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Abstract 

The manuscript is focused on multiaxial fatigue of austenitic stainless steel 316L. The material 

was cyclically tested in tension/compression and pure torsion as well as in two multiaxial modes 

formed by their in-phase and 90° out-of-phase combination. All tests were performed in total 

strain-controlled mode at ambient temperature. Results of fatigue tests suggest that cycling in 

tension/compression mode causes the fastest crack growth rate and the shortest fatigue life. 

Torsional mode, on the contrary, led to the slowest propagation of fatigue cracks and the longest 

fatigue lives. Both multiaxial modes proved to be comparably damaging. Two aspects of 

microstructural changes were studied in detail: developed dislocation structures and strain-

induced martensitic transformation. Electron microscopy was utilized for analyzing both 

features. In in-phase and both uniaxial modes similar dislocation structures distinguished from 

those observed in out-of-phase mode were formed which results in the distinct mechanical 

response observed in the case of out-of-phase loading path. The stability of austenite during 

cycling was dependent on the loading mode and strain amplitude. The distribution of induced 

α martensite in torsional and out-of-phase modes was strongly heterogeneous. Measuring its 

content on the outer surface with the Feritscope may give misleading results in some cases. The 

lowest amount of α martensite was observed in tension/compression mode. The endurance 

against fatigue fracture as well as the tilt angle of the fatigue crack path were predicted using 

models based on the critical plane approach. The number of cycles to failure was predicted the 

most precisely by the criterion proposed by Fatemi and Socie. The Smith-Watson-Topper 

yielded the best predictions of the fatigue crack orientation. The analysis proposed by Polák 

and the method using the plastic part of the J-integral were applied to investigate the crack 

growth kinetics. The later approach provided a versatile description of the crack growth rate 

under all loading paths except out-of-phase mode.  
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Abstrakt 

Práce se zabývá víceosou únavou austenitické korozivzdorné oceli 316L. Materiál byl 

zatěžován cyklicky v tahu/tlaku a krutu. Jejich kombinace byla použita pro testování ve dvou 

víceosých módech: in-phase (ve fázi) a out-of-phase (mimo fázi). Všechny zkoušky byly 

provedeny v režimu řízení celkové deformace za pokojové teploty. Výsledky únavových 

zkoušek naznačují, že cyklování v módu tah/tlak způsobuje nejrychlejší růst trhliny a nejkratší 

životnost. Naproti tomu torzní mód vedl k nejpomalejšímu šíření únavových trhlin a 

k nejdelším životnostem. Oba víceosé módy se ukázaly být podobně poškozující. Detailně byly 

studovány dva aspekty mikrostrukturních změn: vzniklé dislokační struktury a deformačně 

indukovaná martenzitická transformace. Oba jevy byly analyzovány pomocí elektronové 

mikroskopie. In-phase zatěžování stejně jako oba jednoosé módy vedly k vytvoření podobných 

dislokačních struktur odlišných od těch pozorovaných v out-of-phase módu což vedlo k odlišné 

mechanické odezvě. Stabilita austenitu během cyklování byla závislá na zatěžujícím módu a 

amplitudě deformace. Rozložení indukovaného α martenzitu v torzním a out-of-phase módu 

se ukázalo být silně heterogenní. Měření jeho obsahu pomocí feritoskopu na vnějším povrchu 

může v některých případech vést k zavádějícím výsledkům. Nejnižší množství α martenzitu 

bylo pozorováno v módu tah/tlak. Odolnost vůči únavovému lomu a úhel náklonu únavové 

trhliny byly predikovány pomocí modelů založených na principu kritické roviny. Počet cyklů 

do lomu byl nejpřesněji předpovězen kritériem, které navrhnul Fatemi a Socie. Model 

Smith-Watson-Topper vedl k nejlepším odhadům orientace únavové trhliny. Kinetika růstu 

trhlin byla analyzována metodou navrženou Polákem a dále také pomocí plastické části J-

integrálu. Druhý způsob vedl k univerzálnímu popisu rychlosti růstu trhlin ve všech 

zatěžujících módech s výjimkou out-of-phase, kde výpočet plastické části J-integrálu nebyl 

proveden. 

Klíčová slova 

Austenitická ocel, víceosá únava, deformačně indukovaný martenzit, dislokační struktura, 

kritická rovina, rychlost růstu trhliny 
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1 Introduction 

In spite of long and intense research effort, there is still a high likelihood of mechanical failure 

in common applications caused by fatigue damage [1]. Numerous researchers have investigated 

the fatigue behavior of many materials, including industrially widely applied 316L steel, over 

the past few decades [2–12]. However, most of these studies have only looked at uniaxial 

loading, even though actual loading conditions usually involve multiaxial stresses. The present 

manuscript is therefore devoted to multiaxial fatigue of austenitic stainless steel 316L. The three 

main topics of the thesis are i) microstructural changes caused by repeated loading and their 

influence on mechanical behavior; ii) life-predicting models based on the critical plane 

approach; iii) kinetics of short fatigue cracks. 

The basis of the thesis consists of fatigue tests conducted in four strain-controlled loading 

modes. Two types of tests were selected, focused on fatigue life and fatigue crack growth. The 

purpose of 49 fatigue life tests was to obtain characteristics needed for life-predicting models 

and to study microstructural changes and their influence on the mechanical response. On the 

other hand, 34 fatigue crack growth tests were conducted to study the kinetics of short fatigue 

crack growth, to test several existing descriptions of fatigue crack kinetics and to verify the 

ability of critical plane models to predict the fatigue crack orientation. 

Two aspects of microstructural changes during cyclic loading are studied: phase stability of 

austenite and development of 3D dislocation structures. The main element in austenitic steels 

which stabilizes the austenite at low temperatures is nickel. Since its price increased rapidly 

during the last years, manufacturers tend to add just the minimum content allowed by standard 

(10.0 wt.% in 316L steel). That makes the austenitic phase of 316L steel metastable when 

subjected to cyclic loading. Many papers have shown the effect of phase transformation from 

austenite to strain-induced α martensite on the mechanical response under uniaxial loading. 

The change in mechanical properties could be beneficial (α martensite is a cause of secondary 

cyclic hardening), however, the change in magnetic properties (α martensite is a magnetic 

phase) and corrosion resistance may be unacceptable in some applications. This manuscript 

aims to analyze the amount and distribution of α martensite induced in various loading modes.  

The density and the spatial arrangement of dislocations influence the mechanical response of 

the material crucially. It is therefore of considerable interest to understand how the applied 

loading mode and strain amplitude affect the development of dislocation structures. The 

situation may be particularly complicated in the case of non-proportional loading because more 

than one slip system is active in each loading cycle. Dislocation structures were studied using 

the transmission electron microscopy technique. 

Another topic is devoted to predictions of fatigue endurance under conditions of multiaxial 

loading. Even though there are more concepts on how to estimate fatigue life, the critical plane 

approach was adopted in the present study. Fifteen models were applied and compared 

including traditional criteria as well as recently proposed models. Some models contain an 

additional material parameter whose value has to be determined. Models containing the 

parameter are consequently less versatile but they should naturally produce more accurate 

predictions. Critical plane criteria may be also used for a prediction of fatigue crack orientation. 

This is often overlooked in the literature but the correctness of the crack path prediction can 

give additional hints for the estimation of the model validity.  

The kinetics of short fatigue crack growth was studied using data from tests performed on 

specimens with an artificial crack starter. Micrographs of growing cracks were taken regularly 

during cycling and the crack length as a function of the number of loading cycles was estimated 

afterward. Experimental data in such form were used for further analysis. A universal parameter 
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describing the crack propagation in multiaxial low cycle fatigue loading conditions was sought 

in particular, because it is well known that traditional description using stress intensity factor is 

not applicable in such conditions. Two approaches were applied and compared – the description 

using crack growth coefficient kg and the plastic part of the J-integral. 
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2 State of the art 

Austenitic stainless steels are commonly used for the production of components in nuclear 

reactors as well as in the food, automotive, chemical, health and aerospace industries. They 

have excellent corrosion resistance and good mechanical properties in a wide range of 

temperatures [13]. The most commonly used austenitic stainless steels are 304 and 316 which 

are also known as 18/8 and 18/10 (content of Cr/Ni in wt.%) or A2 and A4. There are also 

alternatives with lowered content of carbon marked as 304L and 316L which are less 

susceptible to intergranular corrosion. The main difference in chemical composition between 

304 and 316 steel is the content of molybdenum. Steel 316 contains 2 % of molybdenum which 

makes it more durable against corrosion in the environment with chlorides.  

Fatigue of material is dealing with damage cumulated in the material due to cyclic loading. The 

cumulation of fatigue damage can lead to changes in mechanical properties. This process is 

usually described as the first stage of fatigue life. The next stages of fatigue life are the initiation 

and propagation of fatigue cracks which may cause a fracture of a specimen or components. 

The evolution of fatigue damage is schematized in detail in Fig. 1.  

 

Fig. 1 Evolution of fatigue damage [14]. 

Since a lot of mechanical parts in the industry are subjected to repeated loading, it is essential 

to comprehend the mechanisms responsible for the fatigue damage within the process of fatigue 

life. The number of loading cycles needed for fatigue fracture is a parameter often used for the 

basic areas of fatigue – low cycle fatigue (up to 105 cycles), high cycle fatigue (105 – 109 cycles), 

and very high cycle fatigue (109 and more). 

First historical fatigue studies were aimed only at uniaxial loading corresponding to Mode I 

(opening mode) of crack propagation, schematically depicted in Fig. 2. Such loading type is 

often in disagreement with reality – many mechanical components are loaded either in other 

modes i.e. Mode II (shearing mode) and Mode III (tearing mode) depicted also in Fig. 2 or by 

their combination.  
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Fig. 2 Three basic loading modes of bodies with long cracks. 
Studies dealing with multiaxial cyclic loading appeared throughout time. However, most of 

these studies were focused on a determination of fatigue life or the development of various life-

predicting models. Systematic studies of microstructural changes caused by cyclic loading and 

studies of fatigue crack growth rates are still rather rare. 

Fatigue tests may vary significantly, they can be therefore divided into several groups according 

to different criteria: 

Controlled parameter of fatigue test 

• Force or stress (soft regime) 

• Total strain (hard regime)  

• Plastic strain 

Mean stress σm 

• σm = 0; symmetrical cycle 

• σm ≠ 0; asymmetrical cycle  

Temperature 

• Constant (ambient/elevated/lowered) 

• Changing (thermomechanical tests)  

The shape of the loading curve 

• Sinusoidal 

• Triangular 

• With dwells / without dwells 

Loading axis 

• Uniaxial 

• Multiaxial 

2.1 Fatigue of austenitic stainless steels and microstructural changes 

Since the range of chemical composition of 316 austenitic steel is relatively large according the 

AISI standard (e.g. the content of nickel can be between 10 and 14 wt. %), the same type of 

steel manufactured by various producers can exhibit significantly different behavior. The 

evidence can be seen in Fig. 3a which shows hardening-softening curves measured on 316L 

steel provided by two manufacturers. The steel 316L-VZ contains 13.2 wt.% of nickel. The 

content of nickel in 316L-TH steel is 14.1 wt.% [15]. Curves corresponding to the plastic strain 

amplitude 5×10-4 and 5×10-5 are almost identical, however, they vary considerably in the case 

of the highest amplitude where more intense hardening was observed for the steel containing a 

lower amount of nickel. A more remarkable difference may be observed in the case of 316L 
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steel containing 10.0 wt.% of Ni [16] whose hardening-softening curves are shown in Fig. 3b. 

It is obvious that there is a strong tendency towards softening and secondary hardening. The 

occurrence of softening phase may be explained by distinct initial states. Both steels depicted 

in Fig. 3a were annealed while hot rolling preceded the cycling of steel shown in Fig. 3b. The 

propensity to secondary hardening is however caused by a lower endurance against the phase 

transformation of metastable austenite to strain-induced α martensite related to different 

chemical composition. 

 

Fig. 3 Cyclic hardening-softening curves of 316L steel (a) annealed, containing 13.2 and 14.1 

wt.% of Ni [15]; (b) hot rolled, containing 10.0 wt.% of Ni [16]. 
Microstructural changes caused by cyclic loading are discussed here from two points of view. 

The first one is aimed at the evolution of dislocation structures and at the factors which are 

affecting them. The second is devoted to the phase stability of austenitic stainless steels and to 

possible ways how to improve it. 

2.1.1 Evolution of dislocation structure 

A dislocation arrangement during fatigue life in fcc metals is substantially dependent on the 

value of stacking fault energy (SFE). Dislocations in metals with a high value of SFE can easily 

cross slip and tend to form spatial structures. On the contrary, planar dislocation structures are 

characteristic of metals with low SFE [15]. Since SFE of 316L is considered to be between high 

and low values, the arrangement of dislocations is also dependent on other factors like 

temperature, chemical composition (mainly on the content of interstitials), and plastic strain 

amplitude.  

On top of that, the dislocation structure is evolving through the fatigue life. Gerland et al. [2] 

performed a series of transmission electron microscopic (TEM) observations using 316L steel. 

They cycled the specimen with ap = 5×10-3 and prepared a TEM foil after 25, 300, 4200, 8100, 

and 10 540 loading cycles. They found out that cellular and wall structures are already 

developing after 25 cycles. Cells formed around 50 % of the volume while 15 % of the volume 

was occupied by walls. Both structures were however badly formed - their walls remained thick 

and a relatively high dislocation density between them was observed. Dislocation tangles were 

found to be fairly common as well, they covered up to 30 vol%. The number of walls increased 

after 300 cycles, it constituted up to 25 % of the volume while tangles become rare and filled 

around 15 vol%. The number of cells kept unchanged and the presence of a labyrinth structure 

was noted (5 vol%). As the cycling continued, the volume of tangles kept decreasing, and walls 

transformed into cells that become well-defined and more condensed. At the end of the fatigue 

life, around 70 % of the volume was covered by cells whose interior was almost free of 

dislocations. 
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Effect of plastic strain amplitude 

The influence of plastic strain amplitude in tension/compression mode has been studied in 

several publications [2, 15, 17–19]. It was found that cycling with plastic strain amplitude 

ap < 1×10-4 led to a planar slip. An example of a planar dislocation structure can be seen in Fig. 

4, dislocation rich sheets are separated here by dislocation-free areas. 

 

Fig. 4 Planar dislocation structure of sample cycled with plastic strain amplitude 5×10-5 

[18]. 

Increasing plastic strain amplitude caused activation of multiple slip systems which led to the 

formation of spatial dislocation arrangements which prevail at very high amplitudes (higher 

than 1×10-3). Fig. 5 shows a TEM micrograph taken from a sample after 100 cycles with 

ap = 7×10-3. Reasonably uniform dislocation cells can be observed.  

 

Fig. 5 Cellular dislocation structure after 100 cycles with plastic strain amplitude 7×10-3 

[17]. 

Fig. 6 shows the influence of plastic strain amplitude on the arrangement of dislocations. Low 

loading levels produced planar structures while high amplitudes led to spatial (or  3D) 

dislocation arrangements. An intermediate level of loading caused the forming of dislocation 

structures mixed with planar and spatial arrangements. The authors did not find a specific 

dislocation structure corresponding to the planar–spatial transition [18]. Fig. 6 contains 

transition curves obtained from cycling of 316L steel and austenitic-ferritic duplex steel. 

Results reported in other papers [20, 21] are included in this comparison as well. All curves 

have the same shape but their position along the x-axis is different. It is caused by the 

differences in SFE mainly due to the various content of interstitials. In the case of duplex steel, 

only austenitic grains were analyzed and a higher tendency towards planar slip was revealed. 
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The authors explained it by a higher content of nitrogen in austenitic grains of duplex steel 

compared to 316L steel [18].  

 

Fig. 6 Developed dislocation structures as a function of plastic strain amplitude [18]. 

Effect of nitrogen 

It was observed, that nitrogen is the most effective interstitial alloying element in terms of solid 

solution strengthening [22]. It has a positive effect on static mechanical characteristics like yield 

strength and ultimate tensile strength [22]. The effect on fatigue properties and dislocation 

structures of austenitic stainless steels was studied as well [3, 4, 22–24]. Based on the given 

research it can be concluded that an increased amount of nitrogen improves fatigue life and 

crack growth rate of austenitic steels. The reason is the decreased value of SFE and increased 

tendency to planar slip. The evidence of more frequent planar slip in the case of steel containing 

a higher amount of nitrogen (marked as 316LN) can be seen in Fig. 7. Planar slip leads to slower 

evolution of dislocation structures during fatigue and better resistance towards localization of 

plastic strain into persistent slip bands. More homogenous plastic strain promotes slip 

reversibility and prolongs the initiation of fatigue cracks [22]. 
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Fig. 7 Dislocation structure of austenitic steel with (a) 0.038 wt.% N (b) 0.14 wt.% N 

developed after cycling with the range of stress intensity factor 35 MPa√𝑚 [3]. 
Effect of temperature 

Vogt et al. [25] studied the influence of a decrease in temperature on dislocation structure. 

Samples from 316L and 316LN cycled with total strain amplitude 2.5×10-3 at 27 °C exhibited 

dislocations arranged into walls which were less condensed and less often misoriented in the 

case of 316LN. Observations of samples cycled at -196 °C revealed a lower tendency to cross 

slip in both materials although this feature was more obvious in the case of 316LN. This finding 

is in agreement with the study of Kruml et al. [5]. The main difference in microstructure of 

316L and 316LN cycled at -196 °C was the amount of α martensite, this will be discussed later.  

Papers dealing with cycling at elevated temperatures are much more frequent [6, 26–29]. The 

most important finding from these studies is the following: in the interval of temperature from 

room temperature (RT) up to 200 - 300 °C dislocations can cross slip more easily at increasing 

temperatures, since the cross-slip is a thermally activated mechanisms [30] (depending on strain 

amplitude) and form cellular and wall structures. However, cross slip is becoming more difficult 

with increasing temperature. Planar slip is again prevailing in the temperature interval of 300 - 

500 °C, this results in a formation of a corduroy structure. Cycling at temperatures higher than 

600 °C leads to dislocation structures similar to those observed at RT. Such behavior is 

considered to be a consequence of dynamic strain aging which occurs in a certain range of 

temperatures. Hong and Lee [31] found out that the upper limit of this interval is slightly 

dependent on strain rate (it increased from 550 °C to 650 °C with an increased strain rate from 

1×10-4 s-1 to 1×10-2 s-1). 

Effect of loading mode 

All papers mentioned so far in this chapter were aimed only at fully reversed tension-

compression loading mode. Studies concerning multiaxial loading modes are relatively rare. 

One such study was made by Mazánová et al. [32], their goal was to compare dislocation 

structures developed in 316L steel by cycling in in-phase and 90° out-of-phase tension/torsion 

mode with equivalent strain amplitude 3.5×10-3. Their results indicate that in-phase mode leads 

to the development of the cellular structure. Dislocations observed in the out-of-phase mode 

were arranged into walls – see Fig. 8.  
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Fig. 8 TEM micrographs of dislocation structures developed by cycling with equivalent strain 

amplitude 0.35 % in (a) in-phase mode and (b) out-of-phase mode [32]. 
Dey et al. [33] performed similar tests with 304LN steel and equivalent strain amplitude 1×10-2. 

TEM micrograph taken from a sample cycled in in-phase mode exhibited a planar arrangement 

of dislocations contrary to an out-of-phase mode wherein the dislocation structure consisted of 

well-defined dislocation cells. Doong et al. [34] performed a set of out-of-phase mode tests on 

304 and 310-type steel. Their finding is that dislocations tend to form tangles in the case of 

small plastic strain amplitude but as the amplitude increases, walls, cells, and labyrinths were 

observed. 

2.1.2 Strain-induced martensitic transformation 

Another example of microstructural change during the fatigue life of austenitic stainless steels 

is phase transformation from austenite to martensite. A rising price of nickel forces steel 

manufacturers to lower its content. Since nickel is the main element stabilizing austenite in 

austenitic steels it has negative consequences on their phase stability. However, the occurrence 

of martensite can be both, positive and negative. The formation of ferromagnetic α martensite 

is for example a principle of TRIP (transformation-induced plasticity) steel sensor measuring 

the peak of strain during service [35]. On the other hand, the presence of a magnetic phase is 

strongly undesirable in the case of superconducting magnets [36]. The presence of α martensite 

also lowers the corrosion resistance of the steel. 

Mechanism of strain-induced martensitic transformation 

A mechanism of strain-induced martensitic transformation was studied in detail by Bogers and 

Burgers [37], and their work was later extended by Olson and Cohen [38–40]. There can be two 

types of martensite in austenitic steels. The first one is marked as α martensite (tetragonal 

structure) and the second one is marked as ε (HCP structure). The mechanism of formation of 

α martensite directly from austenite is shown in Fig. 9. A nucleation site of α martensite is an 

intersection of two shear bands parallel to (111) planes. One of these bands has to contain 

Shockley partial dislocation 
a

6
 {211} on every second plane and the other one on every third 

plane.  
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Fig. 9 Nucleation site of α martensite [40]. 

ε martensite forms in a similar way as α martensite, the only difference is that Shockley partial 

dislocations have to be placed on every second close-packed plane. α martensite can also 

develop in an intersection of two ε martensite plates. This situation can be observed in Fig. 10 

which represents a TEM micrograph taken from a sample cycled with a total strain amplitude 

of 1.6×10-2 at the temperature of liquid nitrogen. ε martensite is present here in form of very 

thin plates which can be easily misinterpreted as deformation twins [5]. Analysis of diffraction 

patterns revealed that the majority of plates are ε martensite. It can be seen that α martensite 

develops at almost every intersection of two systems of plates [5]. 
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Fig. 10 Nucleation of α martensite in the intersection of ε martensite plates after cyclic 

loading with total strain amplitude 1.6×10-2 [5]. 

