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1 | INTRODUCTION
Consider the second-order half-linear differential equation of the form
(r@@W"))" + p(OPw) =0 )]

for t € [a, ), a > 0, where r > 0 and p are continuous functions on [a, ), ®(u) = |u|*"'sgnu, a > 1. By &', we
mean the inverse of ®. Note that ®!(u) = |u|f~! sgn u, where g is the conjugate number to «, that is, 1/a +1/8 = 1.
Our principal purpose is to provide precise information on asymptotic behavior of all elements of its solutions space
(which is homogeneous but not additive) in nonoscillatory case. We rely mainly on the theory of regular variation and on
various transformations.

It is well known that the theory of regular variation (see Section 2) provides powerful tools for asymptotic analysis of
differential equations, see, in particular, the monograph [19] by Mari¢ published in 2000 and the text [28], which maps the
situation after Mari¢’s book. As for half-linear differential equations, they have been studied in the framework of regular
variation quite extensively, see [7, 12-16, 22, 23, 25, 28-33]. While some of the papers focused on showing the existence
of regularly varying solutions under as general conditions as possible, other papers tried to establish more or less precise
asymptotic formulas and/or dealt with the entire special classes of solutions (if not with the entire solution space) under
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additional conditions. Various delicate settings (such as the critical case for generalized Euler equations) were treated too.
In addition to the classical Karamata theory of regular variation, also the de Haan theory (in particular, rapid variation
and the classes Gamma and Pi) found applications there. Of course, asymptotics of half-linear equations were studied also
in other frameworks than regular variation, see, for example, [2-4, 6-8, 10, 17, 18, 20, 21, 24, 34, 35]; as it can be seen, some
of these works are pertinent also to our theory.

The purpose of our new paper is to make the analysis, which, along with the results in [32], fills existing gaps in
previous results and provides a somehow complete picture on asymptotics of half-linear equations. Besides showing
regular variation of all solutions and establishing precise formulas for them, we discuss also relations with other classes
such as those constructed according to the limit values of solutions and their quasiderivatives or the classes of principal
solutions (the last relation is treated in [32]). We also offer a revision of the previous results and discuss critical settings.
Further, we utilize our results to analyze Poincaré-Perron solutions, which are associated to perturbations of autonomous
half-linear equations. Our observations are important also from the stability point of view and in the study of radially
symmetric solutions to partial differential equations with p-Laplacian.

We emphasize that in the statements where regular variation of all solutions is shown, no sign condition on p is needed.
Moreover, in the statements where p is required to be eventually of one sign, both cases, positive p and negative p, are
considered. Many of our results and observations are new even in the linear case. This concerns practically all the results
where p > 0 or p is not of one sign and also the results where p < 0 under a critical setting (the term critical is clarified
below) or with p, r general (note that some of these results appeared already earlier in author’s work but are included also
here for completeness). We should emphasize that, for example, while the results such as Theorem 6 can be obtained in
the linear case in a substantially simpler way, namely, via the linear substitution y = hu in Equation (1) with a = 2, the
situation in the general half-linear case is much more complicated since this “linear tool” is not at disposal due to the lack
of additivity of the solution space.

The asymptotic formulas are derived for all (generalized) regularly varying solutions. However, it should be stressed that
we work under the conditions, which guarantee (generalized) regular variation of all solutions to Equation (1) (where reg-
ular variation of eventually negative solutions is meant as taking their absolute values). Thus, we provide the description
of the entire solution space of (1). In addition, under our setting, the sufficient conditions for regular variation become
also necessary, so they are optimal.

The paper is organized as follows. In the next section, we recall the concept of regularly varying functions including
their properties that are needed in our analysis. Basic information on nonoscillatory solutions of (1) are given in Section 3.
In Section 4, we present the results under general setting: First, we deal with (generalized) regular variation of the entire
solution space of (1) and then we establish asymptotic formulas distinguishing several logical cases that are exhaustively
examined. Asymptotics of equations with regularly varying coefficients is studied in Section 5, while equations with
perturbed exponential coefficients are treated in Section 6. The critical (or double root) setting is discussed in Section 7.
In Section 8, we derive asymptotic formulas for the so-called Poincaré-Perron solutions. All proofs are gathered in
Section 9.

2 | REGULAR VARIATION
A measurable function f : [a, ) — (0, 00) is called regularly varying (at infinity) of index § (see [1, 9]) if

At
lim M =19 forevery 1 € (0, ); 2

t—oo f(t)

wewrite f € RV(8).If 8 = 0, we speak about slowly varying functions; we write f € SV, thus SV = RV(0).If f € RV(9),
then relation (2) holds uniformly on each compact A-set in (0, oo) (this is the so-called Uniform Convergence Theorem, see,
for example, [1]). It follows that f € RV(8) if and only if there exists a function L € SV such that f(t) = t°L(t) for every
t. The slowly varying component of f € RV(8) will be denoted by Ly, that is,

Le(t) 1= %, )
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unless stated otherwise. We adopt notation (3) also for negative functions f such that |f| € RV(8). The so-called
Representation Theorem (see, e.g., [1]) says the following: f € RV(8) if and only if

t
£@) = (01 exp { ¥ ds}, @

t > a, for some a > 0, where ¢, are measurable with lim;_,, ¢(¢t) = C € (0, ) and lim,_,,, %(¢) = 0. A function f €

RV(8) can alternatively be represented as
0]
s =pwexps [ ZPas ©
a

t > a,forsome a > 0, where ¢, £ are measurable with lim;_, ,, ¢(t) = C € (0, o) and lim,_, , §(¢) = §. A regularly varying
function f is said to be normalized regularly varying, we write f € NRV(9), if ¢(t) = C in (4) or in (5). If (4) holds with
9 = 0and ¢(t) = C, we say that f is normalized slowly varying, we write f € N SV. The basic theory of regularly varying
functions is sometimes called the Karamata theory. Selected properties of RV functions are gathered in Proposition 1 and
Theorem 7

The following type of extension of RV functions was introduced in [11]. The motivation was primarily for purposes of
studying differential equations. Consider a continuously differentiable function H, which is positive and satisfies H'(t) > 0
for t € [b, 00) and lim,_, , H(t) = c0. A measurable function f : [a, c0) — (0, c0) is called regularly varying of index 9
with respect to H if foH™! € RV(9); we write f € RVy(9). If § = 0, then f is called slowly varying with respect to H;
we write f € SVy. As an immediate consequence of the properties of RV functions, we have: f € RVy(8) if and only
if f(t) = He(t)LH1(t), where LH! € SV;;. The slowly varying (with respect to H) component of f € RVy(83) will be
denoted by L;H], that is,

_ SO

[Hl -
Lf @) := FEG

we adopt this notation also for negative functions f such that |f| € RVy(8). The Generalized Representation Theorem
says that LIl € SV, if and only if

Ly
LIH(1) = (1) exp { Z((SS)) %(s) ds},

t > a, for some a > 0, where ¢, are measurable and ¢(t) — C € (0, ), P(t) - 0 as t - oo. If p(t) = C, then LIH] jg
called normalized slowly varying with respect to H; we write LIl € NSV, A generalized regularly varying function
f(t) = H3()LH(t) with L) € NSV, is called normalized regularly varying of index § with respect to H; we write
f € NRVy(8). Selected properties of generalized RV functions are gathered in Proposition 3.

A measurable function f : [a, c0) — R is said to belong to the class IT (see [1, 9]) if there exists a function w : (0, c0) —
(0, 00) such that for A > 0,

o FAD—f© _

t—o0 w(t) In4; (6)

wewrite f € ITor f € II(w). The function w is called an auxiliary function for f. The class II, after taking absolute values,
forms a proper subclass of SV. The class II, along with some other classes, belong among the so-called de Haan classes.
Selected properties of IT functions are gathered in Proposition 2. One can extend the notion of IT class similarly as it was
done for RV class in the preceding paragraph. Indeed, let H be the same as above. Then, we write f € ITy(w) if and only
if foH™! € TI(w).
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The natural and useful generalization of regular variation is the concept of regularly bounded functions (or O-regularly
varying functions). A measurable function f : [a, o0) — (0, o0) is called regularly bounded if

. f@n

At
0 < liminf A <limsup ——— < o

B 0 et FO

for every 4 > 1; we write f € RB. The representation theorem for R 3 functions reads as follows: f € R 3 if and only if

£(0) = exp {e:(t>+ / @ds}, )

t > a, where £ and 7 are bounded and measurable on [a, ). If £(t) = C € R, then f is referred to as normalized regularly
bounded function; we write f € N'RB. The concept of rapid variation deals with the natural problem when the limit in
(2) attains its extreme values. A measurable function f : [a, o) — (0, 00) is called rapidly varying of index oo (resp. —o0)
if lim;_, o, f(At)/f(t) = 0 (resp. o0) for 0 < A < 1 and lim,_,, f(4t)/f(t) = oo (resp. 0) for A > 1; we write f € RPV(0)
(resp. f € RPV(—o0)).If f is positive and differentiable and there exists lim;_, o, tf(¢)/f(t) = oo, then f € RPYV(+00).

3 | NONOSCILLATORY SOLUTIONS

This paper can be understood as a certain complement to [32], accordingly we recall basic facts on nonoscillatory solutions
and introduce the same relevant notation as in [32].

Since we are primarily interested in regularly varying solutions of (1), we work with nonoscillatory solutions of (1), that
is, with the solutions that are eventually positive or eventually negative. Note that if y is a solution of (1), then —y is also a
solution of (1) because of the homogeneity of the solution space. Recall that by the Sturm-type separation theorem, which
extends to half-linear equations, see [7, chapter 1], a solution of (1) is oscillatory (i.e., it is not of eventually one sign) if
and only if all solutions of (1) are oscillatory. Hence, we can classify Equation (1) as oscillatory or nonoscillatory as in
the linear case. In fact, we are interested in behavior of all nonoscillatory solutions of (1). Since the solution space (1) is
homogeneous, without loss of generality we may consider only the set

S ={y : y(t) is a positive solution of (1) for large t},
which is in accordance with positivity of regularly varying functions. We use the notation S*) when we want to emphasize
that the set S is associated to a particular equation (). Because of the sign conditions posed on the coefficients in the
statements dealing with asymptotic formulas (p is assumed to be eventually positive or eventually negative there), all
solutions in S are eventually monotone, thus any such solution belongs to one of the classes
1S={ye S:y(t)>0forlarget}, DS={y €S : y'(t) <0 for large t}.
The classes 7.5, DS can further be divided into four mutually disjoint subclasses
1Sy = {y €IS : limy()=M, (o,oo)}, 1S, = {y e 1S : lim y(n) = oo},

DSg = {y €DS : lim y(t) = M, € (o,oo)}, DS, = {y €DS : lim y(1) = o}.

The so-called quasiderivative y!!! of y € S is defined by y!* = rd(y’). We introduce the following convention that is
pertinent to the limits of solutions and their quasiderivatives:

18, = {y € 1S : lim y(t) = u, lim yH@) = v},
t—=o0 t—o0

DS, = {y e DS : lim y(t) = u, lim |yl(@)| = v};
t—o0 t—o0
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for the subscripts of 7S and DS, by u = B and v = B, we mean that the value of u and v, respectively, is a positive number.
Denote

Jp:/ [p(s)| ds, Jr=/ ri=R(s)ds.
a a

Recall that § is the conjugate number to «, that is, 1/a + 1/8 = 1. The next simple lemma gathers the very basic facts
about the above defined classes. For more information in this direction, see [2-4, 7].

Lemmal [3, 4,7, chapters 1, 4]. Let p < 0. Then,
S =1SUDS, where 1S # §§ + DS.

Moreover,

1s = ZSOOOO U ISOOB U ZSBOO U ISBB’

DS = DSOO U DSOB U DSBO U DSBB‘

Let p > 0.IfJ, = oo, then DS = Jwhile if J, = oo, then IS = (. If J, = oo = J, then (1) is oscillatory and S = 0. If J, = o0
(and S # @), then

S = ZS = ISOOB U ISOOO U ISB(),
while if J,, = co (and S # @), then
S =DS = DSp,, UDSy UDSp. (8)

The solutions in 7.5 ., are called strongly increasing and the solutions in DSy, are called strongly decreasing, together
they form extremal solutions. The solutions in 7S are called regularly increasing and the solutions in DSy are called
regularly decreasing. The solutions in 7S,z and DSp,, are called dominant, the solutions in ZS .o and DS, are called
intermediate, the solutions in 7S, and DSy are called subdominant. We stress that our results include among others
precise asymptotic description of intermediate and extremal solutions, which typically belong to the “difficult” classes.

Finally note that the existence and uniqueness for the initial value problem (IVP) involving (1) is guaranteed globally
as in the linear case, see [7, chapter 1].

4 | GENERAL RESULTS

The structure of the solution space and asymptotic behavior of solutions of (1) are strongly affected by the behavior of
/aoo r1=#(s) ds. Accordingly, we consider and introduce the following conditions and convention:

/OO ri=B(s)ds = o0, Rp(t) := /Z ri=B(s)ds, 9)
a a
/00 ri=f(s)ds < o0, Ro(t) := /00 ri=B(s) ds. (10)
a t
Set
w = —a,Q = Rp, and ¢ = 1provided (9) holds, (11)
while
w=a—2,Q =Rc, and o = —1provided (10) holds. (12)
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We start with the condition guaranteeing (generalized) regular variation of all positive solutions. Because of homo-
geneity of the solution space, actually all nontrivial solutions are involved. Necessity of this condition is discussed in
Remark 3.

Theorem 1. Let

a
tlim Q*(t)p(HrPF~1(t) = C € (-0,K], K := <a; 1) . (13)
We assume, in addition, nonoscillation of (1) when C = K with Q*(t)p(t)rf~1(t) £ K (in all other cases, nonoscillation is
automatically guaranteed). Then,
S € Uiy NRVoo (@71 () with SN N RV o (@71 (A) # B, i = 1,2,
where 1, < A, are the roots of

C
Mm—aa+gj7=o. (14)

Moreover, if p > 0, then S = 1.8 when (9) holds while S = DS when (10) holds. If p < 0, then § # DS C NRVQg(d)_l(/ll))
and @ # 1S C NRVqo(D71(A)).

Note that the properties of the roots of (14) are summarized in Lemma 2. It is easy to see that the indices of regular
variation 9; := ®~1(1,),i = 1,2, from the previous theorem satisfy the equation |9|* — c®(9) + C/(a — 1) = 0. Moreover,
(14) has real roots only when C < K.

Remark 1. Under the setting that we consider in the general theorems on asymptotic formulas (in particular, condition
(15)), condition (13) becomes necessary for the existence of a regularly varying (in the generalized sense) solution to (1).
More precisely, the following statement holds: Assume that (15) is fulfilled with 7 # —1. If S N N RV0(9) # @, where
A = ®(9)is areal root of (14), then (13) holds and 7 < w. Note that in the general case (i.e., when (15) is dropped), necessary
conditions have more general integral form. Such integral conditions are established in [13] and we present them in the
proof of our Lemma 9, see (94) and (95), which plays an important role in the proof of this remark.

