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Abstract—Gaussian Process Regression (GPR) is a common
statistical framework for spatial function estimation. While its
flexibility and availability of closed-form estimation solution
after training are its advantages, it suffers on applicability
constraints in scenarios with uncertain training positions. This
paper presents the derivation of the exact GPR operating on
uncertain training positions along with approximation of the
resulting terms using Monte Carlo (MC) sampling. This method
is then implemented in a simulation environment and shown to
improve the estimation quality over the standard GPR approach
with uncertain training positions.

Index Terms—Spatial function estimation, GPR, Uncertain
training positions, Probabilistic inference, Monte Carlo approx-
imation

I. INTRODUCTION

Spatial function estimation is a problem common to nu-
merous scientific and practical fields including geostatistics,
astronomy, meteorology, mining but also telecommunications
and other machine learning applications. In the field of
telecommunications the application can be found in estimating
Channel state information maps to aid the development of
mobile networks and optimization resource allocation [1] [2].

GPR is a method for spatial function estimation that recently
gained popularity because of its success as a general machine
learning method and its interpretation as a neural network
with infinite basis functions [3]. The advantages of GPR are
its flexibility and the availability of a closed form expression
for the estimates after the training phase. Further significant
advantages are the ability of GPR to indicate the level of belief
(uncertainty) for the provided estimates and its performance
on limited data sets.

GPR relies on precise knowledge of the training positions.
In many practical scenarios, this may not be available and
the performance of the GPR framework is prone to degra-
dation. This motivates the search for approaches capable of
overcoming this issue. This paper is focused on presenting
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the derivation of MC-GPR method, presenting the simulation
setup, demonstrating the performance gains offered by this
approach and the increased computation complexity costs.

II. SPATIAL FUNCTION ESTIMATION

A spatial function in the chosen scenario may be imagined
as a distribution of a scalar parameter over a continuous space.
The space considered here shall be D = 2 dimensional,
representing for example the Earth’s surface. The task is to
estimate the value of the spatial function at a given test position
given the observations done by sensors placed at some given
training positions. An example of such situation is depicted
in Figure 1.
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Fig. 1. Realization of a spatial function (represented by contour levels) and

training positions (indicated by blue dots).

A popular framework for solving the Spatial function esti-
mation problem is the Gaussian Process Regression.

III. GAUSSIAN PROCESS REGRESSION BASICS

A GP is a collection of random variables (RVs), any finite
number of which have a joint Gaussian distribution.

The GP will be denoted as f(x), where z € R is an
argument specifying the position within the GP, in this case
considered as a general position. The complete GP is then
defined as

p(f(®)) = GP(m(x), k(z, z')) , ()
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where x,z' € RP are generic position variables. Fur-
ther, m(z) = E{f(x)} is the mean function and
k(z,2') £ cov{f(x), f(x')} is the covariance function of
the GP. p(-) here denotes probability density function but is
further used also as probability mass function depending on

the context.

A. Observation Model

We shall consider that the GP is observed at I known
training positions ) with i = 1,2, ..., I stacked to a vector
according to

T & col(a:(l), @, ... ,:c(l)) e RPT . )

The GP RVs f(z(?)) at the individual training positions z(*)
shall also be arranged into a vector according to

£= (W) fl=®) fleDNTeR . (3)

It follows from (1) that f is a random vector with multi-
variate Gaussian distribution

p(f) =N(f; m, K), 4)

where m = E{f} denotes the vector of the mean values and
K = cov{f} the covariance matrix.

In the considered problem setup we assume not having
direct access to the GP RVs f at the training positions. Instead,
we are provided with vector y of observations of f, i.e.,

y =y y@ yT e R, (5)

which is a noisy version of f according to

y=f+e, (6)

where € £ (V) (2 T € RI is the vector of
observation errors (measurement noise). € is assumed to be
zero-mean isotropic Gaussian according to

p(e) = N(e; 0, 0°1;) , @)

where o2 is the single observation error variance and I is an
identity matrix of dimension I.

It is assumed that € is independent of f. From (6) and our
statistical assumptions it follows that y is a Gaussian random
vector distributed according to

py) =N(y: m, Q) (8)
with a covariance matrix @ of the random vector y given as
Q = cov{f} +covie} = K + o1, , )

where we used the independence of random vectors f and e.

B. Regression Formulation

The aim of the GPR is to estimate the GP RV at a single
known fest position x*) € RP, ie., f(:l:(*)), which will be
denoted shortly as f.. To utilize the observations of the GP y
at the training positions @, in order to estimate f(x(*)), the
GPR framework expresses the posterior distribution (predictive
distribution) of the RV to be estimated given the observed RVs
according to the Bayes’ Theorem as

(f.ly) = p(ylfe) p(fe) _ p(fey)
PR T )
The likelihood term p(y) is recognized as a normalizing
constant. The posterior pdf can therefore be determined using
the joint pdf p(f.,y) only, i.e., p(fily) o< p(fe,y)-
According to the definition of the GP, the joint distribution
is Gaussian and given by

i -3 () () (5 )

where m, and k, are the prior mean and variance of f,, i.e.
the GP value at the test position, respectively. Vector ¢ =
cov{y, f.} is the cross-covariance of the vector of spatial
function observations y = f + € and the GP random variable
f. at the test position *). We obtain

c=cov{f+e, f.} = cov{f, f.} +covie, f.} e R . (12)