Effect of alloying on the stability of austenite 

It is well known that due to the higher content of nickel and molybdenum, 316 steel exhibits 

better phase stability than 304 steel. The effect of nitrogen was studied by Vogt et al. [25] who 

compared 316L and 316LN steels cycled at -196 °C. X-ray diffractometry measurements found 

approximately 66 % of α martensite in a sample from 316L steel and only 4 % in 316LN steel. 

Smaga et al. [35] compared the phase stability of 304 steel with titanium alloyed 321 steel and 

niobium alloyed 348 steel. Their results of feritscope measurements indicate that 304 is more 

stable than 321 and the least stable is 348 steel. Krupp et al. [41] did a series of fatigue tests on 

301 steel with different content of carbon, they conclude that lower content of carbon leads to 

better resistance against martensitic transformation. Talonen and Hänninen [42] and Olson and 

Cohen [40] concluded that increasing SFE causes more difficult nucleation of α martensite. 

The reason is that there is a critical size of α martensite embryo needed. It was calculated and 

also confirmed by TEM observations by Staudhammer et al. [43] as 27 close-packed layers. 

Since increasing SFE leads to decreasing length and width of stacking fault packets, the 

probability of the formation of sufficiently large α martensite embryos is lower as well [40]. 

Alloying elements increasing SFE hence improve phase stability of austenitic steels. 

Effect of strain amplitude, strain rate, temperature, and grain size 

Results of several studies [35, 42, 44, 45] agree that increasing strain amplitude promotes strain-

induced martensitic transformation. Das et al. [45] performed fatigue tests with various strain 

amplitudes on 304LN steel and they explain this phenomenon as follows: increasing strain 

amplitude leads to a formation of larger dislocation cells which decreases its ability to 

accommodate plastic strain and therefore encourages the formation of α martensite. 

Pegues et al. [46] and Talonen et al. [47] investigated the effect of strain rate. Their results 

indicate that increasing strain rate reduces the formation of α martensite. The reason is 

according to both papers in adiabatic heating which is more intense in the case of higher strain 

rate and suppresses the development of strain-induced α martensite. The effect of temperature 

on strain-induced martensitic transformation has been studied in detail [41, 42, 44] and it is well 

known that decreasing temperature increases a driving force of this transformation. In other 

words, cyclic loading at higher temperatures results in lower content of martensite. The 

influence of grain size was studied as well. Varma et al. [48] found out that the amount of 

α martensite was higher in samples with coarser grains.   
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Effect of loading mode  

Probably the most complex research concerning a relationship between loading path and 

content of α martensite so far was carried out by Li et al. [49]. They chose 304L steel as an 

experimental material and performed tests with eight different loading paths which are listed in 

Tab. 1. Equivalent total strain amplitude was always 5×10-3. Values of non-proportionality of 

particular loading paths were calculated according to Itoh's definition [50] – see Eq. 1. 

 𝑓𝑁𝑃 =
1.57

𝑇𝜀1𝑚𝑎𝑥
∫ (|sin 𝜉(𝑡)|𝜀1(𝑡))

𝑇

0
𝑑𝑡,  (1) 

where 𝑓𝑁𝑃  is the factor of non-proportionality, 𝑇 is the period, 𝜀1𝑚𝑎𝑥 is the maximum principle 

strain, 𝜀1(𝑡) is the principle strain at time 𝑡 and 𝜉(𝑡) is the angle between 𝜀1𝑚𝑎𝑥 and 𝜀1(𝑡). 

Tab. 1 Loading modes used by Li et al. [49]. 

 

The content of α martensite was measured continuously during cycling via feritscope and its 

content is plotted as a function of cumulative plastic strain in Fig. 11. The shortest incubation 

period was observed in circular mode. This mode also had the highest value of non-

proportionality (equal to 1.00). The second shortest incubation period was in square and 

rhombus mode. Non-proportionality value of these two modes was 0.77 which corresponds to 

the overlapping of their data points. Phase transformation began the latest in modes with zero 

value of non-proportionality (proportional, uniaxial, and torsional mode). The incubation period 

of ladder mode whose non-proportionality is 0.1 is only slightly shorter. The presented results 
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can be concluded as follows: the incubation period of strain-induced martensitic transformation 

is decreasing with increasing non-proportionality.  

 

Fig. 11 Content of martensite as a function of cumulative plastic strain in 304L steel for 

various loading paths [49]. 

However, the highest content of α martensite at the end of fatigue life was in torsional and 

cross mode. The lowest content of α martensite measured post-mortem was in rhombus, 

proportional and uniaxial modes. Mazánová et al. [32] did similar series of tests on 316L steel 

with an equivalent strain amplitude of 3.5×10-3 for tests in in-phase and 90° out-of-phase mode 

and 4×10-3 strain amplitude in torsional mode. Loading modes used in their study correspond 

to torsional, proportional, and rhombus loading paths in Tab. 1. They measured the content of 

α martensite after the end of fatigue life and found out that the highest value was also in 

torsional mode (12.8 %). Values of in-phase and out-of-phase modes were 3.6 % and 1.6 %, 

respectively. Abovementioned results prove a more intense martensitic transformation in 

torsional mode. They also suggest a better phase stability of 316L steel in comparison with 

304L steel. 

Influence on fatigue behavior 

Since both kinds of martensite exhibit higher strength and hardness compared to austenite, the 

formation of strain-induced martensite should lead to the strengthening of austenitic steels. The 

development of α martensite is also accompanied by a change in volume which is 

approximately 2 % for 304 steel [51]. Newly formed α martensite deforms surrounding 

austenite and thus influences its mechanical behavior.  

Since cyclic hardening was confirmed as a direct consequence of α martensite formation in 

several studies [46, 52, 53] aforementioned assumptions seem to be justified. Baudry and 

Pineau [52] state that strain-induced martensitic transformation significantly decreases the 

number of cycles to fracture in the case of cycling with a given plastic strain amplitude. 

However, this effect is less intense when cycling with constant total strain amplitude is applied. 

The decrease of fatigue lives with the formation of α martensite was also observed by Lehnhoff 

and Findley [54] who were controlling total strain amplitude during tests. This finding is in 

agreement with fatigue strengths proclaimed by manufacturers for 304 and 316 steel. According 
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to Baudry and Pineau cycling with constant plastic strain amplitude also led to an acceleration 

of initiation and propagation of fatigue cracks. Mei and Morris [55] applied cyclic loading with 

constant load and concluded that martensitic transformation significantly reduces crack 

propagation rate, especially at reduced temperatures.  

2.2 Multiaxial fatigue  

There are two fundamental categories of multiaxial loading: proportional and non-proportional. 

Proportional loading is characterized by a consistent direction of principle stress and strain. On 

the contrary, the direction of principle stress and strain is continuously changing during the non-

proportional loading cycle. There is an agreement in the literature that non-proportional cyclic 

loading is more damaging in terms of fatigue life [56]. The change of principle strain direction 

causes the development of multi-slip dislocation structures and additional cyclic hardening, 

leading to a decrease in plastic strain amplitude and a worse fatigue life endurance [57, 58]. 

Studies have been conducted to investigate the mechanism of fatigue crack initiation and early 

growth under multiaxial loading, as well as the development of dislocation structures [32, 59]. 

Additionally, other studies have explored the effects of internal pressure combined with applied 

tension-compression fatigue loading or exposed 316L steel to ratcheting paths [60–63].  

Predicting fatigue endurance requires a sophisticated method due to the intricate structure of 

actual components and multiaxial loading conditions. The critical plane approach, first 

suggested by Stanfield in 1935 [64], is widely utilized because of its efficiency and applicability 

to diverse conditions. Criteria based on the critical plane approach assume that both the 

initiation and early growth of a fatigue crack happen on a particular plane every time. They 

determine a damage parameter using stress and/or strain components. These models can be 

grouped depending on damage parameter calculation into stress models, strain models, and 

energy models that combine stress and strain.  

Findley [65] developed one of the earliest critical plane models in the late 1950s, which 

emphasized the role of shear stress in fatigue crack initiation and the promotion of crack growth 

by tensile stress normal to the plane of maximum shear stress. Wang and Brown (WB) [66] as 

well as Kandil et al. (KBM) [67] adapted a model initially developed by Brown and Miller 

(BM) [68], which considers shear and normal strain. Fatemi and Socie (FS) [69] proposed using 

the maximum shear strain and normal stress on the maximum shear strain plane to account for 

nonproportional hardening. Smith et al. (SWT) [70] designed a strain energy density model 

consequently adjusted by Socie [56] for multiaxial loading conditions. The SWT model is found 

to be convenient for materials that tend to crack according to Mode I. The FS and WB models, 

on the other hand, are suitable for materials that crack according to Mode II. Ince and Glinka 

[71] introduced a generalized strain energy (GSE) model, which uses normal and shear strain 

energy and can take into consideration mean stress as well as nonproportional hardening. Ince 

and Glinka also modified the elastic strain terms of GSE model to develop a generalized strain 

amplitude (GSA) criterion. Yu et al. [72] improved both models to enhance the accuracy of 

predictions under pure shear loading. Zhu et al. [73] included an additional material parameter 

to make the GSE model more versatile and applicable for different kind of materials.  

Jiang [74] suggested a damage parameter derived from the SWT criterion, which was later 

related to fatigue life by Ma et al. [75]. Li et al. [57] developed a model that is based on KBM 

and FS criteria but does not require an additional material parameter. Zhu et al. [76] introduced 

an energy-based model that calculates a damage parameter by summing the elastic and plastic 

work per cycle, making predictions possible in both low and high cycle fatigue regimes. The 

authors Liu et al. [77] introduced two models, one for materials that experience tensile cracking 

and another for those that undergo shear cracking. Both of these models rely on the concept of 

energy strain density. The models created by Chen et al. [78] are comparable to Liu's models, 
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although the critical plane's characterization varies slightly. Lagoda et al. [79] put forward a 

model that is based on strain energy density and can be employed for random loading in both 

low and high cycle fatigue ranges. The critical plane determined by Varvani-Farahani [80] is 

the one with the highest Mohr's stress and strain circles. The damage parameter in his model 

was calculated by adding the normal and shear energy range, weighted by the normal and shear 

fatigue properties. Several papers have reviewed life-predicting models based on the critical 

plane approach [81–83]. A large survey of models predicting the fatigue limit was performed 

by Papuga [84]. The number of criteria has been constantly rising in the past few years [85–

92].  

Critical plane models are also utilized to determine the tilting of fatigue cracks paths. Bemfica 

et al. [58] conducted a study on the cyclic loading of 304L steel and determined the crack 

orientation with SWT, FS, and Jiang models. However, they discovered that none of these 

models could provide satisfactory predictions in every loading mode. In a similar study, Castro 

and Jiang [93] examined crack directions with the same criteria using extruded magnesium 

alloy as the experimental material and found that the Jiang model provided the most accurate 

predictions. Wang and Susmel [94] investigated the tilting of fatigue cracks initiated on samples 

subjected to constant and variable amplitude by comparing the shear strain maximum variance 

method and the maximum damage method, both of them generated satisfactorily precise results. 

Vantadori et al. [95] applied a Carpinteri model to explore the fatigue life and fatigue crack 

orientation of 316L steel in the high cycle fatigue regime.  

The first part of this section is dealing with life-predicting models which are applicable for 

repeated multiaxial loading. Even though there are more ways how to predict fatigue life, only 

critical plane criteria are discussed. The second part is focused on short fatigue cracks, selected 

aspects - initiation, orientation, branching, and kinetics of early crack growth in conditions of 

multiaxial loading are discussed.  

2.2.1 Critical plane models 

Basquin-Manson-Coffin (BMC): 

Critical plane criteria are usually described by an equation whose left side includes the damage 

parameter while the number of cycles to fracture Nf appears within the right side, typically 

derived from the BMC equation:  

 εa,eq =
σf

′

E
(2Nf)

b + εf
′(2Nf)

c, (2) 

where 𝜎𝑓
′ is a fatigue strength coefficient, 𝐸 is Young’s modulus, 𝑏 is a fatigue strength 

exponent, 𝜀𝑓
′  is a fatigue ductility coefficient and 𝑐 is a fatigue ductility exponent. 

As the name suggests, the BMC equation was derived from the Basquin and Manson-Coffin 

law defined by Eq. 3 and Eq. 4, respectively. 

 σa = σf
′(2Nf)

b, (3) 

 εap = εf
′(2Nf)

c, (4) 

 

Wang-Brown model (WB): 

The most recognized strain criterion was originally proposed by Brown and Miller [68] it was 

further modified by Kandil et al. [67] and by Wang and Brown [66]. WB criterion is suitable 

for loading conditions that result in significant plastic strain, this is a typical feature of low 

cycle fatigue regime [57]. Eq. 5 gives a form of WB model for crack Type A (definition of 
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crack Type A and B is shown in paragraph 5.2.2). It is believed that S becomes zero for crack 

Type B in the case of proportional loading. The main disadvantage of the WB model is that 

cyclic hardening or softening cannot be taken into account in strain-controlled fatigue tests. 

Strain-based damage parameters also cannot reflect the effect of mean stress [81]. 

𝛾𝑎,𝑚𝑎𝑥 + 𝑆∆𝜀𝑛 = (1 + 𝜈𝑒 + 𝑆(1 − 𝜈𝑒))
𝜎𝑓

′

𝐸
(2𝑁𝑓)𝑏 + (1 + 𝜈𝑝 + 𝑆(1 − 𝜈𝑝)) 𝜀𝑓

′ (2𝑁𝑓)𝑐,  (5) 

where 𝛾𝑎,𝑚𝑎𝑥  and ∆𝜀𝑛 are an amplitude of maximum shear strain and a range of normal strain 

in the critical plane, 𝑆 is a coefficient of normal strain influence and it is determined by 

experiments, 𝜈𝑒  and 𝜈𝑝 are elastic and plastic Poisson’s ratios, respectively. 

Fatemi-Socie model (FS): 

As mentioned before, since both controlling parameters in the BM criterion are of strain type, 

the additional cyclic hardening and mean stress cannot be considered. To solve this problem, 

Fatemi and Socie [69] used maximum normal stress instead of maximum normal strain. Fatemi-

Socie (FS) damage parameter is a typical example of a criterion using stress and strain 

characteristics. This feature is generally considered an advantage compared to the BM criterion. 

FS equation for life prediction can be written in terms of shear strain properties (Eq. 6) but also 

in terms of uniaxial properties (Eq. 7).  

 𝛾𝑎,𝑚𝑎𝑥 (1 + 𝑘
𝜎𝑛,𝑚𝑎𝑥

𝜎𝑦
) =  

𝜏𝑓
′

𝐺
(2𝑁𝑓)𝑏0 + 𝛾𝑓

′(2𝑁𝑓)𝑐0,  (6) 

where 𝛾𝑎,𝑚𝑎𝑥  and 𝜎𝑛,𝑚𝑎𝑥  are an amplitude of maximum shear strain and the maximum normal 

stress in the critical plane, 𝑘 is a material constant, 𝜎𝑦 is the yield strength, 𝜏𝑓
′  is a shear fatigue 

strength coefficient, 𝐺 is shear modulus, 𝑏0 is a shear fatigue strength exponent, 𝛾𝑓
′  is a shear 

fatigue ductility coefficient and 𝑐0 is a shear fatigue ductility exponent. 

𝛾𝑎,𝑚𝑎𝑥 (1 + 𝑘
𝜎𝑛,𝑚𝑎𝑥

𝜎𝑦
) = [(1 + 𝜈𝑒)

𝜎𝑓
′

𝐸
(2𝑁𝑓)𝑏 + (1 + 𝜈𝑝) 𝜀𝑓

′ (2𝑁𝑓)𝑐] (1 + 𝑛
𝜎𝑓

′

2𝜎𝑦
(2𝑁𝑓)𝑏), (7) 

Smith-Watson-Topper model:  

Smith, Watson, and Topper (SWT) criterion [70] defines a damage parameter as stress and 

strain product 𝜎𝑚𝑎𝑥𝜀𝑎. This damage parameter is used only for uniaxial tension-compression 

loading and is often successfully applied for prediction of fatigue life of uniaxial cycling with 

mean stress. Socie [56] modified it for multiaxial loading using parameters 𝜀1 and 𝜎𝑛 (see 

Eq. 8). 

 𝜎𝑛,𝑚𝑎𝑥  
∆𝜀1

2
=

𝜎𝑓
′2

𝐸
(2𝑁𝑓)2𝑏 + 𝜎𝑓

′𝜀𝑓
′ (2𝑁𝑓)𝑏+𝑐,  (8) 

where 
∆𝜀1

2
 and 𝜎𝑛,𝑚𝑎𝑥  are the amplitude of maximum principal strain and maximum normal 

stress in the critical plane. 

Such a form of SWT parameter can be used for a prediction of fatigue life in conditions of 

proportional and non-proportional multiaxial loading. SWT damage parameter gives more 

accurate results for materials in which cracks grow according to Mode I in contrast with FS 

model which is more suitable for fatigue life predictions of materials in which cracks grow 

according to Mode II. 

MKBM model:  
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A criterion introduced by authors Li et al. [57] is based on FS and BM criteria, the critical plane 

is therefore the plane of maximum shear strain. Controlling parameters are shear strain and 

normal strain and stress - see Eq. 9: 

 𝛾𝑎,𝑚𝑎𝑥 + (1 +
𝜎𝑛,𝑚𝑎𝑥

𝜎𝑦
)

∆𝜀𝑛

2
= [

𝜎𝑓
′

𝐸
(2𝑁𝑓)𝑏 + 𝜀𝑓

′(2𝑁𝑓)𝑐] (1 +
𝜎𝑓

′

𝜎𝑦
(2𝑁𝑓)𝑏),  (9) 

where 𝜎𝑛,𝑚𝑎𝑥  is determined by using Eq. 10 derived from Ramberg Osgood relation modified 

by Chen [96] who introduced the factor of non-proportionality: 

 𝜀𝑛,𝑚𝑎𝑥 =
𝜎𝑛,𝑚𝑎𝑥

𝐸
+ [

𝜎𝑛,𝑚𝑎𝑥

𝐾′(1+𝐿𝜙)
]

1

𝑛′
,  (10) 

where 𝜀𝑛,𝑚𝑎𝑥  is the maximum normal strain, 𝐾′ is a coefficient of cyclic hardening, 𝐿 is a 

coefficient of non-proportional hardening, 𝜙 is a non-proportionality factor and 𝑛′ is an 

exponent of cyclic hardening. The coefficient 𝐾′ and the exponent 𝑛′ were derived from the 

cyclic stress strain curve defined by Eq. 11:  

 𝜎𝑎 = 𝐾′𝜀𝑎𝑝
𝑛′

, (11) 

It is also worth notice that the mean stress can be easily accounted for in this model. Li et al. 

used their criterion for fatigue life estimation of 20 materials including austenitic stainless steels 

304L and 316L. They collected data from more than 600 fatigue tests performed by various 

authors and made a comparison with their predictions. Fig. 12 and Fig. 13 show results for 

proportional and non-proportional tests, it can be seen that the majority of data fell into the 

factor-three-band (dashed lines). However, the scatter of non-proportional data was proved to 

be larger. 

 

Fig. 12 Comparison of measured life and life predicted according to MKBM criterion – 

uniaxial and multiaxial proportional tests [57]. 
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Fig. 13 Comparison of measured life and life predicted according to MKBM criterion for 

multiaxial non-proportional tests [57]. 

Li model:  

A model proposed by Li et al. [86] is derived from a model designed by Chen et al. [78]. It is 

based on a calculation of strain energy density and the plane with maximum shear strain energy 

density is supposed to be critical. The stress-strain analysis revealed that there are at least two 

planes where shear strain energy density reaches the maximum value. The plane with a larger 

normal strain energy density is thus defined as critical. The model is defined by Eq. 12, where 

Δτt is the shear stress range acting on the maximum shear strain range plane and τm is the mean 

shear stress acting on the critical plane. It was observed that mean shear stress has a damaging 

effect on fatigue life [97, 98] as well as positive normal mean stress meanwhile negative normal 

mean stress is beneficial from a fatigue life view. It is therefore desirable to design a criterion 

that takes into account these factors.  

 (
Δτt

2
+ |τm|)

Δγmax

2
+ LLiσn,max

Δεn

2
=

τf
′2

G
(2Nf)

2b0 + τf
′γf

′(2Nf)
b0+c0 (12) 

Weight index LLi contained in the damage parameter considers the different impacts of shear 

and normal strain energy on the fatigue life. Its value is determined using parameter PF which 

is calculated with Eq. 13, where mF is the number of fully reversed uniaxial experiments. The 

authors suggest calculating PF for every LLi in the interval from 0 to 10 using a step size equal 

to 0.01. LLi corresponding to the minimum PF is the weight index LLi.  

 PF = ∑ {
τf

′2

G
(2Nf)

2b0 + τf
′γf

′(2Nf)
b0+c0 −

∆σi∆εi

8
[(1 + νeff) + LLi

1−νeff

2
]}

2
mF
i=1  (13) 

Li et al. collected experimental data from other authors. The data were obtained from testing 

eight materials in both loading modes – proportional and non-proportional. They calculated the 

fatigue lives for eight materials and compared them with experiments. They found out that 

100 % of data points fell inside the factor-three-band in the case of proportional tests (Fig. 14). 

