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Total Least Squares from a Bayesian Perspective: Incorporating
Data-Informed Forgetting

Jakub Dokoupil and Pavel Viclavek

Abstract—The real-time estimation of error-in-variables
(EIV) models with unknown time-varying parameters is consid-
ered and resolved using a Bayesian framework. The stochastic
model under consideration is a regression-type model that
accounts for inherently inaccurate measurements, which are
corrupted by the normal noise. The EIV model identification
is traditionally performed via total least squares (TLS), relying
on computationally intensive methods to numerically obtain a
point estimate. Such a concept, despite its theoretical appeal,
nevertheless lacks the ability to quantify the uncertainty associ-
ated with the parameter estimates. Thus, this limitation hinders
the concept from being combined with the statistical decision-
making strategies. The paper opens the way towards enriching
the standard TLS in this respect. The enrichment is achieved
by projecting the unnormalized posterior generated by the
EIV parametric models onto the normal-Wishart distribution.
This projection is made optimal by minimizing the Kullback-
Leibler distance between the unnormalized and the normal-
Wishart posteriors while imposing a hard equality constraint
on the mean parameter scalar product. By establishing credible
intervals for both the regression parameters and the noise
precision, the resultant procedure is additionally endowed with
Bayesian data-informed forgetting, which allows for effective
operation in nonstationary environments.

I. INTRODUCTION

Real-world data are widely acknowledged to be contami-
nated by errors, and the presence of measurement errors can
substantially affect the outcomes of analyses. The parametric
identification of equation-error models is well documented
in the literature, with numerous solutions proposed from
both the deterministic [1] and the Bayesian [2] perspectives.
Identifying system parameters from noise-corrupted mea-
surements at both the output and the input is regarded as an
equally relevant but more intricate problem. The challenge
arises from the uncertainty inherent in the accessible data,
leading to the treatment of noise-free data as hidden vari-
ables. Representations where the inputs and the outputs are
observed on a system with measurement errors are usually
referred to as error-in-variables (EIV) models. Regrettably,
the literature available on relevant Bayesian solutions is
rather scarce. Due to the absence of a Bayesian problem
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formulation, the integration of EIV models with the existing
strategies for the Bayesian nonlinear identification [3], [4],
inclusion of prior information, probabilistic control design
[5], transferring knowledge between model hypotheses [6],
and risk assessment for data-informed decision-making [2]
becomes unattainable. The paper aims to fill this gap, pro-
viding a constructive solution to address this important issue.

The application of EIV models can be motivated by the
effort to elucidate the underlying system dynamics, namely,
the relationship between the noise-free input and noise-free
output. The standard deterministic approaches to identify the
EIV models adjust the least squares (LS) solutions to avoid
biased estimates. These procedures necessitate some form of
preprocessing to compress the data into sufficient statistics,
which subsequently facilitate the final computation of the
parameter estimates. The particular methods then differ in
the way the data compression is executed. Computationally
relatively simple methods exploit instrumental variables that
are uncorrelated with disturbances but highly correlated with
data regressors. In [7], the concept was further enhanced by
being combined with a weighted subspace fitting approach.
An alternative strategy involves determining the relationship
between the biased LS estimate and its unbiased counterpart
and retrieving the desired estimate by solving a set of bilinear
equations [8]. An attempt to face the combined equation-
error and ETV model using the bias-compensated LS strategy
is presented in [9]. The solution to an overdetermined set
of linear equations where both the right-hand side and the
coefficient matrix are subject to errors is fundamentally
provided by total least squares (TLS). The effects of applying
TLS as opposed to LS, their algebraic connections, and
the computational sensitivity aspects are discussed in [10].
Utilizing TLS also enables us to solve the problem of jointly
identifying the hidden variables and the parameter vector.
In the context of the regression-type models, it becomes
imperative to consider the couplings between the various
elements in the coefficient matrix and the right-hand side
outputs. In these cases, where the coefficient matrix may
exhibit either Toeplitz or Hankel characteristics, one can
employ a structured TLS that takes the couplings into ac-
count (see workshop proceedings [11]). The survey paper
by Soderstrom [12] offers a comprehensive overview of the
diverse approaches to EIV model identification, incorporating
an analysis of identifiability based on the spectral factoriza-
tion of the input-output data.

