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Abstract

This paper introduces a novel method for solving the resection problem in two and three dimensions based on conformal
geometric algebra (CGA). Advantage is taken because of the characteristics of CGA, which enables the representation of
points, lines, planes, and volumes in a unified mathematical framework and offers a more intuitive and geometric understanding
of the problem, in contrast to existing purely algebraic methods. Several numerical examples are presented to demonstrate the
efficacy of the proposed method and to compare its validity with established techniques in the field. Numerical simulations
indicate that our vector geometric algebra implementation is faster than the best-known algorithms to date, suggesting that
the proposed GA-based methods can provide a more efficient and comprehensible solution to the two- and three-dimensional
resection problem, paving the way for further applications and advances in geodesy research. Furthermore, the method’s
emphasis on graphical and geometric representation makes it particularly suitable for educational purposes, allowing the
reader to grasp the concepts and principles of resection more effectively. The proposed method has potential applications in
a wide range of other fields, including surveying, robotics, computer vision, or navigation.
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1 Introduction

B< Francisco Manzano-Agugliaro

fmanzano @ual s The resection problem, also known in surveying as the

Snellius—Pothenot (SP) or the inverse intersection problem,
involves calculating the position of an unknown point P (also
called a station) using the positions of three known points A,
B, and C, and relative angular measurements from P. It is a
relevant problem not only in geodesy and surveying, but also
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in other disciplines such as robot path planning (Masselli
and Zell 2014), positioning (Pierlot and Van Droogenbroeck
2014), navigation (Pereira et al. 2018) or computer graphics
(Mazaheri and Habib 2015), and can be solved both geomet-
rically and algebraically. The solution of the two-dimensional
problem has been known for several centuries and has numer-
ous variants [almost 500! according to Bock (1956)]. The
three-dimensional problem is much more intricate and only
complex and sophisticated algebraic solutions are known.
The two- and three-dimensional configurations are illustrated
in Fig. 1.
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Fig.1 Representation of the
resection problem in 2D (left)
and 3D (right)

1.1 Motivation

The determination of the position of an observer based on
angular measurements from known points is of interest in
several disciplines, such as surveying, computer graphics,
optics, and robotics. Traditionally, solutions to this prob-
lem have relied on heavily algebraically loaded methods,
which can be complex and challenging to comprehend. Fur-
thermore, these methods do not always provide an intuitive
understanding of the geometric relationships involved in the
problem.

In both two-dimensional (2D) and three-dimensional (3D)
problems, there is a need for a more geometric or graphical
approach that simplifies the study of the resection problem.
Although there are existing graphical methods for solving
the problem in 2D that have been known for some time,
their algebraic implementation can be quite cumbersome,
hindering their widespread adoption. When the problem is
approached from a geometric perspective, a better under-
standing of the underlying structures and relationships can
be achieved, making the problem more accessible to a wider
range of researchers and practitioners. This could potentially
lead to novel applications and advancements in the related
areas mentioned above.

In light of the exposed ideas, the main motivation behind
this paper is to develop a novel geometric method based on
conformal geometric algebra (CGA) to address the resection
problem in two- and three-dimensional ways. By leverag-
ing the unifying properties of CGA to represent geometric
primitives within a single mathematical framework, we aim
to provide a more intuitive and geometric understanding of
the problem, simplifying its study, and paving the way for
further applications and advancements in the field.

1.2 Background and literature overview

The resection problem has been extensively studied in the
literature, with various algebraic and geometric or graphical
methods proposed for its solution. It appears that ancient
Greeks, such as Hipparchus or Ptolemy, already studied this
problem in the context of astronomy, although the first person
to solve the problem in the context of surveying was the
Dutch mathematician Willebrord Snel van Royen (known
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Table 1 Classification of main methods to solve the 2D resection prob-
lem (see Pierlot and Van Droogenbroeck 2014)

Method Group Year
Snellius Trigonometric 1617
Collins Geometric/Graphical 1671
Kaestner-Burkhardt Trigonometric 1801
McGillem Geometric 1988
Cohen and Koss Geometric 1992
Madsen and Andersen Trigonometric 1998
Sanchiz et al Iterative 2004
Esteves et al Geometric 2006
Easton and Cameron Trigonometric 2006
Tsukiyama Geometric 2009
Font-Llagunes Geometric 2009
Dekov Iterative 2012
Ligas Geometric 2013
Pierlot et al Geometric 2014
Willerding Other 2020
Tienstra Other Unknown
Cassini Geometric/Trigonometric Unknown

as Snellius) in 1617 (Wreede 2007). He achieved the goal
by using geometric and algebraic methods mainly based on
trigonometry. This same problem was addressed in 1671 by
John Collins in his work Philosophical Transactions. Collins
contributed significantly to the topic by presenting a new and
elegant geometrical solution, which involves the use of just
one circle and an auxiliary point. In 1692, Laurent Pothenot,
who was working on the definition of the meridian north of
Paris, presented a paper on the subject. However, according
to McCaw (1918) and others, Pothenot did not contribute
anything new to the solution of the problem and all he did
was publish the works of Snellius and Collins under his own
name. Other authors who have studied this issue are shown
in Table 1.

In the context of geodesy and surveying, the resec-
tion problem has been a fundamental problem for cen-
turies. The problem has been addressed from various per-
spectives, including algebraic (Awange et al. 2010), geo-
metric/graphical (Masselli and Zell 2014), and numerical
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(Dekov 2012) methods. Algebraic solutions to the prob-
lem are well established and have been extensively studied.
However, these methods often involve complex algebraic
manipulations and do not provide any intuitive geometric
understanding of the problem.

The two-dimensional problem has been solved using
approaches such as graphical methods (Bock 1956), ana-
lytical geometry (Bil 1992), matrix methods (Biahr 1991),
and algebraic methods based on Sylvester resultants (Awange
and Grafarend 2002), Groebner bases (Awange 2002), and
other elimination techniques (Sturmfels 2002). Awange and
Grafarend (2005) provided a detailed overview of several
algebraic techniques for solving 2D and 3D resection.

The three-dimensional version is more complex, with
most solutions relying on intricate algebraic methods. Grunert
originally formulated the problem in 1841 and derived quar-
tic equations to determine the unknown distances (Grunert
1841). Since then, numerous procedures have been developed
to optimise Grunert’s formulation and reduce the computa-
tional steps involved (Awange and Grafarend 2005; Fischler
and Bolles 1981). Algebraic techniques such as Groebner
bases (Awange and Grafarend 2003a), polynomial resul-
tants (Awange and Grafarend 2003b), and linear homotopy
(Palanczetal. 2010) have been effectively applied to solve the
3D problem. However, geometric solutions to the resection
problem have been less explored. The geometric or graphi-
cal approach provides a more intuitive understanding of the
problem and can be more easily visualised.