The number of data points lying inside the band was slightly lower when fatigue lives under 

non-proportional loading were predicted, 92.3 % of predictions fulfilled this condition (see Fig. 

15). 
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Fig. 14 Comparison of measured life and life predicted according to Li criterion for 

proportional tests [86]. 

 

Fig. 15 Comparison of measured life and life predicted according to Li criterion for non-

proportional tests [86]. 

GSE and GSA models:  

The generalized strain energy (GSE) criterion was introduced by Ince and Glinka [71]. The 

GSE damage parameter adds elastic and plastic shear strain energy together with elastic and 

plastic normal strain energy. It takes into account the effects of mean stress and non-

proportional hardening through elastic energy terms by including the maximum shear and 

normal stress. Shear energy terms are expected to represent the initiation and propagation of 

fatigue crack. Normal energy terms, on the other hand, are supposed to reflect the acceleration 

of the fatigue crack growth. The critical plane is defined as the plane where generalized strain 

energy (the left side of Eq. 14) reaches the maximum value. 

 (τmax
Δγe

2
+

Δτ

2

Δγp

2
+ σn,max

Δεn
e

2
+

Δσn

2

Δεn
p

2
)max =

σf
′2

E
(2Nf)

b + σf
′εf

′(2Nf)
c, (14) 

where τmax  is the maximum shear stress, Δγe is a range of elastic shear strain, Δγp is a range 

of plastic shear strain, Δεn
e  a range of elastic normal strain, Δεn

p
 is a range of plastic normal 

strain, Δτ is a range of shear stress and Δσn is a range of normal stress. 
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Authors Ince and Glinka [71] also developed the generalized strain amplitude (GSA) damage 

parameter. It was obtained by modification of their GSE damage parameter. Shear strain energy 

terms of the GSE damage parameter were normalized by factor Δτ/2 whereas normal strain 

energy terms were normalized with factor Δσn/2. When further assumptions described in [71] 

were taken into account, the criterion can be described with Eq. 15. The interpretation of 

individual terms included in the left side of Eq. 15 is the following: elastic shear strain term 

helps to overcome sliding forces between crack surfaces, plastic shear strain initiate fatigue 

cracks by inducing dislocations along slip planes, elastic normal strain term accelerates the 

crack growth by opening the crack and plastic normal strain which causes a reduction of friction 

forces between crack surfaces by opening the crack. The critical plane is defined in the same 

way as in the case of the GSE model – the plane where the damage parameter reaches the 

maximum value. 

 (
τmax

τf
′

Δγe

2
+

Δγp

2
+

σn,max

σf
′

Δεn
e

2
+

Δεn
p

2
)max =

σf
′

E
(2Nf)

b + εf
′(2Nf)

c (15) 

The authors performed a series of proportional and non-proportional fatigue life tests using 

specimens from 1045 steel. They subsequently compared experimental and predicted fatigue 

lives and concluded that most of the predictions were within the factor-three-band (Fig. 16). 

They also revealed that the GSE model tends to overestimate fatigue lives greater than 105 

meanwhile GSA model produced slightly conservative predictions for proportional loading. 

 

Fig. 16 Comparison of measured life and life predicted according to GSE and GSA criteria 

[71]. 
MGSE Yu model:  

Modifications of the GSE damage parameter were proposed by Yu et al. [72] as it was found 

to have a limited ability to accurately predict the fatigue life in situations of pure shear loading 

and multiaxial loading governed predominantly by shear stresses. The MGSE criterion takes 

into account both shear and normal strain energy, as shown in Eq. 16. Shear strain energy is 

indicative of the crack initiation, while normal strain energy expresses the crack growth. 

 τmax
Δγ

2
+ σn,max

Δε

2
=

τf
′2

G
(2Nf)

2b0 + τf
′γf

′(2Nf)
b0+c0 (16) 
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The critical plane is located near the plane experiencing the maximum shear strain. The 

described approach can be used for most materials that are ductile and undergo shear cracking 

[72]. Since the maximum normal and shear stress are involved in the damage parameter, the 

model can take into account the influence of both mean stresses - normal and shear. The model’s 

precision was tested when the fatigue endurance of titanium alloy TC4 was predicted. Data 

presented in Fig. 17 were obtained from symmetrical loading tests. Predictions corresponding 

to non-proportional loading proved to be over-conservative.  

 

Fig. 17 Comparison of measured life and life predicted according to MGSE criterion [72]. 
The authors also examined the ability of their model to predict fatigue life under asymmetrical 

loading. Most of the predictions were inside the factor-three-band. Their model produced more 

accurate predictions than the FS model, the authors explained it by the fact that the FS model 

is not able to take into account the effect of mean shear stress. 

MGSE Zhu model:  

Zhu et al. [73] pointed out that the modification of the GSE model proposed by Yu et al. [72] 

produced good life predictions only for ductile materials. They decided to further modify the 

MGSE criterion to make it more robust and able to predict fatigue endurance for various types 

of materials. They included an additional material parameter kMGSE describing normal strain 

energy sensitivity and reflecting the impact of normal strain energy on crack growth. The 

authors claim that the inclusion of the additional parameter significantly enhanced the precision 

of fatigue life predictions. The model is described by Eq. 17. 

 τmax
Δγ

2
+ kMGSEσn,max

Δεn

2
=

τf
′2

G
(2Nf)

2b0 + τf
′γf

′(2Nf)
b0+c0 (17) 

MSWT model:  

Jiang [74] introduced a damage parameter derived from the SWT model. It may be seen on the 

left side of Eq. 18. Ma et al. [75] then defined a correlation between this damage parameter and 

the fatigue life which gives the MSWT model defined by Eq. 18. The parameter aMSWT included 

in the model has to lie in an interval from 0 to 1 depending on the material. If the value of 

parameter aMSWT is less than 0.37, the material exhibits shear cracking behavior, whereas aMSWT 

value greater than 0.5 suggests tensile cracking behavior. When parameter aMSWT falls within 

the range of 0.37 to 0.50, mixed cracking behavior is anticipated. 
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 2aMSWTΔε〈σmax〉 +
1−aMSWT

2
ΔγΔτ = 4aMSWT

σf
′2

E
(2Nf)

2b + 4aMSWTσf
′εf

′(2Nf)
b+c (18) 

MSWT and MGSE Zhu models were used for predicting the fatigue endurance of titanium alloy 

TC4 [73]. Obtained predictions are shown in Fig. 18. The MGSE Zhu model yields sufficiently 

precise predictions for torsional loading (all of them are inside the factor-two-band). On the 

contrary, the MSWT model tends to substantially overestimate the fatigue life under torsional 

loading, especially in the case of low amplitudes. The MGSE Zhu model seems to 

underestimate the fatigue endurance under 90° non-proportional loading, however, fatigue life 

predictions corresponding to 45° non-proportional loading fell inside the factor-two-band. The 

authors also predicted fatigue lives of sintered porous iron and concluded that the MSWT model 

produced significantly more accurate predictions.  

 

Fig. 18 Comparison of measured life and life predicted according to the (a) MGSE Zhu (b) 

MSWT criterion [73]. 

Chen model:  

Two models based on energy density were introduced by authors Chen et al. [78]. The 

fundamental concept is that the material undergoes damage due to all the stresses and strains 
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applied on the critical plane. The first criterion, Chen I, applies to materials that have a tendency 

for tensile cracking and is expressed in Eq. 19. The second criterion, Chen II, is intended to be 

applied to materials with shear cracking behavior and is described by Eq. 20. 

 Δ𝜀1
𝑚𝑎𝑥Δ𝜎1 + Δ𝛾1Δ𝜏1 = 4

σf
′2

E
(2Nf)

2b + 4σf
′εf

′(2Nf)
b+c, (19) 

 Δ𝛾𝑚𝑎𝑥Δ𝜏 + Δ𝜀𝑛Δ𝜎𝑛 = 4
τf

′2

G
(2Nf)

2b0 + 4τf
′γf

′(2Nf)
b0+c0, (20) 

where Δ𝜀1
𝑚𝑎𝑥 is a range of the maximum principle tensile strain, Δ𝜎1 is a range of normal stress 

on the maximum principle tensile strain plane, Δ𝛾1 is a range of shear strain on the maximum 

principle tensile strain plane, Δ𝜏1 is a range of shear stress on the maximum principle tensile 

strain plane. In the case of proportional loading Δ𝛾1 and Δ𝜏1 are equal to zero. 

If a material with an unknown cracking behavior is analyzed, the authors recommend 

calculating the fatigue life using both criteria and selecting the more cautious prediction. The 

authors tried to predict fatigue lives of 45# and 42CrMo steel. The Chen I model proved to be 

more precise in the case of 45# steel while the Chen II model led to more accurate predictions 

when the fatigue endurance of 42CrMo steel was predicted. Both sets of predictions are 

depicted in Fig. 19 

 

Fig. 19 Comparison of measured life and life predicted according to the (a) Chen I  

(b) Chen II criterion [78]. 

Liu model:  

Liu's model [77] is similar to Chen's criteria as it also distinguishes between materials cracking 

according to Mode I and II. However, the distinction lies in the description of the critical plane. 

In the criterion denoted as Liu I (Eq. 21), which is designed for materials with Mode I cracking 

behavior, the critical plane is described as the plane with the maximum normal strain energy 

density. On the other hand, for materials cracking according to Mode II, the critical plane is 

defined as the plane with the maximum shear strain energy density. The model is then marked 

as Liu II and it is described by Eq. 22. 

 (Δ𝜎𝑛Δ𝜀𝑛)𝑚𝑎𝑥 + (Δ𝛾Δ𝜏) = 4
σf

′2

E
(2Nf)
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b+c (21) 

 (Δ𝜎𝑛Δ𝜀𝑛) + (Δ𝛾Δ𝜏)𝑚𝑎𝑥 = 4
τf

′2

G
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′γf
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b0+c0 (22) 

Zhu model:  

The damage parameter in this model calculates the summation of elastic and plastic work per 

cycle for both normal and shear loading [76]. The damage parameter of this model may be thus 
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characterized as the cumulative work across all applied loading directions. The criterion is 

described by Eq. 23, it may be seen that a weighting factor ξZhu is included. It is supposed to 

represent the damaging effect of shear loading. The value of the damage parameter ξZhu depends 

on the cracking behavior of the material being analyzed. For materials exhibiting tensile 

cracking behavior, the value of ξZhu is close to 0. In contrast, shear cracking materials require a 

value of ξZhu that is close to 1. 
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Equations describing critical plane models chosen for the comparison in the present study are 

summarized in Tab. 2. 

Tab. 2 Critical plane models 

Model Equation Reference 
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2.2.2 Short fatigue cracks 

The typical fatigue process can be divided into two phases – initiation and growth of fatigue 

crack. Crack growth is usually further separated into Stages I and II. Stage I means early growth 

of the crack along a slip band, i.e. along a plane with high shear stress. Stage II is characterized 

by the crack growth perpendicularly to maximum tensile stress – see Fig. 20. Selected issues 

concerning this topic are described in the following chapter. 

 

Fig. 20 Fatigue crack propagation stages. 

Crack Type A and B 

Brown and Miller suggested terms crack Type A and B (Fig. 21). Since they are frequently used 

by many authors it is appropriate to define them here as well. In the case of crack Type A, shear 

stress acts in the direction parallel to the crack length, and no shear acts along the crack depth. 

As a consequence, crack Type A is shallow and it is growing along the free surface. On the 

contrary, in the case of crack Type B, shear stress acts along the depth which results in the 

growth through the thickness. Crack Type B is therefore considered to be more dangerous. 

Which crack type is going to form is dependent mainly on the loading mode. Tension loading 

can lead to both types of crack, however, Karolczuk and Macha [81] conclude that Type A 

dominates in ductile material whereas Type B is characteristic for brittle materials. Torsion or 

tension/torsion loading always leads to Type A crack [99]. They also mention that ductile 

materials tend to crack according to Modes II and III whereas cracks in brittle materials tend to 

grow in Mode I.  

 

Fig. 21 Crack Type A and B [99]. 
Initiation of fatigue cracks 

Mazánová et al. [59] investigated the mechanism of fatigue crack initiation in torsional, in-

phase, and out-of-phase modes. Their experimental material was austenitic steel 316L. The 

sample from each loading mode exhibited a localization of plastic deformation into persistent 
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slip bands and a formation of persistent slip markings (PSM) on surface which turned out to be 

the initiation site of fatigue cracks. Fig. 22 represents a cut through PSM on the surface of the 

specimen cycled in in-phase mode, the cut was made by the focused ion beam technique (FIB). 

PSMs consist of extrusions and intrusions, the height of extrusions varies along the PSM length. 

Detail B revealed a crack initiated from the sharp intrusion, presumably on the (111) plane. The 

same mechanism was observed in torsional and out-of-phase modes. 

 

Fig. 22 (a) FIB cut through PSMs on specimen surface cycled in in-phase mode with 

equivalent strain amplitude 4.2×10-3 (b) details of PSM profiles and initiated cracks [59]. 
Crack orientation 

Bannantine and Socie performed a complex study regarding the fatigue crack orientation in 

torsional mode [100]. They prepared a series of tests with various amplitudes on austenitic steel 

304. Results are summarized in form of a damage map in Fig. 23. Cracking behavior is 

categorized here into two regions – A and B which are separated by the dashed line. Region A 

corresponds to the crack growth on planes with maximum shear stress (Mode II), meanwhile, 

region B represents the crack growth on planes with maximum principal strain (Mode I). As 

can be seen, shear cracks were observed in the case of high amplitudes (short fatigue lives), and 

tensile cracks developed in specimens cycled with low amplitude (long fatigue lives). 

Characteristics of region A are a high density of cracks, fast nucleation, a small number of 

branched cracks, and main crack growth by linking of previously initiated cracks. Regions B 

features are the following: reduced number of cracks, a larger portion of fatigue life spent in 

the nucleation period, and cracks initiated on shear planes but quickly branched into principle 

planes. Branched cracks further grew by propagation rather than linking small cracks. 

Sakane and Itoh [101] performed a detailed study of the transition area outlined by the dashed 

line in Fig. 23. They found that cracks developed in this range of amplitude consisted of central 

shear crack (Mode II) which branches at both ends into two tensile cracks (Mode I). The length 

of the central shear crack is increasing with increasing strain amplitude. The limits of the 

transition area were roughly estimated in terms of strain amplitude range as 2.1×10-2 and 

2.6×10-2. Further crack observations revealed the fact that shear cracks propagate near the 

specimen surface meanwhile tensile cracks extends deeper into the specimen.  
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Fig. 23 Crack path map of 304 steel fatigued in torsional mode [99]. 

Bannantine and Socie [100] defined the damage map also for tensile mode, they found out that 

cracks grow always in Mode I regardless of the amplitude. The nucleation period of axial mode 

is significantly longer compared to torsional (in terms of N/Nf). Even in the case of very high 

amplitudes (Nf = 102) the number of cycles corresponding to the crack nucleation exceeded half 

of the total fatigue life (0.5 N/Nf). Such behavior may be interpreted as follows: cyclic loading 

in torsional mode is characteristic for a short portion of fatigue life spent in the nucleation 

period, subsequent crack growth is therefore substantially slower. On the contrary, cycling in 

axial mode results in later nucleation and faster propagation of fatigue crack. 

The aforementioned research of Mazánová et al. [59] was also aimed at studying the directions 

of cracks developed during in-phase, out-of-phase, and torsional loading. Observations of the 

torsional specimen surface revealed cracks consisting of a short central part with a direction 

close to maximum shear stress (Mode II). The crack bifurcated during its further growth and 

two cracks on both ends formed. The direction of branched cracks coincided with the direction 

of maximum principal strain (Mode I). This observation is in agreement with the results from 

Sakane and Itoh [101]. In-phase loading resulted in the growth of cracks whose direction was 

corresponding to the plane of maximum shear stress. Cracks are initiated usually inside the 

grain. As the crack grew, it ran into the grain boundary and a small tendency to bifurcation 

appeared. However, the crack was just locally bent and continued in the same direction. The 

bending at the intersection of two grains was usually accompanied by the initiation of a 

secondary small crack whose length was negligible. Cracks observed in out-of-phase mode 

exhibited the same features as those in in-phase mode. Any cruciform cracks were observed 

neither in in-phase nor in out-of-phase mode. The substantial difference was in the density of 

cracks and their growth rate. Out-of-phase mode produced fewer cracks however their growth 

was faster [59]. 

Crack deflection and branching 

Sistaninia and Niffenegger [102] observed a significant decrease in stress intensity factor after 

branching which resulted in a decrease of crack growth rate. Research by Qian et al. [103] was 

focused on the cycling of pre-cracked specimens in Mode II and mixed Mode. They concluded 

that branching occurred in all studied cases. Calculations of the stress intensity factor revealed 

that branched cracks grew in Mode I. They outlined a possible reason for crack Mode II 
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bifurcation: friction force between Mode II crack surfaces reduces Mode II stress intensity 

factor. Micro-cracks developed inside the so-called damage zone located around the crack tip 

represent possible nucleation sites for branching. 

Even though there are crack directions that are characteristic of particular loading conditions, 

the real crack path may be significantly different. The reason is that it can be influenced by far-

field stress, variable loading amplitude in form of overload, embrittlement from an aggressive 

environment, or by an interaction of crack tip with structural inhomogeneities (grain 

boundaries, precipitates, etc.). The stress intensity factor of deflected crack can be considerably 

lower (just like in the case of branched cracks) compared to a straight crack with the same 

length. Repeated changes in the crack path, therefore, lead to a slower crack growth rate and 

longer fatigue life. The crack deflection also causes an increase in surface roughness which 

promotes the crack closure effect during unloading, as a consequence, the crack growth rate is 

further suppressed [104]. 

An example of a branched and deflected crack may be seen in Fig. 24. It was captured by SEM 

after 5100 loading cycles of austenitic-ferritic duplex steel SAF 2507. The growing crack was 

branched after approximately 500 cycles at location A. Another branching occurred after 3800 

cycles at location B. There is also well-visible deflection at location C. The observed branching 

and deflection are caused by the microstructure. The crack propagated transgranular within 

ferritic grains. The distribution of austenite in the ferritic matrix was not homogeneous and 

when the crack tip encountered an austenitic dominant region, the crack path was significantly 

deflected or branched [105].  

 

Fig. 24 Fatigue crack path in austenitic-ferritic duplex steel [105]. 

Description of short fatigue crack growth kinetics 

It is a well-known fact, that the crack propagation stage plays a minor role in high cycle fatigue 

régime since most of the lifetime is consumed by the crack initiation. The plastic zone at the 

crack tip is small (comparable to the grain size) and small-scale yielding conditions are fulfilled. 

The stress intensity factor range K and the Paris-Erdogan law are commonly applied to 

describe fatigue crack propagation. 
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The situation is however different in the case of low cycle fatigue. The plastic zone is 

substantially larger and the linear elastic fracture mechanics is not valid. Two elastic-plastic 

fracture mechanics concepts have been successfully adopted for the description of fatigue crack 

growth under conditions of large-scale yielding: crack tip opening displacement (CTOD) and 

J-integral. The length of the propagation stage in low cycle fatigue is comparable to the 

initiation period when smooth specimens are examined. Cycling of notched specimens may 

even cause the crack growth stage becomes dominant. It is therefore of considerable interest to 

find a tool enabling analyzing and predicting the growth of fatigue crack. 

Jíša et al. [106] applied a crack growth analysis initially proposed by Polák and Zezulka [107], 

they fitted the exponential dependence of the crack length a on the number of loading cycles N 

with a power law. Their experimental data were acquired from cyclic loading of wrought 

aluminum alloy EN-AW 6082. Three stress amplitudes and two specimen directions 

(longitudinal L and transverse T) were examined. Their results led them to a presumption that 

the crack growth rate da/dN increases linearly with a. The obtained crack growth coefficient kg 

corresponds to the relative increment of the crack length after applying one loading cycle. The 

authors declared that the value of coefficient kg is determined by plastic strain amplitude and 

loading conditions (R ratio and temperature). When kg was plotted against plastic strain 

amplitude measured at the half-life εap 0.5Nf, all data points could be reasonably approximated 

with a power law, and two material parameters defining the growth of small fatigue cracks were 

derived – kg0 and d. 

 

Fig. 25 Crack growth coefficient kg as a function of plastic strain amplitude measured at half-

life εap 0.5 Nf [106]. 

It was confirmed that the fatigue crack growth mechanism requires cyclic plastic deformation 

near the crack tip [108]. Since the CTOD, originally proposed by Burdekin and Stone [109], 

measures a displacement near the crack tip and hence provides a characterization of the crack 

tip strain field, it was utilized to describe the fatigue crack propagation rate. Dong et al. [110] 

introduced an analytical model giving a linear correlation between the crack growth rate da/dN 

and ΔCTOD. Their model was verified using experimental data acquired from cycling a sample 

of Q345 steel. Vasco-Olmo et al. [111] and Antunes et al. [112] suggested using only the plastic 

part of CTOD. This approach offers certain benefits – the crack closure effect is included and 

the elastic part of CTOD which is not supposed to contribute to the crack growth is excluded. 
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The da/dN - ΔCTODp model is a material property and its independence on loading conditions 

was confirmed by Vasco-Olmo et al. [111] by receiving the same linear relationship for two R 

ratios – see Fig. 26. 

 

Fig. 26 Linear dependence of da/dN on ΔCTODp for two stress ratios [111]. 

