¢ be bounded below by a positive real number @ and there
exist positive real numbers R, r such that nr < r < 0r < R, where

n -1

0> ng > N(e(rn),7n)

TN=no+1
and g;, j=1,2,..., N, satisfies (J2) and
(J1) gi(2) < M3R for 0 < z < R, where
1

< -
IR[1llsplloo
Then, the problem (1.1)—(1.2) has at least one positive solution.

M;

Proof. Proof of the present theorem is similar to the proofs of Therems 3.3 and
3.4. So, we omit the deltails here. a

4. UNIQUENESS AND STABILITY ANALYSIS

In this section, we derive sufficient conditions for the existence of a unique solution
of the boundary value problem (1.1)—(1.2), where we employ two metrics under
Rus’s theorem (see [1,37] for more details). In this regard, let z,¢ € B and consider
the following two metrics on B :

di(z,9) = max |z(t) — ()], (4.1)

1
dy(z,0) = [ PREG! —19(t)|f’1 , p> 1 (4.2)
t=ng+1
For dy in (4.1), the pair (B, d;) forms a complete metric space. For dy in (4.2), the
pair (B, dz) forms a metric space. The relationship between the two metrics on B
is given by
dy(2,9) < (n — no)YPdy(2,9) for all 2,9 € B. (4.3)
Theorem 4.1. (Rus [35]) Let B be a nonempty set and let dy and dy be two
metrics on B such that (B, dy) forms a complete metric space. If the mapping
F : B — B is continuous with respect to dy on B and
di(F 2, F09) < ada(2,0), (4.4)
for some a > 0 and for all z,9 € B,
d2(yza§19) < 6d2(2719)7
for some 0 < B < 1 for all 2,9 € B, then there is a unique z* € B such that
F 2t =z

Theorem 4.2. Let ¢ be bounded above by ¢* and there is some K > 0 such
that
19i(2) — g;(9)| < K|z =] for z9€B.
Also, assume that there are constants p > 1 and q > 1 such that 1/p+1/p =1
with
(n —no) /P (") VNN TR < 1, (4.5)
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then the boundary value problem (1.1)—~(1.2) has a unique solution.

Proof. Let z1,91 € B be any two solutions of (1.1)—~(1.2) and 7y_1 € Ny ..
Then, by Hoélder’s inequality 3.2, we have

iHNle,m)d»(TN)gN 4 () ZHN )0 (1 ()
< _anH N 7)) 60w o (21 (7)) — o (7))
<ok ZH )l 21 (70) = 1 (70)
<ok [ _Z+ m(g(m),m)qr [ Z+ () — 191<m>|pr

< (p*KHNH dg 21,191>.

Similarly, for 7y 2 € Ny 1, we have

> N(ry—2, Tv-1)$(TN-1)gn— 1[ Z N(Tn—1,7n ¢(TN)9N(Z1(TN))]

TN—1=no+1 TN=no+1

- Z N(TN277N1)¢(TN1>9N1[ Z N(TN1,TN)¢(TN)!JN(191(TN))H
TN—1=no+1 TN=no+1

< D Rrvez, rv-1)l[e(rv-)]

TN_1=no+1

| 3 Mownmolmaatm) = 3 Moxoam)sran(r ()
TN=no+1 TN=no+1

n

<t Y Raw—a, in-)|[0 KRl gdz (21, 91)] < (07)? 5K R gz (21, 91).

TN_1=no+1
Continuing with this bootstrapping argument, we get
(F2)(t) — (F01) ()] < ()N oMKV TR gda (21, 01). (4.6)

Thus, defining

a= (e )N TRV R,
we see that

d(ﬁzl,ﬁﬁl) S Oéd2(217191), (47)
for some « > 0 for all 21,9, € B, and so the inequality (4.4) of Theorem 4.1 holds.
Now, for all 21,1 € B, we may apply (4.3) to (4.7) to obtain

dl(le,ﬂﬂl) S ad2(21,191) S Oé(’ﬂ, — ng)l/pdl(zl,ﬂl).

