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1 INTRODUCTION

Differential equations are widely used for modeling processes in various areas of the life
sciences such as population dynamics, epidemiology, immunology, physiology and neural
networks. See, for example, [5,27,/28/46,47]. These models usually consist of delayed differential
equations. The time delay represents in these models the dependence of the present state on
the past history, for example, the time between infection of a cell and the production of new
viruses, the duration of the infectious period, the reaction time of market, and so on.

However, using mixed-type rather than delayed differential equations may be beneficial (for
additional details see [24]). Adding an advanced term to a differential equation allows us to
form predictions for the future. In other words, the advanced term represents the anticipation
for the model or the desired outcome. We refer, for example, to [1,13,/10,34,45,/49] and to
the references therein, where applications in various fields such as optimal control problems,
biology or economics may be found.

The thesis studies the existence of so-called semi-global and global solutions (i.e., solutions
defined on R) with graphs staying in a prescribed domain to various classes of mixed-
type differential equations including, as particular cases, ordinary, advanced, and delayed
differential equations and their combinations. Sufficient conditions under which a global or
a semi-global solution exists are derived. Auxiliary computations in the thesis are done by
Wolfram Alpha and MATLAB, graphs are constructed in Geogebra.

1.1 CURRENT STATE

There are many papers dealing with either delayed equations or advanced equations. Let us
mention at least papers [6-9,/13,21},136,141,50]. Less literature may be found on the topic of
mixed-type differential equations.

Mixed-type functional differential equations are considered, for example, in the books [2,/45]
and in the papers [3,|4,|10} 26| 34,39,40, 42, |43 49]. Note that, in the literature, the term
“mixed-type equations”, is often replaced, for example, by the terms “advanced-delayed
equations” or “forward-backward equations”. Analysing the relevant literature, we conclude
that the results on mixed-type equations can be divided into three groups with respect to
the intervals on which solutions are considered. Some of them consider equations on finite
intervals only. Most of the results on mixed-type equations on unbounded intervals investigate
solutions on half-infinity intervals only, rather then on the entire real axis R, that is, the case
of semi-global solutions is considered (we refer, for example to [4}11,39,/40,43,51] and to the
references therein). Not so many papers consider the existence of mixed-type equations on R
(such as [141|1522]32,33,148]).

This has motivated the author to study the existence of such solutions by methods other than
the previous ones, deriving a new set of sufficient conditions of their existence. As a co-author,
the author of the thesis, has recently achieved new results on this topic, e.g., in [17]- [20].

1.2 AIMS OF THE THESIS

The aims of the thesis are to prove the existence of left semi-global solutions, right semi-global
solutions as well as the existence of global solutions for systems of advance-delay nonlinear
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differential equations giving relevant criteria for linear particular cases as well.

Methodically, investigation follows the papers [15] and [16]. The criteria mentioned in these
papers are generalized so that they guarantee the existence of solutions for mixed-type
differential equationson on half-axes or on R.

The authors of the papers mentioned above have obtained the following results: The
paper [16] considers an advanced differential system. In part 2.2 the authors employ the
Schauder—Tychonoff fixed-point theorem and give conditions for the existence of solutions to
an advanced system on a half infinity interval satisfying lower and upper inequalities. These
results are modified in Chapter [2L The details about using the Schauder-Tychonoff fixed point
theorem for functional differential equations is described in [12].

In [15] the authors use the monotone iterative method for a delayed differential system. With
the aid of "starting" functions and by the means of a suitable operator, they prove the existence
of a global solution staying in the area bounded by exponential-type functions. In Chapter
a similar method is used to derive the criteria for mixed-type functional differential equations.
Details of the monotone iterative method may also be found in [52].

2 EXISTENCE OF GLOBAL SOLUTIONS TO NONLINEAR
MIXED-TYPE FUNCTIONAL DIFFERENTIAL
EQUATIONS

In this chapter we use the Schauder-Tychonoff fixed point theorem to prove the existence of
global solutions.

2.1 PRELIMINARIES

The following two notions of delayed- and advanced-type functions are taken from or motivated
by [23}30,31,135,138]. For a function y: [ty — r],to] — R"™ where t, € R, 7 > 0, define
a delayed-type function y, by v, (0) = y(to + 0) where § € [—r7,0]. Similarly, for a function
y: [to,to + 75] — R™ where ¢ty € R, r5 > 0, define an advanced-type function y' by y'(9) =
y(to+0) where 6 € [0,r3]. In the thesis, we will work with functions that can be with delayed-
type as well as advanced-type argument on a given interval. In the sequel, I stands for any
connected set I C R of the (—o0, 00), (—00,al, [a,b] or [b, c0) types, where a < b, a,b € R.