Another characterizing parameter correlating the crack growth rate under large-scale yielding 

is the J-integral. The application of this fracture mechanics concept for the fatigue crack growth 

analysis was studied by Beretta et al. [113] and Rabbolini et al. [114] who utilized a range of 

total J-integral. Further studies of Hutař et al. [115, 116] however revealed that using the 

amplitude of the plastic part of J-integral Ja,pl generated a better description of the crack growth 

propagation than the amplitude of total J-integral Ja. It is well demonstrated in Fig. 27 where 

data from cyclic straining with five loading levels of austenitic-ferritic duplex steel 2205 are 

examined. There is a visible difference among fitting curves of particular strain amplitudes 

when Ja is applied while all data can be reasonably fitted with a unique curve in the case of Ja,pl.  

 

Fig. 27 Dependence of da/dN on the amplitude of (a) total J-integral (b) plastic part of J-

integral. Data were measured on samples from austenitic-ferritic duplex steel 2205 [115].
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3 Main goals of the Thesis 

1. Performing systematic fatigue tests on smooth bodies for determining the fatigue life, cyclic 

stress-strain curves, and cyclic hardening-softening behavior in uniaxial, torsional, in-

phase, and out-of-phase axial/torsional cycling; 

2. comparison of the accuracy of existing fatigue life models based on the critical plane 

approach; 

3. measuring the kinetics of fatigue crack growth on designated specimens using the same 

loading modes and strain amplitudes as the fatigue life tests; 

4. assessing the existing methods of crack growth analyses; 

5. evaluation of phase stability of 316L steel in conditions of various loading modes; 

6. observation and analysis of microstructural changes in multiaxial fatigue, especially the 

formation of dislocation structures; 

7. discussing the macroscopic fatigue behavior and fatigue life in relation to the 

microstructure, its evolution and to the fatigue crack growth kinetics. 
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4 Description of the experiment 

4.1 Experimental material 

Austenitic stainless steel 316L was chosen as an experimental material for the present study. 

The steel was delivered as 20 mm thick hot rolled sheets. Fig. 28 shows the microstructure 

resulting from color etching, which consists primarily of austenitic grains that are equiaxial in 

shape and have an average size of around 40 μm. However, a few delta ferrite bands can be 

seen as well (gray lines in Fig. 28).  

 

Fig. 28 Color etched microstructure of 316L steel. 

The manufacturer - Acerinox company guaranteed the following mechanical properties: 0.2 % 

proof stress Rp0,2 = 336 MPa, ultimate tensile stress Rm = 586 MPa, and fracture elongation 

A = 57 %. Tab. 3 contains information regarding the chemical composition of the material. 

Based on the values listed in this table we can say that the most important alloying elements of 

316L steel are chromium, nickel, molybdenum, and manganese.  

Tab. 3: The chemical composition of austenitic steel 316L in wt. %. 

C Cr Mn Mo N Ni P S Si Fe 

0.018 16.631 1.261 2.044 0.042 10.000 0.032 0.001 0.380 bal. 

4.2 Geometry of specimens 

Specimens designed for our experiments had a cylindrical shape and were machined from the 

sheet without any following heat treatment. The specimen axis coincides with the rolling 

direction. As can be seen in Fig. 29, two specimen types were designed. The inner hole was 

fabricated by spark erosion technique. Specimen (a) was used for fatigue life (FL) tests and 

specimen (b) for crack growth rate (CGR) tests. The only difference between them is a hole 

with a diameter 0.3 mm fabricated in the middle of the gauge length by an electro-erosion. The 

gauge section's exterior surface underwent mechanical grinding and subsequent electrolytic 

polishing. 
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Fig. 29 Design of specimens used for (a) fatigue life tests; (b) crack growth rate tests. 
FL tests were performed to obtain essential fatigue characteristics such as the S-N curve, 

Manson-Coffin curve, cyclic stress-strain curve, and cyclic hardening/softening curves. Results 

from FL tests are going to be used for the prediction of fatigue life by critical plane models. 

The main purpose of CGR tests is to measure the kinetics of small fatigue crack growth. As 

mentioned before, specimens designed for CGR tests had a small hole in the gauge length. This 

hole served as an artificial crack starter for CGR tests. Light microscope Navitar was aimed at 

the hole and micrographs of the growing crack were taken regularly after a certain number of 

cycles. The crack length a was determined as shown in Fig. 30. It equals half of the distance 

connecting both ends of the crack. Another output of CGR tests was the angle of crack 

deflection α measured at the moment when the crack length surpassed 1000 μm. Measured 

angles were subsequently compared with predictions based on critical plane models. 

 

Fig. 30 Micrograph of artificial crack starter with growing fatigue crack. 

 

4.3 Loading conditions 

Both types of tests were performed in the following loading modes: 



4 Description of the experiment 

34 

 

• Axial mode (A) 

• Torsional mode (T) 

• Axial/torsional in-phase mode (IP) 

• Axial/torsional 90° out-of-phase mode (OP) 

They are outlined in Fig. 31 in εa-γa coordinates, εa represents the amplitude of normal strain 

controlled in the A-test while γa is the shear strain amplitude in the T-test. 

 

Fig. 31 Testing modes in ε - γ coordinates. 

The ratio between the axial and torsional strain components εa and γa /√3, respectively, which 

is defined as the A/T ratio, was equal to 1 for the majority of tests in IP and OP loading modes. 

However, for equivalent strain amplitude εa,eq = 0.44 %, five different A/T ratios were selected, 

they may be found in Tab. 6. 

All tests were performed at ambient temperature, in symmetrical total strain controlled mode 

with a constant equivalent strain rate equal to 3×10-3 s-1 (the definition of equivalent strain is 

provided in the following section). The value of strain rate had to be chosen considering the 

relatively low thermal conductivity of 316L steel. The temperature of the sample was measured 

by thermocouple and the cooling of grips was adapted to keep the sample temperature constant, 

approximately 23° C. Tests were performed on the machine MTS 809 which enables 

independent and combined cycling in tension/compression and torsion. The strain was 

measured by a combined axial–torsional extensometer and the amplitude of the total equivalent 

strain was controlled. 

In strain-controlled fatigue, it is necessary to choose a criterion for the end of fatigue life. When 

the principal crack develops in A, IP, and OP cycling, the stress maximum in the tensile half 

cycle decreases. The fatigue life Nf  was equal to the number of cycles  when:  

 |
𝜎𝑚𝑎𝑥

𝜎𝑚𝑖𝑛
| < − 0.9 (24) 

Since the maximum and minimum of shear stress were usually decreasing at the same rate in 

T-tests, it was necessary to use another approach.  The fatigue life in T-tests was equal to the 

number of cycles when the stress amplitude τa decreased to 90 % of the maximum shear stress 

amplitude determined in the secondary hardening phase τSHmax , i.e.: 

 
𝜏𝑎

𝜏𝑆𝐻𝑚𝑎𝑥
< 0.9 (25) 

4.4 Equivalent strain and stress  

To compare results from various loading paths, it is a common practice to simplify the 

characterization of full strain and stress tensors into a single scalar value, known as equivalent 

strain εeq and equivalent stress σeq. The von Mises formula was utilized to determine the 
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amplitudes of equivalent strain and stress for each loading mode, which can be found in Tab. 

4. The procedure is however more complex when dealing with OP mode since the maximum 

axial and torsional strain and stress occur at different times. To calculate the equivalent stress 

amplitude, one must use the amplitude of normal stress σa and the shear stress τcorr, which 

corresponds to the moment of maximum normal stress. Since IP and OP loading paths have the 

same length in schematics in Fig. 31, it is assumed that it is acceptable to use the same equation 

for determining the amplitude of equivalent strain in both loading modes [32]. 

Tab. 4 Equivalent strain and stress amplitudes for applied loading paths. 

 A T IP OP 

εa,eq   εa  
γa

√3
 √εa

2 + γa
2/3 √εa

2 + γa
2/3 

σa,eq   σa  τa√3 √σa
2 + 3τa

2 √σa
2 + 3τcorr

2  

The equivalent plastic strain amplitude εap,eq for A, T, and IP modes was ascertained by taking 

half the width of the hysteresis loop depicted in equivalent coordinates, as shown in Fig. 32. 

 

Fig. 32 Determining of εap,eq from equivalent hysteresis loop. 

For OP mode, a different method was employed to compute the plastic strain amplitude, 

involving the use of Eq. 26, which involved subtracting the elastic equivalent strain amplitude 

from the total equivalent strain amplitude. The effective Young's modulus Eeff was determined 

using the elastic slope of the very first half cycle of the IP test. 

 εap,eq = εa,eq −
σa,eq

Eeff
  (26) 

4.5 Microstructural analysis 

Transmission electron microscope JEOL JEM-2100F was used for the microstructural 

description, in particular for studying α martensite formation and dislocation structures 

developed during cyclic loading. Oriented foils determined for TEM observations were 

prepared in the following manner. A thin plate parallel to the specimen axis was cut from the 

fatigue specimen gauge length by an electric discharge machine. The plate was subsequently 

mechanically ground until its thickness reached approximately 0.1 mm. A disc of 3 mm 

diameter was punched out of the plate afterward. The disc was electrolytically polished using 

the TenuPol device. The electropolished disc was fixed in a TEM holder concerning its 
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orientation. The specimen was observed using classical TEM mode or STEM mode with the 

bright (BF) and high angle annular dark field (HAADF) detectors. Phase analysis and 

crystallographic orientation of grains were done using diffraction patterns and Kikuchi lines. 

The phase stability of austenite was tested after the end of chosen fatigue life tests. The 

specimens were first analyzed with the Feritscope Fischer MP30. The measurements were 

performed at a reasonable distance from the fracture surface where no signs of plastic 

deformation due to the magistral crack propagation were apparent and no macroscopic crack 

was visible. The content of α martensite was systematically measured on twelve equidistant 

spots around the perimeter of the gauge length and an arithmetic mean of measured values was 

calculated afterward. An appropriate correction factor dependent on the specimen geometry 

was provided by the manufacturer. 

The same fatigue life specimens were cut in the gauge length area for the SEM observation. 

Two cuts perpendicular to the specimen axis were performed and a 10 mm height cylinder was 

uniaxially pressed into the mounting material so the surface perpendicular to the specimen axis 

could be observed. The mounted specimen was then mechanically ground, polished with oxide 

polishing suspension as well as electrolytically. The scanning electron microscope Tescan Lyra 

3 XMU FEG was used for the EBSD analysis to quantify the process of strain induced 

martensitic transformation and to map the distribution of newly formed α martensite. 

4.6 Critical plane models  

A survey of the literature was performed and fifteen critical plane models were applied to 

predict the fatigue life of 316L steel. The purpose was to discover which model generates the 

most precise predictions compared to experimental data. Another purpose was to reveal whether 

models containing additional material parameter yield better predictions than those without the 

parameter. The precision of predictions was evaluated with the error ER defined by Eqs. (27) 

and (28). ER larger than 100 % means that the data point is outside the factor-two-band. 

 ER = 100 ×
Nfpredicted − Nfobserved

Nfobserved
   if Nf predicted > Nf observed (27) 

 ER = 100 ×
Nfobserved – Nfpredicted

Nfpredicted
   if Nf predicted < Nf observed (28) 

As already mentioned, some criteria in Tab. 2 include an additional material parameter. Its value 

was obtained by fitting the experimental data. The fitting process was performed to acquire the 

smallest achievable average error AER defined by Eq. 29.  

 AER =
1

n
∑ ERi

n
i=1  (29) 

As the gauge length of the specimen used in this study has the form of a thin-walled tube, a 

state of plane stress is assumed. Eqs. 30 - 33 can be used to calculate the normal and shear stress 

and strain on any plane inclined at an angle α at a given time t. Fig. 33 explains the terms used 

in Eqs. 30 - 33. 

 𝜎𝛼(𝑡) =
𝜎𝑥(𝑡)

2
+

𝜎𝑥(𝑡)

2
cos(2𝛼) + 𝜏𝑥𝑦(𝑡) sin(2𝛼) (30) 

 𝜏𝛼(𝑡) =
𝜎𝑥(𝑡)

2
sin(2𝛼) − 𝜏𝑥𝑦(𝑡) cos(2𝛼) (31) 

 𝜀𝛼(𝑡) =
(1−𝜈𝑒𝑓𝑓)

2
𝜀𝑥(𝑡) +

(1+𝜈𝑒𝑓𝑓)

2
𝜀𝑥(𝑡) cos(2𝛼) +

𝛾𝑥𝑦(𝑡)

2
sin(2𝛼) (32) 

 𝛾𝛼(𝑡) = (1 + 𝜈𝑒𝑓𝑓)𝜀𝑥(𝑡) sin(2𝛼) − 𝛾𝑥𝑦(𝑡) cos(2𝛼) (33) 
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Fig. 33 Stresses and strains of thin-walled specimen. [117] 

The value of the effective Poisson's ratio νeff was determined using Eq. 34, with elastic and 

plastic Poisson's ratios of 0.3 and 0.5, respectively. 

 𝜈𝑒𝑓𝑓 =
𝜈𝑒𝜀𝑒+𝜈𝑝𝜀𝑝

𝜀𝑒+𝜀𝑝
 (34) 

The process of analyzing stress-strain conditions and the following determination of the critical 

plane involved separating each loading into 400 data points. Normal/shear stress/strain on the 

given plane inclined by angle α were computed for each data point using Eqs. 30 - 33. This 

procedure was performed for every plane in the range from 0° to 180°. Similarly, the damage 

parameter, whose definition depends on the life predicting model, was also calculated for each 

plane in this range. The critical plane was localized based on the chosen model. It is typically 

defined as the plane with the maximum damage parameter/shear strain/principal strain, etc. 

4.7 Finite element analysis 

The concept of plastic J-integral Jp was adopted for the analysis of fatigue crack kinetics. The 

dependence of Jp on crack length a was determined using extensive finite element modeling 

which takes into account non-linear material behavior under large-scale yielding. The 3D 

modeling was performed in ANSYS software and its detailed description may be found in 

[118]. 

To assess Jp, two individual issues were addressed. The initial step involved solving the linear 

model with a linear elastic material model to obtain the elastic component of J-integral Jel. The 

second step involved solving the elastic-plastic model derived from the cyclic stress-strain 

curve to acquire the total J-integral Jtotal which is the sum of Jel and Jp. The desired Jp could be 

therefore determined from Eq. 35. 

 𝐽𝑝 = 𝐽𝑡𝑜𝑡𝑎𝑙 − 𝐽𝑒𝑙 (35) 

The analysis was performed for several crack lengths according to experimental data. Four 

strain amplitudes from A, T, and IP loading modes listed in Tab. 5 were examined. 

Tab. 5 Equivalent strain amplitudes εa,eq [%] of specimens evaluated using Jp concept. 

A T IP 

0.33 0.28 0.24 

0.44 0.37 0.28 

0.55 0.44 0.44 

0.75 0.55 0.55 
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5 Results 

The chapter is divided into five sections. The first section is devoted to the response of the 

material to cyclic deformation that is presented in form of Manson-Coffin, S-N, 

hardening/softening, and cyclic stress-strain curves. The second section is dealing with the 

microstructural characterization of specimens subjected to fatigue life tests. Selected specimens 

were analyzed by EBSD and TEM techniques. Results of crack growth rate kinetics are shown 

in the section three. Crack growth is characterized by the coefficient kg and by the plastic part 

of the J-integral. The last two sections are aimed at critical plane models. Predictions of fatigue 

life and crack orientation are presented in particular.  

5.1 Fatigue life tests 

A list of performed fatigue life tests along with their parameters and results is shown in Tab. 6. 

It is worth noting that IP and OP tests with εa,eq = 0.44 % were conducted with five various A/T 

ratios.  

Tab. 6 List of performed fatigue life tests. 

mode A/T εa.eq [%] εa [%] γa [%] εap.eq [%] 
σa.eq 

[MPa] 
σa 

[MPa] 
τa 

[MPa] 
Nf [-] 

A 

100/0 0.249 0.249 0 0.085 307 307 0 208 687 

100/0 0.279 0.279 0 0.112 311 311 0 37 635 

100/0 0.319 0.319 0 0.145 320 320 0 25 154 

100/0 0.369 0.369 0 0.186 333 333 0 18 522 

100/0 0.427 0.427 0 0.236 346 346 0 10 088 

100/0 0.439 0.439 0 0.245 350 350 0 7 846 

100/0 0.549 0.549 0 0.338 373 373 0 3 950 

100/0 0.748 0.748 0 0.510 408 408 0 1 715 

100/0 0.997 0.997 0 0.729 451 451 0 1 001 

T 

0/100 0.200 0 0.347 0.048 316 0 182 705 000+ 

0/100 0.234 0 0.406 0.071 336 0 194 548 820 

0/100 0.239 0 0.415 0.077 332 0 192 346 210 

0/100 0.278 0 0.482 0.108 346 0 200 200 690 

0/100 0.320 0 0.555 0.145 354 0 205 100 340 

0/100 0.349 0 0.604 0.170 359 0 207 77 212 

0/100 0.440 0 0.762 0.251 383 0 221 28 365 

0/100 0.568 0 0.984 0.349 424 0 245 15 100 

0/100 0.750 0 1.299 0.506 460 0 266 6 260 

0/100 0.750 0 1.299 0.515 463 0 268 5 057 

0/100 0.797 0 1.381 0.569 423 0 244 6 950 

0/100 1.008 0 1.746 0.735 512 0 296 2 807 

IP 

50/50 0.239 0.170 0.291 0.081 319 222 132 68 223 

50/50 0.273 0.197 0.329 0.111 320 226 131 51 466 

50/50 0.319 0.227 0.388 0.146 334 241 134 26 079 

50/50 0.348 0.248 0.423 0.173 341 249 134 19 206 

27/73 0.437 0.154 0.708 0.249 362 131 195 17 596 
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46/54 0.438 0.286 0.575 0.248 357 235 155 12 534 

50/50 0.433 0.312 0.522 0.245 351 253 141 11 410 

65/35 0.441 0.388 0.364 0.245 353 311 97 13 640 

80/20 0.441 0.428 0.185 0.261 334 325 43 7 454 

50/50 0.501 0.354 0.613 0.303 374 273 147 7 000 

50/50 0.568 0.404 0.692 0.358 385 283 151 6 900 

50/50 0.754 0.531 0.928 0.523 431 310 173 2 892 

50/50 0.848 0.600 1.039 0.608 432 319 168 1 966 

50/50 0.999 0.707 1.221 0.735 471 344 186 1 650 

OP 

50/50 0.239 0.169 0.293 0.092 297 294 183 73 736 

50/50 0.280 0.198 0.342 0.125 321 318 198 48 375 

50/50 0.320 0.226 0.392 0.158 339 331 208 39 254 

50/50 0.350 0.247 0.428 0.176 363 355 223 24 276 

27/73 0.442 0.152 0.719 0.281 339 262 233 20 113 

46/54 0.441 0.285 0.582 0.239 426 404 263 9 517 

50/50 0.440 0.312 0.538 0.235 423 410 259 10 492 

65/35 0.440 0.388 0.361 0.241 398 395 213 11 695 

80/20 0.440 0.428 0.181 0.268 346 346 114 11 544 

50/50 0.570 0.404 0.698 0.339 490 464 292 5 524 

50/50 0.753 0.532 0.923 0.485 557 525 325 3 054 

50/50 1.007 0.707 1.242 0.690 667 630 398 1 378 

* + run-out test 

5.1.1 Fatigue life curves 

The most basic result of fatigue life tests is a dependence of the number of cycles to fracture on 

total equivalent strain amplitude (controlled parameter of fatigue life tests) and it is shown in 

Fig. 34. It can be seen that the highest numbers of cycles to fracture were obtained in T-tests. 

On the other hand, the shortest fatigue lives were observed in A mode. Fatigue lives in T mode 

are approximately five times longer in the case of low amplitudes although the difference is 

getting smaller with increasing amplitude and the ratio is around three in the case of high 

amplitudes. Curves representing IP and OP mode lie between A and T curves although they are 

much closer to the A curve and all three of them overlap with decreasing value of total strain 

amplitude. 
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Fig. 34 Number of cycles to fracture as a function of total equivalent strain amplitude [117]. 
5.1.2 Cyclic hardening-softening curves 

An evolution of equivalent stress amplitude during the fatigue life can be seen in Fig. 35. Four 

amplitudes from every loading mode were chosen to demonstrate that the material response is 

dependent on the type of loading as well as on the applied strain amplitude. The same three 

phases of fatigue life may be identified in most cases, their intensity is; however, distinct. There 

is a primary cyclic hardening caused by an increasing dislocation density. The phase of primary 

hardening is very short, in fact, it did not exceed one hundred loading cycles in any test. In the 

following softening phase, the stress amplitude is continuously decreasing with the increasing 

number of cycles. The cyclic softening is supposed to be caused by a formation of dislocation 

structures which require a lower applied stress needed for the movement of dislocations. The 

softening phase ends when the phase transformation of metastable austenite results in secondary 

cyclic hardening. 
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Fig. 35 Hardening-softening curves obtained from (a) A (b) T (c) IP (d) OP fatigue life tests. 
Fig. 36 shows a comparison of hardening-softening curves obtained from different loading 

modes with the same εa,eq, particularly speaking about amplitudes 0.28 %; 0.44 %; 0.57 %, and 

1.00 %. Curves corresponding to cycling in A and IP mode with εa,eq = 0.28 % are close to each 

other and their shape is comparable, the only difference is more intense secondary hardening in 

IP mode. OP curve is close to A and IP curves but there are few distinctions – the primary 

hardening phase lasts longer, softening is less intense and there is no secondary hardening. The 

curve representing T mode is above the rest. Its characteristic feature is no primary hardening 

and significantly more intense secondary hardening. 