The next theorem deals with generalized slowly varying solutions. In Remark 2, we discuss optimality and connaturality
of the assumptions of Theorem 2. Note that thanks to (16), Theorem 1 guarantees nonemptiness of S N NSV .

Theorem 2. Assume that
Q7 |p|rf~t € RVqe (), (15)
wherew € {—a,a — 2} and eithern < w < —1or —1 <7 < w. Ifn = w, let, in addition,

lim Q*(Hp(HrfF~1(t) = 0. (16)

(Note that condition (16) is automatically satisfied when n < w.) If y € SN NSVQG, then ysgny' € HQU(Qrﬁ_lly’l)
providedn = w. Foranyy € SN N'S Vo, the following holds:

i) If faoo(Q(s)l p()|rf2(s5))P~1 ds = oo (note that this can happen only when n = w), then
‘ Q)p()rF=2(s)
y(t) = exp —/ (14 0(1)®! <—> ds 17)

w+1
ast — oo. If (9) holds, then, ast — oo,

y(t) / oo, yIU() \\ 0 (iie., y € IS o) when p > 0,
(18)
while y(t) \\ 0, ylI(¢) / 0 (i.e., y € DSy,) when p < 0.
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If (10) holds, then, ast — oo,

(&) \ 0, yIU() \ —o0 (ie, y € DSp,) When p > 0,

(19)
while y(t) / o0, yU(t) / o (i, y € IS o) When p < 0.
(i) If [ (Q()| p(s)IrF~2(s))*~ ds < oo, then
0 B—2
Y(t) = M, exp { /t (1 + 0(1))d! <W) ds} (20)

ast — oo, where M, = lim,_,, y(t) € (0, o). The same conclusions as in (18) and (19) hold provided we replace y(t) — 0
and y(t) — oo by y(t) — M,,. Moreover, |y — M,| € SV, and

@ @IpOIF1 )P = o(ly() — M, |) (21)

ast — oo when 7 = w, while

M _
9(0) = M| ~ y (QU-aXe=Dra ()] ()1 ()"

22
I+ 1F1(8 — D)(w — 1) =

ast — cowhenn < w.

Remark 2. The particular values of w (see (11), (12)), which are considered in Theorem 2, are not restrictive, since they
are the results of suitable transformations applied to the equation under a general setting. Further, in that statement, we
assume 7 < w, which is also natural and not restrictive. Indeed, condition (15) can be rewritten as Q| plrﬁ = RVqo(n —
). Hence, if > w, then lim,_, ., Q%(t) p(t)r®~1(t) = oo by Proposition 3. According to Remark 3, we would get that there
is no RV solution of (1). The setting of the theorem excludes also the case 77 < —1 < w, which is covered in Theorem 3.
The cases where the strict inequalities are replaced by possible equalities are discussed later.

The next theorem is the complement of the previous one in the sense that 7 < —1 < w. Note that under this setting, the
solution space of (1) has a quite specific structure.

Theorem 3. Let (10) hold. Assume that Rq|p|rf~! e RV r.(1), where n < —1. Then, SN NSVl/RC #0. Letye Sn
NSV g Then,

Y € ISpg U DSpy UDSgp when p < 0, whiley € ISpy U ISgg U DS when p > 0, (23)

and all these subclasses are nonempty. If y € ISg, ory € DSpy, then it obeys formula (20). If y € T1Sgg ory € DSgp, then

a—-1

M
My =3O ~ Ny PR and [Ny =yO ~ T2 ReIPOIF () (24)

ast — oo, where M, = lim;_, , y(¢) € (0, 0) and N, = lim,_, yl e r \ {0}

Next, we examine the case where the indices of regular variation (thus the corresponding roots of (14)) are nonzero. Both
eventualities, C # 0 and C = 0, are considered. Note that the case C = 0 is a complement of Theorem 2 since one root is
zero and one nonzero. Moreover, with C = 0, the condition |G| € RV (1) reduces to Q%| plrf-le RV o (1), which is
nothing but (15) where 7 = 7 — w. The lower bound a + 1 instead of a in the integral in (25) is just the technical concern
in order to avoid Q(a) = 0 in the denominator of the integrand; in fact, a + 1 can be replaced by any number greater
than a.

Theorem 4. Let G(t) — 0 as t — oo, where G := Q%prf~1 — C, C € (—,K). Assume that |G| € RV (1) with some
7<0, and 4, < 1, are thegroots of g4); if C=0, we consaider only the nonzero root. Set 9; = ®Y(1;), i=1,2. Let y €
SNNRVqe(9)). Then, L;? ] sgn(L)[,(l_2 ])’ € Igo (rﬁ_lQ(L)[,? ])’)provided‘r = 0.Foranyy € SN N RV ($;), the following
holds:
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@) Iffaoi1 |G| P (t)/Q(t) dt = oo (note that this can happen only when T = 0), then

C 1+ o)) ds} 25)

) — 0% —
nn=Q (t>exp{ /a+1 @@= D(@) - C/9)Q0)

ast — oo. If G > 0, then, Lg?a](t) /oo and L;?U](t) \ 0. If G < 0, then, L;?a](t) \ 0 and L)[,?U](t) /00 IfC # 0, then
yl.[l](t) N\ O (thusy; € IS ), i = 1,2, when p > 0and (9) holds, whileyi[l](t) N\ —o0 (thus, y; € DSy ), i = 1,2, when
p > 0and (10) holds, and ygl](t) /" 0 (thus, y; € DSy), yE](t) /" o (thus, y, € IS ) When p < 0.IfC = 0and (9)
holds, then yE](t) N\ O (thus, y, € IS ,) when p > 0, while ygll(t) /" oo (thus, y, € IS ) When p < 0.IfC = 0and
(10) holds, then y{l](t) N\ —oo (thus, y; € DS, ,) when p > 0, while ygl](t) /" 0 (thus, y; € DSyy) when p < 0.

@) If [, 1GO)Ir'=F(6)/Q(t) dt < oo, then

(1 + o()r'F(s)G(s) ds } (26)

$i(t) = MiQ7 (1) ex { /
. PV @=D(@@) - €78, + l3i1“2)Q0)

1"

hold with the modification that the limit values are replaced by M;. As for the asymptotic behavior of yim, it is the same

ast — oo, where M; = lim,_, (t) € (0, ), i = 1, 2. As for monotonicity of y;Q~°%, the same conclusions as in (i)

as in (i) when C # 0. If C = 0, then for the monotonicity of y{l] and yy] the same conclusions as in (i) hold with the

modification that the limit values are replaced by a positive number. Moreover, if T = 0, then |M; — L;?G]l € SV and
6@ = o(1M; - Ly 0D 27)

ast — oo, i = 1,2, whileift <0, then

M;|G(1)]
|7l (ex = DID(S;) — C/8; + 7]9;|*~2]

M; - L) ~ (28)

ast —» o0,i =1,2.

5 | EQUATIONS WITH REGULARLY VARYING COEFFICIENTS

If the coefficients of Equation (1) are regularly varying, then both the assumptions and the formulas of the general state-
ments from the previous section take a quite lucid form. As we will see later, the next statement is a corollary of Theorem 1
when r € RV(y) with y # a — 1. It however holds true also for y = a — 1. Properties of the roots of Equation (30) are
summarized in Lemma 2.

Theorem 5. Letr € RV(y), ¥ € R, and

t“p(t) lo —1—y]\"
Jim — 0 = € (oKL, K, = <T> : (29)

We assume, in addition, nonoscillation of (1) when C,, = K,, with t“p(t)/r(t) £ K, (in all other cases, nonoscillation is auto-
matically guaranteed). Then, S C | NRY(® () with S n NRY(®@~L(n,)) # @, i = 1,2, wheren, < 1, are the roots

of

i=1,2

a—1-y C
Fy() :=Inlf = ——=n+-—5 =0. (30)

Remark 3.

(i) In view of below presented Lemma 9, if |p| and r regularly varying (and that is what we assume there to establish
asymptotic formulas), (sufficient) condition (29) becomes necessary for the existence of a regularly varying solution.
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More precisely, we assume there |p| € RV(§)andr € RV(y)with§ # —1,y # a — 1 (the equalities lead to the critical
case, which is discussed later). In addition, we obtain that necessarily § + a < y, thus assuming this relation between
the indices of regular variation of r and p in our statements is natural and means no restriction.

(ii) Let|p| € RV(8) and r € RV(y) with y # a — 1. According to [32, Lemma 10], if y is a slowly varying solution of (1),
which tends to 0 or oo, then y = § + a. Moreover, y[l] cannot tend to a nonzero real constant.

The next statement is a corollary of Theorem 2 for p and r regularly varying. As already noted, the inequality 6 + a <y
is not restrictive, since if & + o > y, then there are no regularly varying solutions.

Corollary 1. Let |[p| € RV(S), r e RV(y), 0 +a <y,withd < —landy <a—1ord > —1andy > a — 1. Assume that
lim,_, o, t*p(t)/r(t) = 0 (note that this condition is automatically satisfied when § + a < y). Lety € S N N'SV (note that the

set is nonempty).

0] Iffaoo |sp(s)/r(s)|5_1 ds = oo (note that this can happen only when § + a = y), then

O =expd = [ @+ oo <L"—(S) Zd (3D
Y =ep / ° <6+1>L,(s>>s ’
ast — oo.
(ii) If/aOO Isp(s)/r(s)|F~1 ds < oo, then
o0 L,(s)
— -1 P ) ((6+1-p)(B-1)
y(t) = M, exp {/t 1+ o0(1))® <(5 n 1)Lr(s)>s 1=y ds} (32)
ast — oo, where M, = lim;_, , y(t) € (0, o). Moreover, if § +y = a, then |y — M,| € SV and
Lo
L”(t) = o(ly(t) = M) (33)
ast — oo, while if § + a < y, then
My@—-1)  epe))
My =y~ 57 181y =8 —a)| r(®) G4

ast — oo.

In Corollary 1, weassume d < —landy < a —1lord > —land y > a — 1; note thatif § + a = y, then these are the only
combinations of strict inequalities that can occur. This suggests the problem of tackling the other combinations. If § > —1
andy < a — 1, then there are no regularly varying solutions of (1). Indeed, if p < 0, then, on one hand, (1) is nonoscillatory
by the Sturm-type comparison theorem [7, Chapter 1], on the other hand, all its eventually positive solutions belong to the
de Haan classes I' and T'_ (see [33]), which form subsets of rapidly varying solutions, and thus cannot be regularly varying.
If p > 0, then we have, by the Karamata integration theorem (Theorem 7), f:o p(s)ds = o0 = f:o r1=B(s)ds, and, in view
of the Hille-Wintner-type criterion [7, Chapter 1], Equation (1) is nonoscillatory, so there is even no eventually positive
solution. The next statement deals with the remaining case § < —1 and y > a — 1; note that this can occur only when
d + a < y. The cases where the strict inequality is replaced by the equality is discussed later.

Corollary 2. Let |p| € RV(S) and r € RV(y) with § < —1 and y > a — 1. Assume y € S N N'SV (note that the set is
nonempty). Then, (23) holds and all the subclasses in (23) are nonempty. If y € TSp, or y € DSp, then it obeys formula
(32).Ify € IS ory € DSgp, then

|Ny |ﬁ—1 Mo

— ~ B _yl1l ~—_ B—
My = YOl ~ Gt O and [Ny = yO| ~ e S OO (35)

ast — oo, where M, = lim;_,, y(¢) € (0, 00) and N,, = lim,_, ., yll) e R\ {0}
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In view of the above presented results, it is now natural to be interested in formulas in the case where the
limit lim,_, . t*p(t)/r(t) is nonzero or it is zero and we consider non-SV solutions. If r € RV(y) with y #a —
1 and lim;_ t*p(¢)/r(t) = C, € (0,K,), we can obtain—as a corollary of Theorem 4—the formulas for y; € Sn
NRY(@'(n,)),i = 1,2, 7,71, being the nonzero roots of (30). For illustration, let us present the case where the integral
is divergent:

t a
Yi(e) = 7 OOL, (0 /01 exp {_/ (- o C e (“ rou)TED - CY>ds }

D(m; — C, /@71 (m:))s r(s)

The formula in the case where the integral is convergent is more complicated. We prefer to prove directly a different
variant under the assumption r € N'RV(y) N C', where y can be arbitrary real number. In fact, for the case C, = 0, there
is another approach how to obtain asymptotic formulas for non-SV solutions. It is based on transforming Equation (1)
into reciprocal Equation (89) to which we apply Corollary 1, see [32] for details.

Theorem 6. Letr € NRV(y)NCl,y € R, andlim,_, o, t* p(t)/r(t) = C, € (—0,K,). Assume that |G;| € RV(1;), 7; <0,
where

@ (@)
Gi(t) = l"([) Cy +771( l"([) 7/>9 (36)

i = 1,2, wheren; <n, aretheroots of (30); if C,, = 0, we consider only the nonzero root. Suppose that y + a(®@'(n) -1+
7, > —1 (note that if T, = 0, then this condition is automatically fulfilled). Let y; € S N N RV(®~(n;)), i = 1,2.

() If,fori=1ori=2, faoo |G;(s)|/sds = oo (note that this can happen only when t; = 0), then

o ! G;(s)
(1) = 2 () _ i
yi(t) =t ) exp { /a (1 +o(1)) @ =105 = C, /oG5 ds} (37)

ast — oo.

(ii) If, fori = 1ori = 2, /aoo |Gi(s)|/sds < o, then

10, * Gi(s)
() = M.t2 () l
yz(t) M;t 7 exp {/t 1+ 0(1)) (o — 1)(7)1' _ Cy/(I)_l(ni) + 7|7 |(Oc—2)(ﬁ—1))s ds} (38)

as t — oo, where M; = lim,_,, y;(t)/t5 € (0, ). Moreover, if ; = 0, then |M; =L, | €SV and |G;(1)| = o(|M; —
Ly, (t)]) ast — oo, while if 7; <0, then

M;|Gi(0)]
|Ti|(a - 1)'”1 - Cy/q)_l(ni) + Tilnil([x_z)(ﬁ_l)l

|Mi - Lyl-(t)l ~

ast — oo.

Remark 4. A closer examination of the proof of Theorem 6 shows that for y;, y, from that theorem, we have

ty!(t)
H 0 ) o

N Gi(1)
ni = Cy /®7(70) + Ty | <~ DED

ast —» o0,i =1,2.
Example 1.
(i) In general, the case when faoo |Gi(s)|/sds = o0 and faoo |G5_k(8)|/sds < oo for one of k € {1, 2} can generally occur

even with 7; = 7, = 0. Indeed, let r(t) = tL,(t), y € R, where L, € N'SV n C! with lim,_, o, L,(t) = o0, and p(t) =
(CyLe(8) =7y + 12 /L (D%, Cy € (=00, K,) \ {0}. Then, t*p(6)/r(t) = C, =11 /L, () + 1,/Li(t) = C, as t — oco.
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Since tr'(t)/r(t) = y + tL.(t)/L,(t), we get

o m n: n.tLi(t)
L,(t) L%([) l L.(t) .