In recent years, there has been a growing interest in
the application of geometric algebra (GA) to solve several
geometric problems. GA provides a unified mathematical
framework for representing and manipulating geometric
objects, making it a powerful tool for geometric computations
(Dorst et al. 2010). The application of GA to the resection
problem was first proposed by Smith (2023b, a).

However, the application of GA to the resection prob-
lem is still in its early stages, and there is still a long way
to go. In particular, the application of conformal geomet-
ric algebra (CGA) to the resection problem has not been
fully explored. CGA extends GA by incorporating the con-
cept of conformal transformations, which can provide a more
powerful and flexible framework for geometric computations
(Hestenes and Sobczyk 2012; Dorst et al. 2010). CGA pro-
vides a unified framework for handling points, lines, planes,
circles, spheres, and other geometric entities. Each entity
has a unique representation, and the relationships between
entities correspond to algebraic relationships between their
CGA representations. This eliminates the need for coordi-
nate transformations when transitioning between reference
frames.

Cameron and Lasenby (2008) showed that CGA subsumes
projective geometry and is more computationally efficient
than matrix methods. CGA has found applications in com-

puter vision (Wareham et al. 2004), robotics (Zaplana et al.
2022), and other geometric computing problems (Hitzer
et al. 2022). However, its potential for solving resection-type
problems in geodesy and surveying remains relatively unex-
plored. This paper seeks to fill the void by introducing a new
geometric solution based on CGA for the 2D and 3D resec-
tion problem.

1.3 Contributions

In this paper, a new method for solving the resection prob-
lem using the mathematical framework geometric algebra in
2D and 3D dimensions is proposed. The method provides
a simple solution based on purely geometric and graphical
principles. Specifically, the 3D version of the problem is thor-
oughly analysed in detail. Specific novel contributions are the
following:

e A novel conformal geometric algebra (CGA)-based
method is presented to solve the two- and three-
dimensional resection problem, providing a more intu-
itive and unified geometric approach.

e The proposed method is compared with established tech-
niques, and its advantages and efficacy are demonstrated
through numerical examples.

e The potential applications of the method in several fields
such as computer graphics, optics, and robotics are high-
lighted, emphasising its versatility, and paving the way
for future advancements in geometric research.

e Several algorithms have been developed that provide bet-
ter results than the best-known algorithms to date from a
computational perspective.

1.4 Outline

The remainder of the article is organised as follows. Section 2
provides an introduction to geometric algebra and conformal
geometric algebra. Section3 revisits the resection problem
and reviews traditional methods. Section4 presents existing
and new GA-based methods. Section4 presents the pro-
posed method based on CGA to solve the resection problem.
Section S provides several application examples to demon-
strate the effectiveness of the proposed method, along with
benchmarks for computational efficiency. Section 6 provides
an error and uncertainty analysis of the proposed methods.
Finally, Sect.7 concludes the article with a summary and
some suggestions for future work.

2 Basics concepts in geometric algebra

Geometric algebra is a mathematical framework for repre-
senting geometric objects and transformations in a unified
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way (Hestenes and Sobczyk 2012). GA extends the alge-
bra of vectors to include other geometric objects such as
points, lines, planes, and volumes. GA provides a powerful
tool to solve geometric problems and has applications in a
wide range of fields, including electrical engineering (Mon-
toya et al. 2019, 2021), computer vision (Hrdina and Navrat
2017), robotics (Hrdina et al. 2017), and other engineering
fields [see Hitzer et al. (2022) and references there in].

GAs are used mainly in situations where Euclidean trans-
formations play a significant role. A simple way to introduce
GAs is to understand them through more familiar tools such
as complex numbers or quaternions (indeed, they are subalge-
bras of GA). For example, implementing Euclidean rotations
using quaternions is essential to improve computational capa-
bilities and adopt an object-oriented approach. We can see
quaternions H as a natural extension of the complex numbers
C in the form

z=a+bi+cj+dk (1)

where a, b, ¢, d € R and the products of the basis elements
i, J, k satisfy the multiplications rules i? = j2 —k*=-1
and ij = —ji = k. The quaternion Im(z) = bi + cj + dk
is called the imaginary part of z, and Re(z) = a is called the
real part of z. Note the use of bold letters for quaternions and
regular font for real numbers.

The operation of rotating an object by an angle 6 around
the axis n = nyi + nyj + n;k can be represented by the
quaternion

R = %(nxi+nyj+nzk)

—_ 0

=5 [cos® + (nyi +nyj + n:k)sinf)] )
acting on the vector ¢ = xi + yj + zk. Note that ||n|| =
Vnn = 1, where the bar decoration stands for quaternionic
conjugation. The representation is done in a similar way as in
the case of complex numbers. The difference is that quater-
nions are not commutative and thus they act via the so-called
sandwich product

RqR™'= —RqR 3)

So, we are working in a four-dimensional linear space. If
we want to realise also the translations, we have to extend
the algebra by another dimension using an element € such
as €2 = 0 and €i = €j = ek = 0. This algebra is usually
called dual quaternions. For more on the use of quaternions
in general engineering topics, see Selig (2005).

On the other hand, the wedge operation on a vector space
allows us to work with linear subspaces. A line can be char-
acterised by a vector £, so x belongs to a line if and only if

@ Springer

x A € = 0. The wedge of two vectors then characterises the
plane in the same way. A vector space closed in the wedge
operation is called a Grassmannian algebra. The combination
of these two concepts leads to the notion of GA.

2.1 Euclidean vector GA

Vector geometric algebra (VGA) is perhaps one of the sim-
plest GAs. For the two-dimensional case, the VGA (Gy) is a
Grassmannian algebra based on two orthonormal basis vec-
tors (01, 02) together with a bilinear operation known as
geometric product satisfying the following identities:

010) =01:02+01AN0O2=01/N02

01-02=0
a%:a%:l “)

The term o1 A 07 is known as bivector (o 12 for short).
Geometrically, a bivector represents an oriented plane seg-
ment spanned by the two vectors. We can use bivectors to
represent rotations in the following way. The collection of
bivectors a1 A 0> forms a one-dimensional vector space that
is closed under multiplication. We can then generate rotations
by applying the exponential map to bivectors. For example,
the exponential of the bivector

1

629612 —

1
7 (cos6 + sinfo7) 5)

is used as in (3) to perform a rotation by an angle 6 in
the plane spanned by o and ¢;. In this way, the group
of rotations generated by the bivectors is mathematically
equivalent to the group of unitary complex numbers e,
which also represent rotations in the complex plane (note that
(61 Ao2)? = —1). However, bivectors provide a more intu-
itive geometric representation of rotations directly in vector
space.

Similarly, we can introduce the G3 algebra for the pur-
poses of reasoning in the 3D space. The algebra G3 is based
on three generators a1, 07 and ¢ 3 together with a geometric
product defined by the following identities:

0;0;=0; N0 Wherei # j

07=1 wherei=1,2,3 (©6)

In Sect. 4.1, it will be shown how to use the VGA-based
method to solve a 2D version of the resection problem. This
procedure is, in fact, a use of GA G».

