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Abstract
Photonic waveguides with graphene can enable resonant coupling of the waveguide mode 
and the graphene plasmonic modes. We demonstrate theoretically that the plasmonic reso-
nance in the hybrid waveguides can be significantly enhanced by employing a graphene 
nanoribbon with a deep subwavelength width when a lower-order graphene nanoribbon 
mode and a mode of a bare waveguide are efficiently coupled. A further increase is pos-
sible when a single graphene stripe is replaced by a finite array of graphene nanoribbons. 
This effect may provide a feasible platform for an efficient amplitude modulation which 
can be employed in the design of specific devices such as low-power modulators, filters, 
or sensors.

Keywords  Photonics · Integrated optics · Graphene · Surface plasmons · Graphene 
modes · Electro-optic modulation · Coupled mode theory

1  Introduction

Graphene, the iconic representative of two-dimensional materials, exhibits exceptional elec-
trical and optical properties that enable a wide range of nanophotonic applications (Koppens 
et al. 2011; Grigorenko et al. 2012). Among them, integrated photonic modulators that com-
bine a waveguide with graphene layers have been intensively studied (Sorianello et al. 2020; 
Koester and Li 2014). Because the surface conductivity of graphene strongly depends on the 
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Fermi level (or chemical potential) EF, which can be tuned by electrical gating, it is possible 
to modulate the (complex) effective index of modes propagating in such a hybrid waveguide 
with graphene (Sorianello et al. 2016). Specifically, in the optical and near-infrared (NIR) 
regions, a graphene layer with |EF| below the threshold ℏω/2 (ℏω being the photon energy) 
introduces a very strong modal attenuation, while for |EF| > ℏω/2 the attenuation is low, 
and the real part of the mode index changes with increasing |EF|. Therefore, graphene-
based modulators can be utilized for both electro-optic modulation of the amplitude (Liu 
et al. 2011; Koester and Li 2012) and phase (Mohsin et al. 2015; Sorianello et al. 2018). 
Modal attenuation can also be controlled optically (Li et al. 2014; Ono et al. 2020).

An intriguing feature of graphene is that it supports surface plasmons (SP), that is, TM 
polarized surface waves propagating along a graphene sheet (Mikhailov and Ziegler 2007; 
Hanson 2008; Jablan et al. 2009). Note that graphene can also support TE surface waves 
(Mikhailov and Ziegler 2007; Hanson 2008); however, these are not considered here. Gra-
phene SPs exhibit extremely high momentum; therefore, their excitation and imaging are 
challenging problems (Ju et al. 2011; Fei et al. 2011; Chen et al. 2012; Nikitin et al. 2014). 
Moreover, under usual experimental conditions and assuming the convention exp(iωt) for 
the time variation, graphene SPs may exist only when the conductivity of graphene σ has 
the negative imaginary component, Im(σ) < 0. In the visible and NIR, the condition cor-
responds to the region |EF| > ℏω/2, which means that very high levels of |EF| are required 
and specialized techniques for lifting |EF| may be used (Zhang et al. 2014).