Gi(t) =

Choose L,(t) = Int. Then, G;(t) =1,/ In® t and G,(t) = (M, —n)/Int +1n,/ In’t ~ (n, —m)/Intast - oo. Hence,
|G;| € SV and G, € SV. Moreover, fzoo |G1()|/tdt < oo and fzoo G,(t)/tdt = .
(i) Ifn, < 0and L, = In in part (i), then G;(t) < 0 and G,(t) > 0 for large ¢, thus G; and G, can have different signs
(iii) Ifr(t) = t7, then G,(t) = G,(t) = t“p(1)/r(t) — C,.

6 | EQUATIONS WITH PERTURBED EXPONENTIAL COEFFICIENTS

We are able to use the results to obtain asymptotic formulas also for some equations with non-RV coefficients, which
can take, for example, the form of exponentials perturbed by RV functions (thus the perturbations “vary slower” than
exponentials). One could directly apply the general results involving generalized RV functions (which allow exponentials).
Nevertheless, next we offer a slightly modified approach; the proof is based on applying a suitable transformation and
utilizing existing results.

Corollary 3. Let p(t) = e g(t) and r(t) = e h(t), where £, u € R, g € Cla, ), and holn € N'SV N C[a, o). Assume
that lim,_, o, e'C=H g(t)/h(t) = C € (—o0, (|u|/2)*) and

e'C M g(t) (1)
Kol RY(z), Ki(t) 1= ——=>2 — , ,
[Kioln| € RV(@), Ki(0) = — 5 avn
i =1,2, wheret; <0andn; <, are the roots of the equation
nlf +u/(@-1D+C/(@a-1) =0. (39)

Let u+ ®1(n,) + 7, > 0 (note that this condition is automatically fulfilled when t, = 0). IfC = 0 and n; = 0 fork = 1 or
k = 2, we assume, in addition, u < 0 or T + 4 > 0, and the condition on normality and C! of hoIn can be dropped. Then,
ScUiepaN RVexp(@71(1;)). Moreover, for any y € S 0 N RV(® (1)), the following holds:

() Ifn; is a nonzero root and faoc |K;(s)| ds = oo, then

t
yi(t)=exp{<1>—1(m)— / (1+0(1) Kis) ds} (40)

(@ =D = /2~ (:)

ast — oo.
(ii) Ifm; is a nonzero root and faoo |K;(s)| ds < oo, then

V() = M exp {fb‘l(m) N / 1+ o) — 1)(mK_i(SC) s ds} @)

ast — oo, where M; = lim,_, o, y;(¢).
(iii) Ifn; = 0 and faoo |s5#g(s)/h(s)|P~1 ds = oo, then

_ ' s57+g(s)
v;i(t) = exp {—/a 1+ o(l))@(m ds (42)

ast — oo.
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(iv) Ifn; = 0and faoo |s#g(s)/h(s)|P~' ds < oo, then
y:i(t) = M; exp /00(1 +0(1))® sf‘“g(s) ds (43)
' ' t (T + Wh(s)

ast — oo, where M; = lim,_, o, y;(¢).

Remark 5. Condition holn € NSV is satisfied, in particular, when h € Cln U SeR NRY(9). If we assume, in addition,
g € C N Uyzep RV(I), then the coefficients in (1) can be seen as exponentials, which are perturbed by regularly varying
functions. Note that the condition h € |, N RV(8) can be generalized to h € N'RB N C'. Indeed, from representation
(7), we get that —co < liminf,_,, th'(t)/h(t) < limsup,_,  th'(t)/h(t) < 0. Consequently,

d(holn)
S=5 ) _ W(ns) HK(ns)lns 1

(holn)(s)  h(ns)  h(ns) Ins

-0

ass — 0. If € =7 # 0, then it is sufficient to take |g(¢)| ~ Ch(t) with C # 0 or |g(t)| = o(h(t)) ast — oo.

7 | CRITICAL SETTING

Looking at Corollary 1 and Theorem 6, we see that the cases when § = —1 and C, = K,, are not covered. These critical
settings (which lead to double root case in Theorem 5) are somehow delicate and require a different approach. Never-
theless, the next statements show that sophisticated utilization of Theorem 2 and Theorem 4 enables us to include also
these settings. First, we deal with the case when § = —1 and C, = 0. We prefer to choose somehow specific setting which
however serves as an important prototype and allow us to establish precise formulas in a nice form.

Corollary 4. Let p(t) = %fp(t) In” tandr(t) = t*~! In® t,whereu+a—¢ <0, f,=g,olnwith|g,| € SV NC, andeither

p<-land{<a—1lorpu>-land{>a—1Ifu+a={, assume, in addition, lim,_,, fp(t) = 0.If f, > 0, assume, in
addition, nonoscillation of (1). Then,

S CNSVo UNRVoe(0) C NSV, (44)
where o = sgn(a — 1 — ) and Q(t) = 1n® t/10], ® :=¢{(1 — B) + 1. Moreover, the following holds:

(i-a) Ify e SN N'SVqo, u+a =¢, and feoo |fp(s)|ﬁ_1/(slns)ds = o0, then

! 1 . (p()
y(t)=exp{—/€ (1+o(1))mq> 1<M+1>ds} (45)
ast — oo.
(i-b) Ify € SN NSV and f:o(ln s)(ﬁ_l)(““_g)_l|fp(s)|5_1/s ds < oo, then
o B-D)(ura—¢)-
Y(©) = M, exp { /t (1 + o(1)) 4 IS/H 1c1>—1< i "fi) ds} (46)

ast — oo, where M, = lim;_, , y(t) € (0, c0).
(ii-a) Ify € SN N'RVe(0) and /eoo Ifp()]/(sIns)ds = o, then

L @+o)f,(s)
_ 1.0 p
y(t)=In"texp {/e —q)(@)(a “Dsins ds} 47)

ast — oo.
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(ii-b) Ify € SN N RV (o) and f:o(ln s)“+“‘§_1|fp(s)|/s ds < oo, then

e = (1+ 0o(1))(In )<L £ (s)
y()=N,In" texp {—/t ()@ — 1 ds (48)

ast — oo, where N, = lim,_, o, [©|y(t)/ n°te (0, 00)

The condition lim,_,, f,(t) =0 in Corollary 4 suggests the natural problem to be solved, namely, the setting
lim,_, o, fp(t) = C where C # 0. We will not go into details; note just that this case can be studied via arguments simi-
lar to those in the proof of the previous corollary with applying Theorem 4. Note that the critical cases (no matter whether
C is zero or not) can be treated also by a slightly different approach, namely, in the first step we use logarithmic trans-
formation and then we apply to the transformed equation the statements where regular variation of the coefficients is
assumed (Theorem 5, Corollary 1, and Theorem 6).

Another direction concerns the fact that borderline condition y = —1 is not allowed in the previous statement. The
next corollary deals just with this critical case. Note that we consider the coefficients in a certain special form, just to
demonstrate the main ideas. However, a generalization or an extension is possible. In particular, the coefficients can
further be perturbed (in such a way that their dominant behavior is not violated too much) and/or the settings can be
considered where (10) holds or the limit lim;_, ,(In In £)* f ,(¢) is nonzero.

Corollary 5. Let p(t) = ritfp(t) and r(t) = t%1 In*! t; lim,_ (Inlnt)*f,(t) = 0 and f, = h,olnoln with |h,| €
RV(—a)NC.If f p > 0, assume, in addition, nonoscillation of (1. Then,

SCNSVhotn UNRYLo(1) C NSY. (49)
Moreover, the following holds:

(i-a) Ify € SN N SV,o1, and fe00 |fp(s)InIns|f~1/(sIns)ds = oo, then

(©) = exp { /e ‘a4 0(1))811”@—1 <f p(;)inllns> ds} (50)
ast - oo.
(i-b) Ify € SANSViyomand [ |fp(s)Inlns|P~!/(sIns)ds < co, then
¥(t) = M, exp {— [ Tas o(1)- ﬁlsq’_l <f p(:()inllns> ds} (51)
ast — oo, where My, = lim,_, o, y(¢) € (0, c0) and
(InIno)*|f (O] = o(|y(t) = M, |F~1) (52)
ast — oo.
(ii-a) Ify € SN NRVoi() and [ (Inlns)*|f,(s)[F~1 /(sIns)ds = oo, then
y(t) = InInt exp { - / t(1 + 0(1))% £p(8) ds} (53)
ast — oo.

(ii-b) Ify € SN NRV}y01n(1) and feoo(ln In s)“lfp(s)lﬁ‘l/(s Ins)ds < oo, then

(Inlns)*1

(a—1)sins

y(t) = NyInIntexp {/00(1 +0(1)) Ip(s) ds} (54)

85U8017 SUOWIWIOD BAIIRID 3|edldde ay3 Aq peusenob afe sajoite VO ‘8sN J0 S8 10} A%iq1T8UlUO 48] 1M UO (SUORIPUCD-PUR-SULB)0D A8 | 1M Afe1q1 U1 |UO//:SANY) SUORIPUOD Pue SWia | 38U 88S *[7202/50/9T] Uo AriqiTautuo Aeim ‘ABojouyos | JO AisieAlun ouig Aq Z0£002202 eUeW/ZO0T OT/I0p/Wod A8 |imAeIq1puluo//Sdny Wo.j pepeolumod ‘v ‘¥20z ‘9T9222ST



1288 MATHEMATISCHE SEHAK
NACHRICHTEN

ast — oo, where N, = lim;_,, y(¢)/ Inlnt € (0, o) and
(nlnt)*|f, ()] = o(ly(t) = N,/ InIn¢|F~1) (55)

ast — oo.

IfC, = K,, then all eventually positive solutions of (1) are regularly varying with the index (a — 1 — y)/a. In fact, Equa-
tion (1) under these conditions can be understood as the generalized Euler equation in the critical setting. Asymptotic
formulas in this delicate case can be obtained by combination of the ideas from the proofs of Theorem 6, Corollary 4,
and Corollary 5. Actually, one can think about further extension of these results in the sense of iterating the process,
which transforms the critical setting into noncritical one. Perturbations of generalized Riemann-Weber differential equa-
tions could be treated in such a framework. Since the detailed analysis of this direction requires a lot of space, we do not
include it into this paper.

8 | POINCARE-PERRON SOLUTIONS AND THEIR ASYMPTOTICS

Consider a half-linear equation in the form

(@) + a()@(") + b(HOHP(y) = 0, (56)

where a, b are continuous functions on [¢;, o). The so-called Poincaré-Perron solutions of an equation are the solutions y
satisfying lim;_, , ¥'(£)/y(t) € R, see [5, 26, 27] for the basic results in the linear case. Theory of half-linear equations in the
framework of regular variation enables us to generalize the linear case into the half-linear case for second-order equations.
In particular, we can establish conditions guaranteeing that Poincaré-Perron solutions exist and, in fact, all solutions are
of this kind, see [31]. Note that they are then rapidly varying rather than regularly varying, see Remark 6-(iii). Moreover,
thanks to our theory we can derive quite precise asymptotic formulas for these solutions; this is the content of the following
corollary.

Corollary 6. Let lim;_,, a(t) = A € R and lim;_,, b(t) = B € (—o0, (|A|/a)*). Assume that |H;| € RVexp(7;), 7; <0,
where

H;(t) := b(t) — B + ©(1;)(a(t) — A),

A1 < A, being the (real) roots of

(a =DA%+ APA)+B =0. (57)
Then
A )]
Sc |J MRV, ie, lim € {1, A5} (58)
; i=co y(t)
i€{1,2}

foranyy € S. Moreover, the following holds:

() Fory € SN NRVeyp,(4), i = 10ri = 2, where we assume A; # 0, one has the following:
(i-a) If faoo |H;(t)| dt = oo (note that the divergence can occur only when t; = 0), then

_ ‘ Hy(s)
y(t) = exp {/L-t — /a a+ 0(1))(oc D@0 —B/A) ds} (59)

ast — oo.

(i-b) If [ |H;(t)| dt < oo, then

_ ® H;(s)
0=t { i+ [ Qro e T o) 0
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ast — oo, where M = lim,_, , y(t) exp{—A4;t} € (0, 00).
(ii) Fory € Sn NSVeXp, under the assumption A < 0ort + A > 0, wheret, := 1; < 0 corresponds to the zero root A; (and
this can happen only when B = 0), one has the following:
(ii-a) Iffaoo |b(£)|F~1 dt = oo (note that the divergence can occur only when 7, = 0), then

t
y(t) = exp {—/ 14 o0(1)o! <¥> ds} (61)

ast — oo.

(ii-b) If [ |b()|P~1 dt < oo, then

y(t) = Mexp { / 1+40)®! <%S)TO> ds} (62)
t

ast — oo, where M = lim,;_ ., y(¢t) € (0, o).
Remark 6.

(i) Similar ideas, which are used in the proof of Corollary 6, can be employed to handle the critical case B = (|A|/a)%;
Corollary 5 would find application here.

(ii) Next we indicate how the setting in our nonlinear Poincaré-Perron theorem can be related to equation (1) where
the coefficients are exponentials multiplied by perturbations which vary slower than exponentials, cf. also Section 6.
Consider, for example, p(t) = e g(t), r(t) = 5! h(t), where £ £0, h € User NRY(S) N CY, and [g(1)] ~ |C|h(t)
with C # 0 or |g(t)| = o(h(t)) ast — o0, g € C. Equation (1) with such coefficients can easily be obtained from (56)
as follows. Introduce the relations between a, b and g, h by

t t
h(t) = exp {/ (a(s) — A) ds} and g(t) = b(t)exp {/ (a(s) — A) ds} .
to lo

Set £ = A. Then a(t) = &£ + K/ (t)/h(t) and b(t) = g(t)/h(t). Plugging these expressions into (56) and multiplying by
h, we obtain

h(O(@(")) + (Ah(t) + K ()2(") + g(OHD(y) = 0,

which can be rewritten as
(hO2(")) + ER(OPG") + g(OHP(Y) = 0.
Multiplying by e we get
(e h()D()) + e g(HD(y) =0,

which is of the form (1). Since th’(t)/h(t) — § as t — co, we have h'(t)/h(t) > 0ast — oo, and so a(t) - £ = A as
t — oo. Moreover, b(t) - C ast — oo where C can attain also the zero value. We thus see that this setting in equation
(1) corresponds with with asymptotically constant coefficients in (56). A closer examination shows that the condition
he USGR NRYV(8) N C! can be relaxed to the condition h € C! with h'(t)/h(t) — 0 ast — oo. Thus, for example a
C! regularly bounded h is allowed since it satisfies —co < liminf,_, o, th'(¢)/h(t) < lim sup;_, o th'(t)/h(t) < co.

(iii) If A =24, or 1 = A, is nonzero in (58), then lim,_  ty'(t)/y(t) = +00, where the sign + or — is according to
whether sgn A = 1 orsgn 1 = —1, respectively. It is known that this condition implies rapid variation. Rapidly varying
functions are defined at the end of Section 2.