The situation is substantially different with increasing loading amplitude. The curve of OP 

mode is clearly above the other modes. It is caused by the primary hardening phase that is 

particularly intense and lasts longer when compared to other curves. A and IP modes exhibit 

almost the same behavior and their curves overlap in the case of εa,eq = 0.44 % and εa,eq = 1.00 %. 

There is a disparity of more intense secondary hardening observed in IP mode and a higher 

endurance against fracture. Increased εa,eq also caused apparent primary hardening in T mode 

and secondary hardening in OP mode. 
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Fig. 36 Comparison of hardening-softening curves from tests with equivalent strain 

amplitudes εa,eq 1.00 %; 0.57 %; 0.44 % and 0.28 %. 
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The intensity of particular fatigue life phases was quantified and is listed in Tab. 7. Following 

equations were used for the quantification:  

 𝑃𝐻𝐼 =  100 ×
𝜎𝑚𝑎𝑥𝑃𝐻−𝜎𝑓𝑐

𝜎𝑓𝑐
  (36) 

 𝑆𝐼 =  100 ×
𝜎𝑚𝑎𝑥𝑃𝐻−𝜎𝑚𝑖𝑛𝑆

𝜎𝑚𝑎𝑥𝑃𝐻
  (37) 

 𝑆𝐻𝐼 =  100 ×
𝜎𝑚𝑎𝑥𝑆𝐻−𝜎𝑚𝑖𝑛𝑆

𝜎𝑚𝑖𝑛𝑆
  (38) 

where PHI is the intensity of primary hardening, SI is the intensity of softening, SHI is the 

intensity of secondary hardening, σfc is the equivalent stress amplitude in the very first loading 

cycle, σmaxPH is the maximum equivalent stress amplitude during primary hardening, σminS is the 

minimum equivalent stress amplitude during softening and σmaxSH is the maximum equivalent 

stress amplitude during secondary hardening – see Fig. 37.  

 

Fig. 37 Definition of fatigue life stages and maximum softening cycle. 
Based on Fig. 36 and Tab. 7 it is obvious that there are common trends for every loading mode: 

PHI as well as SHI is getting larger with increasing εa,eq. On the contrary, the softening phase is 

much more significant in the case of low amplitudes and the value of SI goes down with 

increasing strain amplitude. SI is almost negligible in the case of εa,eq = 1.00 %. A combination 

of mentioned trends caused curves obtained from tests with high strain amplitudes reached their 

maximum value of σa,eq just during the secondary hardening phase. On the other hand, curves 

corresponding to low strain amplitudes reached the maximum value of σa,eq during the primary 

hardening phase. 

The highest values of PHI were observed in OP mode. The reason for this phenomenon is in 

activation of other slip systems that interact. It is also the reason for the less intense softening 

phase in OP mode because the formation of persistent slip bands is more difficult when more 

slip systems are active in each loading cycle. SI in other loading modes reaches almost identical 

values.  
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The value of SHI is dependent on the loading mode. The lowest SHI was observed in A mode. 

On the other hand, the largest SHI was measured in T mode. The superiority of secondary 

hardening in T mode can be well demonstrated by results obtained from tests with an equivalent 

strain amplitude of 0.44 %. Data from the OP test with this amplitude did not indicate any 

secondary hardening. Values of SHI measured in A and IP were 1.4 % and 2.6 %, respectively. 

On the contrary, SHI measured in T mode was 15.4 %. The difference between T and other 

loading modes gets lower in the case of an equivalent strain amplitude 1.00 %.  

Tab. 7 The intensity of particular stages of fatigue life. 

 A T 

εa,eq [%] PHI [%] SI [%] SHI [%] PHI [%] SI [%] SHI [%] 

0.28 3.1 10.1 - - 9.1 6.7 

0.44 4.4 6.3 1.4 3.2 6.4 15.4 

0.57 6.1 3.5 2.4 4.3 4.2 23.2 

0.75 11.9 1.9 5.0 6.3 1.2 24.3 

1.00 11.5 1.1 8.6 8.3 0.5 28.5 

 

 
IP OP 

εa,eq [%] PHI [%] SI [%] SHI [%] PHI [%] SI [%] SHI [%] 

0.28 3.3 11.7 0.6 2.9 6.4 - 

0.44 4.5 6.3 2.6 17.2 1.5 - 

0.57 6.4 4.8 6.7 34.5 1.6 5.6 

0.75 5.7 1.6 8.9 36.9 1.3 10.2 

1.00 10.1 0.4 17.3 45.6 - 20.0 

5.1.3 Manson-Coffin, S-N, and cyclic stress-strain curves 

Since the tests were performed with a constant amplitude of total equivalent strain, the plastic 

strain amplitude and stress amplitude were changing during cycling as the material hardened or 

softened. Results in this section are depicted using data from both the half-life and maximum 

softening cycle. The maximum softening cycle was determined from the hardening-softening 

curve. It is defined as the cycle at the end of softening phase where the secondary hardening 

phase begins. It is marked by a circle in Fig. 37. Since the hardening-softening curve 

corresponding to the specimen cycled in OP mode with εa,eq = 1.00 % did not show a sign of 

cyclic softening, this test is not included in the maximum softening versions of the following 

graphs.  

Manson-Coffin curves are shown in Fig. 38. The situation here is very similar to fatigue life 

curves shown in Fig. 34. It means that the most damaging is cyclic loading in A mode while 

the least detrimental is T mode. IP and OP modes are between them but they are much closer 

to the A curve, especially in the case of low amplitudes. 
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Fig. 38 Manson-Coffin curves based on half-life (left) and maximum softening cycles (right). 

S-N curves are depicted in Fig. 39. Half-life curves of A and T modes exhibit a common trend. 

Meaning they have the same shape but T mode is shifted to longer fatigue lives. Datapoints of 

IP mode are almost identical to A mode in the case of low-stress amplitudes but A mode gets 

more detrimental with increasing stress amplitude. The material response to OP loading 

distinguishes significantly. The material is enduring to substantially higher stresses in the case 

of high εa,eq (or low Nf), however, the difference gets lower with decreasing εa,eq (increasing Nf) 

until OP, IP and A mode coincide. It is in agreement with the observation shown in Fig. 36: the 

material’s response to cyclic loading in OP mode is similar to the other modes at low loading 

amplitudes but differs substantially for higher loading levels.  

 

Fig. 39 S-N curves based on half-life (left) and maximum softening cycles (right). 

Cyclic stress-strain curves (CSSC) are shown in Fig. 40. They can be well approximated by a 

power law (i.e. linear curves in a double logarithmic plot). Their arrangement is analogous to 

S-N curves, which means that A and IP modes are close to each other while the T mode is 

shifted. OP mode is essentially identical to A and IP modes in the region of low εap,eq but it 

reaches considerably higher stress amplitudes when higher εap,eq is applied.  
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Fig. 40 Cyclic stress-strain curves based on half-life (left) and maximum softening cycles 

(right). 

It is noteworthy that A, T, and IP curves get closer when they are plotted using the data from 

the maximum softening cycle. This phenomenon can be explained by Tab. 8 containing 

information about when the maximum softening occurred. The corresponding cycle is denoted 

as Nmin and a relative value Nmin/Nf in percent is included in Tab. 8. There is a well-visible trend 

in A, IP, and OP modes. The maximum softening cycle appeared in an early stage of the fatigue 

life when high levels of εa,eq were applied. On the contrary, the maximum softening cycle was 

located near the end of the fatigue life when low εa,eq was applied. T mode, on the other hand, 

does not exhibit such a tendency. The sample cycled with εa,eq = 0.24 % reached the maximum 

softening after 10.4 % of Nf. The data for the half-life CSSC of T mode were therefore derived 

during the secondary hardening phase while the data for other modes were obtained during the 

softening phase. T mode CSSC acquired from half-life is thus shifted to higher stress 

amplitudes. On the contrary, the curve corresponding to maximum softening is located lower 

and it is getting closer to IP and A curves. 

Tab. 8 A relative location of the maximum softening cycle Nmin in relation to Nf. 

εa,eq [%] A T IP OP 

0.24 87.3 10.4 60.4 89.5 

0.28 67.3 11.7 57.3 78.2 

0.32 60.5 6.7 68.1 49.9 

0.35 49.3 13.8 68.8 80.7 

0.44 41.5 13.1 38.6 24.0 

0.57 28.1 8.5 21.8 4.4 

0.75 5.5 7.6 4.0 3.9 

1.00 6.9 2.0 2.3 - 

Tab. 9 presents the material parameters obtained from the Manson-Coffin (Eq. 3), S-N (Eq. 2), 

and cyclic stress-strain curves (Eq. 11). Parameters σf’, b, εf’, c, K’, and n’ were received from 

analysis of A tests while parameters τf’, γf’, bt, and ct correspond to T tests. The Young modulus 

E and shear modulus G were determined from the initial cycle of each axial and torsional test, 

respectively. The mean value of the measured data was used for presenting E and G in Tab. 9. 
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Tab. 9 Material parameters of 316L steel.  

E G σf
′ τf

′ b c εf
′ bt ct γf

′ K’ n’ 

GPa GPa MPa MPa - - - - - - MPa - 

197.5 75.5 846 471 -0.090 -0.509 0.343 -0.069 -0.442 0.584 1059 0.183 

5.1.4 Hysteresis loops 

Hysteresis loops corresponding to the maximum softening cycle from every loading mode are 

shown in Fig. 41. In the case of OP loading mode, only T loops are presented (it is not possible 

to show hysteresis loops depicted in equivalent strain and stress in OP mode). Loops are shifted 

so their left bottom apex is placed at the origin of the coordination system. Such a configuration 

enables us to see whether the material exhibits Masing behavior or not. If it does, the rising 

half-loops of different amplitudes lie on the same curve. Masing behavior can be typically 

observed in materials whose microstructure developed during cyclic loading is not dependent 

on the amplitude [119]. It is not the case with 316L steel because the martensitic transformation 

is getting more intense with increasing amplitude of loading (see section 5.2.1). To eliminate 

secondary hardening caused by α martensite, only loops corresponding to the maximum 

softening cycle were considered. Masing behavior was observed only in the case of low 

amplitudes in A mode (up to εa,eq = 0.44 %).  

 

 

Fig. 41 Hysteresis loops from maximum softening cycle shifted to common origin (a) A (b) T 

(c) IP (d) T loops from OP mode. 
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5.2 Microstructural analysis 

The first section of the following chapter is devoted to an EBSD analysis revealing the phase 

stability of 316L steel. The second section deals with dislocation structures developed due to 

cyclic loading.   

5.2.1 Diffraction of backscattered electrons 

EBSD maps from a cross-section perpendicular to the specimen axis were performed to analyze 

the phase stability of 316L steel. Unfortunately, the EBSD technique is not able to distinguish 

between δ ferrite and strain-induced α martensite. Both phases - δ ferrite, existing in the as-

received material, and α martensite, induced during cyclic straining, are therefore represented 

by the same red color in phase maps while the blue color represents the austenitic matrix. The 

as-received microstructure is shown in Fig. 42 in form of an inversed pole figure and a phase 

map. Well-visible hot rolling bands may be seen in Fig. 42(a) while thin δ ferrite bands formed 

along hot rolling bands are depicted in Fig. 42(b). The measured amount of δ ferrite in the as-

received microstructure was 1.45 %. The amount of α martensite was evaluated as the 

difference between the measured value and the content of δ ferrite in the as-received 

microstructure. 

 

Fig. 42 The as-received microstructure of 316L steel (a) an inversed pole figure (b) a phase 

map where the red color represents δ ferrite and the blue color represents austenite. 
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The EBSD analysis was performed on specimens cycled with εa,eq = 0.24; 0.57, and 1.00 %. 

Acquired phase maps from every loading mode are shown in Fig. 43 - Fig. 45. The measured 

amount of α martensite is listed in Tab. 10. The analysis of specimens cycled with 

εa,eq = 0.24 % revealed that there are no signs of α martensite in A, T, and OP mode and only 

0.7 % of α martensite was induced in IP mode. The orientation of phase maps in Fig. 43 - Fig. 

45 is random as well as the orientation of δ ferrite bands. 

Tab. 10 The percentage of α martensite measured by EBSD. 

εa,eq [%] A T IP OP 

0.24 0 0 0.7 0 

0.57 0.5 6.0 1.0 0 

1.00 0.8 12.0 12.1 18.4 

 

Fig. 43 Post-mortem EBSD phase maps of a cross-section perpendicular to the specimen axis. 

Specimens were cycled in A, T, IP, and OP mode with εa,eq = 0.24 % . The red color 

represents α martensite or δ ferrite and the blue color represents austenite. 
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A negligible amount of α martensite in A, IP and OP mode was detected also in samples cycled 

with εa,eq = 0.57 %. A significant change was observed in T mode where 6.0 % of α martensite 

was found. The distribution of α martensite was strongly inhomogeneous. The preferential sites 

of α martensite formation are close to the outer specimen surface. This is caused by an 

inhomogeneous strain field in torsion (the largest strain is located on the outer specimen surface 

and it decreases with decreasing distance from the specimen axis). 

 

Fig. 44 Post-mortem EBSD phase maps of a cross-section perpendicular to the specimen axis. 

Specimens were cycled in A, T, IP, and OP mode with εa,eq = 0.57 % . The red color 

represents α martensite or δ ferrite and the blue color represents austenite. 

The analysis of specimens cycled with εa,eq = 1.00 % discovered 0.8 % of  α martensite in A 

mode, 12.0 % in T mode, 12.1 % in IP mode, and 18.4 % in OP mode. The amount of developed 

α martensite is therefore conclusively the lowest in the specimen cycled in A mode and its 
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distribution is homogeneous. The even distribution of α martensite across the specimen cross-

section is due to a homogeneous strain field during uniaxial loading. A common feature of T, 

IP, and OP samples is the formation of α martensite along hot rolling bands presented in the 

as-received microstructure.  

 

Fig. 45 Post-mortem EBSD phase maps of a cross-section perpendicular to the specimen axis. 

Specimens were cycled in A, T, IP, and OP mode with εa,eq = 1.00 % . The red color 

represents α martensite or δ ferrite and the blue color represents austenite. 

The α martensite distribution in T and OP specimens is comparable – α martensite was 

induced predominantly near the outer surface. A comparison of values measured in A and T 

mode reveals that a higher amount of α martensite develops under T loading. It is, therefore, 

reasonable to expect the same behavior in the case of OP mode, meaning that most of α 

martensite was induced during the T dominated part of the loading cycle and its distribution is 

resembling the distribution observed in the case of T mode.  
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A different distribution of α martensite was observed in the case of IP loading. A and T loading 

increase and decrease simultaneously during the IP loading cycle. The contribution of A loading 

makes the strain distribution more homogeneous therefore the α martensite distribution is also 

more homogeneous when compared to OP and T loading. 

As mentioned earlier, the content of α martensite was measured also with the Feritscope on the 

outer surface of the specimens. The arithmetic means of measured volume fractions of magnetic 

phases reduced by the amount of δ ferrite are listed in Tab. 11.  

Tab. 11 The increase of percentual volume fraction of α martensite due to cyclic loading as 

measured by Feritscope. 

εa,eq [%] A T IP OP 

0.24 1.1 5.4 0 0 

0.57 2.0 24.9 5.1 7.5 

1.00 4.9 42.0 11.8 46.6 

5.2.2 Transmission electron microscopy 

A systematic study of 20 TEM foils from specimens loaded to fracture by various modes and 

strain amplitudes was performed to analyze the relationship between dislocation structures 

developed during cyclic loading and the mechanical response of the material. In the following, 

dislocation arrangements (or structures) formed during cycling are presented. Classification of 

individual structures follows papers dealing with dislocation structures in Cu [120] and 316 

steel [18]. The structures are shown starting from those formed at the lowest strain amplitudes 

to the highest strain amplitudes. To be more specific, when low εa,eq was applied, grains with 

low dislocation density, a planar slip arrangement, and a vein structure were observed. 

Dislocations were arranged into wall and labyrinth structures when εa,eq increased and finally, 

dislocation cells were found to be a significant feature of high εa,eq level. The maximum applied 

εa,eq led to a disorientation of dislocation cells. More details concerning geometry and 

comparison with other papers are given in the Discussion. The observed structures are not 

always very typical – the transition arrangements between two different structures are often 

found. Also, close to grain boundaries, the influence of neighboring grains often causes a 

change in the local dislocation arrangements.  

The microstructure of as received material is presented in Fig. 46. As mentioned earlier, the 

material was supplied in form of hot rolled plates. The dislocation density was measured at two 

sites and it’s average value was revealed to be 3.5 × 1013 m-2. Dislocation tangles may be seen 

in the left right corner of Fig. 46. Otherwise, there is no apparent arrangement of dislocations. 
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Fig. 46 Microstructure of as received material. 

Low dislocation density may be seen in Fig. 47 as well as in Fig. 48. These structures can be 

observed in grains where only very limited plasticity took part in cycling so the dislocation 

density did not increase significantly and there is no spatial arrangement of dislocations. 

 

Fig. 47 Low dislocation density observed in the sample cycled in A mode using εa,eq = 0.24 %. 

An example of planar arrangement is depicted in Fig. 48. It is a characteristic feature of 

materials where the cross-slip mechanism is difficult and only planar slip of dislocations occurs. 

It means that the dislocations slip only in one plane back and forth during cycling. The structure 

is formed by dislocation-rich planes, where a dislocation source has operated, separated by 

layers with low dislocation density. The trace of the slip plane is highlighted in Fig. 48. Planar 
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arrangement is typical for fcc metals exhibiting low stacking fault energy when subjected to 

cyclic loading with low strain amplitude. 

 

Fig. 48 M18 - Low dislocation density and planar slip observed in the sample cycled in A 

mode using εa,eq = 0.24 %. 

Vein structure: planar aspect of the slip is not observed which indicates that stress level and 

crystallographic orientation enable the operation of the cross-slip mechanism. Dislocation 

tangles exhibiting high dislocation density are visible in Fig. 49 and Fig. 50. Tangles are not 

mutually connected and they are not condensed as in the case of primary walls. An area between 

tangles is characteristic of low dislocation density – see Fig. 49. The vein structure develops 

when low loading amplitude is applied. Planar slip may be therefore seen in the neighboring 

grain in Fig. 50.  

 
Fig. 49 Vein structure observed in the sample cycled in IP mode using εa,eq = 0.32 %.. 
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Fig. 50 Vein structure and planar slip observed in the sample cycled in IP mode using 

εa,eq = 0.32 %.. 

Primary walls schematically shown in Fig. 52 are formed by edge dislocations from the primary 

slip system. Edge dislocations are arranged in Taylor´s network, i.e. they are placed close to the 

equilibrium positions according to mutual stress interactions – see Fig. 51. For creating such 

walls, cross-slip is necessary for filling the whole grain by dislocations.  

 

Fig. 51 Taylor's network forming dislocation walls [121]. 

Primary walls are considered to be relatively stable. Plastic deformation is therefore transmitted 

by the slip of screw and mixed dislocations in channels between the walls where dislocation 

density is low and the movement of dislocations is easier, contrary to dislocation-rich walls 

(Fig. 52). 
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Fig. 52 Primary walls observed in the sample cycled in OP mode using εa,eq = 0.44 %.. 

 
Fig. 53 Primary walls observed in the sample cycled in A mode using εa,eq = 1.00 %.. 

Labyrinth/secondary walls are depicted in Fig. 54 and Fig. 55. Walls are developed as a 

consequence of an interaction of dislocations from two different slip systems. This is the main 

difference compared to primary walls which are formed by dislocations from the primary slip 

system only. The wall direction is given by active slip systems as it halves the angle between 

long dislocation segments from both systems [122] – see Fig. 54 and Fig. 55. Because there are 

dislocations from two different slip systems in the channels, the slip of individual dislocations 

is not as easy as in the case of the primary wall structure. The consequence of the labyrinth 

structure is thus the cyclic hardening of the material.  
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Fig. 54 Labyrinth structure and deformation twins observed in the sample cycled in OP mode 

using εa,eq = 1.00 %. 

 
Fig. 55 Slip systems and labyrinth structure observed in the sample cycled in A mode using 

εa,eq = 1.00 %.. 

Equally oriented cells: at high loading levels, where more slip systems are active, dislocations 

produce spatially closed, approximately equiaxial cells. The cell walls concentrate most 

dislocations while low dislocation density is found inside the cells. Fig. 56 and Fig. 57 show 

well-developed cells as well as not fully closed cells. Deformation twins may be seen in Fig. 

56 while islands of α martensite are found in Fig. 57.  
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Fig. 56 Equally oriented dislocation cells and deformation twins observed in the sample 

cycled in IP mode using εa,eq = 1.00 %. 

 
Fig. 57 Equally oriented dislocation cells and strain-induced α martensite observed in the 

sample cycled in T mode using εa,eq = 0.57 %. 

Disoriented cells: high strain amplitude may cause mutual crystallographic disorientation of 

neighboring cells (typically 0.1° - 0.5°) and elongation of cells. Because diffraction contrast is 

very sensitive to crystallographic orientation, even such small disorientation results in different 

contrast of individual cells in Fig. 58 and Fig. 59. Walls of disoriented cells are usually very 

well condensed. The interior of cells is characterized by extremely low dislocation density; all 

dislocations are incorporated into cell walls. 
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Fig. 58 Disoriented cells observed in the sample cycled in IP mode using εa,eq = 1.00 %. 

 

Fig. 59 Disoriented cells observed in the sample cycled in IP mode using εa,eq = 0.44 %.. 