Graphene SPs can couple with the waveguide mode provided the graphene layer and 
the waveguide core are in the close proximity; the phenomenon can be used for enhancing 
excitation efficiency of graphene SPs (Zhang et al. 2014). We recently theoretically demon-
strated that the waveguide phase modulators with graphene can also enable such resonant 
coupling (Čtyroký et al. 2020b); in this case the waveguide mode evanescently couples with 
the graphene plasmonic modes (GMs) supported by the finite graphene nanoribbon (Nikitin 
et al. 2011; Christensen et al. 2012). The graphene resonance occurs when one of the GMs 
is phase matched with the waveguide mode. Due to the coupling, at the resonance, the mode 
of the hybrid waveguide with the graphene nanoribbon can experience an attenuation of 
the order of several dB/mm, which may be employed in design of specific devices such 
as low-power modulators and sensors. However, the application of the resonant coupling 
for amplitude modulation in waveguides has not been studied yet. Typically, waveguide 
modulators with graphene are not based on excitation of graphene plasmons (Liu et  al. 
2011; Koester and Li 2012; Mohsin et al. 2015; Sorianello et al. 2018). Jang et al. (2018) 
investigated a planar waveguide modulator that relies on graphene plasmon resonance in 
plasmonic nanogap; in this case the graphene SPs are excited at the waveguide junction and 
the resonance occurs in the longitudinal direction. In the geometry studied here, the GMs 
propagate in the laterally confined structure (nanoribbon) and are excited due to evanescent 
coupling when the nanoribbon supports the transverse resonance of the phase matched GM. 
Unlike in previous works dealing with the scattering properties of graphene nanoribbons 
where the plasmons are excited by an incident electromagnetic wave (Koppens et al. 2011; 
Ju et al. 2011; Emani et al. 2015), in our structure the graphene plasmons appear due to 
the coupling with the waveguide mode. Therefore, the aim of this paper is to investigate 
the resonant coupling in the hybrid waveguides with graphene nanoribbons in more detail 
and demonstrate that the resonance strength can be significantly enhanced using nanorib-
bons with a deep subwavelength width. Moreover, we study the effects of the waveguide 
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geometry, the carrier mobility, and the number of nanoribbons on the resonance. The results 
are obtained with full-wave simulations using COMSOL Multiphysics. However, we also 
propose a simple theoretical model that provides a physical interpretation of the resonance 
and explains the enhancement as well as the effects of the other structural parameters. Our 
findings confirm that the resonant coupling offers an efficient alternative in the design of 
photonic waveguide modulators.

2  Structure definition and operation principle

We consider a simplified version of graphene-on-silicon modulator inspired by the stan-
dard design (Sorianello et al. 2018). The cross-section of the waveguide, shown in Fig. 1, 
resembles that considered in our previous paper (Čtyroký et al. 2020b) except that a single 
graphene layer deposited on the top of the rib waveguide is replaced by a finite set of gra-
phene nanoribbons that are parallel with the waveguide axis and placed symmetrically with 
respect to the yz plane. The structural parameters, which are defined in Table 1, are chosen 
in accord with the operating wavelength of λ = 6 µm. The refractive indexes of Si and SiO2 
are taken from Shkondin et al. (2017) and Kischkat et al. (2012), respectively. We did not 
perform any optimization of the waveguide geometry, instead we will discuss the effect of 
the geometrical parameters on the modulation performance.

The optical properties of graphene are determined by its complex surface conductivity σ, 
which can be calculated within various approximations, see, e.g., Hanson (2008); Koppens 
et al. (2011). Here we used the closed formula provided by Chang et al. (2014). The conduc-
tivity σ depends on the frequency ω, the Fermi level EF, the intraband scattering rate γ (or 
the relaxation time τ = γ−1) and temperature T, which we set T = 300 K. The relaxation 
time is an important parameter that affects the SP propagation distance (Jablan et al. 2009) 
and it is related to the graphene quality. τ  can be estimated from the dc mobility µ using the 
formula (Jablan et al. 2009; Koppens et al. 2011)

	
τ = µEF

ev2
F

,� (1)

where e is the elementary charge and vF ≈ 106 m/s is the Fermi velocity. Unless other-
wise stated, in the following calculations we set τ = 0.2  ps, which corresponds with 
µ = 4000 cm2 V–1 s–1 at EF = 0.5 eV. This choice represents a moderate value of µ, consis-

Fig. 1  The hybrid rib waveguide 
with graphene nanoribbons
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tent with the literature (Fei et al. 2011; Koester and Li 2012; Sorianello et al. 2020). How-
ever, other loss mechanisms, such as effect of optical phonons or many-body interactions, 
that are not described with Eq. (1) may influence the relaxation time too. Therefore, our 
definition of τ  as a constant serves for demonstration purposes and it is appropriate when the 
investigated graphene resonance occurs near the same value of EF and/or when τ  is limited 
by the other loss mechanisms.