Considerable effort has been dedicated to advancing the
maximum likelihood (ML) methods in the domain of EIV
models, with the findings pointing to the provision of unbi-
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ased parameter estimates via an appropriately deregularized
LS solution. These findings confirm a coincidence between
the minimization of the TLS criterion and the maximization
of the likelihood function formulated for the EIV model
[13], [14]. An alternative to relying on the deregularized LS
is to resort to the expectation-maximization [13] or quasi
linear LS [15] algorithms, which iteratively converge to a
stationary point of the total ML objective. The origin of the
TLS estimator, rooted in the methodological reasoning of
total ML, allows us in turn to obtain the confidence bounds
on the TLS estimates. Conceptually, the given interval is
determined by the inverse of the Fisher information matrix,
whose exact mathematical construction demands knowledge
of the hidden variables and the precision of the noise
terms. In practical scenarios, the necessary knowledge is
typically not at our disposal. The issue is reflected on in
articles [13], [14], [16], [17], the authors delving into the
performance degradation inflicted by a lack of information
regarding the unknown nuisance parameters. In contrast to
the frequentist approach, the Bayesian methodology treats
the unknown parameters as random variables and constructs
the posterior probability density function (pdf) to describe
these parameters. One of the earliest studies addressing
the EIV model from the Bayesian perspective is outlined
by Zellner in [18]. Zellner’s analysis demonstrates that a
simple EIV model can generate the posterior in the form
of the bivariate Student’s t pdf. Regrettably, this conclusion
cannot be further extended to a complex, multivariable EIV
model, as the normalizing integral becomes analytically
intractable. Zellner also identified some basic difficulties with
the EIV model analysis when all the parameters are treated
as unknown. These difficulties arise particularly when the
model includes parameters such as the ratio between the
precisions of the noises. This finding was later corrobo-
rated by Soderstréom in his examination of the EIV model
identifiability [12]. However, for identification purposes, the
aforementioned frequentist and Bayesian approaches are not
of much help, as they do not consider the couplings within
the overdetermined system of equations. Moreover, these
approaches are primarily tailored for batch data processing.
Our aim, generally, is to expand on the attained results
and to demonstrate how solving the constrained optimization
problem of the fixed-form variational Bayes (FFVB) explains
the TLS method as a recursive propagation of the sufficient
statistics of the normal-Wishart (M) distribution (§8.1.3
in [2]).

Given the uncertainty associated with the EIV model
parameters, the solution can be seamlessly integrated with the
Bayesian tracking techniques [19]. The Bayesian compensa-
tion for the unspecified model of the parameters’ variations is
conceptually achieved via forgetting obsolete information. As
a rule, the forgetting operation is initiated by combining the
posterior with its flattened alternative(s): The more flattened
the pdf, the greater the uncertainty about the parameters,
and a higher variability of the parameters is expected. To
optimally reassess the posterior to effectively control the
relative significance of new data as compared to those already

obtained, we employ the statistical decision-making approach
[20]-[22].

Notation. An n X m zero matrix is defined by O, ,,; I,
stands for an n x n identity matrix; ® refers to the Kronecker
product; ' means the transpose of x; x* symbolizes the
range of z; & refers to the number of members in a countable
set * or denotes the dimension of a vector x; tr(-) is the
trace operator; and || stands for the absolute value of the
determinant. Let us define a symmetric n X n matrix X.
Then, vec (X) (§1.4.1 in [23]) is an n? x 1 vector stacking
columns of X one beneath the other, while vech (X) (§1.4.3
in [23]) denotes an %n(n—i—l) x 1 vector stacking the elements
of X both on and below the main diagonal, one beneath
the other. In this way, vech (X)) is obtained from vec (X)
by eliminating all elements above the diagonal of X to
contain only the generically distinct elements of X. The
transformation of vech (X)) into vec (X) is achieved by using
an n? X in(n+ 1) zero-one duplication matrix D,, (§3.3.1
in [23]), such that D,, vech (X) = vec(X). Further, f(z)
is reserved for the pdf of a random variable z, optionally
distinguished by its subscript; o< means equality up to a
normalizing factor; = signifies equality by definition; and
the expectation of an arbitrary function g(z) with respect to
the pdf f(x) is labeled as £y, [g(x)] = [ . g(z)f(x)dz.

II. DESIGNING THE ALGORITHM

As noted earlier, the algebraic connections between TLS
and LS suggest that TLS can be approached as deregularized
LS (§6 in [10]). In our derivation, the LS statistics serve to
condense the observed data into finite-dimensional entities,
subsequently utilized for the final computation. Before we
turn to explicating the Bayesian interpretation of TLS, it
is instructive to show how the observations drawn from
the normal regression-type model are incorporated into the
inference mechanism. Initially, we assume that no pertur-
bations affect the data in the regressor, reducing the Bayes
update to the LS update of the AW pdf statistics. Later, the
scenario is revisited to explore the effect of the presence
of disturbances in the regressor, forcing us to search for
the optimal AW pdf within the approximate inference
methods. More concretely, the search is converted into a
constrained optimization problem of the FFVB. Having the
best representative of the posterior in this context, the design
of the data-informed forgetting is cast in the decision making
framework.