As already mentioned, seven distinct dislocation structures presented in Fig. 47 - Fig. 59 were 

identified. Their fraction is dependent on the loading mode and strain amplitude. Statistics of 

observed dislocation structures are listed in Tab. 12. Up to 200 grains were observed on every 

foil (depending on its quality and the area suitable for TEM observation).  
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Tab. 12 Fractions of different types of dislocation structures in individual specimens (in %). 

Mode 
εa,eq 
[%] 

Low 

dislocation 

density 

Planar 
structures 

Veins 
Primary 

walls 
Labyrinth 

Equally 

oriented 

cells 

Disoriented 
cells 

A 

1.00 0 0 0 30.6 16.0 53.5 10.4 

0.57 0 0 5.5 69.2 2.2 23.1 1.1 

0.44 0 0 18.0 67.2 0 14.8 4.9 

0.32 0.6 0.6 29.1 54.5 0 15.2 0 

0.24 0.6 9.0 60.6 23.2 0 6.5 0.6 

T 

1.00 0 0 0 2.7 8.9 69.2 19.2 

0.57 0 0 4.6 78.9 0 11.9 4.6 

0.44 0 0 20.5 57.5 0 20.5 1.4 

0.32 0 0 33.5 64.1 0 2.4 0 

0.24 16.7 4.2 69.8 9.4 0 0 0 

IP 

1.00 0 0 0 35.5 13.5 40.6 10.3 

0.57 0 0 0 70.3 4.1 18.9 6.8 

0.44 0 0 4.7 67.3 0 22.4 5.6 

0.32 0 1.5 52.2 39.7 0 6.6 0 

0.24 11.0 0 81.7 7.3 0 0 0 

OP 

1.00 0 0 0 0 2.0 29.4 68.6 

0.57 0 0 0 16.7 59.3 21.3 2.8 

0.44 0 0 18.9 14.4 62.2 4.5 0 

0.32 0 0 25.3 10.9 63.8 0 0 

0.24 0 2.7 75.5 21.8 0 0 0 

An influence of applied loading on the arrangement of dislocations is schematized in Fig. 60. 

It may be seen that the same dislocation arrangements were found in all loading modes when 

εa,eq = 0.24 % was applied (particular structures were observed similarly often). A substantial 

change was noted when TEM foils prepared from samples cycled with εa,eq = 0.32 % were 

analyzed. The labyrinth structure was found to be the most frequent in the case of OP mode 

while being extremely rare in other loading modes. The same trend is valid also for the 

amplitudes 0.44 % and 0.57 %. Cyclic loading with εa,eq = 1.00 % caused that equally oriented 

cells prevailed in the microstructure of A, T, and IP-loaded specimens while disoriented cells 

were the most common in OP mode. 
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Fig. 60 Comparison of dislocation structures developed under various loading modes with a 

given level of εa,eq. 
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5.3 Crack growth rate tests 

For a deeper examination of different crack growth kinetics in various loading modes, a series 

of CGR tests were performed. It is noteworthy that the initiation period was influenced by the 

presence of an artificial crack starter. Consequently, it does not coincide with the initiation 

period of fatigue cracks observed on smooth specimens. It is however supposed, that CGR 

measured far from the notch is not affected. Performed CGR tests are listed in Tab. 13. The 

column denoted as N1000 represents the number of cycles when the crack length surpassed 1000 

μm. The crack length a is defined in Fig. 30. 

Tab. 13 List of performed crack growth rate tests. 

mode A/T εa.eq [%] εa [%] γa [%] εap.eq [%] 
σa.eq 

[MPa] 
σa 

[MPa] 
τa 

[MPa] 
N1000 [-] 

A 

100/0 0.330 0.330 0 0.147 345 345 0 1380 

100/0 0.441 0.441 0 0.270 355 355 0 560 

100/0 0.550 0.550 0 0.351 361 361 0 520 

100/0 0.750 0.750 0 0.520 403 403 0 285 

T 

0/100 0.279 0 0.483 0.117 337 0 195 16000 

0/100 0.329 0 0.569 0.161 339 0 196 9000 

0/100 0.367 0 0.636 0.193 354 0 204 8500 

0/100 0.409 0 0.708 0.227 362 0 209 5200 

0/100 0.440 0 0.762 0.256 368 0 213 5800 

0/100 0.546 0 0.945 0.345 383 0 221 2520 

0/100 0.680 0 1.177 0.463 418 0 242 1720 

0/100 0.999 0 1.730 0.750 474 0 273 600 

IP 

50/50 0.238 0.164 0.299 0.077 3245 218 139 4900 

50/50 0.278 0.193 0.347 0.109 346 229 143 2600 

50/50 0.353 0.250 0.430 0.171 351 255 139 1400 

27/73 0.439 0.154 0.713 0.263 349 132 186 1100 

46/54 0.433 0.283 0.566 0.243 371 247 160 1000 

50/50 0.434 0.312 0.523 0.244 356 259 141 2100 

65/35 0.440 0.388 0.359 0.246 368 326 97 700 

80/20 0.439 0.427 0.178 0.243 350 342 45 730 

50/50 0.559 0.399 0.678 0.354 388 275 158 650 

50/50 0.698 0.495 0.851 0.485 413 304 161 360 

50/50 0.996 0.707 1.214 0.744 445 319 179 230 

OP 

50/50 0.238 0.169 0.290 0.085 313 300 185 8900 

50/50 0.279 0.198 0.342 0.116 343 336 209 4200 

50/50 0.350 0.247 0.428 0.163 379 370 232 1800 

27/73 0.437 0.152 0.710 0.286 338 260 224 2650 

46/54 0.440 0.285 0.579 0.232 427 408 265 1100 

50/50 0.440 0.311 0.538 0.230 431 417 264 1550 

65/35 0.441 0.388 0.361 0.237 399 397 214 880 

80/20 0.440 0.428 0.182 0.254 370 370 118 900 
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50/50 0.571 0.404 0.697 0.336 488 466 294 480 

50/50 0.751 0.531 0.921 0.488 537 515 325 250 

50/50 0.986 0.709 1.176 0.690 599 576 365 190 

5.3.1 Analysis by Polák and Zezulka [107] 

Tests with the same A/T ratio 

Fig. 61 (a), Fig. 62 (a), and Fig. 63 (a) show plots of crack length vs. number of cycles for four 

specimens cycled in distinct modes but with the same equivalent strain amplitude. Fatigue crack 

initiates much later in T mode. An incubation period in the other three modes is very similar, 

especially in the case of 0.33 % and 0.55 % strain amplitude. The dependence of the crack 

length a on the number of cycles N was fitted by Eq. 39, where ai is the extrapolated crack 

length to zero cycle and kg is the crack growth coefficient. 

 𝑎 = 𝑎𝑖 ∙ 𝑒𝑘𝑔∙𝑁  (39) 

Eq. 40 shows a relation between 
𝑑𝑎

𝑑𝑁
 and crack length a. The relation was derived from Eq. 39. 

 
𝑑𝑎

𝑑𝑁
= 𝑘𝑔 ∙ 𝑎𝑖 ∙ 𝑒𝑘𝑔∙𝑁 = 𝑘𝑔 ∙ 𝑎  (40) 

Fig. 61 (b), Fig. 62 (b) and Fig. 63 (b) depict measured values of CGR as a function of crack 

length. There is also a line representing values of CGR calculated using Eq. 39. The highest 

fatigue crack growth rate is in A mode and the lowest in T mode. Values of parameter kg 

corresponding to T mode are approximately ten times lower compared to A mode (see Tab. 14). 

CGRs measured on specimens cycled in multiaxial modes are between them although they are 

much closer to A mode.  

Tab. 14 Crack growth coefficient kg from the tests with the same equivalent strain amplitude. 

εa,eq [%] kg in A kg in T kg in IP kg in OP 

0.33 2.64 × 10-3 1.81 × 10-4 1.63 × 10-3 1.15 × 10-3 

0.44 4.09 × 10-3 3.38 × 10-4 2.39 × 10-3 2.14 × 10-3 

0.55 6.66 × 10-3 7.54 × 10-4 3.75 × 10-3 6.18 × 10-3 

 

Fig. 61 Crack growth in cycling with εa,eq=0.33 % (a) a as a function of N; (b) da/dN as a 

function of a. 
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Fig. 62 Crack growth in cycling with εa,eq=0.44 % (a) a as a function of N; (b) da/dN as a 

function of a. 

 

Fig. 63 Crack growth in cycling with εa,eq=0.55 % (a) a as a function of N; (b) da/dN as a 

function of a. 

Parameter kg was plotted as a function of εap,eq in Fig. 64. Based on the presented results, it may 

be concluded that regardless of loading amplitude, CGR reaches the lowest value in T mode. 

On the contrary, the highest CGR value was always measured in A mode. Curves of both 

multiaxial modes, therefore, lie between A and T curves. The value of kg corresponding to OP 

mode is strongly decreasing with decreasing plastic strain amplitude. On the other hand, the 

slope of the IP curve is much less steep which leads to the crossing of the IP and OP curve. 

Based on this feature, it is possible to say that OP mode is more damaging in the case of low 

amplitudes, and IP mode results in higher CGR when the high amplitude is used. 
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Fig. 64 Dependence of parameter kg on the amplitude of equivalent plastic strain. 

The data from CGR tests were further analyzed to reveal the portion of FL spent by crack 

growth from given length until the end of FL. The starting crack length was determined to 600 

μm. This crack length was chosen because the diameter of the artificial crack starter was often 

larger than originally intended 300 μm and it’s vicinity was affected by the process of spark 

erosion. The crack length 600 μm was therefore one of the shortest lengths that could be 

measured during most of the CGR tests. The subsequent analysis was performed in the 

following manner: i) the number of cycles corresponding to the moment when the crack length 

surpassed 600 μm denoted as N600 was determined, a linear approximation between two 

measurements was applied; ii) the corresponding criterion, described in the Chapter 4.3, 

determining the number of cycles to failure was utilized for the data from CGR tests, the 

established value was denoted as Nf CGR; iii) the number of cycles needed for the crack 

propagation from 600 μm until the end of FL was estimated as Nf CGR - N600; iv) the obtained 

value was further divided by Nf measured from FL tests performed using smooth specimens. 

The sought percentual part of FL spent by the propagation of the crack from 600 μm until the 

end of FL marked as tpropagation was therefore determined according to the following equation: 

 𝑡𝑝𝑟𝑜𝑝𝑎𝑔𝑎𝑡𝑖𝑜𝑛 =
𝑁𝑓 𝐶𝐺𝑅−𝑁600

𝑁𝑓
× 100  (41) 

Calculated values of tpropagation are depicted in Fig. 65 as a function of strain amplitude for every 

loading mode. An increasing tendency of tpropagation may be observed in A, IP and T mode. From 

the three mentioned loading modes, the IP mode’s tendency was found to be the weakest. The 

strongest tendency towards increasing of tpropagation with εa,eq was noticed in T mode. OP mode, 

on the other hand, does not exhibit any dependence of tpropagation on εa,eq as it’s value remains 

constant. The largest part of FL spent by the crack propagation was observed in T mode. The 

lowest values of tpropagation were measured in A mode. IP and OP  modes exhibited similar 

tpropagation for εa,eq = 1.00 % but lower tpropagation may be seen in IP mode in the case of lower εa,eq.  
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Fig. 65 tpropagation as a function of equivalent strain amplitude.  

Tests with various A/T ratio 

Results from multiaxial modes presented to this moment were obtained from tests with ratio 

ε /
γ

√3
 = 1 (such test is further marked as 50A-50T). To study the influence of changing the ratio 

between A and T amplitude, another two sets of multiaxial CGR tests were performed (one set 

in IP mode and one set in OP mode). Equivalent strain amplitude was always 0.44 % and the 

A/T ratio varied from 100A-0T to 0A-100T. The dependence of crack length on the number of 

cycles for IP and OP mode is depicted in Fig. 66 (a) and Fig. 67 (a), respectively. An incubation 

period is getting longer with prevailing torsional amplitude.  

 

Fig. 66 Crack growth in cycling with εa,eq=0.44 %; IP mode with various A/T ratios (a) a as a 

function of N; (b) da/dN as a function of a. 
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Fig. 67 Crack growth in cycling with εa,eq=0.44 %; OP mode with various A/T ratios (a) a as 

a function of N; (b) da/dN as a function of a. 

Measured data were fitted using Eq. 39. Parameter kg is shown in Tab. 15. Based on the 

knowledge from previous tests, it is reasonable to assume that the value of kg should grow with 

increasing A amplitude. However, there are two deviations from this trend which can be 

observed from Tab. 15 as well as from Fig. 66 and Fig. 67. In particular, kg corresponding to IP 

test 80A-20T is slightly higher than kg corresponding to 100A-0T test and kg obtained from OP 

test 65A-35T is higher compared to 80A-20T. The easiest explanation is an experimental scatter 

typical for fatigue tests due to metallurgical dispersion.  

Tab. 15 Crack growth coefficient kg from multiaxial tests with the same equivalent strain 

amplitude and variable A/T ratio. 

A/T ratio kg in IP kg in OP 

100A / 0T 4.09 × 10-3 4.09 × 10-3 

80A / 20T 4.14 × 10-3 2.77 × 10-3 

65A / 35T 3.63 × 10-3 3.15 × 10-3 

50A / 50T 2.39 × 10-3 2.14 × 10-3 

46A / 54T 1.96 × 10-3 1.62 × 10-3 

27A / 73T 1.05 × 10-3 1.06 × 10-3 

0A / 100T 3.38 × 10-4 3.38 × 10-4 

Values of kg listed in Tab. 15 are graphically compared in Fig. 68. Increasing torsional loading 

(decreasing A/T ratio) causes slower crack growth described by kg. The curve representing IP 

mode is above the OP curve when T loading is low although they are getting closer with 

increasing T loading. The green cross represents A mode (0 % of T loading) while the black 

cross corresponds to T mode (100 % T loading). 
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Fig. 68 Dependence of the parameter kg on the A/T ratio. The green and black cross represent 

100 % A and 100 % T mode, respectively. 

Similarly to tests with the same A/T ratio, tpropagation was calculated according to Eq. 41 also for 

the tests with various A/T ratio. The obtained results are graphically presented in Fig. 69. It is 

obvious that an increasing tendency of tpropagation was observed in both modes. Higher values of 

tpropagation were noticed in OP mode.   

 

Fig. 69 tpropagation as a function of the A/T ratio. The green and black cross represent 

100 % A and 100 % T mode, respectively. 

5.3.2 Analysis using J-integral 

As described earlier in the Chapter 4.7, total and elastic J-integral was calculated for certain 

crack lengths using the finite element method. An example of the dependence of Jtotal and Jel on 

the crack length a may be seen in Fig. 70, the data presented in this figure were obtained from 

a specimen loaded in T mode with εa,eq = 0.44 %. Datapoints corresponding to calculated values 

were approximated afterward. The rising trend of Jtotal and Jel is in line with expectations.  
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Fig. 70 Dependence of total and elastic J-integral on crack length calculated for T mode and 

εa,eq=0.44 % [118]. 

The following derivation of the plastic part of J-integral was fairly straightforward – see Eq. 35. 

The dependencies of Jp on a in the case of εa,eq = 0.44 % applied in A and T mode are compared 

in Fig. 71. It is obvious that crack driving forces are significantly larger in the case of A mode. 

To be more specific, Jp in A mode was found to be approximately four times larger compared 

to Jp in T loading mode. 

 

Fig. 71 Comparison of plastic J-integral of A and T mode for the same εa,eq [118]. 

Fig. 72 shows the crack growth rate da/dN as a function of the amplitude of plastic J-integral 

Jp,a in the case of A loading mode. All examined loading levels are depicted here. Datapoints 

from each amplitude were fitted separately. Since the scatter of data points is not large and 

obtained fitting curves lie close to each other, all data could be reasonably well approximated 

with a unique curve. The same procedure was performed also for T and IP mode – see [118]. 
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Fig. 72 Crack growth rate da/dN as a function of Jp,a in A mode [118]. 

Fitting curves representing individual loading modes are shown in Fig. 73. It may be seen that 

using the master curve as a close approximation for all of them is appropriate because of their 

similar tilt and mutual position. 

 

Fig. 73 Fitting lines of A, T, and IP mode and the master curve [118]. 

5.4 Fatigue life predictions 

Cyclic hardening-softening curves presented in the section 5.1.2 demonstrated that σa,eq might 

vary significantly throughout the fatigue life. Because the mechanical response of our 

experimental material usually does not exhibit a fatigue life phase where σa,eq is stable, other 

representative cycles had to be selected as an input for the critical plane analysis: i) the half-life 

cycle and ii) the maximum softening cycle (see Fig. 37). Fatigue life predictions were 

performed using both approaches and their AER was compared afterward. Tab. 17 and Fig. 75 

contain just the more accurate results (exhibiting lower AER). When more precise predictions 

were produced using the half-life cycle, the model is marked accordingly in Tab. 17. As 

mentioned earlier, no softening was detected when the mechanical response of OP test with 

εa,eq = 1.00 % was analyzed (σa,eq was rising from the first loading cycle until the moment when 

the principal crack started to propagate). Therefore, fatigue life of this test could not be 

predicted based on the analysis of the maximum softening cycle.  
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Predictions obtained using the BMC model are utilized as a benchmark for the remaining 

criteria. Fig. 74 contains a comparison of Nf predicted by the BMC model and Nf measured in 

experiments. The perfect Nf prediction would lie on the full line inclined by 45°. Dashed lines 

represent the factor-two-band. It may be seen that the BMC model produces fairly satisfactory 

results for A, IP, and OP loading since most predictions fell inside the factor-two-band. The 

model however fails when fatigue lives under T mode are predicted. It is comprehensible since 

the coefficients contained in the equation’s right side were calibrated on results from A tests.   

 

Fig. 74 Nf predicted by Basquin-Manson-Coffin equation (Eq. 4) vs. Nf observed. 

As stated earlier, an additional material parameter may be found in some criteria applied in the 

present study. Their values listed in Tab. 16 were determined by fitting experimental data to 

minimalize AER. 

Tab. 16 Additional material parameters determined by fitting experimental data. 

Model Additional material parameter 

FS (Eq. 6) 0.82 

Li (Eq. 12) 2.15 

MGSE Zhu (Eq. 17) 2.33 

MSWT (Eq. 18) 0.49 

WB (Eq. 5) 1.65 

Zhu (Eq. 23) 0.00 

To evaluate the accuracy of a particular critical plane model, two metrics were defined – AER 

described in the section 4.6, and the percentage of data points that fell within the factor-two-

band. Both of them are listed in Tab. 17 which sorts the criteria in increasing order of AER. 

Tab. 17 Accuracy of critical plane models (all loading modes included). 

Model AER [%] 
Percentage of data points in 

factor-two-band [%] 

FS (Eq. 6) 40.1 97.8 

MSWT (Eq. 18) 51.2 82.2 

GSE (Eq. 14) 103 60.0 
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Zhu* (Eq. 23) 111 71.7 

WB (Eq. 5) 114 73.3 

MKBM (Eq. 9) 125 57.8 

BMC* (Eq. 2) 140 68.9 

MGSE Zhu (Eq. 17) 150 42.2 

MGSE Yu (Eq. 16) 150 55.6 

Li (Eq. 12) 157 40.0 

Chen II (Eq. 20) 191 51.1 

Liu II (Eq. 22) 203 46.7 

SWT* (Eq. 8) 251 67.4 

Chen I* (Eq. 19) 310 50.0 

Liu I* (Eq. 21) 312 50.0 

GSA* (Eq. 15) 375 8.70 

* model providing more accurate prediction when 0.5 Nf cycle was used 

Predicted and observed Nf of the ten most accurate models according to Tab. 17 are graphically 

compared in Fig. 75 (except the BMC model that was already presented in Fig. 74).  
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Fig. 75 Comparison of Nf observed in fatigue life experiments and Nf predicted by critical 

plane models. 

5.5 Predictions of fatigue crack orientation 

The following section is aimed at predictions of fatigue crack deflection based on the critical 

plane approach and to a comparison of obtained results with experimental data. The angle α 

defining the deflection is defined in Fig. 30. The first step in this process involves locating the 

critical plane, whose definition depends on the specific model being used. It is generally agreed 

upon in the literature that the principal fatigue crack grows in the plane that is closest to the 
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critical plane [58, 123]. Once the critical plane has been located, the next step is to determine 

an interval where the governing parameter reaches a value higher than 0.9 of its maximum [58, 

123]. It is possible to locate multiple critical planes during the analysis, but no more than two 

planes were located in the present research. The comparison of predicted and measured crack 

orientations characterized by the angle α is depicted in Fig. 79. The prediction was performed 

for every model and equivalent strain amplitude.  

Only one crack orientation was detected in A, IP, and OP loading modes. Cyclic loading in A 

mode led to the formation of a fatigue crack whose orientation was perpendicular to the 

specimen axis. A micrograph of the crack growing in A mode may be seen in Fig. 76.  

 

Fig. 76 The orientation of fatigue crack growing in A mode. 
It is noteworthy that the direction of rotation during the initial half cycle determines the crack's 

direction in IP and OP modes. The crack was deflected by 30 degrees due to the application of 

an anti-clockwise rotation (see Fig. 77). However, if a clockwise rotation had been applied, the 

crack would have been oriented as a mirror image to the crack in Fig. 77. Fig. 79 displays both 

options, with full circles indicating the anti-clockwise rotation and empty circles demonstrating 

the clockwise rotation. 

 

Fig. 77 The orientation of fatigue crack growing in IP mode. 