In the COMSOL simulations, we represented graphene stripes by a boundary condition 
involving σ; details of the whole procedure are described in Čtyroký et al. (2020a, 2020b).

The coupling is a generic effect, so the unusual choice of the mid-infrared range is only of 
technical convenience, and it is primarily motivated to achieve deep subwavelength width 
of the nanoribbons. An additional advantage of the selected range is that it allows amplitude 
modulation with realistic values of the Fermi level, |EF| ∼ 0.5 eV, as opposed to the vis-
ible and NIR, where extremely high values of |EF| larger than ∼ 1.5 eV would be required.

For the given geometry, the efficient modulation can be achieved with quasi-TE modes 
only as the coupling is due to the components of the electric field that are parallel with 
graphene layers (Čtyroký et al. 2020b). Therefore, we performed a set of numerical experi-
ments and calculated the effective mode index Neff of the quasi-TE mode of the hybrid 
waveguide for various structural parameters.

We first consider the hybrid waveguide with a single graphene layer (nribbons = 1). The 
behavior of the effective mode index Neff as a function of the Fermi level EF is shown 
in Fig. 2a and b for two different widths of the graphene stripe wg. For the wide stripe, 
wg = 2000 nm, the structure exhibits typical features of the integrated graphene modula-
tors. The real component of the variance ∆Neff of the effective index due to a graphene 
layer decreases almost monotonically with increasing EF provided EF > ℏω/2 ≈ 0.1 eV 
(Fig.  2a) while modal loss, b = −20 log10(e) k0 Im(Neff), k0 = 2π/λ, becomes signifi-

Symbol Value Description
λ 6.000 µm Operating wavelength (in 

vacuum)
wrib 2.800 µm; except 

Fig. 4a, c
Rib width

hrib 0.900 µm; except 
Fig. 4b, c

Rib elevation

hcore 0.500 µm; except 
Fig. 4b, c

Core height

tbuff 20 nm; except Fig. 4a, c SiO2 buffer thickness
wg Varied Graphene nanoribbon width
nribbons Varied Number of graphene 

nanoribbons
g Varied Gap between graphene 

nanoribbons
n(SiO2) 1.2713 − 0.0016067i SiO2 refractive index
n(Si) 3.4698 − 0.0000017002iSi refractive index
EF Varied Fermi level
σ Determined by EF Graphene surface 

conductivity
Neff,0 2.97498 − 0.0000335i; 

except Fig. 4
Effective mode index of the 
waveguide without graphene

Table 1  Structural parameters 
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cant when EF < ℏω/2  (Fig. 2b). The dependencies can be explained by considering the 
graphene stripe as a perturbation of the waveguide without graphene. The variance ∆Neff 
depends on the overlap of the unperturbed mode of the bare waveguide and the conductivity 
distribution in the graphene stripe (Ralevič et al. 2014; Čtyroký et al. 2020a). Indeed, the 
overlap becomes negligible for narrow stripes and therefore the described behavior disap-
pears when wg = 50 nm. Instead, we observe a strong resonance due to the coupling of the 
unperturbed waveguide mode with a suitable GM; in particular, with the second-order GM 
[the mode is labeled with 2 in Nikitin et al. (2011)] when wg = 50 nm. Figure 2c displays 
modal field near the nanoribbon at the resonance. One can see that the field exhibits a profile 
typical for the second-order GM, which proves its excitation. Note, that the coupling with 
the first-order GM [the fundamental “edge” GM in Nikitin et al. (2011)] cannot occur due to 
different parity as well as due to large effective index mismatch.