(iv) As far as we know, asymptotics for Poincaré—Perron solutions presented in Corollary 6 is new even in the linear case.

Example 2. Let a(t) = A and b(t) = B + f(t) where |f|] € RV(8)nC with 8 <0; if § =0, we assume, in addition,
lim;_,, f(¢) = 0. Then, H,(¢) = H,(t) = f(¢t) and |[HioIn| = |foln| € RV(J - 0) = SV. Hence, |H;| € SVyp,. Let B # 0

and take 9 # —1. Then, the Karamata theorem yields fat(l +o()f(s)ds ~tf(t)/(§+1) as t - oo when § > —1 and

85U8017 SUOWIWIOD BAIIRID 3|edldde ay3 Aq peusenob afe sajoite VO ‘8sN J0 S8 10} A%iq1T8UlUO 48] 1M UO (SUORIPUCD-PUR-SULB)0D A8 | 1M Afe1q1 U1 |UO//:SANY) SUORIPUOD Pue SWia | 38U 88S *[7202/50/9T] Uo AriqiTautuo Aeim ‘ABojouyos | JO AisieAlun ouig Aq Z0£002202 eUeW/ZO0T OT/I0p/Wod A8 |imAeIq1puluo//Sdny Wo.j pepeolumod ‘v ‘¥20z ‘9T9222ST



1290 MATHEMATISCHE REHAK
NACHRICHTEN

/too(l +0(1))f(s)ds ~ tf(t)/(—8 —1) ast - oo when & < —1. In both cases, we get, fory € Sn NRVeXp(n), 7 being a
root of (a — 1)||# + A®(n) + B =0,

tf(H)A +0(1)) }

y(t) = Mexp {’7‘ T @ D@ - B/mE+ 1

ast — oo.

9 | PROOFS

We start with the auxiliary statements where selected properties of regularly varying functions are gathered.
Proposition 11, 9, 29].

@) If f € RV(8), then In f(t)/Int - 8 as t - oo. It then clearly implies that lim,_, ., f(t) = 0 provided 9 < 0, and
lim,;_, o, f(t) = oo provided 9 > 0.
(i) If f € RV(9), then f* € RV(a?d) forevery a € R.
(iii) If f; e RV(8;),i=1,2, fr,(t) > 0 ast — oo, then f1of, € RV(8,8,).
() If fi € RV(9)),i=1,2, then f1 + f, € RV(max{9,5,}).
W) If fi € RV(9)),i=1,2, then f1f, € RV(5 +8,).
o) If f1,...,fn € RV, n € N, and R(xy, ..., X,,) is a rational function with nonnegative coefficients, then R(f1, ..., f,,) €
RV.
ii) IfL € SV and § > 0, then t°L(t) — o0, t °L(t) - 0 ast — .
(viii) If f € RV(8) and a measurable g is such that g(t) ~ f(t) ast — oo, then g € RV(I).
(ix) If f € RV(I), 9 # 0, then there exists g € C' with g(t) ~ f(t) as t = oo and such that tg'(t)/g(t) — 9, whence g €
NRY(8). Moreover, g can be taken such that |g'| € NRYV(S — 1).
(%) Let f be eventually positive and differentiable, and let lim;_, . t f'(¢)/f(t) = 8, then f € N RV(I).
G) If|f'] € RV(8), 8 # —1, with f' being eventually of one sign, then f € NRV(9 + 1).

The following statement (the so-called Karamata integration theorem) is of great importance in our theory.
Theorem 7 [1]. Let L € SV.

(i) If9 < —1, then ftoo sOL(s)ds ~ t*FIL(t) /(=8 — 1) ast — .
(ii) If$ > —1, then [, s°L(s)ds ~ t**'L(1)/(§ + 1) ast — oo.
(iii) If /aoo L(s)/s ds converges, then L(t) = /too L(s)/sds is a SV function; if faoo L(s)/s ds diverges, then L(t) = fa[ L(s)/sds
is a SV function; in both cases, L(t)/L(t) - 0ast — oo.

Next we present some properties of the de Hann class IT
Proposition 2 [9, 29].

(1) Auxiliary function of a function in Il is unique up to asymptotic equivalence.
(i) If f € TI(v), then

t
1
o0~ -1 [ fds (6)
a
ast — oo.
(iii) If f €11, then lim,_, , f(t) =: f(o0) < oo exists. If the limit is infinite, then f € SV. If the limit is finite, then f(c0) —
f@)e sv.

(iv) If f' € RV(=1), then f € TI(Lf'(1)).
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The following properties of generalized RV functions are mostly immediate consequences of the properties of RV
functions, see [11].

Proposition 3.
() f € RVy(8)ifand only if f(t) = H?(t)LII(t), where LI € SV,

(i) If LM € SV and 8 > 0, then H?(H)LI1(t) - 0o, H9()LHI(t) - 0ast — .
(iii) (Alternative representation theorem) f € RV (9) if and only if

Lorpr
£ = () exp { S 55 ds},

o« H()

t > a, for some a > 0, where ¢, § are measurable and c(t) — ¢ € (0, ), 6(t) > Sast - .
(iv) IfH(t) ~ KG(t) ast — oo for some constant K > 0, then RVg(9) = RV(8) forany 8 € R.
V) RVyy(8) = RVy(8y) forany 8 € Randy € (0, o).
i) RVi(9) = RV(S) and NRV;4(8) = NRV(8).

Denote, fory € R,

a—1 a-1

a—1-—
it 4 andN},:z

My := a—1

4

‘y+1—a

Further, let 7);—“ < 172i denote the (real) roots of (30) when sgn(a — 1 —y) = +1 and let 7; <7, denote the (real) roots of
(30)wheny = a —1.

Lemma 2.

(i) Lety # a —1.IfC, <0, thennyn, <O, |n]| =n5,and|n]| =ny >M,.IfC, =0, thenn| =7, =0and—n; =7, =
+ + - - - -
M,.IfC, € (0,K,), thennin; > 0andn, = |n;| <N, <ny = |n]| <M,.IfC, =K, then—n] = —n; =0} =1 =
N,.
v
(i) Lety = a — 1. Then, C, < 0withn, =7, = 0when C, = 0 whilen, , = £(|C,|/(a - 1))Y/# when C, <O.
(iii) Lety = 0ory = 2a — 2. Then, (30) reduces to

F,) =1 +Asgny +1—a)+ C/(a —1) =0, (64)

C :=C, € (~,K], K :=K, = ((a — 1)/a)%, and the localization of the roots of (64) is the same as that described in
part (i), nowwith M, = 1and N, = ((a — 1)/a)*.

Proof. First consider case (iii) where we take y = 0. Then, (64) takes the form |1|® — 1 + C/(a — 1) = 0with C € (-, K].
Let 1; < A, be its (real) roots. Let us inspect the intersections of the graphs of x -+ x and x ~ |x|? + C/(a —1) =: f(x).
First observe that f/(((« — 1)/a)*~!) = 1. In other words, the graph of f(x) has the same tangent as the graph of x at
x = ((a — 1)/a)*!. Moreover, f(((a — 1)/a)*™*) = ((a — 1)/a)* ' when C = K. Further, F,(1) = F,(0) = 0when C = 0.
These observations, along with the fact that f is convex and its graph is symmetric with respect to the vertical axis (in
fact, it is a parabola-like curve) show that the following statements are valid. If C =0, then 4, =0and 1, = 1. IfC <0,
thenl; <0<1<A,.IfC=K,thenl; =1, = (a—1)/a)* L. If C € (0,K), then0 < A; < (¢ —1)/a)* 1 <A, < 1. If
we take y = 2a — 2, then (64) takes the form |1|® + 1 + C/(a — 1) = 0 and hence the roots have the same properties as in
the previous case (here the situation is understood symmetrically with respect to the vertical axis).
The proof of the case (i) uses the idea of transforming into (iii). Set

y—a+1|*

a—1 (65)

n =AM, and Cy=‘
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Then,
C
— |n|B 4
F,(n) = Inl + L —7 77+0(_
(a=1)B a C
y a+1 — a—1 a—1 y
< y+oc +(D<y+1—cx>77+‘y+1—oc oc—1> (66)
y—a+1|%4
= 'T‘ £y ().

Hence, 7 is a root of F,,() = 0 if and only if 1 is a root of ﬁy(/l) = 0. Consequently, the properties of the roots of (30) can
easily be determined from the properties of the roots of ﬁy(l) = 0 via the relation in (65).

Finally we prove part (ii). Let y = a — 1. Then, (30) reduces to the equation |5|® + C,/(a —1) = 0, which is readily
solvable. O

Note that the transformation in part (ii) of the next lemma can be understood as a sort of half-linear version of the
linear transformation of dependent variable y = hu (where y is a solution of (1) and 0 # h € C') in Equation (1) with
a = 2 expressed in terms of the associated Riccati equation. Since the solution space of (1) is not generally additive, the
substitution y = hu does not transform (in contrast to the linear case) (1) into an equation of the same form. Rather (in
the proof of Theorem 6) we use the asymptotic properties of the solutions under the particular setting and implement
“asymptotic linearization,” which—in terms of Riccati equation—can be described as “asymptotic quadratization.”

Lemma 3.

(i) Lety be a solution of a nonoscillatory equation (1) and w = fr®(y’/y), where f € C' and f # 0. Then, w satisfies the
generalized Riccati differential equation

r'=h ()

IO
v o-1(f(1))

570 w+ f(Op®) + (@ — D) ——F—"

lw| =0 (67)

on an interval [b, 00), where b is sufficiently large.
(ii) Lety and w be as in the part (i), where we set f = 1, and let v = h*w — Z, where Z = rh®(h’) with h € C* and h > 0.
Then, w satisfies the generalized Riccati differential equation
w’ + p(t) + (a — Dr' O wlf =0 (68)
and v satisfies the modified Riccati differential equation
v+ B(t) + (a — Dr B (O P (OF (v, Z(1)) = 0, (69)
on an interval [b, 00), where b is sufficiently large, where
p = h[(r@(n)Y + p@(h)], F(v,Z) = |v+Z|° — B~ (Z)v — | Z|F.
Lemmad. Letw € {—a,a — 2}, r(t) = t“1%, lim,_,, t “p(t) = C € (—00,K], K being defined in (13). If C = K, we assume,
in addition, nonoscillation of (1). Then, S C J; ez NRY(®1(A)) with SN NRV(®YA)) #0,i=1,2, where A, < 4,
are the roots of (14). Moreover, if p > 0, then S = IS whenw = —a and S = DS whenw = a — 2. If p < 0, then § + DS C

NRY(@1(4) and @ # 1S C NRV(®~1(1,)).

Proof. Assume that C > 0. Let w = —a. Then, r(t) = 1, thus (9) holds, and so S = TS by Lemma 1. Take y € S and set
w = fr®(y’'/y), where f(t) = t“"! and r(t) = 1. Then, w(t) = (ty'(t)/y(t))*~' > 0 satisfies (67), which takes the form

tw'(t) = HH(t), H*(t) := —tp(t) + (@ — Dw()(Q — wh~1(1)) (70)
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for large t. We claim that lim,_, , w(t) € {1;,4,}. First assume that there exists the limit A := lim,_, , w(t). Clearly,
A €[0,00) U{oo}. If A = 00, then H*(t) - —co as t — co, which implies tw’(t) - —co0 as t — oo, thus w is eventually
decreasing. This contradicts A = co. Now let A € [0, ) \ {41, 4,}. Then,

lim tw'(1) = Jim H*() = —C + (@ = DAQ - AF) = ~(a = 1) [Aﬁ —A+ %] =: D.

Since 1, A, are the only roots of (14), we get D # 0. Hence, w’(t) ~ D/t as t — oo, which yields w(t) ~ DInt as t — co.
This however contradicts finiteness of lim,_, ., w(t). It remains to examine the case when lim,_, ., w(t) does not exist. Then,
w’ necessarily changes its sign in any neighborhood of infinity. Thus, there are infinitely many of arbitrarily large zeroes
of w’. Pick a sequence {t,,} of (some of) these zeroes with lim,,_, ., t, = co. From (70), we obtain 0 = H*(t,). Denote A, =
liminf,_ o, w(t), A* = limsup,_, _ w(t), and take sequences {i,}, {j,} such that w(i,) — A,, w(j,) = A%, i, = o0, j, = ©
asn — oo. Since the set of zeroes of w’ includes the points of local maxima and local minima of w, the sequences {t,,}, {i,.},
{jn} can obviously be taken such that {i,},{j,} C {t,}. Assume that A, € ([0, 00) U{oo}) \ {1;,2,}. Then, from 0 = H*(¢,),
0 =lim,_, H*(i,) = —(a— 1)[Af — A, +C/(a—1)] # 0 provided A, < oo, while 0 = lim,,_,, H*(i,) = —oo provided
A, = 0. In both these cases, we get a contradiction. Similarly we come to a contradiction when A* € ([0, o0) U {o0}) \
{41, 4,} employing the sequence {j,}. Consequently, 1, = A, < A* = 1,; the strict inequality is here because we have
supposed nonexistence of the limit lim,_,, w(t). If 4; = 4, (which corresponds with C = y,), then we are done. So we
continue with C < y,. Then, there exists a sequence {k,}, k,, € [ty, ), such that k, — oo and w(k,) - (1; + 1,)/2 as
n — oo and w’(k,) < 0. Then, we have

B
M+ M+ c
2 > "2 ta—|”?°

0> knw’(kn) = H+(kn) - —(OC - 1) l(
as k — o0, a contradiction; positivity of the limit expression follows from the properties of the roots based on the
inspection of the graphs of x — x and x — F(x) in the proof of Lemma 2. Hence, A, = A* =: A € {4;,4,} and so
lim;_, o (ty'(£)/y())*~! = A, thusy € Uie{l,z} NRY(®1(4;)). According to [13], the condition lim,_, o, t*~* ftoo p(s)ds =
C € (0, (a — 1)*~ Ja¥] guarantees the existence of solutions y; € NRV(®(£;)), where 0 < &, < &, are the roots |£|f —
£+ C = 0(fC = (a — 1)*7! /a%, we assume, in addition, nonoscillation of (1)). Note that we have faoo p(s)ds < oo thanks
to t*p(t) = C as t — co. By the L’Hospital rule, lim,_, o, %! ftoo p(s)ds = lim,_, o, t*p(t)/(a — 1) = C/(a — 1). Hence,
C=C/(a—1)and A; = &, i = 1,2. Consequently, S N NRV(®1(1;) #0,i =1,2.