A. Recursive LS from the Bayesian viewpoint

To condense the data measurable on the system, the normal
regression-type model with a deterministic regressor vector
is considered. The system is modeled as

ex ~ N (0,1/dy), (D

where vy, € R and up € R are an indirectly affected
output and a directly manipulated input, respectively. The
regressor Ry = [Up—1,.- s Uk—ny —Yk—1y---» —Yk—n] €
R2™ consists of lagged inputs and outputs. The noise term
ey, 1s assumed to be normally distributed discrete white noise

yr = .0k + ey,



with a zero mean and an unknown precision d € R+ (. The
model is parameterized by the set of unknown regression
coefficients stacked into the vector 6, € R?" and by the
model noise precision d. The input and the output are
both collected on the system at the discrete time instants
k € k* = {ko,ko + 1,...,k} C Z to form the data
record DY¥_ = {u;,y;};_,_,. The lower bound in D}_,
is chosen to formally index the parametric models within
the likelihood function starting from time & = 1, that is,
Iy f(wil6x, dr, DI

To perform conditional joint inference on the parameters
of interest, 6y and dy, the parametric model is constructed.
The construction entails transforming ej into the system
output yg, thereby resulting in

f (| P, On, di) = N (hj, 0, 1/dy) - (2)

The normal pdf (2) is proportional to the exponential of a
quadratic form, specified by

N (h}.0x,1/dy) o exp [ [0, 1] ), [0, 1] di/2],

with the augmented regressor vector ¢, = [h}, —yx]|. The
normality assumption of the parametric model (2) establishes
a conjugate prior in the form of the AW pdf. In light
of the conjugacy principle, updating the prior with the
parametric model yields a posterior whose particular factors
are described as

F(0|Sk. di) = N (01|0usirs Prsise/ i) 3)
o< exp [ (0 — Bun) P (O — Ousir) i /2],
S (di|Sk) = W(dk|Sisik, visik) 4)

X d](:ls;k72)/2 €xXp [ - Els;kdk/2] )

where Sy, denotes the sufficient statistics for {6y, dx }, which
will be specified laEer in this paragraph. The e)Epectations
EN(0r|Srk.di) [Ok]) = Orssie and Enr(a,)sp,di) [(Ok — Orsii) (Or —
éls;k)’ | = Pis;i;/dy correspond with the particular moments
of the multivariate normal distribution (3). The scalars
Yis;k > 0 and vy, > 2 represent the least squares reminder
and the number of degrees of freedom, respectively. As for
the mean value of dj,, the Wishart distribution’s definition im-
plies that SW(dklEls;k,ws;k)[dk] = l/ls;}g/zls;k. The sufficient
statistics Sy, are denoted by the subsets S, = {sk, Visk }»
where sj, conforms to the previously defined posteriors (3),
(4) when assembled according to [22]

Py, — Py i
Sp = vec SR SRS IN )
( l_HZS;kBs;i Els?k + el/s;kPls;%cgl&k

Vi

Consistent with the prior discussions, our analysis operates
under the assumption of vague knowledge concerning the
time evolution model f (6, dy|0x—1,dk—1,Sk—1), which im-
pedes the application of the marginalization integral

S (O, di|Se—1) ://f(ekadk|9k71>dk7178k71) (6)
da-J o~
X f(ak‘—ladk‘—llsk—l) dek_l ddk_l.

To address such deficiency, the covariances of 6y, |Sk, dj and
di|Sk are rescaled at each iteration, effectively converting
Bayesian filtering into tracking. To prevent the forgetting
blow-up effect and to compensate for the potential loss of
persistency during poor excitation, a minimal amount of
parameter-related information is guaranteed by the externally
supplied (ES) pdf

f(ok,dk|éls;k—1757le;Ov”lS;O) = N(9k|é18%k—17571/d"’)
X W(di|Zis05 vis0),  (7)

where = is a symmetric positive definite matrix of an
appropriate dimension, ;.0 > 0, and v;5,0 > 2. Considering
(7), the Bayes update will impose the soft constraint on the
parameters to smoothen the parameter estimates, thereby
preventing them from changing too rapidly [21]. By
substituting the conceptually correct transition operation
(6) with a forgetting one, the latest available posterior is
flattened through the forgetting factor Ay € (0,1] to yield
N (0k]01555—1 5;’3’;: IW (| A k=180 =1, Ae—1Vis5k—1)-
The data correction and regularization of the flattened
posterior is organized recursively with respect to Bayes’
rule, as follows:

f (O, di|Sk) o< N (yi|hipOr, 1/dic) ®)
" N(ek’éls;k—la E_l/dk)W(dk’Els;o, Visi0)

N (0k]015;1—2, T2 )W(di | M k-1 %050, Ae—1V1510)
x N (ek’éls;kflyPls;kfl/(dk)\kfl))
X W (die | A—1155k—1, Ak—1Visik—1) -