The effect can be interpreted in terms of a simple approximate model, which is based on 
the coupled mode theory and described in more detail in Appendix A. The model confirms 

Fig. 2  a, b Modal spectra for 
the waveguide with a single 
graphene stripe (nribbons = 1) 
for two different values of the 
graphene stripe width wg. a The 
real component of the change 
of the effective mode index 
∆Neff = Neff − Neff,0, where 
Neff and Neff,0 are the effective 
indexes of the waveguide with 
graphene and the bare Si wave-
guide, respectively, and b modal 
loss b vs. the Fermi level EF. c, 
d The dominant component of 
the electric field Ex near the gra-
phene ribbon at the resonance; 
c wg = 50 nm, EF = 0.49825
eV, d wg = 2000 nm, 
EF = 0.91225 eV
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our conjecture that the resonance occurs as a consequence of the coupling between a low 
loss mode of dielectric waveguide (indicated by the subscript 1) and a plasmonic mode 
(indicated by the subscript 2) that exhibits a strong loss. Equation (A8), with the substitution 
∆β1 = k0∆Neff, approximately describes the Lorentzian shape of the resonance shown in 
Fig. 2a and b for wg = 50 nm, as one can infer from Fig. 8. The model also predicts [see 
Eq. (A9)] that, at the resonance, Re(∆Neff) ≈ 0 and

	
Im(∆Neff) ≈ κ2

k0β′′
2

,� (2)

where the parameter κ, defined in Eqs. (A7) and (A4), describes the coupling and β′′
2  is the 

imaginary component of the propagation constant of the excited GM.
A very weak resonant coupling occurs also for the waveguide with the wide stripe, 

wg = 2000 nm, as indicated by the small ripples in Figs. 2a and b. The modal profile in 
Fig. 2d, corresponding to one of the resonances, reveals excitation of a higher-order GM. 
Note that the wide stripe supports only resonances with higher-order GMs in the given range 
of EF; this is consistent with the fact that resonances of the individual GMs move towards 
higher values of EF with increasing wg. Clearly, the resonance strength (i.e., modal loss b at 
the resonance) decreases with increasing wg or with increasing order of a particular GM that 
sets into the resonance. This behavior, demonstrated in Fig. 3, can be qualitatively explained 
in terms of Eq. (2) as follows.

The value of the propagation constant β2 of the applicable GM is given by the resonance 
condition. Therefore, the resonance strength depends on κ2 = K12K21. The perturbation 
term (ε − ε1) in the definition of the coupling coefficient K12 [see Eq. (A4)] is nonzero only 
in the graphene stripe, which is described by the surface conductivity σ. Therefore, by using 
similar arguments as in Čtyroký et al. (2020a), one can write

	

K12 = −icµ0σ

wg/2∫

−wg/2

E1xE2x dx,� (3)

Fig. 3  Modal loss b vs. width 
of the graphene stripe wg (the 
solid line). Other parameters: 
EF = 0.5 eV, nribbons = 1. 
The order of the GM excited 
at the resonance increases with 
increasing wg. The dashed 
line indicates the dependence 
b = C/wg, where C was deter-
mined by fitting the peaks
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where E1x and E2x describe the electric field distributions of the interacting modes, i.e., the 
mode of the bare waveguide and GM, respectively, we neglect minor Ez  components of 
the modal fields, and we integrate over the width of the graphene stripe at y corresponding 
with the stripe position. To estimate the behavior of the integral we neglect the weak depen-
dence of E1x on x and assume that GMs may be approximately viewed as guided waves 
resulting from interference between two graphene SPs that propagate under some (complex) 
angle with respect to the nanoribbon axis and reflect from its edges (Čtyroký et al. 2020b). 
Accordingly, the GMs with an appropriate symmetry for the coupling exhibit standing-wave 
patterns (similar to the ones displayed in Fig. 2c and d) as

	
E2x ≈ A(k2x)

√
wg

cos(k2xx).� (4)

The form of the amplitude A/
√

wg, where A depends on the transverse wave vector k2x, is 
obtained from the normalization procedure for GMs, see Eq. (A5). At arbitrary resonance, 
k2x acquires (approximately) the same value determined by β2 (Čtyroký et al. 2020b), in 
other words, the resonant value of k2x is independent of wg or of the order of GM. We see 
that the magnitude of K12 at the resonance scales as 1/

√
wg. By using similar arguments, 

namely that E2x contributes to the integral in K21 only in the range −wg/2 < x < wg/2, it 
is possible to estimate, that the magnitude of K21 at the resonance exhibits the same depen-
dence on wg as K21. We conclude that κ2 at the resonance as well as the resonance strength 
scales as 1/wg. This trend is indicated in Fig. 3, where we observe reasonable agreement 
with rigorous simulations.