2.2 Conformal geometric algebra

The goal here is to create a model of Euclidean geometry.
Specifically, geometry whose symmetry group contains the
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Euclidean symmetries (rotations, translations, etc.). For that
purpose, a nondegenerate quadratic form will be chosen, thus
obtaining the conformal geometric algebra (CGA). In the
case of CGA for a two-dimensional Euclidean space, a GA
of signature (3, 1) is obtained [also known as Compass Rule
Algebra CRA, see Hildenbrand (2018)], with basis vectors
01,02,04 and o _ such that

o2=1ie{l,2,4}, 2 =—1 @)

L

0i0;=—0;0;,i%j, i,j€{l,2,+, -} (8)

For mathematical convenience, it is advisable to define
two new basis vectors

1
0’0:5(0_—04_) (9)
Oco=0_+04, (10)

with properties

05=02,=0 and 00 -0 = —1 (11)

Vector o is known to represent the Euclidean point at the
origin of the coordinate system, and vector o, represents
the point at infinity. Using the rules above, it can be proved
that any Euclidean point X can be mapped to the CGA vector
space as

1
X — x=o00+ (x101 +x202) + §(X12+x§)‘700

12)

In “Appendix A.1”, explicit calculations that justify our

choices can be found. As in Sect. 2.1, the extension to higher
dimensions is straightforward by adding the element ¢ 3. This
will make G3 appear instead of G, and quaternions will
appear in the bivectors.
In the notation used throughout this paper to ensure clarity,
regular font indicates real numbers, boldface denotes vectors
in the CGA space, boldface with an overhead arrow (e.g.
X) represents vectors in the Euclidean space, and uppercase
letters in boldface indicate multivectors in CGA.

The usefulness of CGA and CRA is based on the fact that
the distance between Euclidean points is encoded in the scalar
product. The points X and Y are represented by the Euclidean
vectors X and y, respectively. The mapping defined in (12)
maps these Euclidean points (vectors) to vector elements x
and y in the CGA space.

As shown in “Appendix A.2”, the scalar product between
two CGA points codes the distance:

1 . 2
xoy=—7|¥ - yI? (13)

Thus, the Euclidean point X (represented by the Euclidean
vector X) lies on the sphere (circle) S with centre in point C

and radius r if and only if it satisfies the identity x - ¢ = — %rz
in the conformal space. Since x - 6 = —1 for each point,
this identity may be written as
1, 1,
x.c+§r =x~c—§r (x - 0x0)
1,
=x-<c—§raoo>=0 14

Thus, the vector element ¢ — %rzaoo represents the sphere

S in the CGA space. It should be emphasised that within
CGA, there exist two distinctive methods to reference the
identical geometric entity: IPNS and OPNS (see “Appendix
A.37).IPNS is superior for transformations and intersections,
whereas OPNS is advantageous for blending and morphing
tasks. It is crucial to be aware of the representation we are
operating in; however, transitioning between representations
can be achieved seamlessly using the dual operator (*), as
described in “Appendix A.3”.

3 Revisiting the resection problem

In the context of geodesy and surveying, the resection prob-
lem plays an important role in determining the position of an
observer based on angular measurements from three known
reference points. Over the years, various approaches have
been developed to address this problem, ranging from graphi-
cal or geometrical methods to algebraic ones. However, many
of these methods can be complex or tedious, particularly
when addressing the problem in three dimensions. With the
growing importance of accurate positioning in modern appli-
cations, it is essential to revisit the resection problem and
explore innovative approaches that offer more intuitive solu-
tions.

3.1 Traditional methods

In this section, traditional methods for solving the resec-
tion problem are reviewed. They can be classified into four
basic groups: trigonometric, geometric/graphical, iterative
(numerical) and others (see Table 2). A comprehensive list
of methods for 2D resection problems is already presented in
Table 1. Note that sometimes the frontier between trigono-
metric and geometric methods is not as clear because both
solutions exist at the same time (e.g. the Cassini method).

Trigonometric methods are some of the oldest and most
famous procedures for solving the 2D resection problem.
They are based on the use of trigonometric functions to com-
pute the position of the observer using the angles between
the known points and the observer.

@ Springer
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Table 2 Taxonomy of Resection Methods

Group Methods

Trigonometric
Geometric
Iterative
Others

Use trigonometric functions and equations to calculate station/robot position
Compute intersection of circles or lines passing through known points and station/robot position
Start with estimate of robot position, iteratively refine using error minimisation

Use of Barycentric Coordinates or Complex Numbers

The Pothenot—Snellius method, also known as the Késtner—
Burkhardt method, is one of the most known and oldest
procedures in this group. The Cassini method is another
example of a trigonometric solution (with a graphical solu-
tion, too), which is similar to the one described by Esteves et
al. and Cohen and Koss. The Easton and Cameron method is
also a trigonometric approach, similar to the Cassini method.

Geometric or graphical methods, on the other hand, use
geometrical constructions and properties of the known points
to calculate the position of the observer. These methods are
based on the use of geometric and graphic principles to solve
the problem. Esteves et al. proposed a geometric method
that uses the intersection of circles to calculate the position
of the observer. Cohen and Koss also proposed a geometric
method that uses the intersection of circles, but with a dif-
ferent approach from Esteves et al. Font-Llagunes proposed
a method that uses the intersection of lines and similarity
between triangles to calculate the position of the observer.
Pierlot et al. and Ligas proposed a method that uses the inter-
section of power lines to calculate the position of the observer,
although the solution is given in algebraic form.

Iterative methods use iterative algorithms to converge to
the observer position. These methods are based on the use of
an initial estimate of the observer position, which is refined
iteratively until convergence is achieved. Iterative search is an
example of an iterative method that uses a search algorithm
to find the robot position. Sanchiz et al. proposed a method
that uses an iterative search algorithm to find the observer
position.

Finally, there are other methods that do not fit the previous
groups. The Tienstra method is one such example, which is a
completely different approach based on barycentric coordi-
nates. Another method like Willerding is based on the use of
complex numbers to compute rotations in the Argand plane
to find the observer position.

4 Resection using geometric algebra

Nowadays, methods based on geometric algebra (GA) have
been developed, providing a new solution to the resection
problem while maintaining the focus on its geometrical roots.
GA offers a versatile framework that can be adapted to dif-

@ Springer

ferent contexts based on the selection of specific metrics
and the number of dimensions. For example, when all ele-
ments of the base a; square to 41, the resulting algebra is
known as vector geometric algebra (VGA) (see Sect.2.1).
By extending the ability of the basis elements to square to
—1 or 0 or by accommodating more dimensions, it becomes
possible to explore alternative forms of GA. One such exam-
ple is CGA, which incorporates two additional dimensions:
one dimension squaring to +1 and another squaring to —1.
This flexibility enables GA to solve a wide array of applica-
tions and problem domains, seamlessly scaling the number
of dimensions in a straightforward way.