Next we consider the case w = a — 2. Then, r(t) = t2%72. Since p(t) ~ Ct*~? and a — 2 > —1, we get faoo p(s)ds = o,
which implies S = DS by Lemma 1. Let y € S. Set w = fr®(y’/y), where f(t) = t'=% and r(t) = t**~2. Then, w(t) =
®(ty'(t)/y(t)) < 0 satisfies (67), which takes the form

tw'(t) = H-(t), H(t) := —t>"p(t) + (a — Dw(®)(1 — @~ 1(w(r))) (71)

for large t. If the limit B =lim,_, w(t) exists, then B & (—o0,0]U{—o0}. Assume that B = —o. Then,
lim,_, ,, y(£)/(ty'(¢)) = 0. From (1) (with r € C!, which is now obviously fulfilled), we get —r'(=y")* ! + (a —
Dr(—=y")*=2y" = —py*~!. Hence, in view of the equality r(t) = %2,

Y'0y® _ —pOy* () + ' (O)(=y' ))* y(t) _ ey ry©
(O'(®))? (@ = Dr(=y' ()= (@ =Dr(=y'@®)*  (a—=Dr)y'(t)
_ —py*(©) Qa2 3y T p(t) ( y(®) >°‘ _ QGa—2p@
C (= D2y () (a—-De2e2y'(t) - a—1 \-ty'(t) (a — Dy’ (1)

as t — oo. Consequently,

< y(®) >' _ YO —y@ey"® _ o yoy'®
y'(t) '(1))? '(1))?
as t — oo, which yields y’(t) > 0 eventually, thus w(¢) > 0 for large ¢, a contradiction with B = —co. If B > —o0, then

lim,_, ., H=(t) = —C + (a — 1)B(1 — ®~!(B)) and similarly as in the case w = —a, we get a contradiction provided B €
(—00,0] \ {11, 4,} (in such a setting, lim,_, ., H~(t) # 0). The case when lim,_, ., w(t) does not exist can be proved also by
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reasoning similar to the setting r(t) = 1. According to [13], the condition lim,_, ., (1/Rc(t)) /too Rg(s) p(s)ds = (ax — 1)l
(where if € = (@ — 1)*! /a® we assume, in addition, nonoscillation of (1)) guarantees the existence of solutions y; €
NRYQA/Re)(@ (1)), with gy < p, being the roots |u|f + u + C = 0. Since r(t) = 22, we have r'#(t) = t 2, and so
R(t) = 1/t. The L’Hospital rule therefore yields lim;_, ., (1/Rc(t)) ftoo RZ(s)p(s)ds = lim,_, o, t>~%p(t) = C. We have C =
(a — 1)@, thus A; = y;, i = 1,2. Consequently, S N N RV(® (1)) #6,i=1,2.

The proof of the case p(t) < 0 can be found in [29]. The case where C = 0 and there is no sign condition on p is proved

in [31]. ]

In the next lemma, we do not consider the case 7 > w since it would lead to lim,_, o, t¥|p(¢)|/r(t) = lim;_, o, t¢|p(t)| =
o0, and by Lemma 9, it implies S n SeR RV(9) = @. Further, we exclude the combination 7 < —1, @ > —1, since then
Jp < 0,J, < oo. This setting is exceptional (and somehow simpler) and requires a different approach, which is discussed
later.

Lemma 5. Let |p| € RV(n) and r(t) = t**%, wherew € {—a,a — 2} and eithern <w < —lor—1<n <w.Ifn=w,let, in
addition, lim,_,, L,,(t) = 0. Then, SN SV = SN NSV #@.Ify € SN SV, then

(lny(t))’ ~ @1 <% > q)—l(Lp(t))t(,@—l)(U—w)—l (72)

ast — co. Moreover, y sgny’ € I1(g,), where g,(t) = t|y'(t)|, provided n = .

Proof. First note that lim;_, , t™p(¢) = 0. Indeed ¢~ p(t) = t7"“L,(¢), which tends to zero by Proposition 1-(vii) when
7 < w resp. by the assumption of the lemma when 7 = w. From Lemma 4, we therefore get SN SY = SN NSV # §.

Let p > 0and w = —a. Inview of r = 1, condition (9) holds,andso S = IS = IS o U IS g U ISy, by Lemma 1. Take
y € SN SV.Then, y’ > 0and y is intermediate or subdominant (i.e., y'(t) — 0 as t - o). Indeed, from (1), we see that
y' decreases and if y'(¢t) — B > 0, then y(t) ~ Bt as t — oo, which contradicts y € SV. Integrating (1) from ¢ > b to oo
(b > a being so large that y(¢t) > 0,y'(t) > 0, ¢t > b), we get

20/ = [ PO ~ L tpO20(0) (73)

ast — oo, where the asymptotic relation follows from Theorem 7 since |L,|®(y) € SV. From (73), as t — oo,

-1

Yt~ o (77 n 1>tﬁ_1‘1>‘1(p(t))y(t) € RV((B -1 + 1)) (74)

by Proposition 1-(ii),(v). For the index,we have (§ — 1)+ 1) = -1)(n+1—-w—a) = (f — 1)(n —w) — 1. Thus, ifn =
w, we gety’ € RV(—1),and so ysgny’ =y € I1(g,) by Proposition 2-(iv). Further, from (74) we have

J;’((tt)) ~ @l <%)q)—l(Lp(t))t(ﬁ—l)(n—w)—l (75)

ast — oo, which yields (72).

Let p > 0 and w = a — 2. Since a — 2 > —1, the condition —1 < 7 < w comes into the play, and in view of p € RV(7),
we have /aoo p(s)ds = o0, and so (8) holds by Lemma 1.

Take y € SN SV. Then 2 2®(y'(t)) = yll(t) » —c0 as t — co. Indeed, y!!! is decreasing, and if yl!l(t) > D e
(—o0,0), then y(t) — 0 by (8). Therefore, y'(t) ~ @~ 1(t20-9D) = ®~1(D)t~2, thus y(t) ~ |®~1(D)|/t as t — oo, which
contradicts y € SV. Integrating (1) from b to t (b > a being so large that y(t) > 0,)(t) <0, t > b), we get

t
(e = ylilb) — / p(s)B(y(s)) ds. (76)
b
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Since p®(y) € RV(n), Theorem 7 yields
! -1
S0 ~ = [ pOROE)ds ~ L ip0000)
b n+1
ast — oo, which can be rewritten as

ly' O ~ <I>‘1<}7 ) >t(2 2HDEDO 1 (p()y(D)| € RV((B - D2 —2a +1+1n)), (77)

where we used Proposition 1-(ii),(v). For the index of regular variation, we have (8 — 1)(n +1+ 2 —2a) = (f — 1)(n +
1—w—a)=(8—-1)(n—w)— 1. Thus again, if » = w, then |y’| € RV(-1),and soysgny’ € I(g,) by Proposition 2-(iv).
Further, from (77), we get (75).

Let p < 0 and w = —a. Take y € S N SV. We know that S = .S U DS. But slowly varying solutions cannot increase.
Indeed, if u € SY N 1S, then v’ > 0 is increasing, thus #/(¢) > B for some B > 0 and for t € [b, o), b being sufficiently
large. Consequently, u(t) > u(b) + B(t — b), that is, u is greater than or equal to an RV(1) function, a contradiction with
u € SV, in view of Proposition 1-(vii). Hence, y € DS and we have lim;_, , ¥'(t) = 0. Indeed, y’ is negative increasing and
ify'(t) ~ Dast — oo for some D € (—o0,0), then y(t) ~ Dt, a contradiction with positivity of y. The rest of the arguments
for the setting p < 0 and w = —a are the same as in the case p > 0 and w = —a.

Let p<0and w = a —2. Take y € SN SV. Then, y € IS. Indeed, if y € DS N SV, then yl!l is negative increas-
ing and there exists the limit lim,_, ., y!/(t) = D € (-, 0]. From Equation (1), we get (76), which yields D — yl!l(b) =
- /tm p(s)@(y(s)) ds, thus the integral is convergent. This contradicts with |p|®(y) € RV(7) since > —1 and according
to Theorem 7, the integral is divergent. The rest of the proof is the same as in the case w = a — 2 and p > 0. O

Lemma 6. Let [p| € RV(n) and r(t) = t“*%, where w € {—a,a —2} and either n <w<-lor-1<n<w Ifn=o,
assume, in addition, lim;_,, L,(¢) = 0. Then, S N NSY=SnNSV#@. Lety € SNSY.

@) If/aoo |Lp(s)|ﬁ_1s(ﬁ—1)(’7—‘“>—1 ds = oo (note that this can happen only when 1 = w), then

y(t)—exp{ / (1+0(1)®™ <"in> ds} (78)

ast — oo. Ifw = —a, then (18) holds. If w = a — 2, then (19) holds.
(i) If faoo |Lp(s)|ﬁ_1s(ﬁ_1x’7_“’)‘1 ds < oo (note that the integral is automatically convergent when n < w), then

(&) = M, exp {/ 1+ o0(1)®™ <77p( )>S(ﬁ—1)(n—co)—1 ds} (79)

ast — oo, wherelim,_,, y(¢) = M, € (0, o). If w = —aq, then (18) with lim,_, ,, y(¢) = M, holds. If w = a — 2, then (19)
with lim;_, , y(t) = My, holds. Moreover, |y — M,| € SV and |Lp(t)|5_1 =o(|ly(t) =M, |) ast — co whenn = w, while

- ~ My B—14(B—1)(n—w)
YO =Myl ~ o el (O 10 (80)

ast — co whenn < w.

Proof. The nonemptiness of S N N SV # @ follows from Lemma 5. Let p > 0 and w = —a. Take y € SN SV. Then, y €
1S and yl'I(¢) - 0 for t > oo as shown in the proof of Lemma 5. Let faoo Lﬁ_l(s)s(ﬁ—l)(n—w)—l ds = oo. Then, necessarily
7 = w, otherwise the integral would be convergent by Theorem 7. Integrating (72) from b to t (b > a being so large that
y() > 0,¥'(t) > 0,t > b), we get

1

Iny(t) = Iny(b) + / (1 +o(1))®™ <77 —

> (I, (5)1 ds (81)

85U8017 SUOWIWIOD BAIIRID 3|edldde ay3 Aq peusenob afe sajoite VO ‘8sN J0 S8 10} A%iq1T8UlUO 48] 1M UO (SUORIPUCD-PUR-SULB)0D A8 | 1M Afe1q1 U1 |UO//:SANY) SUORIPUOD Pue SWia | 38U 88S *[7202/50/9T] Uo AriqiTautuo Aeim ‘ABojouyos | JO AisieAlun ouig Aq Z0£002202 eUeW/ZO0T OT/I0p/Wod A8 |imAeIq1puluo//Sdny Wo.j pepeolumod ‘v ‘¥20z ‘9T9222ST



1296 MATHEMATISCHE REHAK
NACHRICHTEN

as t — oo. We will need the following auxiliary observation. If there is a positive f € C such that faoo f(s)ds = oo, then
foragiven A € R and ¢;(t) — 0, there exist £,(¢t) — 0 and £;5(t) — 0 such that

t t t
A+ / (1+ () f(s)ds = (1 + ex(0)) / (1+ () f (s)ds = / (1+ ex(s))f (s) ds
b a a

ast — oo. Hence, relation (81) can be written as

-1

Iny(t) = / (1 +o(1)®! <m > <I)‘1(Lp(s))% ds

as t — oo. Taking exp of both sides, we get (78). Clearly, y(t) — oo ast — oco. If faoo Lf,_l(s)s(ﬁ_l)(”_c")_1 ds < oo, then we
integrate (72) from ¢ to oo to obtain

—1In % = /t 1+ o(1))@! (%)qn—l(Lp(s))s(ﬁ—l)(n—w)—l ds

ast — oo,where M, = lim,_,, y(t) is obviously a finite number. Formula (79) easily follows. If = w, then |y — M, | € SV
by Proposition 2-(iii) since y sgny’ € T(g, ). Moreover, integration of (73) yields

1

[ P @~ —= [ i@ s (52
t t

) —M,| ~
ly(®) — M, | P

ast — oo. From Theorem 7, we have Lf,_l(s) =0 </t°° L, ()P~ /s ds> ast — oo, which, in view of (82), implies Lﬁ_l(t) =
o(ly(t) —M,|)ast — oo.If ) < w, then (73) and Theorem 7 yield

My Lg—l(t)t(ﬁ—lxn—w)

17+ 1118 — 1)(w — 1)

as t — oo. Similarly, we proceed in the other cases (which are formed by distinguishing the sign of p and the choice of
w € {—a,a — 2}). O

_
In +1[F-1

() = M, | ~ / 1L ()F-1sB-DO-9-1y(5) ds ~
t

Lemma 7. Let |p| € RV(n), where n < —1, and r(t) = t>*72. Then, SN NSV # @. Let y € S N N'SV. Then, (23) holds
and all the subclasses are nonempty. If y € ISp, ory € DSpy, then it obeys formula (79). If y € ISgg ory € DSpp, then

a—1

1 M
My = Y1 ~ NI 2 and [N, = Y0 ~ —2—t1p(o)] (83)

y
[+ 1]

ast — oo, where M, = lim,_ o, y(t) € (0,0) and N, = lim,_, y1!I(t) € R \ {0}.

Proof. Since t>~%p(t) € RV(2 — a +n) and for the index we have 2 —a +7 < 1—a <0, we get lim,_, o, t>~*p(t) = 0.
Thus, Lemma 4 yields S N NSV # @. The rest of the statement follows from [32, Theorem 3]. O

Lemmas8. LetL(t) :=t“p(t)—C — 0,C € (—00,K), w € {—a,a — 2}, |L| € RV(1), T <0, andr(t) = t**%. Assume that
A1 < A, are the roots of (14) and 9; = ®~1(1;), i = 1,2; if C = 0, we consider only the nonzero root. If y; € S N NRV(S;),
i=1,2 then

Ly, sgn(Ly,) € TI(gy), i = 1,2, where g;(t) = t|L}, (t)], (84)
provided T = 0. For any y; € S N N RV(8;) the following holds:

@) Iffaoo |L(s)|/s ds = oo (note that this can happen only when T = 0), then

t
() — 5 _ (1 +0(1))L(s)
yi(t) = t7iexp { /a @ = D(@E) —C, /505 ds} (85)
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ast — co. IfL > 0, then, L, (t) /' coand L, (£) \, 0.IfL < 0, then, L, (£) \, 0and L, (t) /' c0.IfC # 0, theny"! \, 0,
i=1,2, when p > 0and w = —a, while yl.[l] N\ —o00,i=1,2,when p >0and w = a — 2, and y?](t) /0, ygl](t) /" oo
when p < 0.IfC =0andw = —a, thenygl](t) N\ Owhen p > 0, whileygl](t) / oowhenp <0.IfC=0andw =a —2,
then y&l](t) N\ —o0 When p > 0, while ygl](t) /" Owhen p <0.

(i) If [ IL(s)| /s ds < oo, then

(O =M ” (1 + 0(1)L(s)
yi(t) = t*iM; eXp{/t (o — D(@(8) — C, /9; + 7]9;]92)s ds} (86)

ast — oo, where M; = lim;_,, L, (¢) € (0, 00), i = 1,2. As for monotonicity of L, (t), the same observations as in (i) hold
with the modification that the limit values are replaced by M;. As for the asymptotic behavior of yim, it is the same as in

(i) when C # 0. If C = 0, then monotonicity of ygl] and ygl] is also the same with the modification that the limit values
are replaced by nonzero real numbers. Moreover, if T = 0, then |M; — L, | € SV and

[L(D)] = o(|M; — Ly, ()]) (87)
ast — oo, i = 1,2, whileift <0, then

M;|L(1)]
Izl(a — DI®(S;) — C, /8 + 7]9;%72|

|M; — Ly, ()] ~ (88)

ast —» oo, i =1,2.