For wide graphene stripes, κ2 → 0 and the resonant coupling can be neglected. On the 
other hand, the resonance can be significantly enhanced when graphene nanoribbons with 
a deep subwavelength width are considered, as it is shown in Fig. 3. This is the main result 
of this work. The order of the excited GM decreases simultaneously with decreasing wg, 
therefore the strongest resonance occurs for the second-order GM when wg = 50.2 nm. The 
value of the observed loss ∼ 25 dB/mm suggests that the design presented here may provide 
a feasible platform for an efficient amplitude modulation.

In the following analysis, we focus on the systems that support the coupling with the sec-
ond-order GM. To keep a reasonable value of EF, we fix the nanoribbon width at wg = 50
nm.

3  Effects of waveguide geometry, carrier mobility, and number of 
nanoribbons

The resonant coupling can be influenced by the geometry of the bare waveguide. To evalu-
ate the effect we calculated the dependencies of Neff on EF in a wider range of the geometri-
cal parameters and, in Fig. 4, we display loss at the resonance, i.e., maximums of the b(EF) 
curves. The observed trends can be understood by realizing that the coupling coefficients 
K12 and K21 depend on the modal overlaps; namely, that |K12| scales with the magnitude 
of the normalized field distribution E1x at the nanoribbon position, see Eq. (3).

Figure 4a demonstrates that for smaller values of the rib width wrib, approximately for 
wrib < 2.2 µm, the resonant loss increases with wrib. This is because the confinement of 
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the waveguide mode in the Si core increases with wrib leading to better localization of E1x 
in the lateral (x) direction near x = 0 in the considered range of wrib and, therefore, to 
the increasing magnitude of E1x. However, for wrib > 2.2 µm, the increase in the modal 
confinement with wrib almost saturates, while the cross-sectional area of the Si core still 
increases, resulting in decreasing the magnitude of E1x. Consequently, in this regime the 
resonant loss decreases with wrib. Figure 4a also illustrates the effect of the buffer thick-

Fig. 4  The effect of the wave-
guide geometry on the resonance 
curve. a Loss b at the resonance 
vs. a the rib width wrib for vari-
ous values of the buffer thickness 
tbuff; b the rib elevation hrib for 
various values of the core height 
hcore; and c wrib for hcore = 0, 
tbuff = 10 nm, and various val-
ues of hrib. Other parameters: 
wg = 50 nm, nribbons = 1    
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ness tbuff. Indeed, decreasing tbuff enhances the resonant loss, due to better overlap of the 
interacting modes.