4.1 Vector GA method

The 2D VGA-based method has been recently proposed by
Smith (2023a) and published as disseminative material. The
process is mainly geometric and results in obtaining a vector
p that describes the position of the point P when choosing
the middle point (B) as the origin. In this case, we start with
a vector basis consisting of two elements ¢ = {0, 02}
Figure 2 illustrates a representation of the problem, as well
as a detailed sequence of steps carried out.

First, using the known data (A, B, C, «, and ), circles
c1 and ¢ are drawn using points A, B, P and B, C, P,
respectively (see Fig. 2a). These circles serve as an auxiliary
element for better understanding the solution, but are not
required as such. With the help of the central angle theorem,
the vectors d; and d, are obtained

v Vi _
di=v; + P o = — 0o

an o sin o
v v
dy=vy— —— 0= —ef000 (15)
tan 8 sin

where v1 = A — B and vp = C — B. Note that B was chosen
as the origin, but any other point can also be selected under the
condition that @ or $ is not null. This situation occurs when
P is collinear with two of the three known points. In such a
case, other points can be selected as the origin. Equation (15)
indicates that vectors d; are the result of rotating and scaling
vectors v;, as shown in Fig. 2b. Note that the rotation angle
is given by (90 — «) and (90 — B), respectively. The next
step involves determining the vector d as d, — d. Finally,
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Fig.2 Vector GA-based method
steps to solve the 2D resection
problem

(a) Initial setup, with (unknown) circles ¢y (4,
B and P) and ¢, (B, C and P).

(b) Using known vectors v and v, get vectors
d| and d; by rotation and scaling.

(c) Get vector d as dy — dj. Reject either dy
or d, on d to compute p.

the desired vector p is the rejection of d or d> on d (see
Fig. 2¢). In VGA, the above steps are summarised in the
following equation

p=@d A"d)d ' =—dr~nd)d"" =, Adr)d™" (16)

It should be noted that the proposed solution is remarkably
simple and does not involve the use of any type of coordi-
nates. The result is obtained by simple geometric operations,
such as rotation, scaling, and rejection, applied to the inherent
primitives of VGA, such as vectors in this specific case.

The proposed method has advantages over the existing
ones. It avoids some limitations as in Tienstra’s method
where no solution can be found if the points A, B, and C
are collinear. Furthermore, it is feasible to obtain an indi-
cator of how close P is to the forbidden circle (defined by
points A, B, and C) by means of the length of vector d. If
the point P is on this circle, then it can be easily checked
that d = ||d|| = 0. Consequently, small values of d suggest
that we should relocate the station to another site to ensure a
reduced source of error (see Sect. 6 for a detailed error anal-
ysis).

4.2 Conformal GA method

The methodology employing VGA, as outlined in Sect.4.1,
primarily utilised the GA G,. However, given that the

resection problem primarily deals with circles, utilising its
conformal extension, specifically the compass ruler algebra
(CRA), appears to be more suitable (see Hildenbrand 2018).
When dealing with geometric problems, it is highly advan-
tageous to have a tool that can express graphical methods
algebraically.

On the basis of the postulates presented in Sect.2.2, two
traditional and well-known graphical methods are proposed
to solve the resection problem using CRA: Cassini and
Collins. By leveraging CRA, both methods can receive clear
algebraic interpretations, as explained in the following sec-
tions.

For a more in-depth example of CRA using the Clifford
library in Python, see the GitHub repository.

4.2.1 Cassini construction

The Cassini method provides a solution to the resection prob-
lem by leveraging the inscribed angle theorem. The solution
is obtained by determining the intersection of two circles: one
passing through points A, B, and P, and the other through
points B, C, and P as shown in Fig. 3. To determine the
centres of the circles, two lines must be intersected. The step-
by-step graphical approach underlying the Cassini method
can be elucidated, along with the equivalent steps, using the
CRA algebra (see Fig. 4).

@ Springer
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LS e

Fig.3 2D graphical resection procedure using Cassini method

1. CRA Mapping: The problem starts by mapping three
known Euclidean points, A, B, and C, to the CRA
domain. For example, the point A with coordinates
(a1, az) is mapped as

A=(a,ap) — a=aj0o|+ay>

IO O
— a=o0o9+a+ EaQUOO (17)

2. Auxiliary Lines: To obtain the position of the centre of
the circle defined by A, B, and P, the line £ 4 joining A 3.
and B must first be constructed along with the line m4p
as the perpendicular bisector of £ 4 . The line £ 4 ¢ is then
constructed by rotating £45 by (7/2 — «) relative to A
clockwise. This process is repeated for £ p¢c and mp¢ but
with £¢ o being rotated some (7 /2 — ) counterclockwise
relative to C.

Fig.4 Graphical solution of

Lip=aAbAosw, Lecp=cAbAros
Map =(a—b)* Mpc=(b-c) (18)

For the rotated lines £4 ¢, and £ o,, the following rotors
and translators must be first defined

R, = e—%(ﬂt—ﬂ/z)alz7 Rs = e—%(ﬂ/2—ﬂ)¢712

a c
TAZI—EO'OO, Tczl—zaoo

Dy=TiR,Ts, Dc=TcRyTc (19)
, and thus,
Lo, = DsLapDy, Lco, = DcLpcDc (20)

Note that rotations are always relative to the origin. To
rotate around an arbitrary point, it must first be trans-
lated to the origin. The rotation is then applied, followed
by another translation that returns the point back to its
original position.

Circle building: The centres of the circles can now be
found as the intersection of the lines £4p and €40, and
£ BC and ((;02

01 =01N00=LapV Lao=(LyzALyy"
02 =0yA000=LpcV Lco=(LycALgp)* (21

‘; mpc

Cassini method step by step. c .
The point P is found by - T Use
intersecting the two circles¢; 77T a
and ¢, where all the points see A o
AB with angle o« and BC with
angle B, respectively tap -

ias

°
(a) Lines defined by 4B and BC (b) Bisector of £4p and {pc

i mpc

(c) Centres O and O,
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(d) The sought point P
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) >(()‘) { ‘ (;”\ \ “ /
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(01 aBV Lao P=c Ve
O, =Lpc V Lco

Fig.5 CRA version of Cassini’s method step by step

The result is a flat point, representing the wedge of the
sought point and the point at infinity.! The extraction of
the point of interest is straightforward by factoring out
the point at infinity

01 = (00 -01—0p)
0 = (00 072 —0p) (22)

The radius of the circles can be computed as

ri=+-2(01-a), 1r2=+-2(03-¢) (23)

, and the circles themselves are determined as

1 1
¢ = (01 — Er%aoo> ¢ = (02 - Erzzﬁoo> 24

4. Intersection of circles: The desired result can be obtained
from the intersection of the two circles ¢ and ¢; as

P=c Nc (25)

Two intersecting circles in CGA yield a couple of points
(1D sphere), also known as pair-point P. Finally, the

1A line can be considered as a circle with infinite radius, so the inter-
section of two lines results in two points, one at infinity.