Since € and f, are independent, cov{e, f.} = O and thus
we get ¢ = cov{f, f«}, which can be evaluated using the
covariance function k as

(10)

c=(k(zM, ™) kx®, z®) kD, z)T |
13)

Since the posterior distribution p(f.|y) is Gaussian, it is
fully specified using the posterior mean iy, |, and variance
J]%* Iy These parameters can be expressed using the completing
the square approach that expresses the posterior distribution
according to the joint distribution (11) in a single exponential

form, i.e., as a new Gaussian distribution

p(fely) = N(fe; ppjys 05.1) 5 (14)
where the posterior mean value is expressed as
fpgy =me+e'Q 7y —m). (15)

This is the Minimum Mean-squared Error (MMSE) estimate
of f. given y. The posterior variance a?*‘y can be expressed
in a similar way. The expressions for variance are omitted also
in the following sections since their derivation is similar to the
ones of the posterior mean [3, ch. 2] [4, sec. 2.3].

IV. GPR UNDER UNCERTAIN TRAINING POSITIONS

In the previous section the training positions (¥ were
considered known. In practical applications this information
may not be available. We shall therefore consider that the
training positions are known only up to their probability
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density functions (pdfs) p(x(?)), which can be expressed for
all the training positions jointly as

p(xy) :p(m(l),w(z),...,m(”) . (16)

Since now the training positions are random and the GP
RVs f need to have their position explicitly specified by
conditioning on the random training positions to attain the
original meaning, i.e.,

flee = (f(=z1)  fz®)

The posterior distribution as in (10) is then obtained by
conditioning all the pdfs on x, which yields

p(f*ay‘mt)
p(ylz:)

The term in (18) corresponds to the standard GPR setup with
known training positions x and would operate equally as (10)
if we knew them. Since we do not know x; and only the
pdf (16) of this vector is available, we need to express the
unconditional pdf the GP RV at the test position f, given the
observations vector y, i.e., p(f«|y), which can be obtained
from p(f., zt|y) using the sum rule as

fl@)Ter’ . 17

p(fely, ) = (18)

P = [ plemydec. )

which can be further developed using the product rule as

p(f+ly) =/Rmp(f*|y7wt)p(wt)dwt. (20)

The posterior pdf (20) is not a Gaussian pdf in general.
Nevertheless, we will approximate it as a Gaussian pdf using
its 1st two moments to achieve a similar term as in (14), i.e.,

p(fely) ~ N(fe; E{fsly}, var{f.ly}) .

A. Posterior Mean

2n

The mean value of the posterior distribution in (21) can be
expressed as

which after plugging (20) becomes
Bl = [ £ [ ptlvepe)ded. @)
— [ ] foltlve)dp@)de. @4
RPI JR
= /]RDI ,u*(wt)]?(wt)dwt s (25)
where
po(@) Lo = [ folflye)d. Qo

is the standard GPR posterior mean value according to (15)
considering known training positions .

V. MONTE CARLO APPROXIMATION

The integrals used for evaluating the posterior mean in (25)
cannot be computed in closed form in general. As suggested in
[1], this problem can be solved by using the Monte Carlo (MC)
approximation, which provides a solution in a computationally
feasible way.

To express the MC approximation of the posterior mean in
(25) we firstly reformulate it as an expectation with respect to
the pdf p(xy), i.e

E{f.ly} = B (20} -

The pdf of training positions p(x;) can now be approximated
using a set of samples x;,;,7 = 1,...,s drawn according to
p(xy) with a point-mass function

g 5?1%*33“ s

where 4(-) is the Dirac delta function. The posterior mean in
(27) can then be approximated as

EMO{fly} = EPe®) {p (2))
% Z M*(mt,i)
=1

It shall be noted that the computation complexity of (29)
grows linearly with the number of MC samples s compared
to the standard GPR as in (15).

27)

puvc (@) (28)

(29)

VI. SIMULATION SETUP

To verify the improved performance of the MC-GPR we
developed a modular simulation setup in Python available at
[5]. A block diagram representing simplified functionality of
a single simulation run is depicted in Figure 2.

Fig. 2. Simulation setup scheme.

In order to be able to evaluate the performance of the
investigated method in a fully described case, several simu-
lation parameters need to be assumed. We shall consider a
2-dimensional space spanned by a rectangle of size 2 x 1 in
arbitrary spatial units. Within this rectangle, 10 random, uni-
formly distributed training positions are assumed and sampled.

The unknown spatial function (GP) is sampled at the test
positions jointly with training positions. The test positions are
placed uniformly on a grid within the considered rectangle
with density of 10 test positions per spatial unit, i.e., resulting
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in 21 x 11 = 231 test positions. The estimates of spatial
function and root-mean-square error (RMSE) evaluation are
further performed only on these test positions.