In Fig. 4b, we observe that the resonant loss decreases with increasing hrib, provided 
hrib is above a certain threshold value ∼ 0.15 µm, and as well as with increasing hcore. 
Both the trends correspond to the fact that the Si core area increases with either of these two 
parameters leading to decreasing the magnitude of E1x. When hrib is below the threshold, 
the resonant loss increases with hrib due to increasing localization of the waveguide mode 
in the vertical (y) direction near the nanoribbon position. The simulations also revealed the 
fact that the position of the Fermi level EF at the resonance is almost constant when tbuff is 
fixed. This is because the parameters wrib, hrib, and hcore do not have any realistic impact 
on the effective index of the second-order GM. On the contrary, the presence of the Si core 
can somewhat modify the effective index of GMs; the change increases with decreasing 
tbuff. Therefore, EF at the resonance slightly increases with decreasing tbuff; for the values 
of tbuff specified in Fig. 4a (in ascending order) the resonance occurs at 0.59 eV, 0.50 eV, 
0.47 eV, and 0.46 eV, respectively. The trends observed in Fig. 4a and b indicate that the 
best performance should be obtained with minimal values of hcore and tbuff. Therefore, in 
Fig. 4c, we investigate structures with hcore = 0 and tbuff = 10 nm. Indeed, the resonance 
in such rectangular waveguide is significantly enhanced; the resonant loss can reach almost 
240 dB/mm when hrib = 0.4 µm. We also observe that the maximum of the resonant loss 
increases with decreasing hrib and its position shifts towards bigger values of wrib. How-
ever, these results should be taken with caution as decreasing hrib drives the mode towards 
its cut-off (see the curves for hrib = 0.4 µm and hrib = 0.5 µm, which exhibit the cut-off in 
the displayed range of wrib). Consequently, the mode in the structures with parameters of 
Fig. 4c is only weakly guided, which is not desirable for practical applications. Similarly, 
the mode of the rib waveguides, such as studied in Fig. 4a and b, approaches the cut-off with 
decreasing hrib. Therefore, any further structural optimization should take into account the 
effect of the modal confinement, and, in the following analysis, we return to the initial geo-
metrical parameters quoted in Tab. 1. The modulator performance can also be affected by the 
relaxation time τ . To address the problem we determined τ  by using Eq. (1) and considered 
graphene with the mobility µ in a realistic range 500 cm2 V−1 s−1 < µ < 104 cm2 V−1 s−1, 
which corresponds with 0.025 ps < τ < 0.5 ps at EF = 0.5 eV. The calculated dependen-
cies of Neff on EF always exhibit the resonant behavior, such as that observed in Fig. 2a and 
b for wg = 50 nm. The position of the resonance, EF

.= 0.5 eV, does not change appreciably 
with µ; this is consistent with the fact that µ affects mainly the loss, therefore it has only a 
minor influence on Re(Neff), which determines the resonance position. However, as shown 
in Fig. 5, the parameters that are related to the loss can vary significantly. We observe that 
the loss b at the resonance scales with µ, approaching the value 52 dB/mm when a high 
quality graphene with µ = 104cm2 V–1 s–1 is used. In the same limit, FWHM of the b(EF) 
curve can be as narrow as 0.0076 eV, suggesting that very small change of EF is necessary 
for the amplitude modulation. On the other hand, the modulation is significantly deteriorated 
when a low quality graphene is used, namely for µ < 1500 cm2 V–1 s–1. Note, that during the 
calculation we also confirmed that the resonance curve obtained for µ = 4000 cm2 V–1 s–1 is 
almost identical with the curve obtained for τ = 0.2 ps. This justifies our conjecture about 
the constant value of the relaxation time τ  used in the other calculations.

Next, in order to examine further possible enhancement of the devices with τ = 0.2 ps, we 
consider the structure which contains a periodic arrangement of nribbons graphene nanorib-
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bons. In Fig. 6 we show the predicted behavior for the loss b at the resonance obtained from 
numerical simulations. One can see that b scales almost linearly with nribbons, in particular 
for smaller values of nribbons when all the nanoribbons are close to the center of the rib 
waveguide. This agrees with our model. Consider, for example, calculation of the overall 
coupling coefficient K12 through Eq. (3), where we now integrate over all the nanoribbons. 
For smaller values of nribbons, E1x is approximately constant. However, we also have to 
change the normalization constant in Eq. (4), therefore the integral scales as √nribbons. K21 
exhibits the identical behavior. As a result κ2 is nearly linearly proportional to nribbons. 
Indeed, the value of EF at the resonance slightly increases with increasing nribbons (not 
shown in Fig. 6); however, for the specific parameters we always obtained EF ≈ 0.5 eV.