Euclidean point P is recovered by the classic formula

(see Hildenbrand 2018)
+vP*- P*+ P*
Py = *+ (26)
0o - P

One of the points Py is exactly the point B, and the other
is the sought point P (see Fig. 3).

Figure 5 shows a concise and condensed summary of the
key steps involved and discussed above. It provides valu-
able visual depictions that enhance the geometric intuition
underlying the method, offering an algebraic interpretation
of the graphical approach. It also helps to reinforce the strong
connection between the graphical Cassini method and its
algebraic translation using CRA.

The GitHub repository shows several examples derived
from the code developed by the authors. The computational
procedures in CGA are found to be straightforward. The
methodology involves the manipulation and combination of
geometric objects, thus justifying the occasional reference to
GA as an object-oriented approach.

4.2.2 Collins construction
The graphical method of Collins provides a solution to the

resection problem using the intersection of the line passing
through the point B and the so-called Collins auxiliary point
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Fig.6 Collin’s method for
solving the resection problem

B
®

(b) Collins auxiliary point E.

(c) Circle ¢ using points 4, E and C. (d) Line {g p intersecting ¢ in P.

E with the circle containing the points A, C, and E. The step- with
by-step procedure for applying Collins’ method graphically
is depicted in Fig. 6. Ry = e_ggu’ R, = o500

a ¢
1. CRA Mapping: Similarly to the Cassini method, the Ty=1- 5 o0 Te=1- 5000
points A, B, and C must be mapped to CGA as D, = TARﬁT'A, Dc =TcR,Tc (30)

A= (a1, a) a=ao] + a0 The intersection of the two lines determines the position

IO
— a=o0p+a+ 502000 27

. Auxiliary Point: To determine the auxiliary point E, it
is necessary to define the lines £ 4 and £c g as shown in
Fig. 6b by first rotating the line through A and C (£4¢)
an angle S around the point A in a counterclockwise
direction

Liac=aAcAho
Lig =DsLacDa (28)

and then rotate the line £4¢ around C by an angle «
clockwise

Lcg = DeLacDe (29)

@ Springer

of the Collins auxiliary point E

E=eANos =LsgV Lcg
= (Lyp A Lep)” (31)

We get the Collins point as a flat point and use the standard
projection to receive E.

. Circle and Line intersection: Using the points A, C,

and E, the circle c that passes through them is built

C=aAnche (32)

The end point P we are looking for is found by inter-
secting the circle ¢ and the line through E and B (see
Fig. 6d),
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Line Lac

Rotate bac t0 bag, boE Auxiliary point E

C ZAE K

. Lok S T e
- :

eB

Lac=aANcNox

Lap=DpLscDy
Log = DoLacDe

E=LgV Lcg

Circle ¢

n Intersect £gB, c to get P

E

4B (\
nE ‘ wfoube
N L A
~
P‘l\
C=aANcANe Lpgp=eANbAos P=LggVvC
Fig.7 CRA version of Collins’ Method step by step
Lgg=eAbAos a,=a—(03-a)o3=(d-012)072
P:LEBVC:(LEBAC*)* (33) 5,,:5—(03-13)03:(13-012)021
¢p=¢—(03-6)03=(¢-012)021 34)

The intersection of a line and a circle results in a pair-
point P. As in the previous method, Eq. (26) is used to
extract the two distinct points, one of them being the point
E and the other the sought point P.

Figure 7 shows a visual summary of the key steps of the
Collins method.

4.3 Resection method in 3D

The construction procedure for the 3D case is carried out
in a series of detailed steps, as in the 2D sections and as
illustrated in Fig. 8. The main idea is to project all points into
a plane parallel to the reference plane o1, (the plane xy).
It can be any, but we chose the one that passes through one
of the known points (for example, point A). Then, we apply
one of the methods presented in the previous sections to this
simplified 2D version of the original problem, and finally,
we solve for the o3 (z) coordinate of the projected point.
Section 5 provides specific examples.

1. CRA Mapping: Represent Euclidean points A, B, C €
R3 in VGA as vectors ¥ = x;6| + X202 + X303, project
them into the xy plane (61 A 62 = 012) by formulas

Note that, for computational purposes, it is sufficient to
remove component x3 for this specific case. The points
are now mapped to the CRA domain

Ap > ap > ap
B, — b, — b,

C, — ¢ — ¢ (35)

. 2D Solution: Use one of the methods described in

Sect. 4.2 to solve the problem restricted to the plane xy,
obtaining the points Py and P,. The choice point will be
designated as P, for subsequent steps.

. 3D Reconstruction: Find the line £ perpendicular to the

xy plane that passes through the point P,

L=p, u3 (36)
where u3 = 03 A 0 is the CGA representation of a
free vector in direction of ¢3. Now, find the plane 4
perpendicular to the line £ that passes through the point
A

Do=(@ L) Ao (37
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Fig.8 Step-by-step
construction of the graphical
solution for the resection
problem in 3D

The intersection of the line £ and the plane & 4 determines
the point G (obtained as a flat point)

G=T,VvL=(IAL"" (38)

, and thus, the point at infinity must be removed using the
standard formula, recovering the intersecting point G in
CGA

g=(00-G—o0g) (39

Using the inverse map from CGA to VGA, we end up
with g and the point of interest p (P) can be obtained as

P =g +ostan(y))y/—2(g - a) (40)

To obtain the point P without performing the last trigono-
metric operation, the line AG can be rotated around A by
the angle y in the plane perpendicular to the plane xy
containing the line AG.

4.4 Singularities of the methods

All three methods presented so far, i.e. VGA, Cassini CRA,
and Collins CRA, encounter the same intrinsic limitation
known as the dangerous circle. This issue is unavoidable with
the Snellius—Pothenot formulation, where the unknown point
P is part of the circle determined by the three known points.
However, the graphical methods of Cassini and Collins offer
distinct advantages over the VGA approach by avoiding the
use of trigonometry, regardless of the challenges posed by
singularities. This simplifies certain computational aspects
and potentially enhances the geometric intuition behind the
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solutions, providing a more straightforward path to address
the resection problem in specific scenarios.

For example, the angles « and B in the denominators of
Eq. (15) play a crucial role in the VGA method. If either angle
is zero, then the result is infinity (meaning that point P lies
on line segment AB or BC). This is a common issue in all
traditional methods where some trigonometric formulation is
used [see Pierlot and Van Droogenbroeck (2014) for details].
To mitigate this effect in the VGA method, different reference
stations can be selected to avoid zero values for « or 8.