The mean function of the GP used for simulations was
considered to be constant, zero. The covariance function was
chosen to be in the squared exponential form according to
o — '

k(xz,x') = o%exp 207

, (30)
where the variance and spatial scale parameters were chosen
as 02 = 1 and 02 = 1 respectively. The result of sampling
a GP is depicted in Figure 1, which represents the ground-
truth values of a spatial function to be estimated later. The
observations of the spatial function at the training positions
were evaluated according to (6), where the measurement noise
variance was chosen as 02 = 107%.

Evaluating the standard GPR with known training positions
according to (15) results in Figure 3 for the posterior mean
and in Figure 4 for the posterior variance respectively.
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Fig. 3. GPR posterior mean values (represented by contour levels) using true
training positions (indicated by blue dots).
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Fig. 4. GPR posterior variance (represented by contour levels) using true
training positions (indicated by blue dots).

Since the training positions shall be further assumed uncer-
tain, we will consider that only observations &(*) containing
additive Gaussian noise according to

p(@") =N (@D; 29, 620,

with 02 = 1072 are available. Using these observed training
positions instead of the original ones in the standard GPR

i=1,...,1. @3

method results in degraded estimation quality, which is appar-
ent in Figure 5 showing the posterior mean and in Figure 6
showing the posterior variance.
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Fig. 5. GPR posterior mean values (represented by contour levels) using
observed training positions (indicated by green dots).
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Fig. 6. GPR posterior variance (represented by contour levels) using observed
training positions (indicated by green dots).

To account for the training positions uncertainty, we simu-
lated the MC-GPR method according to (29) using s = 100
training positions samples generated according the posterior
distribution of the training positions with uninformative prior.
The resulting posterior mean is depicted in Figure 7 and
posterior variance in Figure 8.

S
n

1

\

0.8

0.6

0.4

0.2

Spatial dimension Y

| o
(=}
78
Posterior mean

0 0.5 1 1.5 2

Spatial dimension X

Fig. 7. MC-GPR posterior mean values (represented by contour levels) using
observed training positions (indicated by green dots).

225



w

<
%

< o
IS =N
(]

Spatial dimension Y

Posterior variance

<o
o

-z

0 0.5 1 1.5 2

=}

Spatial dimension X

Fig. 8. MC-GPR posterior variance (represented by contour levels) using
observed training positions (indicated by green dots).

VII. RESULTS

As can be seen in the comparison of the true spatial function
value in Figure 1 and its GPR estimate using the true training
positions in Figure 3, this approach results in a high-quality
estimation with low estimation uncertainty (variance), which
can be seen in Figure 4. On the other hand, using the GPR
approach in combination with uncertain (observed) training
position without accounting for uncertainty results in a lower-
quality estimate, as can be seen in Figure 5 combined with low
estimation uncertainty (variance), which may be described as
being unreasonably confident about the estimates. The MC-
GPR approach accounting for uncertain training positions on
the other hand resulted in better-quality estimate as can be
seen in Figure 7 combined with higher estimation uncertainty
(variance), which is a reasonable outcome of adding uncer-
tainty to the inputs.

To quantitatively evaluate the estimation quality of the
different approaches we performed 100 simulation runs, where
each simulation run included sampling new GP realization,
new training positions, new observation noises and new MC
training positions samples. Evaluating the RMSE over all the
simulation runs and all the test positions for different GPR
methods resulted in Table I. Here we see that the best results
were achieved by the standard GPR using known training
positions. The worst results were attained by the GPR method
using observed training positions naively. Compared to that, a
significant performance improvement is achieved by the MC-
GPR method, which accounts for training positions uncertainty
via MC sampling.

TABLE I
RMSE OF THE CONSIDERED GPR METHODS.
[ GPR method [ RMSE |
GPR, true training positions 0.1228
GPR, observed training positions | 0.4027
MC-GPR 0.2810

VIII. CONCLUSION

We presented a derivation of the GPR operating on un-
certain training positions. Having obtained an expression

without closed-form solution, we presented its approximation
using MC samples, which results in the MC-GPR method,
which accounts for uncertain training positions. We further
developed a simulation environment to compare the ana-
lyzed spatial function estimation approaches and to verify
the performance improvements. In the individual simulation
runs, it was demonstrated that MC-GPR method provides
posterior distribution with higher variance than the usage of
standard GPR with uncertain inputs, which corresponds to the
increased uncertainty of the provided estimates and shows
that the standard GPR is unreasonably confident about the
provided estimates. Moreover, evaluating a higher number of
simulation runs in the selected scenario setup and comparing
the average RMSE of the estimates shows that the MC-GPR
method achieves a significant improvement over the standard
GPR operating on uncertain training positions. On the other
hand, the performance of MC-GPR is still inferior to the
standard GPR operating on known training positions and the
performance gain comes at the cost of increased computation
complexity linear with the number of MC samples. This makes
the GPR with uncertain training positions an open problem
with plausible improvements, which may be inspired by [6],

[71, (21, [8].
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