Finally, we examine the effect of the gap g between the adjacent graphene nanoribbons 
on the plasmonic resonance, see Fig. 7. The dependence of the Fermi level EF on g reveals 
that for wider gaps, when approximately g > 150 nm, the GMs excited in the individual 
nanoribbons do not mutually interact as the resonant position of EF remains constant. In 
this regime, the resonant loss b decreases with increasing g due to increasing distance of the 
lateral nanoribbons from the center. Again, this agrees with our model. |E1x| decreases with 
increasing |x|, thus the product K12K21 is reduced when g increases and wg is fixed. On 
the other hand, when g decreases, namely for g < 50 nm, GMs in the adjacent nanoribbons 

Fig. 6  The effect of the nanorib-
bon number nribbons. Loss b 
at the resonance vs. nribbons. 
Other parameters: wg = 50 nm, 
g = 100 nm

 

Fig. 5  The effect of the carrier 
mobility µ on the resonance 
curve. Loss b at the resonance 
and FWHM vs. µ for a single 
nanoribbon with the width 
wg = 50 nm. The relaxation 
time τ  was calculated by using 
Eq. (1)
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couple, resulting in the shift of the resonance towards higher EF. The shift is accompanied 
with the increase of the resonant loss b. Note that singular-like behavior of g and EF in the 
limit of vanishing g indicates a failure of the model of the graphene due to absence of the 
non-local parameters rather than a realistic effect.

4  Conclusion

In summary, we examined theoretically the resonant coupling between the waveguide mode 
and graphene plasmonic modes propagating along a graphene nanoribbon. We have found 
that the strength of the resonance can be significantly enhanced using a nanoribbon with 
a deep subwavelength width. The order of the graphene mode excited at the resonance 
decreases with decreasing nanoribbon width, therefore the strongest resonance occurs for 
the second-order graphene mode, which is the lowest order graphene mode that can couple 
with the waveguide mode. A further increase of the plasmonic resonance by order of magni-
tude is possible when using a finite array of graphene nanoribbons instead of the single one.

It is important to note that the parameters of the resonance (the loss at the resonance 
and FWHM) are strongly influenced by the relaxation time τ  (or the mobility µ) of the gra-
phene nanoribbons. For the selected geometry, an efficient amplitude modulation with the 
extinction ratio (= the loss at the resonance − the loss when the Fermi level EF is shifted 
by FWHM from the resonance) > 20 dB/mm and FWHM < 0.08 eV requires µ > 4000 
cm2 V–1 s–1, i.e., τ > 0.2 ps at EF = 0.5 eV. We also analyzed dependence of the resonant 
coupling on the geometrical parameters of the bare waveguide. The findings indicate that by 
varying the waveguide geometry it is possible to achieve a significant enhancement of the 
resonance parameters; however, one has to choose a trade-off values that are from the point 
of view of the modulation performance suitable for realistic applications.

The results were obtained with rigorous full-wave simulations. However, we also 
employed the coupled mode theory and developed a simple qualitative model that provides 
a physical interpretation of the observed behavior. The model confirms that the resonance 
occurs as a consequence of the coupling between a low loss mode of dielectric waveguide 
and a plasmonic mode that exhibits a strong loss. The model also provides an explicit 
description of the resonance shape, and explains the enhancement.

Fig. 7  The effect of the gap 
width g. Loss b and the Fermi 
level EF at the resonance vs. g. 
Other parameters: wg = 50 nm, 
nribbons = 3
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We note that the harnessing of the resonant coupling between a bare waveguide mode and 
a lower-order graphene mode has not been considered as yet. Our findings confirm that the 
resonant coupling offers an efficient alternative in design of photonic waveguide modulators 
provided that devices with high quality graphene nanoribbons are available. The effect may 
find application in schemes for an efficient excitation of graphene plasmonic modes as well 
as for an enhanced amplitude modulation. The latter can be employed in design of specific 
devices such as low-power modulators, frequency filters, modal filters or sensors.

Appendix A: Coupled mode description of the resonant coupling

Coupling of a mode of a bare silicon waveguide with plasmonic modes of a graphene 
nanoribbon on top of the silicon waveguide can be considered as a mutual coupling among 
modes of parallel waveguides.