In contrast, the Cassini CRA method can elegantly solve
this issue graphically. Moreover, the CRA formulation also
manages to capture the simplicity of the geometric solution.
Figure 9a shows the specific situation where the point P is
collinear with A B (a similar case occurs for collinearity with
BC,seeFig. 9b). In either case, one of the circles degenerates
into a line, and the solution simply consists of intersecting
this line with the remaining circle. This is a clear example of
how to deal with the singularities inherent in the trigonomet-
ric formulation by leveraging the basic principles of planar
geometry. This provides a more intuitive approach to han-
dling special alignments compared to ad hoc fixes needed
for traditional resection techniques. It should be noted that
no singularity occurs if P is collinear with the segment AC.

Interestingly, the Collins method presents an additional
singularity beyond that of the Cassini method, occurring
when the point P is collinear with segment AC.

The singularity due to the alignment of P with the sides
AB or BC is solved as shown in Fig. 10. Essentially, the
point P is obtained from the intersection of the line passing
through A and B and another line built by rotating line AC
around C by an angle equal to y; = 6 — B (or rotating AC
around A by y» = ¢ — « if alignment occurs with BC).
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Fig.9 Cassini’s method when
P is collinear with two points

Fig. 10 Collins’ method when

P is collinear with two points lap

Lap=c1

ZBC

(b) P collinear with B and C.

L BC‘\\‘

(a) P collinear with 4 and B.

This elegant geometric construction circumvents the infin-
ity values that arise in the trigonometric formulation when
P aligns with any side of the triangle ABC. The Collins
CRA approach thereby extends the advantages of the Cassini
method to fully address all possible singular configurations
through basic planar geometry principles.

Finally, the singularity caused by the collinearity between
P and AC is solved as follows. Note that in this situation,
the rotated lines £ 4 and £c g are parallel as in Fig. 11. We
can recognise this by the fact that the projection of the flat
point (38) is not a point, but a direction at infinity.> However,
the search line is then characterised by the point B and the
directional vector u = (64 A 03) - Lag, that is, Lgg =
bAuAG . The point we are looking foris P = LpgV L ac,
which is a flat point originating from the wedge product of
our sought point P and the point at infinity P = p A 0 .

2 A more simple argument is that o + 8 = krz withk =0, 1, ...

(b) P collinear with B and C.

5 Numerical simulations and benchmarks
5.1 Two-dimensional example

Both the VGA and CGA approaches detailed in Sects. 4.1 and
4.2, respectively, have been implemented using specific GA
software to address the 2D resection problem. Clifford (Had-
field et al. 2021) and GA-FuL (Eid [36]) packages were used
to facilitate the work with GA. The algorithms we devised
have been uploaded to GitHub, accessible via the follow-
ing link: https://github.com/jorgeven98/Resection-Problem-
3D. These algorithms were rigorously tested using various
configurations, as illustrated in Fig. 12. The locations of the
known points, as well as the angles « and 3, can be retrieved
from the code shared on GitHub in every instance. Remark-
ably, GA-based methods enable us to precisely solve any
initial point arrangement.

In Table 3, numerical data regarding the positions of
known points A, B, and C, as well as angles « and 3, are
presented for the four scenarios. To address these cases, the
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Lag . /',f ecE

Fig. 11 Singular position. A, P, and C aligned

coordinates of all points (including the unknown point P)
are initially established. An auxiliary mathematical func-
tion is then employed, in conjunction with these coordinates,
to ascertain the angles with precision. Subsequently, this
derived angular information, together with the locations of
the known points, is incorporated into our computational
algorithms. The primary objective is to confirm that the cal-
culated results are consistent with the coordinates initially
designated for the point P.

Fig. 12 Tested point
configurations using triangle
ABC

(c) P collinear with AC

@ Springer

5.2 Three-dimensional example

To evaluate the newly developed 3D resolution method, sev-
eral examples have been proposed and solved, each featuring
a distinct configuration of 3D points (see Table 4). For the
purpose of this study, we will focus on configuration a), while
the remaining examples are analysed similarly.

In the first step, we convert points A, B, and C into VGA
vectors

da =100+ 15.00, + 1.003
b=—4.001+1.006,+3.003
¢ =3.001 — 8.007 +2.603

Assuming that the position of the unknown point p is
(6.8103, —6.6307, 14.5388), the values of the horizontal
angles are « = —39.7471°, B = 305.0165° and the ver-
tical angle is y; = 31.1521°. It should be noted that « and
B are the angles between points A, and B, and B, and C,
respectively, as seen from P,. The subscript p indicates the
projection of that point in the xy plane. On the other hand, y;
is the angle through which A sees P measured in the plane
perpendicular to the o3 axis and taking as a reference the line
parallel to the xy plane. In this case, the point A has been
selected, but any other point could be used.

The procedure proposed in Sect. 4.3 is followed. By pro-
jecting onto the xy plane and solving the 2D version of the
problem, we obtain the following solution

Co

,—"'c2

(d) Points 4, B and C aligned
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Table 3 Numerical examples

for different configurations in Example Known Points Angles (°) Unknown P
D A B C o B
a) (=7.0, —1.0) (1.0, 5.0) (15.6, 6.0) 24.8853 32.1486 (3.12, —18.50)
b) (=5.0, 4.0) (3.5, 10.0) (7.6, —1.0) 90.8224 129.9717 (3.00, 3.50)
c) (5.0, 6.0) (0.0, 1.0) (3.0, 12.0) —45.0000 45.0000 (8.00, —3.00)
d) (1.0, 0.5) (4.0,2.0) (10.0, 5.0) 36.9000 56.3000 (6.00, —2.00)
Table 4 Numerical examples for different configurations in 3D. The point P is obtained as a result
Config Known Points Angles (°) P
A B C o4 B y
a) (1.00, 15.00, 1.00) (—4.00, 1.00, 3.00) (3.00, —8.00, 2.60) —39.75 305.02 31.15 (6.81, —6.63, 14.54)
b) (1.00, 2.00, 3.00) (2.00, 4.00, 6.00) (3.00, 6.00, 9.00) 8.72 4.88 37.00 (1.39, —=3.39, —1.09)
c) (=3.00, —3.00, 3.00) (1.09, 4.90, 5.09) (6.90, —4.90, —1.90) —236.14 152.98 49.37 (1.50, 1.60, —4.50)

Fig. 13 3D visualisation for
configurations b) and c) in
Table 4. a Points A, B, and C
aligned. b The projections of A,
B, and C in the plane xy form a
triangle with P projected inside

A(@a,ya,24) g

ﬁp = 6.810301 — 6.63070 2

The intermediate geometric objects are also computed,
with the following results:

p, =00+06.81030 —6.630702 +45.17360

L =—-03AN00AN0c +6.8103401 Ao3 A0
—6.6307302 A 03 A 0

Iy =—01ANG2AG3A00—01AN02A0) A0
G =6.810301 Ao —6.630702 A 0
+03 N0 +00 A0

= 6.810301 — 6.630702 + 03

= 6.81030 1 — 6.63070 + 14.538803

TN

As a result, our desired point is P = (6.8103, —6.6307,
14.5388), matching the original position vector p.