By Setting )\0 = ]-9 éls;() = éls;—l, and -ZDZS;() = 571 at

time k£ = 1, the pdf (7) is appointed to formally initiate the
estimation routine. By leveraging the conjugacy of all the
pdfs on the right-hand side of (8), the functional recursion
is reduced to the LS recursion

Veim1 = M1 Visgh—1 + (1 = Mom1) &, )
Pero1 =V, (10)

ehet1 = Osim1 — Orsii2, (11)
éc;k—l = éls;k—l + M1 Pe—13€k—1, (12)

Ec;kfl = )\k,1 [le;k,1 — 5271(1—9“ + )\kflapc;kfl) (13)
X Eep—1] 4+ (1= Ae—1) Sisp0,

Ki = Pe—1hi/ (1 + hyPejp—1h), (14)
bk = Yr — MiOe—1, (15)
els;k = ac;k—l + Kk:éc;kn (16)

Prog = (Ij — Kihl) Peg 1 (I; — Kyhly)' + KK},

(17)
Visik :Pl;i = Vo1 + hihy, (18)
Sisik = Sek—1 + eop/ (1 + My Pep—1he), (19)
Visik = M—1Vsie—1 + (1 — Ap—1) visi0 +1. (20)

Veik—1

In the following, the modification of the LS to account
for uncertainty in the regressor vector will be discussed, and



a refinement of the forgetting mechanism to automatically
comply with the degree of the process nonstationarity will
be proposed. Further insights into the justification for em-
ploying the ordinary LS method, emphasizing its Bayesian
interpretation, along with that of the Kalman filter, can be
found in Peterka [24].

B. Recursive TLS from the Bayesian viewpoint

According to the EIV approach, the system posits a rela-
tionship between the noisy outputs and inputs in the form

B = how+ & &~ N (01, 1/de)
o e

A
Yk = ho;k‘gk teyks  Eyk ™ N(0,1/dy).

Now, in the context of the EIV analysis, the regressor hy is
conceptualized as a random vector contaminated with addi-
tive measurement noises. These noises are arranged into the
vector & = [€usk—1,- ) Cusk—n, —€yik—1,- -, —Cyik—n] -
Conveniently, the regressor maintains the same structure as
that in model (1) and likewise contains directly observed
data, {u;, yz}Z 4_n- The noise-free input ug;;, and the undis-
turbed output yo., represent hidden variables stacked into the
vector hox = [Uok—1,- -+ U0ik—n> —YOsk—15 - - - » —Y0sk—n] -
The noise components e,;; and e, are assumed to be
mutually independent, zero-mean, normally distributed white
noise sequences, both sharing the same precision d.

We intend again to infer the parameters 6 and dj by
constructing the conditional posterior, complicated in this
scenario due to the uncertainty inherent in the accessible
data. To formulate the parametric model in general, we con-
sider the joint pdf of y;, and hg,j, conditioned on 6, dj, and
DF~L The joint pdf is obtained via an affine transformation
of the normal vector [ey, &]" into [y, hg..]’, driven by

St Lol o Lo
8|:yk:|/ Oé,l =I5 |hok I

hO;k
XN (1041 Ty /) -

The resulting joint pdf shows as
Yk k-1
O, di, Di_;,

f( {ho;ij oo )

:N<[m]{%a}1[ywwkeq)
hok hi |7 dg Ok I

In line with the Bayesian approach, however, only the pdf
for yi |0k, di, D ’n will exert an influence on the posterior
inferences. The sought parametric model is derivable from
(22) by integrating with respect to the hidden variables hq;p..
Analogously, the joint pdf (22) can be factorized into the
product of a marginal and a conditional pdf by employing
Claim 1 from [25]. The marginal pdf is given by

F(yk|6k, die, DEZL) = N (yi |10, (1 + 040%) /di), (23)

X

(22)

and, for completeness, the corresponding conditional pdf is
represented by

£ (hosk | O, i, yi, DEZE)

Hk (yk - h;cé?k) 1 9799;«
N<h” T I g, ’dk(lﬁ_ 1+e;€9k> '

To allow the recursive evaluation of the posterior, the
parametric model is used as a template for the ES pdf,
ensuring uniform interpretation of the information. This
self-reproducibility requirement necessitates conditioning the
supplied N'W pdf parameters on w? = 1/(1+ 6.6). Let us
employ the following ES pdf:

f 6k, dk|éls;k717 E, X150, Vis;0, W) (24)
= N (65 |ézs;k—1, E7Y(dpw) )W (di | Siss0wi, Visio) -

The form of the pdf (24) guarantees the variable
regularization-based stabilization in the forgetting and serves
as the starting point for the estimation routine. On over-
lapping the ES pdf by the sequentially retrieved data, the
posterior becomes

f(ek, dk‘Sk,wk) X N(yk’hkek, 1/(dkw,%))

» d}(@uc;kfﬁé—z)/zwl(:c;kf1+é>
51| [0k
Moo | 1

dkw,% 0 Pc_k: 1
’ exp[ ] [P
where My = =0, Pl | and My = Sepoq +
é’c;k_lP;klfléc;k_l. Although the assumptions embodied in
(25) allow for the posterior inferences on the parameters,
this is countered by the necessity of knowing wy, which is
unavailable in practical scenarios. It is worth noting that with
a noninformative prior Bayes’ rule leads to a functional form
of the posterior in accordance with (25); in such a case,
similarly, analytical normalization is intractable without the
knowledge of wy.