In the Appendix we employ principles of the coupled mode theory (Kogelnik 1975; 
Haus et al. 1987) to obtain general formulation not limited to the geometries studied in the 
paper. Then we derive a simple approximate expression that describes the resonant coupling 
between two modes in the regime when one of the modes exhibits a strong loss.

The whole structure is defined with the relative permittivity distribution ε(x, y, z). We 
assume that the total field in the structure can be expanded in terms of modes of simpler, 
z-invariant, structures (’waveguides’). We prescribe the permittivity εm(x, y), m = 1, 2, . . . , 
to each individual mode m. Generally, we assume that the quantities ε and εm are complex 
tensors. Therefore, the formulation is obtained with the approach applicable to the systems 
with a complex permittivity profile such as that used in Ye et al. (2010).

The m-th mode is described with the transverse electric and magnetic field distribu-
tion E⃗m and H⃗m, respectively, and the corresponding propagation constant βm. The modal 
expansion reads

	
E⃗ (x, y, z) =

∑
m

Am (z) E⃗m (x, y) , H⃗ (x, y, z) =
∑

m

Am (z) H⃗m (x, y),� (A1)

The expansion coefficients Am are obtained by solving the system

	
i
∑

n

Omn
dAn

dz
=

∑
n

( Omnβm + Kmn) An,� (A2)

where

	
Omn = cµ0

� (
E⃗m × H⃗n + E⃗n × H⃗m

)
· ẑ dxdy,� (A3)

	 Kmn = k0
�

E⃗−
m · (ε − εm) E⃗n dxdy,� (A4)

c is the velocity of light, µ0 is the vacuum permeability, k0 is the vacuum wavenumber, 
E⃗−

m denotes the electric field distribution of the mode with inverted Ez  component, and we 
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integrate over the cross-section of the whole waveguide structure. From now on, we will 
also require that the modes are normalized as

	 Omm = 1.� (A5)

Now we apply the general formalism to the systems where ε does not depend on z and 
search for the supermodes. Because we are interested in a simple approximate description 
of the coupling between two modes (e.g., a waveguide mode and a graphene mode) we use 
only these two modes in the modal expansion, i.e., we have m, n = 1, 2 in Eqs. (A1)–(A5). 
Furthermore, in Eq. (A2), we neglect the terms O12 = O21 as |O12| = |O21| ≪ 1 and simi-
larly we neglect K11 and K22 with respect to β1 and β2, respectively.

The supermodes are the solutions of Eq. (A2) of the form Am(z) = Am(0) exp(−iγz). 
It is straightforward to show that, within the described approximations, the propagation con-
stants of the supermodes are given by the relation

	 γ1,2 = β̄ ±
√

δ2 − κ2,� (A6)

where

	
β̄ = β1 + β2

2
, δ = β1 − β2

2
, κ2 = K12K21.� (A7)

Finally, we consider the regime when one of the individual modes is (at least approxi-
mately) lossless, β1 ∈ R, while the other one with β2 = β′

2 + iβ′′
2  (β′

2, β′′
2 ∈ R), exhibits 

a strong loss, such that |δ|2 ≫ |κ|2 in Eq.  (A6). This allows us to estimate the variation 
∆β1 = γ1 − β1 of the propagation constant of the lossless mode due to the coupling as

	
∆β1 ≈ κ2

β1 − β′
2 − iβ′′

2
.� (A8)

Fig. 8  The change of the 
propagation constant ∆β1 
as a function of the detuning 
β1 − β′′

2 . For the calculation we 
used Eq. (A8) and assumed that 
κ2 ∈ R
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One can see that ∆β1 exhibits a resonant behavior with a Lorentzian profile demonstrated 
in Fig. 8. At the resonance β1 = β′

2, and Eq. (A8) reduces to

	
∆β1 ≈ i

κ2

β′′
2

.� (A9)
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