Definition 2.1.1. Let [ be an interval such that {0} € I, ¢y € R and y: [to+r1,to+72) = R
where

ry = inf{z}, re:=sup{z}.
zel z€el

Then, the formula y, ;(0) := y(to + 0) where § € [ri,ry] defines a mixed-type (delayed-
advanced-type) function.

Remark 2.1.2. The point ¢y in Definition plays the role of a “fixed” point defining the
“delay” to the left of to and the “advance” to the right of ¢y. For example, for I = [—1, 1] and
to = 10, we have r; = —1, ro = 1. If, say, y: [9,11] — R™, the function yo;(0) = y(10 4 6),
0 € [—1,1] is of a mixed-type. If § € [—1,0), then yo;(10 + 6) is a delayed-type function and,
if 0 € (0,1]), yor(#) is an advanced-type function. If I = R and y: R — R", then r; = —o0,
ro = oo and, for an arbitrary ty € R, we have y,1(0) = y(to + 0), 6 € (—o0, 0).
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Definition reduces to a delayed-type function y, if I = [—r],0] (then r, = 0) and to an
advanced-type function y* if I = [0, 73] (then r; = 0). If r; = ro = 0 (that is, I = {0}), then
a mixed-type function reduces to y, ;(0) = v,,;(0) = y(to). If I = (=00, 00), then r; = —o0,
T9 = OQ.

Let C(I,R™) be the set of n-dimensional real continuous vector-functions defined on a fixed
set 1. Let Q be a closed bounded subset of R™. Denote by C(I,2) the set of n-dimensional
real continuous vector-functions mapping I to Q. Let f = f(t,y): R x C(I,R") — R" be
a functional. We say that f(¢,y) is

(7) continuous if it is continuous with respect to ¢t and y;;,

(i7) quasi-bounded if it is bounded on every set of the form [a*,b*] x C ([ry,re), 2*) where
a* <b*, a*,b* e R, ry <ry, r,r9 € R, and 2* is an arbitrary fixed bounded subset of R".

This chapter considers a system of nonlinear functional differential equations

y(t) = ft,yu) (2.1)

where the functional f: R xC (I,R™) — R" is continuous and quasi-bounded. Throughout the
chapter, we assume that, if ¢ varies within a compact interval J, C R, then y,;(0) = y(t+0) in
f(t,ysr) uses the values of argument ¢+6 from a compact interval J; C R. Equations with
argument y,; are called mixed-type (delayed-advanced-type). Below, we study the existence
of so-called global solutions to (2.1)) within the meaning of the following definition.

Definition 2.1.3. A continuously differentiable function y: R — R™ satisfying (2.1)) on R is
called a global solution to ({2.1)).

2.2 PROBLEM DESCRIPTION

Assume that there exist vector-functions 5,7 : R — R" continuous everywhere except at
a countable number of points of discontinuity of some of their co-ordinates and such that

B(t) < 7(t), teR. (2.2)

Moreover, assume that the possible discontinuities of the co-ordinates of S and ~ are only of
the first order. If ¢t = ¢* € R is such a point, then assume

Inequality ([2.3)) says that the intersection of intervals
[Bi(¢" = 0), %" = O)] N [Bi(t" + 0), % (" + 0)]

is nonempty containing at least one point. Throughout this chapter, for a given function
w: R — R, define its jump J(w(t*)) at a point t* € R as

J(w(t")) == w(t* +0) —w(t* —0).

By C(R,R™), denote the set of all continuous real vector-functions defined on R and define its
subset
S = {y € C(RR"): B(t) < y(t) < A(t),t € R}, (2.4)

Obviously, S # 0 by £2), 23).



This chapter establishes the existence of a global solution y: R — R" to such that y € S.
Sufficient conditions are formulated implying the existence of such a solution. The proof is
based on a version of the Schauder-Tychonoff fixed point theorem [12, Corollary 1] covering
interval [0, c0) which, after a trivial generalization, is applied on the entire R. Below we refer
to this source having in mind the above generalization.

2.3 EXISTENCE OF GLOBAL SOLUTIONS TO MIXED-TYPE
FUNCTIONAL DIFFERENTIAL EQUATIONS

This section brings the main theorem of the chapter and its proof.