The objective thus is to construct a posterior that no
longer relies on the knowledge of the function over the
investigated parameters. The EIV identification can also be
tackled through the free-form variational Bayes (VB) method,
which has proved its efficiency when, for instance, tailored to
solve the indirect identification problems [26], [27]. The free-
form VB strategy entails introducing hidden variables into the
parametric model, followed by their VB marginalization to
ensure their absence in the posterior (see §6.3.3 in [28] for
guidance on handling hidden variables). The adopted optimal
design seeks the best representation for the pdf (25) under
the MW distribution, subject to the constraint assumption
w? =1/(1+6,0k). To execute this, a dissimilarity measure
between the trial pdf, fr(6, d), and the explicit pdf, fg (6, d),
is quantified by the Kullback-Leibler divergence (KLD) [29]

D(frllfe) //fT 6,d)1 (259 d;>d9dd.

The KLD reaches its absolute minimum value, which is zero,
at fr = fg. As previously considered, the loss function

(25)

)




is established to quantify the loss incurred when the NW
posterior, unconditioned on wy, is used to fit the data update
process (25). To work with fr, we employ

,Cn (ék, Pk, Ek, Vk,wk) = D(fTHwk—uzs;k fE)
_ g/*/*dk (@2 (0465 + 1 — tr (Py/dy)) — 1) frddyddy,

(26)

where fr = N(9k|ék, dikPk)W(dMEk, 1) and the explicit
pdf corresponds to the right-hand side of (25)

fe = N (y| WO 1/ (diwd) )N Ok |cso—1, Pesie1 / (diw}))
X W(dk |Ec;k—1w]3; Vc;k—l)/Lv

with the normalizing factor ¢. The factor ¢ is independent
of the optimized parameters and follows the Student’s t
distribution; its evaluation for this type of problem can be
found in [30]. The expression in (26) scaled by the Lagrange
multiplier 7 activates the mean value hard equality constraint.
The constraint function is normalized by dj, to be consistent
with the quadratic forms in the exponential functions entering
the pdfs. The requirement for approximating the Wishart part
was relaxed by using its nonnormalized variant, w,;'j“;’" e
otherwise, the method of Lagrange multipliers fails to deter-
mine the extrema. The evaluation of the loss function (26)
can be decomposed into a sum of specific integrals involving
the gamma I'(+) and digamma W (-) functions. By considering
the integral below [21],

gW(dk|Ek»l’k) [ln (dk‘)] = \IJ(V’C/2) +In (2)

which facilitates evaluating the expectation

—1In (Zk)7

EN (0101, - POW(di Sk ,ve) [hl (W(dkmc;kflwi» Vc:,kfl)
X N(eklac;kflv c;kfl/(dkwlz)))] = (90 + Vc;kfl) In (wk)

ckl

+1In (27r)g|Vc;k—1|%< ek 1)

Veik— 1+9 2 2
S e (z)]
— Oy

WD i
?(91@—9(3;1@71) cito—1 (O )
Wi (et
2 pIA

all the necessary templates are readily available to construct
the final form of the loss function. The resulting function is
identified as

ﬁn (Ok, Pr. S, v, wie)

1 <’|VI;;|1> + wi tr (VigePr) + In <m>

0 sk 2\ e Wi Zisik
2 7 2 Sn) 2 N

Vi (ék — 6, Ak)/Vl Ak(ék — 6, &) — f1n (wr)
QEk s; s; s;

Vi — Visik Vi Nk A A
+ 2\If<2> 5 (w,%@fﬁk - 1) .

Vck 1)

+ tr (P V- 1))

+

The equivalence of the TLS solution with fp’statistics mini-
mizing the loss function £, is reported by the lemma below.

Lemma 1: Let fr be established as an approximation of
fE, with the restriction that the functional form of fr is given
by the N'W pdf. Then, searching for the best representative
of fr by minimizing the loss function (26) yields

Orisr = (Visske — ﬁ1§)71W5;kél3;ka (27)
Wi, = 1/(é£ls;kétls;k +1), (28)
Pty = Viisik = OfVisk, (29)
Stk = 1) (30)
= WP sk + Wf (étls;k - ézs;k)/st;k (étls;k - éls;k)7

Vtlsik = Visik, (31)

where {0115, Prtsik Stischs Visik, @7} embody the unique,
globally optimal values of the arguments of the loss function
L,. The optimized Lagrange multiplier 7) represents the
smallest eigenvalue of the augmented information matrix Vj
introduced in (5).