Two perpendicular cracks forming an X shape were detected in T-tests. Both of them are 

identified in Fig. 79. The angle of deflection was close to 45 and 135 degrees, respectively. An 

example of fatigue cracks propagating under T loading is shown in Fig. 78. 
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Fig. 78 The orientation of fatigue crack growing in T mode. 

The models shown in Fig. 79 are arranged in increasing order of precision. Models that employ 

the same critical plane definition naturally produce identical predictions of the fatigue crack 

deflection.  

 



5 Results 

76 

 

 



  5 Results 

77 

 

 

Fig. 79 Comparison of predicted and observed crack orientations [117]. 
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6 Discussion 

6.1 Fatigue life curves 

The endurance of 316L steel against fatigue failure is demonstrated by fatigue life curves Nf = f 

(a,eq) shown in Fig. 34. The longest fatigue lives were measured in T mode. On the other hand, 

cyclic loading in A mode was determined to be the most susceptible to fatigue damage. The 

ratio between Nf observed in T mode and Nf corresponding to the same εa,eq in A mode was 

around three. According to a study from Facheris et al. [61], the T mode fatigue lives of 316L 

steel are twice as long as those in A mode, which is consistent with the results obtained by 

Bemfica et al. [58], who performed fatigue life tests using 304L steel. Their explanation was 

the following: the presence of a rough fracture surface caused increased frictional forces 

throughout the shear loading, which resulted in reduced stress and strain fields near the crack 

tip. This ultimately led to a slower rate of fatigue crack propagation and, consequently, to a 

longer fatigue life [61]. The same authors also found that the fatigue endurance was nearly 

identical in both A and IP modes. As may be seen in Fig. 34, the same trend was observed in 

our study since Nf obtained from testing in A and IP mode were comparable, particularly in the 

case of low loading levels.  

Upon analyzing the fatigue life tests included in Tab. 6, a significant amount of non-

proportional hardening in OP mode was noticed. It is however limited to loading levels higher 

than 0.44 %, as can be seen from Fig. 36 where the hardening/softening curve of OP mode is 

noticeably shifted towards higher stress levels. Fig. 34 suggests that endurance against fatigue 

fracture measured in OP and IP mode is almost identical. The observed non-proportional 

hardening is therefore not a reason for a fatigue life reduction. Results of several researchers 

[56, 69, 78, 124–126] were however found to be in contradiction with this statement since their 

conclusions indicate that non-proportional hardening causes lower fatigue endurance. Facheris 

et al. [61] cycled their samples in IP and OP mode with the same εa,eq and revealed that Nf 

corresponding to OP mode was approximately 10 times lower compared to IP mode. This 

discrepancy could be partially attributed to a circular loading path of their OP mode. To be 

more specific, the OP mode used in this work depicted in γ-ε coordinates has a rhombus shape 

– see Fig. 31 and the non-proportionality factor calculated with Eq. 1 is lower than the factor 

of the circular loading path, respective values are 1.00 and 0.77. Results presented in mentioned 

papers suggest that loading paths exhibiting higher non-proportionality factor are causing larger 

non-proportional hardening which results in more pronounced reduction of fatigue life. 

Bemfica et al. [58] employed the circular loading path as well and an enormous difference in 

Nf was remarked when OP mode was compared with IP mode on the loading level 

εa,eq = 0.30 %. The specimen cycled in OP mode was able to withstand 1 200 loading cycles 

while the IP loaded sample failed after 35 000 cycles. The difference was substantially lower 

when εa,eq = 0.20 % was applied – 62 000 and 148 700 loading cycles were noted until the 

failure occurred in OP and IP modes, respectively. Dey et al. [33] utilized IP and OP rhombus 

loading paths in their study. Experiments were performed using specimens from 304LN steel. 

Their results also exhibited a tendency towards reduction of Nf in OP mode. It was however 

much weaker than those presented by Facheris et al. [61]. Fatigue lives in OP mode measured 

by Dey et al. [33] were approximately half of Nf corresponding to IP loading. 

Mazánová et al. [127] conducted research aimed at the initiation of fatigue cracks under 

multiaxial loading and discovered that the mechanism of fatigue crack initiation is the same for 

both IP and OP modes. However, the mechanism of fatigue crack propagation under cyclic 

multiaxial loading is still not well understood. 
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6.2 Hardening/softening curves 

The results summarized in Tab. 7 show that the shapes of cyclic hardening/softening curves are 

dependent on the loading mode and the amplitude of loading. Applying low strain amplitudes 

caused weaker initial hardening, pronounced softening phase, and negligible secondary 

hardening. The opposite trend was observed in the case of high strain amplitudes – substantial 

initial and secondary hardening were noted while softening phase was less intense. The 

response under A and IP loading mode was found to be comparable – the only observable 

difference was a stronger tendency towards secondary hardening in IP mode. A characteristic 

feature of T mode was intense secondary hardening even in the case of moderate strain 

amplitudes. On the other hand, stronger and prolonged initial hardening was noted in OP mode. 

Since our material was hot rolled, a moderate dislocation density may be expected in the 

as-received microstructure. This presumption was confirmed by TEM observations presented 

in the Chapter 5.2.2. The growth of the dislocation density at the beginning of fatigue tests led 

to so-called initial hardening. After the dislocation density was increased, dislocations 

subsequently tended to rearrange into structures enabling their easier movement leading to a 

decrease in applied stress. The softening observed during the cycling of 316L steel is usually 

explained by a formation of persistent slip bands (PSBs) [15, 18, 32] enabling an easier slip of 

dislocations leading to lower stress needed for reaching of given strain level. In the studied 

material, persistent slip marking are formed on the surface during cycling. The internal 

dislocation structure corresponding to the surface markings is discussed in section 6.5. The last 

phase of fatigue life, preceding the propagation of the principal crack, is called secondary 

hardening. The presented results suggest that its cause may be found in the formation of 

strain-induced α martensite. This phenomenon is thoroughly discussed in section 6.4. 

Mazánová et al. [127] observed the same three stages of the stress amplitude evolution during 

multiaxial cyclic loading of 316L steel as well as Li et al. and Bemfica et al. [49, 58] who 

examined 304L steel. There are also papers whose authors reported missing or weak secondary 

hardening phase. Facheris et al. [61] did not record any sign of secondary hardening when 

studying the mechanical response of 316L steel cycled in A, T, IP, and OP mode with 

εa,eq = 0.65 %. The occurrence of secondary hardening was observed in the case of A and T 

loaded specimens with εa,eq = 1.00 % (IP and OP loading with εa,eq = 1.00 % was not applied in 

their study). Jin et al. [128] also examined the cyclic stress behavior of 316L steel and found 

that secondary hardening occurs only in OP and T mode using εa,eq = 1.00 %. Evolution of stress 

amplitude corresponding to specimens cycled with εa,eq = 0.70 % did not exhibit a secondary 

hardening phase. Dey et al. [33] chose 304LN steel in their study and applied IP, OP, and A 

loading mode using four equivalent strain amplitudes (0.5; 0.7; 0.8 and 1.0 %). The tendency 

towards secondary hardening was noticed only in the case of OP loading using εa,eq = 1.00 %. 

The reason for different mechanical response using the same type of material is caused by a 

relatively wide range of nickel content allowed for austenitic steels. Nickel is probably the most 

commonly used element stabilizing austenite and it’s lower content leads to a weaker resistance 

of austenite towards phase transformation to strain induced α martensite [129]. Above 

mentioned papers from Facheris et al. [61] and Jin et al. [128] were dealing with 316L steel 

whose nickel content was 12.5 wt.% and 12.0 wt.%, respectively. On the contrary, 316L steel 

used in the present study and in the study of Mazánová et al. [127] contained only 10.0 wt.% 

of nickel. Another alloying element increasing the phase stability of austenite is nitrogen [129]. 

An increased amount of nitrogen is a characteristic feature of 304LN steel used by Dey et al. 

[33] (contrary to 304L steel used by Li et al. [49] and Bemfica et al. [58]). The presence of α 

martensite in the microstructure subdued to cyclic loading was confirmed by all authors 

reporting a strong tendency towards secondary hardening [49, 58, 127].  
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6.3 Hysteresis loops, CSSC, and S-N curves 

To eliminate the effect of strain induced martensitic transformation, the Masing behavior was 

investigated using hysteresis loops from the maximum softening cycle (it is believed that the 

amount of α martensite is negligible before the start of the secondary hardening phase [58]). 

Another assumption for an occurrence of the Masing behavior, besides the consistent phase 

composition, is the development of the same dislocation structures regardless of the loading 

level [130]. TEM analysis described further in the Discussion revealed that the arrangement of 

dislocation is strongly dependent on the applied strain amplitude. The absence of the Massing 

behavior observed in the present study is therefore comprehensible. On the contrary, results 

shown in the study from Bemfica et al. [58] who investigated the mechanical response of 304L 

steel in various loading modes revealed the presence of the Masing behavior in A and T mode 

(up to εa,eq = 0.35 %) but also in IP mode (up to εa,eq = 0.50 %). Roy et al. [131] and Goyal et al. 

[132] performed an analysis of hysteresis loops obtained by cyclic straining of 316LN steel in 

A mode and observed the Masing behavior in the case of low amplitudes (up to εa,eq = 0.50 %). 

The likely cause is a lower tendency towards cross-slip of 316LN steel confirmed by numerous 

authors [3, 4, 22–24]. 

As mentioned earlier, there is a significant change in the trend of hardening/softening curves 

presented in Fig. 36 when εa,eq reaches 0.44 % (the curve of OP mode gets clearly above the 

remaining curves). This behavior is the reason for the substantially different slope of the S-N 

and CSSC curve corresponding to OP mode when compared with other loading paths as shown 

in Fig. 39 and Fig. 40, respectively. The same tendency in CSSCs was observed by Mazánová 

et al. [59]. This phenomenon is caused by the distinct dislocation structure developed under 

conditions of non-proportional loading and εa,eq higher than 0.44 %. Arrangements of 

dislocations observed in particular loading modes and amplitudes are thoroughly discussed in 

section 6.5.  

6.4 Formation and distribution of α martensite 

The occurrence of strain-induced phase transformation of metastable austenite to α martensite 

was confirmed by all utilized techniques, i.e. TEM, EBSD and the Feritscope. The extent of 

this transformation depends on the applied strain amplitude and loading mode. The measured 

values listed in Tab. 10 and Tab. 11 indicate that the transformation is easier when a high 

loading amplitude is applied. The lowest amount of α martensite was induced in A mode. The 

conclusions regarding other modes are rather problematic. Both methods detected the highest 

α martensite content in T mode when samples cycled with εa,eq = 0.57 % were examined. The 

results regarding εa,eq = 0.24 and 1.00 % are however fairly equivocal, e.g. EBSD detected only 

negligible content of α martensite in all loading modes when εa,eq = 0.24 % was applied. The 

Feritscope, on the other hand, measured over 5 vol.% in T mode. The situation is even more 

inconsistent in the case of εa,eq = 1.00 % because 12.0 and 18.4 vol.% was measured in T and 

OP mode by EBSD while 42.0 and 46.6 vol.% was detected by the Feritscope. The Feritscope 

measurements exhibit substantially higher values of α martensite volume fraction. This 

discrepancy is probably caused by a combination of the following two factors.  

1) The EBSD technique is not able to detect α martensite islands whose size is smaller than the 

step size. The aim of the presented EBSD analysis was to analyze the distribution of 

α martensite across the sample wall. The size of the analyzed area was therefore considerably 

large, equal to 1 mm2 (2 x 0.5 mm). The step size naturally influences the time needed for the 

analysis. Therefore, a reasonable step size had to be chosen to complete the analysis in an 

acceptable time. It’s value was set to 0.3 μm (the analysis than required approximately 6 hours 
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to be completed). The TEM observations however revealed a presence of α martensite islands 

whose dimension is under this limit, they may be seen in Fig. 80.  

 

Fig. 80 α martensite islands observed in the specimen cycled in T mode using εa,eq = 0.24 %. 

The insufficient susceptibility of EBSD for our case may be demonstrated on the data from OP 

fatigue life test with εa,eq = 0.57 %. The analysis of corresponding hardening/softening curve 

revealed the occurrence of secondary hardening whose intensity was quantified to 5.6 % (see 

Tab. 7). Although the amount of α martensite measured by EBSD was equal to 0.0 vol.%. On 

the contrary, the Feritscope measurements revealed 7.5 vol.% of α martensite. As mentioned 

earlier, the correlation between strain-induced martensitic transformation and the appearance 

of secondary hardening was confirmed by several researchers [49, 58, 127]. 

2) According to the literature, the volume analyzed by the Feritscope is approximately 10 mm3 

[133, 134] which corresponds to a cube with 2.15 mm edge or a sphere whose diameter equals 

2.67 mm. The thickness of the gauge length wall of our specimens was equal to 2 mm – see 

Fig. 29. It is therefore reasonable to assume that the whole thickness was included in the 

Feritscope analysis. Obtained results however seem to be fairly overestimated in some cases. 

For instance; the amount of α martensite measured in OP mode in the case of εa,eq = 1.00 % 

was 46.6 vol.% and the corresponding value of SHI was 20.0 %. A comparably intense SHI 

(17.3 %) was noted also in the case of IP mode when the same εa,eq was applied (see Tab. 7) 

even though only 11.8 vol.% of α martensite was induced according to the Feritscope. The 

reason may be found in significantly more heterogeneous distribution of α martensite under 

OP loading when compared to IP mode (see Fig. 45). To be more specific; measurements were 

presumably affected by the fact that most of the α martensite phase was induced near the 

specimen surface where the Feritscope measurements were performed. This aspect should be 

taken into account when samples subjected to loading involving torsion are analyzed with the 

Feritscope.  

A relation between strain amplitude and the content of induced α martensite was confirmed by 

several authors in the case of axial loading [35, 44, 45, 135]. All of them concluded that higher 
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strain amplitude leads to a higher content of α martensite in the microstructure. On the contrary, 

papers discussing the effect of loading path on the content of α martensite are rare. 

Li et al. [49] performed in situ measurements using Feritscope to measure a volume percentage 

of α martensite during cyclic loading. Eight loading paths with εa,eq = 0.50 % were applied and 

the following conclusion was made: the amount of α martensite measured at a given cumulative 

plastic strain level increases with the non-proportionality of the loading path (calculated by 

Itoh et al. [136]). The highest content of α martensite measured post-mortem was observed in 

T and OP mode with the cross path (up to 40 vol.%). This finding coincides with our 

observations since the highest volume of α martensite was measured in T and OP mode. On 

the other hand, the authors also reported that the amount of α martensite measured in A, IP and 

rhombus OP mode was between 10 and 15 vol%. The content of α martensite measured by the 

Feritscope in the case of specimens cycled in A, IP and OP mode with εa,eq = 0.57 % is 

considerably lower in the present paper (between 2.0 and 7.5 vol.%). It is worth noticing that 

Li et al. [49] used 304L steel and the content of nickel in their material was lower (8.05 wt.%) 

so a worse resistance against martensitic transformation may be expected.  

Mazánová et al. [32] performed post-mortem feritscope measurements of α martensite induced 

in 316L steel by cyclic loading. Their specimen cycled in T mode with εa,eq = 0.40 % exhibited 

12 vol% of α martensite. Their IP and OP specimens were cycled with εa,eq = 0.35 % and the 

measured content of α martensite was 3.6 and 1.6 vol.%, respectively. All of their results are 

compatible with those presented in this thesis. 

Dey et al. [33] used the EBSD technique for analyzing the content of α martensite in 304LN 

steel cycled in OP mode with εa,eq = 1.00 %, the analyzed area contained only 3.5 vol.% of 

α martensite. Their sample designated for the EBSD analysis was however cut along the gauge 

length from an unknown depth. The results shown in the present study clearly demonstrated 

that this approach is inappropriate and may lead to misleading results. 

6.5 Dislocation structures 

The performed TEM observations are summarized in Fig. 60 and Tab. 12. The following 

conclusion could be drawn: i) post-mortem arrangement of dislocations is dependent on applied 

strain amplitude; ii) cycling in A, T, and IP mode on a given level of εa,eq led to a formation of 

similar dislocation structures while a substantially different arrangement of dislocations was 

revealed in OP mode.  

Fig. 60 and Tab. 12 provide an explanation of the distinct mechanical response of 316L steel 

under OP loading with εa,eq > 0.32 %. The hardening/softening curves obtained from these tests 

exhibit substantially different shapes comparing to the other curves, characterized by longer 

and more intense initial hardening phase and less pronounced softening phase. Since the 

hardening/softening curve is shifted to higher stress values, the stress amplitudes corresponding 

to the half-life and the maximum softening cycle thus have larger values as well which directly 

affects the CSSC and S-N curves.  

The reason may be found in an arrangement of dislocations into structures where their slip 

becomes more difficult. While the veins and primary walls prevailed in the case of A, IP, and 

T mode subjected to εa,eq = 0.32 %, the secondary walls and the labyrinth structure were formed 

predominantly in OP mode. A similar situation was noted when TEM foils prepared from A, 

IP, and T samples cycled with εa,eq = 0.44 and 0.57 % were examined. However, vein structures 

become less frequent meanwhile primary walls were more common as the amplitude increased. 

The labyrinth structure was still prevailing in the case of OP mode. A different arrangement of 

dislocations were observed in the case of εa,eq = 1.00 %. Primary walls were partly preserved in 
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A and IP samples. Equally oriented cells were formed in all loading modes. They were found 

most often in T loaded samples. Relatively high loading amplitude caused disorientation of 

some dislocation cells. The proportion of disoriented cells was conclusively the highest in the 

case of OP mode.  

A comparison of observed TEM structures with the results of other authors is fairly complicated 

because the number of studies dealing with dislocation structures developed in austenitic steels 

due to multiaxial fatigue is considerably limited. It has been however studied under conditions 

of uniaxial loading [2, 15, 18, 137]. Gerland et al. [2] studied post-mortem dislocation structures 

of annealed 316L-type steel. They concluded that the microstructure formed due to cycling with 

low εap,eq consisted mainly of dislocation tangles. Increasing of plastic strain amplitude resulted 

in the formation of cells while tangles were found less frequently. The authors also investigated 

the evolution of dislocation structure during fatigue life applying εap,eq = 0.50 %. The cellular 

structure was formed after a few hundred cycles and the area covered by cells continuously 

increased. Their walls become more condensed and a misorientation of cells was noted close to 

the end of fatigue life. PSBs with ladder-like structure were found very rarely (only in 2 % of 

examined grains). This observation is in contrast with studies performed by Kruml et al. [18] 

and Obrtlík et al. [15] who observed frequent PSBs in annealed 316L steel cycled with εap,eq > 

4 × 10-4. Their density was further growing with increasing amplitude of loading. Since the 

cyclic slip is easier within these bands, plastic strain is localized into PSBs. The surface relief 

caused by an intersection of PSBs with the sample surface is often called persistent slip 

markings (PSMs). Numerous studies [59, 138, 139] confirmed that PSMs are the initiation sites 

of early fatigue cracks. Both studies [15, 18] revealed that low amplitude of loading resulted in 

low dislocation density and planar arrangement of dislocations. Intermediate amplitude led to 

the formation of vein and wall structure meanwhile disoriented and equally oriented cells were 

found in the case of the high amplitude of loading. This finding is consistent with results from 

A, T, and IP loading modes shown in the present study.  

One of the very few TEM studies dealing with multiaxial loading was published by 

Mazánová et al. [32] who aimed at dislocation structure developed in cold rolled 316L steel 

after cyclic straining in T, IP, and OP mode. The results by Mazánová are summarized in this 

paragraph as follows. The sample subjected to T loading was cycled with εa,eq = 0.30 % while 

εa,eq = 0.35 % was applied in the case of both multiaxial modes. The TEM foil fabricated from 

the T loaded sample exhibited the following features: 67 % of examined grains contained a 

well-developed ladder-like structure of PSB where dislocation walls alternate with dislocation-

free channels. PSBs were often separated by areas exhibiting high dislocation density with no 

apparent spatial arrangement. These regions resemble the as-received microstructure after cold 

rolling. PSBs were found to be a preferential site for nucleation of α martensite whose presence 

was revealed in all examined grains. A distinct dislocation structure was found in 40 % of 

grains. It consisted of well-developed but irregular walls alternating with dislocation-free 

channels. Dislocation cells were observed very rarely (only in 7 % of examined grains). The 

dislocation structure developed due to IP loading was similar to that observed in the case of T 

mode. The dislocation structure was predominantly formed by PSBs surrounded by the matrix 

exhibiting high dislocation density. The irregular walls however become less frequent while 

dislocation cells were observed more often. In contrast to the T sample, some grains, free of 

α martensite, were noticed. A more distinct microstructure was reported in the case of OP 

mode. The equally oriented cellular structure become more common and was observed in 29 % 

of grains. Most examined grains could be characterized by the perfect wall/channel structure 

arranged into PSBs. Loading the sample under non-proportional conditions leads to an 

activation of multiple slip systems which alternate during every loading cycle. It causes the 
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formation of PSBs with distinct orientations. The intersection of differently oriented PSBs was 

found to be an initiation site for strain induced martensitic transformation.  