Figure 13 shows the point configurations for examples
b) and c) in Table 4. By applying the same method as in
example a), we can determine the precise location of point
P, regardless of the positions of points A, B, and C with
no limitations, but the unsolvable forbidden circle (all points

C(zc,yc, 20) o

B(szyB,ZB)@/"’

& B(z5,y5,25)

(b)

lying in the same plane and P belonging to the circle defined
by points A, B, and C).

5.3 Benchmarks

To evaluate the computational efficiency of our GA-based
algorithms, extensive benchmarking tests were performed
and the results were compared with state-of-the-art methods.
Our implementation, which exploits the power of code gener-
ation, has achieved superior performance, outperforming the
best-known algorithms to date, such as the ToTal algorithm
and the method proposed by Ligas. Moreover, sophisticated
CGA-based approaches have shown excellent results and are
among the most efficient in terms of execution time.

A comprehensive set of benchmarks was conducted,
comparing our algorithms against top-efficient algorithms
operating in the whole plane and accommodating any order-
ing for the known points. Each algorithm was executed 10°
times at random locations within the same square-shaped
area used for error analysis (see next section). The tests were
performed on an Intel Core i7-9700K CPU 3.60GHz (Cof-
fee Lake) with 8 logical and 8 physical cores (8 GB RAM,
Windows 11, C#,.NET SDK 8.0.102).
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Table 5 Performance comparison of resection algorithms using geo-
metric algebra and state-of-the-art algorithms (see Pierlot and Van
Droogenbroeck 2014)

Method Mean (148) Rank #
VGA 18997.8 1
Total #1 21919.1 2
Total #2 27340.0 3
CollinsCGA 196122.2 4
CassiniCGA 220135.8 5

Our findings reveal that our VGA-based algorithm out-
performs state-of-the-art methods (see Table 5), executing
approximately 13.3% and 30% faster than the previously
best-known algorithms by Pierlot with Total #1 and Total
#2.

The primary advantage of our methodology and imple-
mentation is the utilisation of GA-FuL’s comprehensive code
generation capabilities. These capabilities range from gener-
ating code for individual multivector operations to creating
full software libraries with proper software architecture and
nested folder/file structure, enabling efficient and optimised
geometric algebra computations.

6 Uncertainty analysis

This section investigates the impact of measurement uncer-
tainties on the efficacy of the proposed GA methods. Given
the intrinsic presence of noise in practical measurements, it is
crucial to assess the sensitivity and resilience of the method to
such perturbations (Font-Llagunes and Batlle 2009a; Pierlot
and Van Droogenbroeck 2014).

Previous discussions have highlighted that the resection
problem faces an intractable challenge within the forbidden
circle defined by points A, B, and C. This limitation is inher-
ent in the nature of the problem rather than a reflection of the
methods used to solve it. Novel methodological approaches
should be considered with caution as they may inadvertently
introduce undesirable scenarios and singularities not covered
by the original formulation of the problem. In this regard, the
proposed methods handle degenerate or limiting cases in a
convenient and elegant graphical way, as shown in Fig. 11.

This study presents three approaches to address the prob-
lem of 2D and 3D resection. In order to improve the ability
to evaluate the accuracy of the algorithms and determine the
station position error, a new metric has been developed. Con-
sequently, we propose three formulations that are essentially
different variations of the same underlying approach, each
defining the metric D based on the square of a distance to
denote the proximity of the station P to the forbidden region.

@ Springer

e VGA method: The vector d is used as the difference
between the vectors d and d» (refer to Eq. (15)). When
the station P is located on the forbidden circle, the vec-
tors d| and d, converge, resulting in a null vector d.
Therefore, minimal values of D indicate close proximity
to the forbidden circle

D =d’? (41)

e Cassini method: The determination of D using the CGA
Cassini method requires the calculation of the squared
distance between the centres of the circles ¢y and ¢; (as
shown in Fig. 4), marked by O; and O, respectively. In
situations where the station is positioned on the forbidden
circle, the two circles converge, causing their centres to
overlap and the intercentre distance to become 0. Thus,
according to Eq. (A3), D is defined as

D = —2(01 - 02) (42)

e Collins method: Similarly to the previous method, D is
determined as the squared distance between two specific
points. The auxiliary Collins point E and the point B are
used for this purpose. They coincide when the station P
is situated on the forbidden circle. The formula used to
compute this distance is as follows

D=—-2(-b) (43)

To validate the sensitivity of the proposed algorithms, a
series of simulations have been proposed. The simulation
framework is designed within a square area measuring 4 by
4 square metres, incorporating two unique configurations for
three known points. The first configuration is an equilateral
triangle, with the points located at the positions A = (0, 1),
B = (—0.866, —0.5), and C = (0.866, —0.5). The points
in the second configuration are linearly arranged at A =
(—0.866,0), B = (0,0), and C = (0.866, 0). A spacing of
2cm is used in each direction across the grid. At each point
on the grid, the angles « and B seen from P are calculated.
Gaussian noise is introduced into these angles, characterised
by a zero mean and two distinct standard deviations (o =
0.01 degrees and o = 0.1 degrees). The algorithms use these
modified angles as input to determine the estimated position
of the unknown point. The discrepancy in position (Ad) is
quantified by the Euclidean distance between the exact and
estimated location of the point P.

The study performs 1000 iterations for each position to
determine the standard deviation of the position error. The
resulting standard deviations are shown in Fig. 14. The results
for the equilateral triangle configuration, with standard devi-
ations of 0 =0.01 degrees and o = 0.1 degrees, are presented
in the first and second columns, respectively. Similarly, the
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Equilateral triangle (Config #1) Collinear points (Config #2)
o =0.01 oc=0.1 o=0.01 oc=0.1
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Fig. 14 Error analysis for two point configurations using a square win- dard deviation 0 = 0.01 and o = 0.1. The three GA methods (VGA,

dow of 2 x 2 m.. Config #1 is an equilateral triangle, while in config #2 CollinsCGA, and CassiniCGA) are compared based on their position

the points are collinear. Both configurations have been tested with stan- error (first row) and metric 1/D (second row), respectively
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results for the second configuration (collinear points) are
detailed in the third and fourth columns, respectively, using
the same standard deviations. The figure shows the standard
deviation of the position error and the mean error measure
1/D in the first and second rows, in that order. It is important
to note that the scales used in the graphic representation are
not linear. To enhance the visual clarity of these images and
emphasise the correlation between the position errors and
our new error metric, we applied histogram equalisation to
the images.

6.1 Discussion of the results

The simulations performed are in agreement with those
reported in the literature and support the case studies of
each of the three methods presented. Figure 14 shows the
different point configurations, where the forbidden circle is
clearly identifiable due to the increase in standard deviation
of the position error as it is approached. Minimal errors are
observed inside the circle, while errors increase with distance
outside the circle. It is remarkable that the three methods pro-
vide almost identical results for the error position.