Proof: To confirm the unique global optimality of the
solution, the first-order necessary and second-order sufficient
conditions are elaborated and discussed in the Appendix. M

The optimal representation of the posterior fr(O, di) =
N(9k|9tls;k7 iPﬂS;k)W(dHZUM, ths;k) for the ETV model
is constructed at each step to agree with the sequential
data retrieval. The expansion of the model to incorporate
uncertainties in the regressor employs data compression via
the LS into V}, followed by the ex post deregularization of
the LS solution to conduct the EIV model estimation. We
suggest that the estimation routine be initialized by setting =,
Yi1s:0, and V4.0, as they have a clear interpretation. Where we
intend to initiate the learning from the nonzero vector étls;09
it is necessary to determine ¥;,.0, if possible, according to

1—\/1—4033215:0@;15;057
Zso = 203005 Brisi0

A s e A
recalculate 915;0 == (.d — Etls;()fé)etls;(].

1etls;O

, and subsequently to

C. Automatic forgetting factor selection

The aim of this section is to briefly justify the emergence
of the forgetting factor, Ay € (0, 1], in the LS method and
to establish its automatic adjustment from the perspective of
optimization theory. Temporarily, the time index for variables
Ox+1 and dj, will be omitted for the sake of brevity. Our
starting point now is the loss functional [22], [30]

Z% 1(0,)]1:(6,d)) - ei]

+n, (/*/*f(e,d)dedd— 1) . 62

where f(6,d) denotes the time updated posterior subject
to correction and f;(0,d) refers to its ith prediction
alternative. The probability vector ¢ = [¢1, p2]’, satisfying
2321 p; = 1, defines the weights by which each alternative
is combined into a single pdf. The nonnegative loss estimates
0 = {o01,02} provide feedback for the decision-making,

Lr(f(0



ensuring that the resulting correction is substantiated
in response to the empirically confirmed performance.
The term scaled by the Lagrange multiplier 7, ensures
that the minimizer f(6,d) integrates to one. In our
setup, the optional components in (32) are selected as
fild,d) = N(0|9tZs;ka L Pysi)W(d| Sussh, Vi), and
f2(0,d) = N(O0Ousik, = Prisii ) W(d|aSusn, avusik)s
with @ € (0,1) setting an upper bound on the parameter
uncertainty increase. Further, to reduce false detections in the
parameter variations, the expected disturbing noise level is
artificially increased via the factor ¢ € (0, 1]. This is reflected
by the loss estimates, which penalize the distance of each
prediction alternative from the scaled posterior fe(Or,dy) =
N Ok |05k, ﬁptzs;k)w(dklztzs;k, Visik).  Specifically,

we have o1 = D(fc(Ok,di)|| f1,c(Okldr) f1(dk))
with  f1 ¢(0k|dy) = N(9k|9tls;k—1,ﬁpf,zs;k—ﬁ
and 0 = D(fe(Op dy) | fo.c(Okldy) fo(dy)),  where
fo,c(Okldr) = N(9k|9tls;k71>ﬁailptls;kfl) Let us

add that the smaller the heuristic factor (, the less sensitive
the algorithm to inconsistencies in the data-generating
process. Readers interested in a more detailed explanation
of the construction of the loss functional L£r and the
selection of its optional components are directed to [22].

We again omit the time index in the variables 6j; and
dj+1 for the sake of clarity. The functional (32) yields a
unique minimizer for f(6,d), which is identified as the
geometric mean (Lemma 1 in [22]):

£(0,d) x ﬁ £71(0,d).

i=1

(33)

The best representative of ¢ is found by solving the neces-
sary and sufficient optimality conditions (Lemma 2 in [22])

D(f(0,d])||f:(0,d)) — 0i = p, all i such that ¢; > 0,
D(f(@,d\)”fi(@,d)) —0; <, all i such that ¢; =0,
(34)

where ¢ € {1,2}, and p is a real-valued scalar.

The formulation of the time updated posterior on the
basis of the geometric mean justifies the presence of the
forgetting factor A\, = ¢1(1 — @) + « in the LS routine, as it
arises from merging the prediction alternatives. To implement
data-informed forgetting, the optimality conditions (34) are

evaluated, leading to
A =1/02, (35)

where

Yils:kVils;k—1
QC = |:tI‘ (‘/tls;lcflptls;k) + Vtls;k—1 In (SS

Ytlsk—1Vtls:k

Uy ik N N /
+ . (Ztls;kl + (Ouisik — Ouissi—1 ) Cths;kwk)
; N

Etls
Yk
Vils:k— 1
+ kel uus;k_l} — (36)
Vtis;k 0 +1

To prevent violating the constraint boundaries, set A\y, = «
when 1 < af2e, and A\, = 1 whenever 1 > (2. The

Algorithm 1 The Bayesian estimation procedure for a time-
varying EIV model.