Proof. The part concerning the asymptotic formulas is in fact corollary of Theorem 6. Indeed, if r(t) = t“*%, then G, =
G, =1L,7 =1, =1,and & = 9. Since relation (84) follows from the observations around (112), which are contained in
the proof of Theorem 6, we refer the reader to that part.

It remains to analyze the behavior of yim. First note that because of the sign assumptions on p, fory € S, the expression
yl1l is always eventually monotone as it follows from Equation (1).

Let C # 0. Then, 0 # |9;| # 1 by Lemma 2. Take y € N RV(9) N S, where 3 = §; or 9 = 9,. Then, because of 9 # 0, we
get thatlim,_, , y(t) = 0if y € DS (9 is negative here) or lim,_,, y(t) = oo ify € 1S (9 is positive here). Assume by a con-
tradiction that y!!l(t) ~ N, € R\ {0} as t - co. Then, y'(¢) ~ @~ }(N, )t~ @06~V as t - co. If w = —a, then, as t — oo,
y() ~ ®7(N)t € RV(1),acontradiction withy € RV(8),8 # 1.Ifw = a — 2, then —y(t) + lim,_,, y(s) ~ ®'(N,)/t as
t - oo, where lim,_, ., y(s) must be zero (indeed, if lim,_, ., y(s) € (0, 00), theny € SV, a contradiction with & # 0). Thus,
y(t) ~ —®"Y(N,)/t € RV(-1), a contradiction with |8] # 1. Consequently, lim,_, , y!!!(t) = 0 (provided y!!) is positive
decreasing or negative increasing) or lim,_, , [y!!| = oo (provided it is positive increasing or negative decreasing).

Now consider the case C = 0. Then, one root of (14) is always zero whereas the nonzero rootis 4, = 1 when w = —¢ and
A1 = —1 when w = a — 2. The expression L reduces to L(t) = t~*p(t). Since |L| € RV(t), we have |p| € RV(w + 1) by
Proposition 1-(v). We will use the transformation into the reciprocal equation. Set u = |y!!}|. Then, u satisfies the reciprocal
equation

F@O®~ W)y +p(H)®@ ' (u) =0, (89)
where
7(t) = |p@)'F and p(t) = r'=F(t) sgn p(t) = tI-F@+D sgn p(1);

actually we have u € S®9. Looking at the nonlinearities, we see that the roles of a and 8 with respect to (1) are
interchanged; indeed, ®~'(s) = |s|#~" sgn s. We have |p| € RV((w + a)(1 — B)) and 7 € RV((w + 7)(1 — B)). Further,

L5(t) 3 tB1p()| 3 tBri=B(t) 3 B+(1=B)(w+a)
L) 76 |p@IF (et |Ly())F

= (" |IL,MOF 1 =0
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ast — oo and
tpI\ " 1L,
Z0) = T (90)

Thus, we may apply Theorem 5 and Corollary 1 to reciprocal equation (89). The “reciprocal analogy” of algebraic equa-
tion (14) under our setting (recall that C = 0) takes the form |n|* — (w + 1)n» = 0. Applying Theorem 5 to the solution
u of (89), we find that u € N'SY U NRV(w + 1). We claim that the solution u, which through the substitution rela-
tion u = |y!!!| corresponds with y € S N RV(4,) with A, # 0, is in A'SV; note that 1, = 1 when w = —a and 1, = —1
when w = a — 2. Indeed, assume that u € S®) 0 NRV(w + 1). Then, if w = —a, applying Proposition 1-(ii),(v), we
get |y/|*! = |ylll] e NRVY(1 — a), and so |y’| € NRV(=1). Similarly, if w = a — 2, then t2*72|y/(t)|*~! = |yl(1)| €
NRV(a — 1), and so again |y'| € NRV(—1). In both cases we get a contradiction with |y’(£)| ~ |Ao|y(t)/t € RV(Ay — 1)
where the last relation follows from y € N RV(A,). In view of (90), applying Corollary 1 and recalling that in the reciprocal
equation the roles of @ and 3 are interchanged, we get that if faoo [Lp(s)l/ s'=7 ds = co (which can happen only for 7 = 0),
then faoo |sp(s)/7(s)|* " ds = 0, and therefore y[!I(t) = —u(t) \, —o0 as t = co when p > 0 and y!(t) = —u(t) / 0as
t — oo when p < 0. Further, under the assumption f;0 ILp(s)|/s'~" ds < o0, we get that Yy = —u(t) \ M € (-, 0)
ast — oo when p > 0 and ) = —u(t) /' M € (—»,0) as t - oo when p <O0. O

Proof of Theorem 1. Let y be a solution of (1). Set s = ¢(t) and x(s) = y(t), where ¢ € C! and ¢’ # 0. Then, % = (p’(t)%
and Equation (1) is transformed into

d dx N _
P <?(S)<I><E> > + p()@(x) = 0, (9)
where
7= (rop™®(¢'op™"), p = 5,12__11- (92)
It holds that
xlt(s) = ?(s)@(i—f(s)) = r(H2Q' (1) = Y. (93)

Assume that (9) holds. Let us work on an interval [c, 00), ¢ > a. We choose ¢ > a when the zero value of R (a) could cause
aproblem (e.g., in denominator). Such a setting has no influence on the results. Set ¢ = Rp. Then, 7 =1, p = ( prﬁ‘l)ongl,
and the interval [c, c0) is transformed onto [€, co). From condition (13), we get s*p(s) — C as s — oo. Thus, the assump-
tions of Lemma 4 are fulfilled for Equation (91). Take y € S. Then, x given by x(s) = y(t) satisfies x € SOV; note that
if y € 1S (y € DS), then x € ISV (x € DSY) by (93). From Lemma 4, we get SOV ¢ [ J ey NRV(@71(2,) with
SOD A NRV(@L(A,)) # 0, i = 1,2. Moreover, S = I.S when p > 0 whereas @ # DS®Y ¢ NRV(@~1(1))), 0 # 15V ¢
NRY(®1(4,)) when p < 0. In view of the fact that the solutions x and y of (91) and (1), respectively, are related by

x = yoR;', we get the statement.

Now we assume that (10) holds. Set ¢ = 1/R.. Then, [a,o0) is transformed onto an interval of the same
form. Further, Rco(1/Rc)™!(s) = 1/s and ¢'(t) = r'=#(t)/R%(t). Hence, 7(s) = (Ré(l_“)o(l/Rc)‘l)(s) =s2and p =
(R(Zj prf=1)o(1/Rc)~!. Condition (13) in terms of the transformed equation reads as lim,_, o, s>~*p(s) = C, thus the assump-
tions of Lemma 4 with w = a — 2 are fulfilled for (91). The rest of the proof for the case (10) is analogous to that in the case
when (9) holds. O

Lemma9. Let |p| € RV(S) with§ # —1 andr € RV(y) withy # o — 1. If S N RV(8) # @, where n = ®(9) is a real root
of (30), then (29) holdsand § + a < y.

Proof. Lety € SN NRV(®'(n)). Assume thaty < « — 1and & < —1. Then, (9) holds. Denote o, i=(a—1-y)/(a—1).
Set & = n|9y|1‘“ andC =(a—1)*/|y—a+ 1|1“C,, C, € (=,K, ], K, being defined in (29). Then, we have |E1F — & +
C= |9},|_°‘(|17|5 —o,n +C,/(a—1)) = 0. Thus, £ is a real root of |€|F — & + C = 0, where C € (-0, (@ — 1)*~1 /a%]; note
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that with C > (a — 1)*"1 /a%, the equation |¢|¥ — & + C = 0 would not have real roots. Moreover, since R, € RYV(g,), by
Proposition 1-(iii),(v), we have

o '(n)
Y

yoRy! € NRV< ) = NRV(@1 (&), ie., y € NRVg, (@),

According to [13], this implies that
R&L(1) / p(s)ds =C. (94)
t

In fact, this statement on necessity assumes in [13] that C < (o — 1)*~! /a%, but it is easy to see that in case of equality it
works as well. Note that if C > (a« — 1)*~!/a%, that is, C, > K,, then (1) is oscillatory, [7]. From the Karamata integration
theorem, we get

1
6 + 1]

Rp(t) ~ e—t’trl‘ﬁ(t) and /t p(s)ds ~ tp(t)

as — oo0. Hence,

t*p(t)
r(t)

~ 18+ llg;‘i‘_lR%‘l(t)/ p(s)ds ~ |8 + 1]g&~'C
t

as t — oo. For the constant on the right-hand side of the last relation, we have |5 + 1|9;’,‘_1E =CGl6+1|/(a—1-y).If
C # 0, then, as t — oo, [p(O] ~ C, 16 + 1t r(t) /(e =1 —y) € RV(y — a). Hence, § = y — a, and we get |6 + 1|9;’,‘_1E =
C,, which implies (29). If C = 0, then we again get (29), now with C, = 0.

Similarly we can prove the case y > a — 1 and § > —1, where we utilize the following implication (see [13]): If y €
Sn Nva/RC(tb‘l(,u)), where u is a real root of |u|® + u + C = 0, then

ﬁ /t RE(s)p(s)ds = (a — 1)C. 95)

We employ also the fact that 1/Rc € RV(|g,|). The details are left to the reader.

Ify>a—1andd < —1,thena +J —y < 0, and in view of t%|p(¢)|/r(t) € RV(a + 6 — y), condition (29) with C, = 0
holds. Similarly, ify < « — 1 and § > —1, then lim,_, ., t*p(t)/r(t) = —oo provided p < 0. But then all eventually positive
solutions of (1) are in the de Haan classes I' and I'_ (which are subsets of rapidly varying solutions), see [33], which
contradicts to S N RV(I) # @. For p > 0 we obtain /aoo ri=P(s)ds = o0 = f:o p(s) ds, which yields oscillation of (1) (see
[7, chapter1]), thus S = @, again a contradiction. Finally, note that the inequality § + o < y must hold, otherwise we would
getlim;_, o, t%|p(t)|/r(t) = o0, acontradiction with the fact that we have obtained the finite limit lim,_, ., t* p(t)/r(t) under
the assumptions of the lemma. O

Proof of Remark 3. Making the substitution s = Q(¢) and x(s) = y(¢), where y is a solution of (1) we find that
SNNRV(9) # 0 implies SOV n NRV(9) # B. Moreover, p = (prP~HoR; = (Q7“**prf=1)o(Q?)~! when (9) holds
while p = (Réprﬁ_l)o(l/Rc)_1 = (Q°“+*prf~1)o(Q?)~! when (10) holds. Hence, from (15), we get that |p| € RV(n)
with 7 # —1. Further, since 7 = 1 when (9) holds while 7(s) = s°*~2 when (10) holds, we have 7 € RV(w + «), where
w + a # o — 1. Thus, all the assumptions of Lemma 9 are fulfilled for (91). Consequently, recalling that (Q% prf=Ht) =
(R% prf=1)(1) = s* p(s)/7(s) when (9) holds while (Q®prP~1)(t) = (R;*RX*~*RZ prP=1)(t) = s*P(s)/7(s) when (10) holds,
we obtain (29), which in our setting reads as

an
lim Q“Op(0rf (1) = lim S = ¢, = € € (~00,Kpa] = (—00,K].
(S0 0]

Thus, we get (13). Lemma 9 further yields  + o < w + a, which implies 7 < w. O

Proof of Theorem 2. Assume that (9) holds. Let us transform Equation (1) into (91), where we set ¢ = Rp. Condition (15)
reads as |p|rf~! € RV, (n). Since p = (prﬁ_l)oRgl, we get |p| € RV(n). Moreover, lim_, o, L5(s) = limy_, o, s77p(s) =
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lim,_, o RB“(t)p(t)rﬁ_l(t) = 0, where the last equality follows from condition (16). Take y € SN N SVpg, noting that
the set is nonempty by Theorem 1. Thanks to the relation x = yoRgl, we get x € SOV N NSV and the assumptions

of Lemma 6 with w = —a are fulfilled. Using the substitution v = RBl(u), we obtain
N N t
/ <I>_1(LIA,(u))u(ﬁ_l)(”_“’)_1 du = / & Yup(u))du = / O~ (Rp(v)p()rf—2(v)) dv, (96)
¢ c c

where ¢ = Rl_)l(f:\) (¢ being some positive number) and ¢t = RBl(s). Hence, faoo(RD(s)l p(s)|rf2(s))f~1 ds = oo implies
faoo |L5()|F~1uB-DO-2)"1 dy = co; observe that the divergence of the integral can occur only when 7 = w since we
assume 7 < w. Applying Lemma 6, we get

x(s) = exp { / 1+ 0()®™ <L};p4(_ul)> du}

with x(s) /' o0 and x!M(s) \, 0 as s — oo; recall that here 7 = —a. In view of (96), x = yoR>-', and (93), we obtain
(17) with Q = Rp and (18). Similarly we proceed to obtain (20) with Q = Rp and general < w under the condition
/:O(R’D(s)|p(s)|r'3‘2(s))[”_1 ds < co. Let 77 = . Then, |y — M, | € SVy, is implied by |x — M| € SV, where M, = M,;;
the relation |x — M,.| € SV follows from Lemma 6. Formula (21) is obtained from |L1A,(s)|'3‘1 =o(|x(s) — M,|)as s — oo
(see Lemma 6) and the identity s* p(s) = R7(t) p(Orf=1(t). If n < w, then formula (22) is implied by the identity

ILp(9)ls) = Ry~ @)1 po)lrf1(0)
and formula (80).

Assume that (10) holds. Let us again transform equation (1) into (91), where we now set ¢ = 1/R.. Then 7(s) = s2*~
and p = (chrﬁ Do(1/R¢)™". Condition (15) reads as RZ, Iplrf—1 e RV1r.(1). Hence, p € RV(7)). Moreover,

2

lim Lp(s) = lim s™7p(s) = lim RLORZ(OpOrF1(t) = lim R”“(t)p(t)rﬁ 1(t) =

S§—>00

where the last equality follows from condition (16). Take y € S N N SV, /Rc- Thanks to the relation x = yo(1 /R,
we get x € SOV N NSV and the assumptions of Lemma 6 with w = a — 2 are fulfilled. Using the substitution v =
(1/Rc)"'(u), we obtain

N N t
/ O (Ly(u)uF-Do—e)-1 du:/ o~ L(u Z“A(u))du_/ L (Re(0)p(0)rF~2(v)) dv, (97)

where ¢ = (1/R)™'(€) and t = (1/R¢)~1(s). The rest of the proof for the case (10) is based on the arguments analogous
to those in the case (9).