Thus, given any 8 > 0, we can choose § = 8/[a(n—1n9)/?] so that dy (F 2, F,) <
B whenever d(z1,91) < 6. Hence, # is continuous on B with respect to the metric
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d;. Finally, we show that .# is contractive on B with respect to the metric ds.
From (4.6), for each z;,%; € B, consider

[ S 1 Fa)) - <%2><t>|ﬂ p

t=no+1

IN

l > ’(%0*)N%N1KN1||N||qd2(217191)|p]

t=no+1
< (n—ng) P (o) VN TN TR da (21, 01).
That is,
dy(F 21, F01) < (n— o) /P (" )N NN TN g dp (21, 01).
From the assumption (4.5), we have
do(F 21, F91) < Bda(21,V1)

for some 5 < 1 and all 2,9, € B. Thus, by Theorem 4.1, the operator .# has
a unique fixed point in B. Therefore, the boundary value problem (1.1)—(1.2) has
a unique solution. O

5. EXAMPLES

In this section, we present two examples to check the validity of our main results.
Example 5.1. Consider the following boundary value problem:

Vi [V5(t)] + () gi(z1(1) =0, ¢ €N, j=1,2,

100 (5.1)
z3(t) = z1(t), teN3>,
satisfying two-point general boundary conditions
zj(1) =20Vz(1) =0, j=1,2,
1 ) (5.2)
%zj(loo) +4V2(100) =0, j=1,2,
where ¢(t) = T and
0.2 x 1019, z € (10*, +00),
83x10°-02x107 (; — 10) + 0.2 x 101, 2 € [10?, 10,
~}6.3 %108, z € (0.0132 x 102, 10?),
P T\ G (o - 0012 % 10 + 02 x 107,
z € (0.012 x 10%,0.0132 x 10?],
0.2 x 1019, z € [0,0.012 x 10?],

Here, ng =0, n =100, a =1, b =20, ¢ = 505, d = 4. Let p = ¢ =2, My = 0.3,
6 = 6.2 x 10%. By using Maple, we calculated A = 0.2601595441, R = 17.41443310,
N* = 466.8589700, ¢ = 2.515840659 x 1079,

w00 R— Hg—1(n,no)

Y R(o(r), 7) = 4879.205601, 7 = N = 0.01316187049,
T=2
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100 1/2
X2 = [Z N(Q(T),T)P] = 723.2219121,
T=2

100 1/2
lplle = lz ¢(7)|2] = 0.003424534117.
T=2

Then,
1

M < 57—
IN[l2lll2

= 0.4037633796,

100 -1
0 > [mﬁz N(o(7), 7)1 = 6.189308432 x 10°.
T=2

Taking R = 10, r = 102,
nr = 0.01316187 x 10> < 10> = r < fr = 6.2 x 10® < 10'° = R,
and g; satisfies the following growth conditions:
9;(2) < MiR = 0.3 x 10*°, 2 € (0,10
gj(2) > 0r = 6.2 x 108, z € [0.0132 x 10%,107].

All the conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3, the
boundary value problem (5.1)—(5.2) has at least one positive solution.

Example 5.2. Consider the following boundary value problem:

Vi V()] + et)gi(z11 (1) =0, te NI, j=1,2,

(5.3)
n(t) =), teN3%,
satisfying two-point general boundary conditions
(1) —20Vz(1) =0, j=1,2,
(5.4)

1 .
5057 (100) +4V5(100) =0, j=1.2,

Wherenon,nleO,azl,szO,c:ﬁ,dz&ap(t)
gj(z) =10 sin z for j = 1,2. Then, it is clear that N = 2, ¢(t) < 67 = ¢* and

19j(2) = (V)| < 1071 |2 = 9] = K|z — 9|
for z,9 € B. Letting p = ¢ = % Then,

100 1/2
[R]l2 = lz N(@(T),T)Q] = 723.2219121
T=2

and
1
s =< [acHg_1(n, no)Hg(n, no) + ad [Hg_1(n, o))

A
+ (b —a)cHg(n, no) + (b — a)dHg_1(n, no))
=5342.553597.
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From the above values, we get
(n — no) /P (") N 5N TTEN Y R|,, = 0.1365967313 < 1.

Thus, all the conditions of Theorem 4.2 are satisfied. Therefore, by Theorem 4.2,
the problem (5.3)-(5.4) has a unique solution.

6. CONCLUSION

In this paper, we developed a theory to study the existence and uniqueness of
positive solutions of a certain type of a nabla fractional order difference equation
by applying Krasnoselskii’s cone fixed point theorem in a Banach space and Rus’s
fixed point theorem in a complete metric space, respectively. To tackle the growth
conditions (J;), ¢ = 1,2, 3,4, we chose a particular form of a nonlinear term g; in
Example 5.1 and in Example 5.2 for simplicity. We feel that there are many other
nice forms for g; satisfying growth conditions. In the future, we will study the
existence of multiple positive solutions of (1.1)—(1.2) and also study the problem
with both A operators and mixed A and V operators.
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