1: Initialization phase:

2: Gather the starting data set Di_, to fill hy.

3: Set the lower bound on the forgetting factor a € (0,1)
and set the heuristic factor ¢ € (0, 1].

4: Set the initial value of the forgetting factor to \g = 1.

5. Initialize the statistics {915;0,5,218;0 > 0,v50 > 2}
and execute the assignments {éls;,l = éls;o, Viso =
Pl;}) = Z} to obtain, for k& = 1, the starting point
{Ve0, Peso, éc;o, Y0, Ve0 } needed to initiate the data LS
correction (14)—(20).

6: Learning phase:

7: for k< 1,k do

Yk, hka Ea Els;k'fla Visik—1,

8: Input: qls;kfh Hls;k727 Vvls;krflv Akfla
etls;k—la VvtAls;k—la Ztls;k—l
9: Ls update: {Visx—1,01sk—1, Ztsh—1, Vissk—1} —
{-Pls;k7 Ws;kv els;kv Els;_ku Vls;k} > (9)_(20)

10: Assemble the matrix Vj, > (5)
11: Determine 7) as the smallest eigenvalue of Vi
12: TLS update: {I_?ls;ka ‘/ls;ka Gls;k, Vis:k» ﬁ} —

13: {Ptls;ka V;ils;kv etls;ka Etls;k» ths;k} > (27)-(31D)
14: Calculate f2¢ > (36)

15: Inspect whether the factor A; lies inside the feasible
region ancj evaluate it R > (35)

16: Output: 0.5, Prs:is Visks Zisiks Vissks Otisikr Prisihs

17: Vitsik> Ztlssks Vilsiks Mk

18: end for

results for Ag, rely on the asymptotic approximations, I'(v)
exp[—v]v=V/2(27)Y/2 and ¥(v) = I[In(I'(v))]/0v
In(v) — 1/(2v), used in the assessed KLDs.

To elucidate the implementation details, the proposed
procedure is summarized in Algorithm 1.

R

III. ILLUSTRATIVE EXPERIMENTS

The numerical illustration of the developments introduced
in this paper is provided through simulating a second-order
EIV model (21), yo.x + Z?=1 aiYo;k—i = Z?:l bitok—i,
where the available signals ¥, = Yo, + €y and up = ug.x +
€qy;%; are measured with normally distributed, mutually uncor-
related errors. The coefficients {a;, b; }7_, correspond to the
discrete transfer function G(z) = kg(z — exp[Tsnol)/((z —
exp[Tsp1])(z — exp[Tsp2])). The sampling period T is set
to Ts, = 1s; the gain equals kg = (1 — exp[Tsp1])(1 —
exp[Tsp2])/(1 — exp[Tsngl); and the white measurement
error sequences {e,x, ey} are generated at d = 10 or
d = 10%. The initial zero and poles’ values satisfy ng = 1
and p; » = —0.4+10.8, and the system experiences a sudden
change at the time ¢ = 250s, which causes the zero and the
poles to switch to ng = —1 and p; 5 = —0.2 £i0.4. The
input fed into the system is driven by ug,;, = 0.9u0;—1 +wg,
where wy, is the discrete white noise wy, ~ A(0,1). Further,
regarding the user-defined input arguments to Algorithm 1,
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Fig. 1. The trajectories of the EIV model estimates, optimized using
the adaptive variant of the TLS, at d = 10% (a) and at d = 102 (c).
Plot (b) shows the corresponding time course of the forgetting factor
i at d = 10®, while plot (d) represents the same at d = 102, The
true values of the EIV model coefficients are initially represented by
{b1 = —0.3,b2 = 0.82,a1 =~ —0.93, a2 =~ 0.45}, and after 250s,
they are switched to {b; = 0.26,b2 = —0.09,a1 ~ —1.51,a2 =~
0.67}.

the learning initiates with éls;O =041, 2 =14, Yys0 = 1,
Viso = 10, @« = 0.1 and ¢ = 1/4. The results of the
experiments are plotted in Fig. 1. In this experiment setup,
the results indicate the algorithm’s ability to combat noise
while effectively tracking parameter changes.