It remains to prove the relation with the class IT when 7 = w. From Lemma 5, we get x(s) sgn x'(s) € I <s i—:(S)D

no matter whether (9) or (10) holds. Since s (s) z((tt)) ’() =rf-1Rp, and (Ri)/(Ri)’ =rf~1R., we obtain
C C

yo(Q°) ' sgny’ € ("1 Qly)). O

Proof of Theorem 3. Let us transform Equation (1) into (91) via the relation y = xo(1/R.)"}; actually we set ¢ = R.
We have 7(s) = (R(Z:(l_“)o(l/RC)‘l)(s) = s%*=2 and |p| = (RZ|plrf~1)o(1/Rc)™! € RV(n). Thus, we can apply Lemma 7.
We get SOV N NSV # @, thus SN NSV, . # 0. Take y € SN NSV, .. Then, SOV n NSV, and by Lemma 7, x €
ZS(QD U DS(gl) U DS(QD when p < 0, while x € 15(91) U 15(91) U DS(QD when p > 0. Recall that x[!I(s) = yl!l(t) where

s = 1/Rc(t). Thus, we get (23). Since x € 15;901 )y DS&;O) satisfies the “circumflex version” of (79), because of (97), the
associated y € ISp, U DSp, obeys (20). Similarly, (24) follows from the “circumflex version” of (83). O

Proof of Theorem 4. We use transformation of (1) into (91), setting x(s) = y(t), s = Q°(¢t), where y € SN N RV (8),
i=1ori=2 We find that x € SOU n NRV(®~1(1,)). Denote L(s) = s *p(s) — C. Let (9) hold. Then, w = —a and
limg_, o, s*P(s) = lim;_, o, Rg(t)p(t)rﬁ_l(t) = C. Moreover, |f| = |G0R51| € RV(t). Thus, we can apply Lemma 8 with
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w = —a to (91). Let b > 0 be such that a + 1 = R;;'(b). Using the substitution v = R;'(u), we get
L RE)p()rf~1(v) = C t
/ B as- / popr r'=f(v)dv = / Gy " ROFH (98)
b u a+1 RD(U) a+1 RD(U)

where ¢ = R;;'(s). Hence, if f::l |G()|r'=#(t)/Rp(t)dt = oo, then fboo |L(w)| /udu = oo; note that divergence of the
integral can happen only when 7 = 0, since 7 is assumed to be nonpositive. Applying Lemma 8, we get

. 0 A +o()Ew)
W= exp{ J, @=ot = cram du}

as s — oo0. In view of (98) and the relation x = yoR;!, we obtain (25). Because of x = yoR>!, s = Rp(t), and (93),
the behavior of L[RD](t) and y[!l(¢) is determined by the behavior of x(s)/s% and x[1(s), respectively. The case when
fa ) |G(O)|r'=F(t)/Rp(t) dt < oo (With general 7 < 0) can be treated similarly, we use formula (79).

Let (10) hold. Then, w = a — 2,lim_, o, s*~%p(s) = lim,_, o, C(t)p(t)rﬁ I(t)=C,and |L| = |Go(1/Rc)7Y| € RV(T). We
proceed similarly as in the previous case. The substitution v = (1/R¢)~!(u), which leads to du = (rl‘ﬁ(v)/Ré(v)) dv,

yields
() LT RMOP
——du G
/1/Rc(a) u / © ) Re(v )

Applying Lemma 8 with w = a — 2 to (91), we get the statement.

Assume that f * IGO|r'=F(t)/Q(t)dt < o0 (now we work no matter whether (9) or (10) holds). Then,
lim, L y ](t) = M, € (0,). Recall that L = GoQ°. If 7 = 0, then |M; — - L, Q ]| € SV and (27) follow from |M; —
L, | € SVand IZ(s)| = o(|M; — L x,($)]), respectively (the two latter relations hold by Lemma 8 applied to (91)). Similarly,
if 7 < 0, then (88) yields (28). U

Monotonicity and the limit values of yl.[l] and L;lQ I'also follow from Lemma 8 applied to transformed equation (91).

Let 7 = 0. Similarly as in the last paragraph of the proof of Theorem 2, using now Lemma 8, from the relation
Ly () sgn(Ly, (5))' € TI(s|LY ()]), we obtain (2 )o(Q) ! sgn(Ly’ ) € (rA-1Qy2 y). O

Proof of Theorem 5. Lety # a — 1. Then, y(1 — ) # —1 and, in view of r'=8 € RY(y(1 — pB)) (see Proposition 1-(ii)), the
Karamata integration theorem yields

a a
1 t*p(t) 1
Q*()p(OrF=1(t) ~ ( > ~ C,=:C € (—,K]
P GE-dr—a+11) 70 “\G-Dy-a+t1)
as t — oo. By Theorem 1, S C Uie{1 2 NRVoe(@71(4;)), where A;, 1, are the roots of Al —oA+ C/(a — 1) = 0. For
y € S, we thus have yo(Q°)~! € NRV(®~1(4;)) where i =1 or i = 2. Since (Q°)' € NRV(c/((1 - By + 1 —a))),
wehavey € NRV(®1(1)o(1 — B)(¥ +1 — )). Observe thatc(1 — )y + 1 —a) = [y + 1 —a|/(a — 1).Setn; = 4;(|y +
1—al/(a—1))*1,i=1,2.Then,y € NRV(®'(n;)). Using the same procedure as in (66), we have

C 1—al® C
pyrtl ro_|rt oS | =
[7:1° + o +a_1 ‘ g |4 ‘7/11+a_1 0.
Thus, 7,, 1, are the roots of (30). The case y = o — 1 is proved in [31]. O

Proof of Corollary 1. By Proposition 1-(ii),(v), 7' € RV(y(1 — B)). Since y # a — 1, we have y(1 — 8) # —1, so the Kara-
mata integration theorem yields Q € RV((S — 1)(a — 1 — y)). First we show that |p| € RV(5) and r € RV(y) imply
Q**9¢|p|rf~1 € RV e (w + 1), where

_ S+a—vy +a—-vy
TE-Da-1-7) B-Da-1-y "
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note that the nonpositivity follows from o(a — 1 — y) > 0 (see (11), (12)) and our assumption § + o < y. With the help of
Proposition 1-(ii),(iii),(v), in view of (Q9)~' € RV(¢/((1 — B)(a — 1 — y))) recalling that « and f are conjugate number,
we have

Q+90 | p|rF-10(Q%) ! € Rv( (@+ow)(f-Da—-1-y)+5+y( - 1))

o —1)(a—1-y)
aB-D@—-1-y)+5+y(E-1)
o -Da—-1-y)

(99)

= Rv<w+ ) = RV(w + 7).
Next we show that lim,_, ,, t“p(t)/r(t) = 0 implies lim,_ o, Q%(t)p(t)rf~1(t) = 0; note that from Proposition 1-(vi), it
follows that the former condition is automatically satisfied when 6§ + a < y. Theorem 7 yields

1

1-8
(ﬁ—l)loc—l—y|tr ) (100)

Q1) ~
ast — oo. Hence,

1
B-=Dla—-1-v|

() S -
B-=D]a—1-y| r(t)

as t — oo. Since the index of regular variation of Q° is (8 — 1)|a — 1 — ¥/, that is, it is nonzero, we have y € SN NSV
if and only if y € S N NSV, and all of the assumptions of Theorem 2 with 7 = w + 7 are fulfilled. Further, in view
of(w+1)(B—-1)=sgny+1—a)weget(p+ DB -Dja—1—-y|=y+1l—-a+t(@—-Dja—-1—-y|=y+1—a+6+
a —y = 6 + 1. Hence, because of (100),

CI,_1<Q(t)lp(t)lrﬁ—z(t)> . q)_l( tp(t) > _ q,_1< tp(t) >
n+1 1+ DB =Dl =1 —-y|r(®) 6+ Dr()

Q*(MpOrF~1 () ~ ( ) tr P (O)pt)rfF (1)

ast — oo. Since @~ 1(tp(t)/r(1)) = @1(L,(t)/L, ()t P+ applying Theorem 2 (formulas (17) and (20)), we get (31)
and (32). Similarly as above, we can show that (21) and (22) imply (33) and (34), respectively. O

Proofof Corollary 2. The statement follows from Theorem 3 with the help of the computations from the proof of Corollary 1.
Indeed, with the notation of that theorem and that proof, since (10) holds, we have w = a — 2,0 = —1,and Q(¢t) = Rc(t) ~
tr'=P()/[(B —1)(y — a + 1)] as t — oo. Further, in view of (99),

S+a—y

(RZ|pIrF1)o(1/Rc)™ = (Q**®|p|rF~1)(1/Rc)™ € RV(7), wheren =a—2+ B-Dy-a+1)

It is easy to show that < —1 (i.e., the condition from Theorem 3 holds) if and only if § < —1. Consequently, S N
NSV, /re # ¥, and since the index of regular variation of 1/R¢ is positive (because of y > a — 1), we have S N SV # 0.
The formulas in (35) easily follow from (24). O

Proof of Theorem 6. Introduce the notation & = ®~1(3;),i = 1,2. Take y € SN NRV(;), where i = 1 ori = 2. Setw =
r®(y’/y) and v = h*w — Z, where Z = rh®(h’) and h(t) = t%i. Then, v satisfies (69) for large t,say t > b > a, Z(t) =
r()t5ie=e+1e(E)), and

o) _ w®) -2 _ W' 0/y0) — @)

20~z (&) —0 (on)

ast — oo since y € NRV(§;) N CL. Let us write F(v, Z) = |Z|FF*(z), where F#(z) = |1 + z|? — Bz — 1, z = v/Z. Since
z — 0, we may apply the (second-order) Taylor formula to the expression F# at the center z = 0. In view of F#(0) =
(F*Y(0) = 0, we have F#(z) = (1 + 0(1))B(8 — 1)z%/2 as z — 0. Therefore, F(v(t), Z(t)) = (1 + o(1))|Z(t)|F~2v2(t) /2 as
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t - oo. The modified Riccati equation (69) then takes the form

Iy v
v+ p(t) + ol 0, (102)

where 7(t) = (1 + 0(1))2[&;|*2r(t)t51%“*+2 /B as t — co. In view of

®(&)(@ — D& 1) = ~C, = &)y (103)
we get
B = 5[ (@) DED + (@) o = 1§ = D DEDD 4 p(eyfile]
_ BreaTO[pee IO | oose e oy PO
= (L4 o(W)F 1P =3 | @€ oy + PG = D& — D + <
= +onf i<
ast — oo.

Next, we give auxiliary observations for the roots of (14), which then provide desired information on the roots of (30). Put
§=a(®—1),whered €{9,,9,},9, < 9,,9; =@ 1(1,),i = 1,2,and 4,, 4, satisfy (14) with C = C,((a=1)/ly —a+1]),
y # a — 1. Hence, 9;,9, satisfy the equation || — ®(8) + C/(a — 1) = 0. Assume that C, > 0. We have § +1 -9 +
C/o[B) =@ -1)(a—1)+C/D(8)=0,and so § + 1 = 8 — C/®(8). We claim that if 3 = §;, then § < —1. Indeed, we
have C < K, where K is defined in (13), which implies C#(a/(a —1))f < C = Ca/(a —1) = C/(a —1). Thus, 4, :=
Ca/(a — 1) satisfies g(1y) < Ao, where g(1) = |1|? + C/(a — 1). Similarly as in the proof of Lemma 2, inspecting the inter-
sections of the graphs of 1 = g(1) and A - 1 we find that A; < Ay. Thus, |4;|f = 1, — C/(a — 1) < C, that s, |9;|* < C,
which is equivalent to § + 1 = 8; — C/®(8) < 0. Next, we show that if ¢ = 9,, then § > —1. Since 8, > (a — 1)/« (see
Lemma 2), we get 85 > K > C, which implies § + 1 = 9, — C/®(9,) > 0.

Setd; =y +a(§ —1),i =1,2.Then, 7 € RV(6; + 2) and |p| € RV(S; + 1;). From (103) we havey = —a(§; — 1) + &, —
1-C,/®(§)), thus §; = § — 1 —C,/®(&;), and hence, §; S —1ifand only if §; — C, /®(§;) S 0. If C, < 0, then obviously
; S —lifandonlyif§; $ 0. Assume that C, > Oandy # a — 1. The roots 7; and 4; of (30) and (14), respectively, are related
by 7 = 4,1 -B)y +1—a)) =A4;(ly +1 —a|/(a — 1))*"! (see (66), where C,((e = 1)/|y —a+1])* = C). We want
to show that §; < —1. From the previous paragraph, we know that for 9; = ®~1(4;), ifi = 1, then §; — C/®(3;) < 0. Since
£ = Sily +1—al/(a— 1), we get

C ly +1—a a-1 \* G C \ly+1-qf
Si+1=¢ ——L_ =29 - =(9 - 0.
e S R CEE) <|y+1—a|) e <1 <1>(~91)> a—1

Similarly we prove that §, > —1. Note that §; + 7; < —1 holds because of 7; < 0 and §; < —1, while §, + 7, > —1 is actu-
ally the assumption of the theorem. If C,, > 0 and y = « — 1, then we come to the equation Inf + C,/(a —1) = 0, which
has no real solution.

Equation (102) is in fact the Riccati equation, which is associated to the linear differential equation

FOx"Y +pt)x =0 (104)
through the substitution v = 7x’/x. Since

p()
(1)

B s ia
~5|§i|2 G;i(1)

and G;(t) — 0 ast — oo, we can apply Theorem 5 and Corollary 1 to Equation (104).

First consider the root &; and assume that G; > 0. In view of §; < —1 and 1/¥ € RV(—6; — 2), by Theorem 7, we
get fboo 1/7(s)ds = o0, and so S0 = 759 by Lemma 1. Moreover, Theorem 5 yields S ¢ N RV(¢;) U NRV(E,),
where ¢}, ¢, are the roots of ¢? + (§; + 1)¢ = 0, thus either x € N'SV or x € NRV(—6; — 1). We claim that x € N'SV.
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Indeed, in view of tx/(t)/x(t) = tv(t)/7(t) and (101),

H = aromnfiarefo( 22 ) o] - o (105)
as t — oo. From Corollary 1, we get
') tp(t)
o AW e D (106)
as t — oo. Relations (105) and (106) yield
ty'(£) _ 2w 2D Gi(6)
¢‘< N0 > -o(&) =-(1+ 0(1))E|§1| 2 O -1+ 0(1))m (107)

ast — oo. Set L,(t) = t=$1y(t). Then, L, € NSYNC! and ty'(t)/y(t) = & +tL(t)/L,(t). Therefore, by the Lagrange
mean value theorem,

’ tL! ®) tL} ()
q,< %;)) _a(E) = q><g1 + ﬁ) — ®(§) = (@ = DO Lyy@ , (108)

where v(t) is between &; and &; + tL;(t)/Ly(t), and is obviously nonzero for large t. Since §; + tL;(t)/Ly(t) =1+ 0(1))¢,;
ast — oo, we get lim,_, , v(t) = &;. Hence, (107) and (108) yield

Li(t)
L,(0)

1&11°7%G1 (1)

(C( - 1)(51 +7,+ l)t’ (109)

=(1+0(Q))g(t), gt) :=—

ast — oo. Let faoo G,(t)/t dt = . Then, 7; must be zero, otherwise we would get convergence of the integral because of
G, € RV(t,). Integrating (109) from b to t, we obtain

t t t
InL,(t) = InL,(b) + / 1 +0(1))g(s)ds = / (1 +0(1))g(s)ds = / (1 +0(1))g(s)ds (110)
b b a

as t — oo, where the last two equations follow by the divergence of faoo Gi(t)/tdt. Inviewof 8; + 71 +1< 8, +1<0
and y(t) = t6 L, (1), taking exp in (110), we get (85) with y(1)/t1 > 0. If faoo G,(t)/t dt < oo, then formula (86) follows
similarly by integration of (109) from ¢ to co. It is clear that t —*1y(t) = L, (t) increases to some positive number M. Further,
from (109), as t — oo,

Ly(t) ~ g(t)L,(t) ~ M1g(t) € RV(1; — 1) (111)
by Proposition 1-(v). Let 7; = 0. Then, Lfv € RV(-1). Consequently,
Ly(t) € TI(tLy(t)) (112)

by Proposition 2-(iv) and thus |M; — L,| € SV by Proposition 2-(iii). Integrating relation (111) from ¢ to co, we obtain |[M; —
Ly@)] ~ [M; /(e = D)I& %728, + 11+ 1)] [~ Gi(s)/sds as ¢ — co. Since G; € SV and G,(t) = o(/,” Gy(s)/sds) by
Theorem 7, we get (87). Let 7; < 0. Then, by means of Theorem 7, we get [M; — L, (t)| ~ MG;(¢)/(|7;|(a — 1|, %7216, +
71+ 1)) ast - .