On the contrary, no clear ladder-like structures were noticed during our TEM observations. It 

is probably caused by the various nitrogen content or by differences in the as-received 

microstructure. The 316L steel studied by Mazánová et al. [32] contained 0.078 wt.% of N 

meanwhile only 0.042 wt.% of N was measured in our material. The effect of nitrogen on SFE 

and dislocation structures has been already studied [3, 140]. It was found that increased content 

of N leads to a higher tendency towards planar slip. In this case, the lower nitrogen content 

caused the formation of stable spatial structures like dislocation cells, which were observed 

very often in this work. Secondly, a different as-received microstructure of the steel studied by 

Mazánová may be expected due to cold rolling. The initial dislocation density directly 

influences the evolution of the dislocation structure. When the density is low, the movement of 

dislocations is easier and the evolution takes part in the whole volume of the material. High 

dislocation density, on the other hand, causes more difficult dislocation movement and their 

rearrangement thus occurs only in the fraction of the material volume, namely in areas where 

the slip of dislocations is easier. The resulting microstructure is therefore consisted of regions 

resembling the as-received structure and zones exhibiting easier movement of dislocation 

(PSBs) as reported in [32].   

Another study dealing with TEM observations of multiaxially fatigued samples was performed 

by Dey et al. [33] who chose 304LN steel as the experimental material. Four strain amplitudes 

were used for cycling in IP and OP modes. TEM samples were however prepared only from the 

tests with εa,eq = 1.00 %. The authors reported a presence of incomplete cellular structure and 

planar arrangement of dislocations in the case of IP loading. Contrary to OP mode which led to 

the formation of well-defined dislocation cells. The distinction between observed structures was 

explained by an activation of multiple slip systems in the case of OP loading.  

6.6 Crack growth kinetics 

The CGR tests revealed that fatigue cracks propagate the fastest in A mode comparing tests 

performed in different modes at the same εa,eq. On the contrary, the slowest rate of fatigue crack 

growth was observed in T mode. Both multiaxial loading paths exhibited comparable CGR 

however IP mode proved to be more damaging when low strain amplitudes were applied, see 

Fig. 64. The effect of various A/T ratios and constant εa,eq was studied for IP and OP mode. The 

results obtained from both modes are in accordance with those attained from uniaxial tests, 

meaning that higher T strain amplitude led to lower CGR. 

Our results partially confirmed the hypothesis saying that cyclic loading with higher εa,eq causes 

a faster initiation of the fatigue crack [141]. In other words, a larger part of the FL is spent by 

the crack propagation when higher εa,eq is applied. This behavior was observed only in the case 

of A, IP and T loading. OP mode, on the other hand, exhibited a constant value of tpropagation 

regardless the strain amplitude - see Fig. 65. Results presented in Fig. 65 are in accordance with 

those shown in Fig. 64, meaning that loading mode with the lowest CGR expressed as kg 

corresponds to the mode exhibiting the highest value of tpropagation and vice versa. The same also 

applies for the results presented in Fig. 69 and Fig. 68, respectively.  

The analysis based on the crack growth coefficient kg does not provide a universal description 

of the CGR for all loading modes; the curve of the T mode is shifted to substantially lower kg 

with respect to the remaining modes (as shown in Fig. 64).  

However, the comparison of Fig. 64 and Fig. 73 demonstrated that the J-integral approach 

proved to be more suitable and versatile for the description of crack growth kinetics under 

various loading conditions. The curves received by fitting the data from individual loading 
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modes could be well approximated with a single master curve. This is a very important and 

original finding, which suggests that the CGR is controlled by the plasticity mechanisms at the 

crack tip; the same extent of the plasticity led to the same CGR, irrespective of the loading 

mode. This finding thus opens a way for general description of the crack growth propagation 

during fatigue and for improved possibility to predict crack growth rate in multiaxial fatigue.    

A clear drawback of the J-integral approach is a substantially more complicated computation 

of Jp,a in the case of OP loading. To be more specific, the computation of Jp,a in the case of 

proportional loading was fairly straightforward. It consisted of loading the FEM model with the 

maximum A and/or T loading which occurred at a given moment of the loading cycle. The 

difference between computed values of Jtotal and Jel is equal to the amplitude of the plastic 

J-integral Jp,a. The situation is however more complex in the case of a non-proportional loading 

scheme because the moment of the maximum Jtotal and Jel occurrence is unknown. It could be 

found by a computing Jp,a in every moment of the loading cycle (our loading cycle consists of 

400 data points). This approach is thus time-consuming and more than one test have to be 

evaluated for the construction of the OP fitting curve. The calculation of ΔJtotal under conditions 

of non-proportional loading has been performed by Döring et al. [142]. Certain assumptions 

and simplifications were however taken into consideration and a simple specimen geometry 

was used. The advanced modeling for the calculation of Jp,a in non-proportional cyclic loading 

has not been reported in the literature yet. 

6.7 Critical plane models 

It is worth mentioning that fatigue life is a fairly complex process as suggested in Fig. 1 and 

different micro-mechanisms are applied in particular stages. For instance, studies of Polák [143, 

144] indicate that a production and annihilation of point defects play the major role throughout 

the fatigue crack initiation. Plastic processes at the crack tip proved to be essential during the 

growth of short fatigue cracks [115] and so on. Since all these processes cannot be described 

by a simple model, the description of fatigue life using single equation operating with 

macroscopic characteristic are therefore inevitably simplistic.  

As may be seen from the cyclic hardening/softening curves presented in section 5.1.2, there is 

usually no stage of fatigue life with a stable stress amplitude in the mechanical response of 

316L steel subjected to repeated straining. Therefore, some representative hysteresis loops for 

fatigue life prediction had to be selected. Life predictions were performed using the cycle from 

i) the half of the fatigue life and ii) the maximum softening. Many studies [49, 58, 127] have 

reported the occurrence of secondary hardening in 316L or 304L steel due to strain-induced 

martensitic transformation. According to the literature [58], the microstructure should be almost 

free of α martensite at the moment when the maximum softening cycle occurs. Obtained results 

however do not provide an unequivocal recommendation since applying the half-life loop 

yielded more accurate predictions for five models. Meanwhile, using the maximum softening 

cycle proved to be a better option for the other ten criteria. The relative difference between 

predictions based on the maximum softening cycle and the half-life cycle was found to be 

7.2 %. An analogous comparison was performed by Bemfica et al. [58]. They also concluded 

that both approaches yielded similar predictions.  

The FS model was found to be the most accurate critical plane model for fatigue life prediction 

of 316L steel. A comparable precision in terms of AER was achieved also with the MSWT 

criterion but fewer predictions fell inside the factor-two-band. The AER detected for the 

remaining criteria is significantly higher (see Tab. 17). GSE, Zhu, and WB models exhibited 

similar AER but predictions based on the GSE model are more likely to fall outside the 

factor-two-band. On the other hand, the GSE model is free of additional material parameter. 

This aspect makes the criterion more versatile and easier to use. Another model that does not 
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contain the material parameter is the MKBM criterion. Its accuracy is however lower compared 

to the GSE model. Predictions based on FS, MSWT, WB, and MKBM models were found to 

be mostly conservative. On the other hand, GSE and Zhu criteria yielded predominantly non-

conservative predictions. Fatigue life predictions provided by every other criterion exhibited 

AER higher than the BMC equation. It may be stated based on Tab. 17, that criteria which 

include the additional material parameter provide more precise predictions of the fatigue life. It 

is logical and anticipated that fitting the parameter to a particular dataset enhances the precision 

of predicted fatigue lives. The practical application of criteria that include an additional material 

parameter is somewhat limited since the value of this parameter must be identified when not 

already known in advance. It should be emphasized that the assessment of critical plane models 

was based on symmetrical fatigue tests without mean stress. A different accuracy should be 

expected if fatigue endurance under non-zero mean stress loading was analyzed. The damage 

parameter of the WB model, specifically, is solely calculated from strain. It is therefore 

incapable of considering the impact of mean stress. Consequently, it is unsuitable for predicting 

fatigue life under loading conditions with zero mean stress.  

The material parameters of critical plane models are physically grounded and generally account 

for the impact of factors like shear/normal strain or strain energy density on fatigue life. 

Nevertheless, conclusions drawn from these parameters are frequently inconsistent. The Zhu 

model yielded the most precise predictions for ξZhu = 0, which is typical for materials exhibiting 

a tendency towards tensile cracking. The optimal value of MSWT model’s parameter was found 

to be 0.49, authors claimed that a mixed cracking behavior may be expected when aMSWT is 

close to 0.5. The Li model considers the influence of normal strain energy density on the fatigue 

life using the weight index LLi and its value was found to be relatively high. A similar tendency 

was noted for MGSE Zhu’s parameter describing how normal strain energy affects the growth 

of the fatigue crack. The model proposed by Fatemi and Socie was initially intended for 

materials cracking according to shear mode. The shear cracking behavior, therefore, explains 

the fact that the best predictions of fatigue endurance were achieved with the FS model. It is 

also supported by the fact that our experimental material exhibits significant ductility and 

ductile materials tend to crack according to shear mode.  

Recently proposed as well as traditional criteria were adapted in our study. Papers applying the 

new criteria are very rare, essentially it is impossible to find a such study in most cases. On the 

contrary, traditional models like FS, WB, or SWT have been established as a benchmark for 

novel criteria. It is consequently relatively easy to find a paper where fatigue lives were 

predicted with these models. Studies dealing with predictions of low cycle fatigue endurance 

which are based on experiments with 316L steel are not so usual as well. As mentioned earlier, 

304(L) steel is similar to 316L steel, it is therefore acceptable to mention papers dealing with 

this material in the upcoming section.  

SWT and FS models were adopted for the fatigue life prediction of 316 and 304 steel subjected 

to various loading paths in a study performed by Cruces et al. [145]. Analysis of their results 

revealed that the SWT model produced more accurate predictions for 304 steel. The FS model 

proved to be a better choice for 316 steel. Another author’s conclusion stated that fatigue lives 

in A mode was predicted more precisely with the SWT model. The FS model, on the other 

hand, yielded predictions with a good level of accuracy in the case of T mode. These findings 

coincide with our results because utilizing the SWT model led to better estimations of fatigue 

endurance under A loading while the FS model provided significantly more accurate predictions 

in T mode. It is comprehensible since T fatigue life test data were utilized for calibration of the 

FS model. On the contrary, the SWT model was calibrated using the data from A fatigue life 

tests.   
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The 316L steel was tested under five loading paths by Jin et al. [128]. The fatigue endurance 

was subsequently estimated with SWT, FS, and KBM criteria and compared with experimental 

results. All predictions corresponding to FS and KBM models lay within the factor-two-band. 

A comparable amount of datapoints were found inside the band when the FS model was applied 

in our study (97.8 %). Only 73.3 % of predictions fell inside the factor-two-band using the WB 

model. Authors also claimed that significantly non-conservative estimations were achieved 

when fatigue lives under non-proportional loading mode were estimated with the SWT model. 

Bemfica et al. [58] chose 304L steel for their study consisted of applying five loading modes 

and predicting fatigue lives with FS and SWT criteria. They concluded that utilized models 

provided results exhibiting a comparable level of precision. Around ten percent of datapoints 

were found outside the factor-four-band while thirty percent of datapoints lay outside the factor-

two-band. The authors also noted that both criteria yielded imprecise estimations in the case of 

low amplitudes. As may be seen from Tab. 17, AER corresponding to the SWT is substantially 

higher than AER of the FS model. The reason is an exceptionally wrong estimation of fatigue 

lives in T mode. 

In the study from Liu et al. [90] FS, KBM, and SWT criteria were utilized to forecast the fatigue 

endurance of four materials. It is noteworthy that the extent of their experiments was rather 

limited. For example, only a single test was performed for the proportional loading of 316L 

steel. Two proportional tests were executed for analyzing 45 steel and an identical situation was 

noted for the non-proportional loading of aluminum alloy 7075. According to the authors, the 

KBM criterion provided the best estimations in the case of proportional loading while the FS 

criterion yielded the most accurate predictions for the non-proportional mode. Analogous 

conclusions may be stated based on our results since the WB criterion led to a fairly precise 

forecast of the fatigue endurance in A, T, and IP modes (contrary to over-conservative 

predictions in OP mode). The FS model also proved to be a better option for OP mode when 

compared to WB and SWT models. 

There are also papers concluding that the Liu II model provides a good correlation between 

observed and predicted fatigue lives. FS, WB, SWT, and both Liu’s criteria were compared in 

a study by Yang and Sun [92] which was based on fatigue experiments with samples from 304 

steel. They found that predictions obtained by utilizing the Liu II model were the most accurate. 

The same tendency was revealed in the study by Cruces et al. [146] who compared FS, Liu I, 

and Liu II models using the data from the cycling of 316 steel. Results presented in this thesis 

are inconsistent with those from [92] and [146] since only OP and T modes were estimated 

properly by Liu II criterion.  

In the context of multiaxial fatigue, it can be inferred that the WB and FS models exhibit greater 

accuracy than the SWT model which was predominantly designed for taking into account the 

effect of non-zero mean stress. The abovementioned studies suggest that the FS criterion yields 

better estimations of fatigue endurance under conditions of non-proportional loading while the 

WB model should provide more accurate predictions for proportional loading scenarios. It is 

supposed to be caused by the inclusion of a normal stress value in the calculation of the FS 

damage parameter, allowing it to account for additional hardening resulting from non-

proportional loading. The findings of other researchers concerning the Liu II model are 

inconclusive with the results presented in this thesis since more accurate predictions of the 

fatigue life were achieved utilizing the Liu II model when compared to those based on the FS 

model.  

6.8 Fatigue crack orientation  

It is widely recognized that the early crack propagation is life-determining in the case of low 

cycle fatigue as the initiation period is relatively brief. Consequently, it is important to ascertain 
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how critical plane models forecast the orientation of the fatigue crack in Stage II. According to 

Fig. 79, the SWT model produced the best estimations of the fatigue crack orientation. In the 

SWT criterion, the critical plane is determined as the plane where the range of normal strain 

reached the maximum value. The critical plane in the SWT model is therefore situated close to 

the plane of maximum normal stress, and given that the propagation of the crack during Stage 

II is controlled by normal stress, it seems comprehensible that the SWT model produced a high 

degree of precision. In contrast, the least accurate outcomes were delivered by criteria that take 

into account the maximum shear strain plane as the critical. The deflection of fatigue cracks 

observed in T mode was successfully forecasted only by the SWT model. It was revealed that 

the SWT criterion is not able to predict the orientation of fatigue cracks propagating under 

conditions of non-proportional loading. The estimated and measured angles are however fairly 

close as the strain amplitude increases.  

No examined criterion was thus able to provide proper estimations of the crack deflection angle 

regardless of the loading path. The same conclusion was pronounced by Bemfica et al. [58] in 

their study aimed at cyclic straining of 304L steel in various loading modes. They tried to 

predict the crack deflection utilizing Jiang, SWT, and FS criteria. Predictions based on the FS 

model were found to be the least successful. Neither Jiang nor SWT was capable of providing 

proper estimations in all loading modes. 

6.9 Tensile and shear driven cracks 

As mentioned earlier, the FS model provided the most accurate predictions of fatigue lives 

according to both adopted metrics – AER and percentage of datapoints lying inside the factor-

two-band. The maximum shear strain plane is determined as the critical and the model is 

supposed to yield precise life predictions for materials exhibiting a tendency towards cracking 

according to shear mode. The best estimations of fatigue crack deflection were achieved when 

the SWT model was applied. The SWT criterion’s critical plane is determined as the plane 

experiencing the maximum normal strain. The criterion was initially designed for analyzing 

materials cracking according to tensile mode. 

The abovementioned results may appear inconsistent. The fatigue endurance was estimated 

precisely using the criterion which defines the maximum shear strain plane as critical even 

though the fatigue crack grew in the plane with maximum normal strain. This seeming 

inconsistency may be explained by taking into account the initiation and propagation of fatigue 

cracks in 316L steel subjected to repeated elastic-plastic loading. Usually, numerous fatigue 

cracks initiate on the surface but the extent of fatigue damage is given by the longest crack's 

length and its propagation rate. The initial period, during which the fatigue crack grows at a 

slow rate, is responsible for roughly half of the fatigue life, it is, therefore, crucial in terms of 

the lifespan. It is well known that the shear mode of crack growth is utilized within individual 

grains during this period of short fatigue crack propagation (Stage I). Criteria taking the plane 

experiencing the highest amplitude of shear strain as critical should thus provide accurate 

estimations of the fatigue durability. In contrast, the crack deflection was determined when the 

tensile mode of crack growth was involved, i.e. during Stage II. The SWT criterion was 

therefore found to be the most suitable for predictions of the fatigue crack orientation. 
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7 Conclusions 

The fatigue behavior of 316L steel was studied under conditions of two uniaxial loading modes: 

tension/compression and pure torsion as well as in two multiaxial modes: in-phase and 90° out-

of-phase. Two aspects of microstructural changes were examined in particular: endurance 

against strain-induced martensitic transformation and developed dislocation structures. The 

outputs of fatigue tests were utilized for the verification of critical plane models and their ability 

to predict fatigue life and the orientation of fatigue cracks. The crack growth kinetics was 

analyzed with two methods. The following conclusions were drawn: 

- Tension/compression mode was the most damaging when tests with the same εa,eq is 

compared. Pure torsion, on the other hand, led to the longest fatigue lives and the slowest 

crack growth rates. 

- The Massing behavior was not observed in any loading mode, suggesting that  different 

microstructure develops in cycling with increasing strain amplitudes. 

- Three fatigue life stages were determined based on analysis of hardening/softening 

curves: initial hardening, softening, and secondary hardening. Their intensity was 

dependent on loading mode and strain amplitude. 

- Cycling in tension/compression, torsional and in-phase mode caused the formation of 

similar dislocation structures. The vein structure was the most frequent in the case of 

low strain amplitudes, the structure formed under moderate levels of strain amplitude 

consisted predominantly of primary walls. Dislocation cells were observed when high 

strain amplitudes were applied.  

- The arrangement of dislocations developed under out-of-phase loading was 

characterized by the formation of secondary walls and labyrinth structure even at 

moderate levels of strain amplitude. It has risen due to the change of the primary slip 

system during every loading cycle. The distinct dislocation structure was the reason for 

different mechanical responses in out-of-phase mode. 

- The heterogeneous distribution of α’ martensite in torsional and out-of-phase mode was 

revealed by EBSD. Measuring its content with the Feritscope may therefore lead to 

misleading results.  

- The most precise predictions of fatigue life were achieved utilizing the model proposed 

by Fatemi and Socie. 

- The angle of fatigue crack tilt was predicted the most accurately by the Smith-Watson-

Topper criterion.  

- The plastic part of the J-integral provided a universal description of fatigue crack 

propagation in tension/compression, torsional and in-phase modes. Its application in the 

case of non-proportional loading is nevertheless still limited. However, this finding 

suggests that the extent of plasticity at the crack tip is the governing parameter for the 

crack growth kinetics. 
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List of abbreviations 

A  axial 

BM  Brown-Miller model 

BMC  Basquin-Manson-Coffin model 

CGR  crack growth rate 

CTOD  crack tip opening displacement 

EBSD  diffraction of back scattered electrons 

FIB  focused ion beam 

FL  fatigue life 

FS  Fatemi-Socie model 

GSA  generalized strain amplitude model 

GSE  generalized strain energy model 

IP  in-phase 

KBM  Kandil-Brown-Miller model 

MGSE  modified strain energy model 

MSWT modified Smith-Watson-Topper model 

OP  out-of-phase 

PH  primary hardening 

PSB  persistent slip band 

PSM  persistent slip markings 

RT  room temperature 

S  softening 

SEM  scanning electron microscope 

SFE  stacking fault energy 

SH  secondary hardening 

SWT  Smith-Watson-Topper model 

T  torsional 

TEM  transmission electron microscope 

TRIP  transformation induced plasticity 

WB  Wang-Brown model 
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List of symbols 

a  crack length 

aMSWT  material parameter of MSWT model 

A  fracture elongation 

AER  average error of fatigue life predictions 

b  fatigue strength exponent 

b0  shear fatigue strength exponent 

c  fatigue ductility exponent 

c0  shear fatigue ductility exponent 

E  Young’s modulus 

ER  error of fatigue life prediction 

fNP  factor of non-proportionality 

G  shear modulus 

J  J-integral 

K  material parameter of FS model 

kg  crack growth coefficient 

kMGSE  material parameter of MGSE model 

K’  coefficient of cyclic hardening 

L  coefficient of non-proportional hardening 

LLi   weight index of Li model 

mF   number of uniaxial experiments 

N   number of loading cycles 

Nf   number of loading cycles to failure 

Nf CGR  number of loading cycles to failure for crack growth rate tests 

N1000  number of loading cycles when the crack length reached 1000 μm 

N600  number of loading cycles when the crack length reached 600 μm 

n´   cyclic strain hardening exponent 

PF   parameter for a determination of weight index L 

PHI   primary hardening 

Rp0,2   0.2 % proof stress 

Rm   ultimate tensile stress 

S   coefficient of normal strain influence  

SI   softening 

SHI   secondary hardening 

t   time 
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tpropagation percentual part of fatigue life spent by propagation of fatigue crack  

T   period 

α   angle 

γ   shear strain 

γf
′   shear fatigue ductility coefficient 

ε   normal strain 

εf
′   fatigue ductility coefficient 

ν   Poisson’s ratio 

ξ   angle between ε1max and ε1 

ξZhu   weight factor of Zhu model 

σ   normal stress 

σy   yield stress 

σf
′   fatigue strength coefficient 

τ   shear stress 

τf
′   shear fatigue strength coefficient 

φ   non-proportionality factor 

 

Superscripts and subscripts: 

1   principle 

a   amplitude 

corr   corresponding 

e   elastic 

eq   equivalent 

eff   effective 

fc   first loading cycle 

m   mean 

max   maximum 

n   normal 

p   plastic 

x   x direction 

xy   y direction, parallel to a plane whose normal is in the x direction 

α   inclined by angle α  

Δ   range 

 