IV. CONCLUSION

The problem of estimating a regression-type EIV model
with time-varying parameters has been faced within a rig-

orous probabilistic framework. The estimator concept for-
mulation presented herein takes into account the uncertainty
inherent in the accessible data and expands upon the solution
relying on a noise-free, deterministic regressor. The approach
provides a theoretical foothold for a broader objective in
probabilistic designs, aimed at systematically learning gen-
erally nonlinear EIV systems from data streams and data-
informed risk assessment. Although the solution to a linear-
in-parameters problem is algebraically equivalent to the TLS
method, it provides a useful metric for quantifying the
uncertainty of the parameter estimates in the presence of an
unknown precision of the measurement noises. The Bayesian
interpretation of the TLS solution was justified by solving the
equality-constrained fixed-form variational Bayes problem,
supported by an application of optimization theory relying
on the method of Lagrange multipliers. The benefit of the
original problem formulation was demonstrated through its
integration into the statistical decision-making, resulting in
the development of an original adaptive estimator for an EIV
model.

APPENDIX
By computing the gradient of the loss function
L, with respect the design variables O =

[vech(Py)’, éfc Wk, 2k, V)" and the multiplier 7 at
© = [vech(Pusk)’, Oygr » Wk » Stisik s Vusyk) and 1), and
subsequently equating the result to zero, we arrive at the
first-order necessary conditions

oL, 1 o2
G| = — 5D vee (Vusi) + Dy vee (Vi
dvech (Py) |6 2 jvee (Vas) + 9 ivee (Visk)
il
=0 (A.1)
a‘c’ﬂ ~2 Vtis;k ~ ~
= = = Viek (Ot1s: — O1s:
90y 16 ok Stisie o (Ortst = Orsir)
il
— 7% ;”S”“ Ouiss = 0, (A2)
tls;k
oL TP )
87&;: o =0 = 7n(wl%0£ls;k9tls;k +&7) + Zesk
il
=0, (A3)
aﬁn _ Visik . (:J,% I/tlzs;k |:étzs;k i| /Vk |:étls;kj|
82’“ é 22tls;lc QEtls-k 1 1
il 5
=0 (A4)
B‘CW _ Vils;k — Vis;k i (Vi _0
al/k 9: 2 ayk 2 _ )
7
(A.5)
9L, Vtls;k ( 24 N
on |6 2511k Wilis:1 sk - Wi,
il

(A.6)

From the condition (A.6), it follows for the scalar product
that [@0;,,., , @k) @k}, - k)’ = 1. Thus, directly from
(A.3), we obtain the identity X, = #). Given the ob-
jective of minimizing £, as much as possible and the fact



that £,, decreases with decreasing X;,,;, we capitalize on
the inherent properties of the Rayleigh quotient (§11.5 in
[31]). Specifically, we use the lower bound of the Rayleigh

(@107 4p, 0] Vi [0 04, 4, k)

quotient, n < , represented by the

[‘bké;z.q;k 7":’k][":’kéizs;k Wr]’
smallest eigenvalue of V;, when [@kééls; > Wk s the corre-
sponding eigenvector. Choosing 7 and étls; , according to the
aforementioned lower bound automatically satisfies (A.2),
(A.4), and the objective of globally minimizing £,,. Con-
sidering the positivity of the polygamma function %\P(%’“)
in (A.5), it is evident that vy = Vig;k-

To prove that the global minimum O is unique,
the second-order sufficient conditions are inspected. Re-
call that the unique minimum is achieved when both

Ok (W20, 0, +w2—1)/(28 9%L
vk (Wi Oy k{;r@/k )/( k))‘éﬂ = 0 and ﬁ/a@aé/bﬁ > 0,

. . n .
where ( is a nonzero vector. The Hessian of the loss function
L, at © and 7) is expressed as

!
Hu O2,%é(é+1)+é+1
%L 1 Vilsik 11
a@ag)i L= 2 S 2 Hetast ,
&) O ] 1

3

1 L 0 (Lk)
2 Etls;k 2 auk 2 Vilsik

where the nested submatrix ;7 is defined as

%D/O (Wls;k(;@ V;ls;k)Dé 0] U:)kD/e vec (Ws;k)

Hi1 = / Hs OO
Wy, vec (Vls;k) D; O 9&)22
k

with H, = wi%(wék — 7il;). By evaluating the de-
terminant of the Hessian matrix, we can demonstrate that
it is positive-semidefinite, as all its principal minors are
nonnegative. We found the nonzero vector 3 that satisfies
O (wip0 Or+wi —1)/(25k)) ‘ B
90’ 6

p0}. 00 = %‘“, where 3y represents an arbitrary nonzero

vector and (3,, denotes a nonzero scalar, by definition. Then,
the sufficiency condition results in

9L o
Waé’ =) ﬁ = ﬁéHsﬁG + ewé (ﬁéetls;k)Q > 0. (A7)
n

= 0, giving rise to the identity

ﬁ/

Given that Vi, represents the %6 principal submatrix of
V%, we can conclude, according to the Poincaré separation
theorem (§11.10 in [31]), that H is positive-semidefinite as
7 is less or equal to all the eigenvalues of Vi,.;. Therefore,
for nonzero étzs;k, the inequality (A.7) holds true, and the
solution © is a unique minimum point.
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