If we consider the root £, and assume G, > 0, then §, > —1. By the assumption §, + 7, > —1 we get faoo 1/7(s)ds < o
and faoo P(s)ds = co. Hence, S0 = DS by Lemma 1. Formulas (85), (86), and (87) can be obtained similarly as in
the case §; < —1, G; > 0. Analogously we prove also the cases G; < 0 and G, < 0. [l
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Proof of Corollary 3. Let us transform (1) into (91) via the relations s = ¢(¢) and x(s) = y(t), where we set ¢(t) = exp't.
Then, ¢! = In and in view of (92),

7(s) = [(r In)®(exp o In)](s) = s**% h(Ins), and P(s) = <e>l<)p S ln>( )= s5"1g(Ins).

Since holn € NSV, we have ¥ € N RV(¥), where ¥ = u + a — 1. Further,

SPG) _ vt 8A08) _ ey 8O) ~ <M> | <|oc—1—?|>°‘
T T T iy T l”h() Ceel (T ) )L o

ast — oo (i.e., as s > o0). We have

sj—f(s) ~ sdis(syh(ln 5)) . W(Ins)
)~ shdns) !V h(ns)
Therefore,
G.(s) 1= S}(’S()S) C+ < f(’()s) A) — (K;oIn)(s),

and |@i| € RV(t;), i = 1,2. Hence, all of the assumptions of Theorem 5 and Theorem 6 are fulfilled for Equation (91).
Consequently, from Theorem 5 we obtain SOV ¢ NRV(®@(1;)) U N RV(®1(3,)), where S denotes the set of all even-
tually positive solutions of (91). This yields S € N'RVexp (@7 (1)) U N RV (@71 (12)). Let y; € S NN RV ey (P (1)),
i = 1,2, and set x; = y;oIn. Then, x; € SV N NRV(®~1(,)), and applying Theorem 6, we get that X; satisfies the “cir-
cumflex variant” of (37) or (38) according to whether faoo |§i(u)| Judu = oo or f ® |@i(u)| J/udu < oo, respectively. By
the substitution v = Inu in the integral, we have /; Gi(w) Judu = falnSKi(v) dv. Assume that C # 0 or C = 0 and #; is
a nonzero root of (39). If faoo IK;(s)|ds = oo, i.e., f;o |G;(w)| /u du = oo, then

Ins
yi(Ins) = xi(s) = €70 exp {_/ e e =Te dv}

as § —» oo, from which we easily get (40). Similarly we obtain (41) when faoo |K;(s)] ds < co. Assume now that C =0
and 7; is the zero root. Then, K;(t) = e$#" g(t)/h(t), thus (K;o In)(s) = s*“g(Ins)/h(Ins). Since |K;oln| € RV(1;)
and holn € SV, we have |goIn |(s) = s*~¢|K;o In |(s)(ho In)(s) € RV(t; + u — £). Consequently, |p| € RV(E — 1+ 17 +
u— &)= RV(8), where & = 7 + u — 1. Recall that r € RV(7), where 7 = u + a — 1. In the theorem, we assume x < 0 or
T+ u> 0. Thus, let u < 0. Then, 7+ u <0, and so § < —1 andy<a—-1.1Ift+u>0, then,u>0,andso§>—1 and
7 > a — 1. Moreover, S+a=t4+a—-1+a< u—1+ a = 7. Hence, the conditions of Corollary 1 for Equation (91) are
fulfilled. Applying that corollary we get that foranyy € SN N SVexp, taking x = yoln,

y(ns) = x(s) = exp { /a 1+ 0(1)® ((3+ 1)?(14)) du}
Ins B vg‘“g(v)
:exp{—/a (1 +o(1))® 1<m dv

as s — oo, where we used the substitution v = Inu in the integral and we assumed faoo I3 ~Hg(t)/h(t)|F~1 dt = 0. This
leads to (42). Similarly we obtain (43) when /aoo [t5=Hg(t)/h(t)|F~1 dt < . O

Proof of Corollary 4. 1t is easy to see that Q = Rp = In® /O with ® >0when { <a—1(weseta=1),and Q =R¢ =
n® /10| with ® < 0 when ¢ > o — 1. Hence, Q° = In°'® /1019, and so (Q")_l(s) = exp{(l@l“s)1/|®|}. We have

Q*(p(OrF=1(t) = (1/181)* f ()(AIn )*O+#+E=D = (1/]@])* f ,()(n £)", (113)
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where 7 := u+a —¢{. If T =0, then the expression on the right-hand side tends to zero as t — oo by the assumption.
If 7 < 0, then by the substitution s = In¢, we get f,(¢)(Int)" = g,(s)s*, which tends to zero as s — oo, since |g,| € SV.
Consequently, for any 7 < 0, lim,_, o, Q“(t)p(t)rﬁ_l(t) = 0, thus condition (16) (i.e., condition (13) with C = 0) is fulfilled.
In view of Theorem 1, we get S C NSV U NRVo(0). We have Q7 € NSV and lim,_,, t(Q?(¢))' /Q°(t) = 0. Hence,
in view of the representation formula, see Proposition 3, for y € S,

y'(® _ (@)’
y(®) Qo()

where lim;_, o, (t) € {0,1}. Thus, lim,_, ,, ty’(t)/y(t) = 0 Consequently, y € NSV and (44) follows. In fact, the relation
y € NSV is implied also by Theorem 5 where we have y = « — 1 and C, = 0. From (Q”)_l(s) = exp{(|®|°s)1/|®|}, o=
sgn®, 1/a + 1/ = 1, and Proposition 1-(ii),(iii),(v), it is not difficult to deduce that

P(t),

Q7+ pIrf1)o(Q%) " (s) = (Q®|©1~%| f | In")o(Q%) ' (5)
= (18177721 £ ,| In""*"*)o(Q*) "' (5)

— |@|—a—0'cu

Io(expitiors)” 'G'})‘(Ie)las)(”@amﬂm

— |®|r/®—asw+1/|®|

& (10Fs)®)| € RV@ + /101

where the last relation follows from Igp ((|®|s)1/|®|)| € RV(0/|0]) = SV. Thus, condition (15) with 7 = w + 7/|0| is
fulfilled. If u < —1and { < a — 1, we setw = —a. Recalling that 7 < 0 by the assumption, wegetn = w + 7/|0| < w < —1.
Ifu>-land¢ > a —1, we setw = a — 2. We have now O < 0, and so

Oln+1)=-0n+1)=-0@-1+7/0)=1-a)@+7=¢{—-a+1+u+a—-¢=u+1>0.

Consequently, # > —1, and therefore w > w + 7/|®| = > —1 since 7 < 0 by the assumption. Hence, all of the assump-
tions of Theorem 2 are fulfilled. Let y € SN N SVq. For the expression in the integrands in (17) and (20), we
obtain

o1 < Q(t)p(t)rfg_z(t)> - (In t)®+#+§(5—2)fp(t)t(“—l)(ﬁ—z)—l
n+1 (n+1)0
(14)

_ (np®—bet q>—1<f p(t)>.
t u+1

Assume [ “(Ins)E-De-1|f »($)[F~1/sds = co; note that the divergence of the integral is possible only when 7 = 0, which
can be seen by using the substitution ¢ = Ins and the fact that |g,| € SV recalling that f, = g,oln. Then, in view of
(114), faoo(Q(s)| p(s)|rf2(s))f~1 ds = o0, and therefore, y € NSV N S is of the form (17), which can be rewritten as (50).
Similarly, if /] “(In )~V £ (5)|F~1 /s ds < oo, then y obeys formula (20), which yields (46).

Next we deal with the solutions y € S N N'RV-(0). Observe that the assumptions in Theorem 4 in our setting reduce
to the conditions (15), (16) discussed in the previous paragraph, and thus are fulfilled. Here, we have G = f,/|@|%. The
nonzero roots (required in the theorem) are 1 = +1 according to whether y < a« — 1 are y > «a — 1, thus, the roots can be
written as 0. Moreover, 0 = sgn ©. For the expressions in the integrands in (25) and (26), we have

rBnG@)  fpOUnT!
ol@—1QE)  B(O)a— 1)t

Since oA =1, the expressions Q%% in (25) and (26) are always equal to Q = In® /10|. Consequently, if
fe 00(ln LS p(8)]/sds = co (noting that the divergence is possible only when 7 = 0 since |g,| € SV), then y is of
the form (25), which yields (47); observe that the constant 1/|®| which occurred in front of exp can be included in the
(1 + 0(1)) term in the integrand, because of divergence of the integral. Similarly we obtain (48) from (26). O
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Proof of Corollary 5. We proceed similarly as in the proof of Corollary 4. Here, we have Q = In o In, and so Q! = exp o exp.
Note that (9) holds. From the assumptions and since (o — 1)(8 — 1) = 1, we get

(|Lp|Lf_1)o expoexp = |fpoexpoexp| = |hy| € RV(-0).
Moreover,
Q(M)p(MrF~1(t) = (Inlnt)* f ,(t) - 0

ast — oco. Hence, the assumptions of Theorem 1, Theorem 2, and Theorem 4 are satisfied. Thus, we get S C NSV}, 01n U
NRVpo1n(1). Tt is easy to see that NSV}, 010 U N RV 0 10(1) € N SV and so (49) follows. Noting that w = —a, for the
expressions in the integrands in (17) and (20), we obtain

q,_1<Q(t)p(t)r5‘1(t)>r1_5(t) -—Lon <fp<t>1n lnt>.

w+1 a—1

Consequently, for y € N SV}, o1n, formulas (17), (20), and (21) yield (50), (51), and (52), respectively. For the expressions
in the integrands in (25) and (26), we have

r'()G(t) _ (Inlnp)*!
o(a—1)Q(t)  (a—1)tInt

Fp(®).
Now it is easy to see that (25), (26), and (27) yield (53), (54), and (55), respectively. O

Proof of Corollary 6. Take y € S(56) and note that nonoscillation of (56) will follow from the following observations. Set
x(s) = y(t), s = ¢!, and t, > 0. Then, (56) is transformed into the equation

S(s* 1O + As)s D) + Bs)D(x) = 0,

where @ = aoln, b = boln, and by / we mean di. The interval [t, c0) is transformed into [sy, o), where s, > 0.
S
Differentiating out the first term and dividing the transformed equation by s%, we get

Llx] := (@(x")) + wqm’) + %@(x) = 0.
Set

r(s) = exp {/SO %ﬁﬁ(z) dz}, p(s) = m
Then,

r(s)Llx] = r(s)((cb(x'))’ + Ty 4 @eb(x))
r(s) r(s)
= (r(9)@(x")) + p(s)®(x).
Hence, x € S119), where Equation (115) is given by
(r(s)®(x")) + p(s)®(x) = 0. (115)

Since sr'(s)/r(s)=a—1+a(s) >a—1+A as s—oo, we have re NRV(@-1+A)NC'. Moreover,
lim,_, o, s*p(s)/r(s) = limg_, , b(s) = B. Thus, the assumptions of Theorem 5, where y = o — 1 + A are fulfilled for (115).
Note that for the roots 4;, 4, of (57) it holds that ifn; = ®(4;), i = 1, 2, then 7, are the roots of (30), where for the coefficients

of that algebraic equation we have (¢ —1—%)/(a —1) = —A/a—1 and C, = B. Hence, S c Uiep.s NRYV(A),
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which implies, in view of yoIn = x, S®® ¢ | ; NRVeyp(4;). Hence,

€{1,2}

’ sd—x(s)
lim 2 0 = lim %
t=oo y(t)  sweo x(s)

€ {41, 42}

Let us consider a nonzero root %; (thus a nonzero root 4;). We have

Hi(t)=b(s)—B+n(a—1+a(s)—a+1—A)

_ s%p(s) sr'(s)
= V(S) —B+77i<m —(O(—1+A)>.

The last expression is in fact G;(s) (G; is defined by (36)) where C, = Bandy = a — 1 + A.Since |G;| = |H;oIn| € RV(1),
we see that the assumptions of Theorem 6 are fulfilled. The substitution yields

N Ins
/ Gliz) dz = H;(u)du,

S0 In sy

and thus from the asymptotic formulas in Theorem 6, we get (59) and (60). Note that f:o |H;(s)| ds can diverge only when
7; = 0. Indeed, we know that faoo |H;(s)] ds = oo if and only if faoo |G;(s)|/sds = o0. If 7; were negative, then |G;(¢)|/t
would be regularly varying of the index less than —1, and so the integral would be convergent by the Karamata theorem.
Now consider the case where 7; = 0 for i = 1 or i = 2 (which can happen only when B = 0). Then,

5| p(s)]
r(s)

Hence, |p(s)| = |5(s)|r(s)/s"‘ € RV(A — 1+ 1;). We assume either A < 0or A + 7y > 0.If A < 0, then A + 7y < 0. On the
other hand, if A + 75 > 0, then A > 0. In particular, we have § := A—1+7y S —landy :=a—1+ A S a — 1. For the
integrals in formulas (31) and (32) we have

S I 4 N ¢ S (zp(z) * o 1(b(2)) Ins _
A+6-(BF-Dp-1( 2272 = 1 = 2 WOZ) 4, = 1
/ Z(A+6-y o) < r(Z)>dZ_/s o) < e >dz_/s - dz—/mSOQJ (b(w)) du.

S0 0 0

= [b(s)| = |H;(1)] = b(t) € RVexp(To)-

Now it is easy to see how Corollary 1 yields (61) and (62). O
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