The 1/D metric plots maintain a shape similar to the posi-
tion error plots near the forbidden circle. High red values are
observed as D becomes smaller, while minimum values are
observed in the lines £4p and £p¢ in Cassini and £4¢ in
Collins due to an increase of D (see Figs. 9 and 10).

Configuration 2 transforms the forbidden circle into a
straight line. In this region, the error distribution is high and
increases progressively with distance from the line. Because
this configuration represents a degenerate situation, the case
where D becomes zero does not occur. The different methods
used to define D lead to overlapping points at infinity, caus-
ing D to take high values near the critical line and resulting
in a minimal value for 1/D. The metric D was chosen for
configuration 2 due to this property.

All methods produce identical position error plots, indi-
cating consistency and conformity with the results obtained
by most algorithms to solve the resection problem. This
confirms that the sensitivity to calculate the position of the
point P, even with noisy measured angles, is independent
of the method used and unique, as discussed in Pierlot and
Van Droogenbroeck (2014) and Font-Llagunes and Batlle
(2009b). The metric 1/D can be used as an indicator of
proximity to the forbidden circle. When dealing with aligned
beacons, the value of D should be used directly. In other
cases, the similarity between this metric and the position
error suggests that the former can approximate the latter if a
function of the other problem parameters is applied.
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7 Conclusions

This article presents a novel approach to solving the resec-
tion problem in two and three dimensions using conformal
geometric algebra (CGA). The CGA framework allowed
representing points, lines, planes, circles, and spheres in a
unified mathematical structure and offered a more intuitive
understanding and efficient solution to the resection problem
compared to existing algebraic techniques.

The proposed method leveraged the ability of CGA to
transition between different reference frames without requir-
ing coordinate transformations. This eliminated the need for
multiple calculation steps and complex algebraic manipula-
tions that are characteristic of traditional algebraic solutions.
Through extensive numerical simulations, we have demon-
strated the validity and efficacy of our GA-based approach,
achieving accuracy comparable to that of established alge-
braic techniques, while significantly improving computa-
tional efficiency and providing valuable geometric insights.

Our findings suggest that the geometric algebra frame-
work has strong potential for solving resection-type problems
not only in surveying and geodesy but also in computer
graphics, robotics, computer vision, and navigation. By
exploiting geometric relationships between entities, CGA
paves the way for more intuitive solutions that unify com-
putations involving different geometric primitives.

Future research can build upon the ideas presented here to
address more complex variants of the resection problem that
involve additional constraints. The CGA method can also be
extended to address intersection problems and other spatial
geometric computations across diverse disciplines. By har-
nessing the power of geometric algebra and the versatility of
conformal geometric methods, this work opens up new possi-
bilities for advancing geometric research and computational
techniques.

Appendix A Some calculations over CGA

CGA has been briefly introduced in Sect.2.2. In this
Appendix, some fundamental calculations are presented to
illustrate the computational efficiency inherent in this alge-
bra. For further information and a detailed understanding, the
reader is referred to Hrdina et al. (2021), Dorst et al. (2010),
Hestenes and Sobczyk (2012), Hildenbrand (2018).

A.1 Conformal inclusion

We’ll show how the translations and rotations are connected
and related to the insertion of the Euclidean space. If we
choose vector o as the origin of the coordinate system and
use the element
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T = e%(x01+yaz+z03)Aaoo =1

1
+§(x01+y02+203)/\00o (A1)
, then it can act as a translation, allowing us to define an
inclusion as a translation of the origin o in the direction of
the vector X = (x| + yo, + zo'3) by the sandwich product
as

(%) =TooT = <1 - %5& /\aoo>ao <1 + %?c/\aoo)
1. 1.
= (00 — Exaooao> (1 + Exaoo>
1. 1. 1.
=00+ a()zxaoo — Exaooao (1 + zxaoo>
1. 1. 1. 1.
=00+ aoixooo - Exaooao — Exaooaoixooo

1.
=00 — zx(doﬁoo+ffooffo)

Y I
— xzzaooaoaoo =00+x+ Exzaoo

So, we see that we can identify points in R? with vectors in
CGA through the inclusion
;2

X=X, y,2)>Xx=00+X+ 0o (A2)

1
2
where the element T acts as a translation. Using a similar
reasoning, the element R = /19203 /120103+130102 yc(g g9
arotation due to identification Im H = (6,03, 0103,0102)
and the following computation

s ~ N ~
Ri(x)R = RxR =R (ao +x 4+ Exzaoo) R

o~ 1
=00+ RxR + zxzaoo
A.2 Distance between points

One of the key distinctions between CGA and VGA lies in
the interpretation of the inner product. In CGA, the inner
product represents the distance between points, which is fun-
damentally a quadratic concept in VGA. By incorporating
two additional dimensions, CGA linearises this quadratic
function. The equation below elucidates this:

- S =)
azaoo) . (ao + b+ Eb aoo>

- _%(a —b)? (A3)

This calculation explicitly demonstrates how CGA lin-
earises the quadratic nature of the distance representation
found in VGA, offering nuanced insights into geometric rela-
tions and interactions between points.

Furthermore, this characteristic is utilised to depict the
midline M as illustrated in expression (18). A midline is
established by two control points, @ and b, and encompasses
points that maintain equal distances to these control points.
This means that (x —a)? = (x —b)2. In the context of CGA,
this condition can be articulated as follows:

x-a=x-b=0=x-a—x-b=x-(a—b),

ie.x € Map < x-(a—b) =0, so (a — b) is the IPNS
representation of the midline defined by control points a and
b.

A.3 IPNS vs OPNS representation of objects

In GA, we have several types of product, so it is possible to
represent objects in different ways. With the help of the inner
product, we can define the object C as follows.
xeC&x-C=0 (A4)

In CGA, for example, the object C = njo | +no02+n3o3+
do « can be tested and verify that it represents a plane

I O . I
(ao—l—x—l—zxzaoo)-(n—i-daoo):x-n—dzo (A5)

where i = n101 + ny0, + n303. Equation (A5) describes
a plane with normal vector 1 and distance from the origin d.
On the other hand, the wedge product defines an object D as
follows

xeD&exAD=0.

Again, in CGA, for example, the object
. 1.,
D=arnbAoy = 00+a+§a 0o
- 122
A ao+b+§b Ooo | A0

— (60 +d) A (00 +D) Aooo

=00 AbDANOCx+ANO)AOT +aANDAG

defines the line goes through the points @ and b:

2

AOOADAG +FANTOACo+aAADAO)

- I
xAD=(60+x+ xzaoo>
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:ao/\&AZAaoo+5c'
A(GoAI;AGOO—i-t_i/\(To/\o'OO—i—t_i/\l;/\o'oo)
— (0o AN@AD+IA@—Db)+XAGAD) AT
=0

So

GAb+¥A@—b)=0and¥ AGaAD =0, (A6)

which represented the line based on the points @ and b.
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