Theorem 2.3.1. Let B,v: R — R" be vector-functions satisfying , continuous and
continuously differentiable everywhere on R except at a countable number of points. Let us
assume that the possible points of discontinuities of the co-ordinates of 5(t), v(t), B'(t) and
7' (t) are at most of the first order and that condition is satisfied. Let there be a constant-
vector k € R™ and a number | € {0,...,n} such that

i=1,2,...,1,

Bi(400) = vi(4+00) = ki,
- /{Zi, Z:l+1,,n

Bi(—00) = 7i(—00)
where condition (2.5)) is omitted if | = 0, and condition (2.6)) is omitted if | = n (the meaning

of L in further conditions is similar). Moreover, for everyt € R, y € S, assume that

Ji(t,Bu) = fi(typr) = fi(tyr) . i=1,2,...,1,
fi(t, Bur) < fi(tyer) < fi(tver), i=1+1,...,n,
that, almost everywhere on R,
5;(t) > f; (tﬁﬂ)a i=1,2,...,1, (29)
/yz/(t) <fz (ta7t1)7 2217277l7 (2]‘1)
and that, for arbitrary t € R,
J(Bi(t) =20, Bi(t+0)=0(t), 1=1,2,...,1, (2.13)
J(Bi(t) <0, Bi(t—0)=p(t), i=1+1,...,n, (2.14)
J(1(t) <0, %({t+0)=~(t), i=1,2,...,1 (2.15)
J(vi(t) 20, %t =0)=7%(t), i=1+1,....n (2.16)
Then, there ezists a global solution y: R — R™ to (2.1)) satisfying
and
Bt) <y(t) <~(), teR (2.19)



2.4 A LINEAR VARIANT OF THE MAIN RESULT
Let A(t) = {ai;(t)}7}

iz, B(t) = {bi;(t)}},=, be matrices continuous on R, r; > 0, rp > 0 and
let w(t) = (wi(t),...,wn(t))T be a vector continuous on R. Consider a linear system

y(t) = At)y(t —r1) + B)y(t +r2) + w(t). (2.20)
The following theorem is a linear variant of Theorem where [ = [—rq,79].

Theorem 2.4.1. Let B,v: R — R" be vector-functions satisfying , continuous and
continuously differentiable everywhere on R except at a countable number of points. Let us
assume that the possible points of discontinuities of the coordinates of 5(t), v(t), B'(t), and
7' (t) are at most of the first order, and that condition is satisfied. Let there be a constant-
vector k € R™ and a number | € {0,...,n} such that

Moreover, for everyt € R, y € S, assume that

n n n

iaij(t)ﬂj(t—h)JrZ 5 (8)8;(t +72) = Zam )yt =) + 2 bii(8)y;(t +12)

j=1 j=1

ZCL” ’}/jt—rl +Zb ’th+r2) i:]~727"'717 (222)
j=1 J=1

bi () B(t + 12) <D ai(t)y;(t — 1) + D by (t)y; (L + 72)
7j=1

=1

Z ai;(t)B;(t — i)+

<.
i M:
I

n

<D aii(t)y(t —r) Z (t)yj(t+712), i=1+1,...,n,

.
Il
—

that, almost everywhere on R,

B0 > Y ag(O8( —r) + by OB+ ) twlt), i=12. 0 (223)

B0 < D DBt — ) + Dbyt + r2) Fea(0), i =1+,
7i(t) < iaz](t)yj(t —7r1) + Zb i@yt + 1) Fwi(t), i=1,2,...,1, (2.24)
) ilazx)%(t—n)i:lb( Vst 1) +en(t), =141, m,

and that, for arbitrary t € R,

J(Bi(t) =0, Bi(t+0)=pi(t), i=1,2,...,1, (2.25)
J(Bi(t) <0, Bi(t—0)=pi(t), i=1+1,...,n,
J(v(1) <0, %({t+0)=n), i=1,2,...,1, (2.26)
J(i(t) =0, %t —0)=5t), i=Il+1,...,n



Then, there exists a global solution y: R — R™ to ([2.20)) satisfying

yl(—FOO):kZ, i:1,2,...,l,
yi(—o0) =k;, i=1+1,...,n,
and
B(t) < y(t) < A1), tER. (2.27)

3 LOWER AND UPPER ESTIMATES OF SEMI-GLOBAL
AND GLOBAL SOLUTIONS TO MIXED-TYPE
FUNCTIONAL DIFFERENTIAL EQUATIONS

3.1 PRELIMINARIES

Let Z C R be an interval. By C(Z,R") denote the Banach space of bounded
continuous functions from Z to R" equipped with the norm ||¢||, = sup, <7 [ ()]
where ¢ € C(Z,R™) with the last norm (used throughout the chapter) being defined by
|Y(@)] == max{|1(a)],...,|Yn(a)|}. If Z :=[0,7], where r > 0 is fixed, the relevant Banach
space is denoted by C,.

For a function y, continuous on an interval [t — r1,t], ¢ € R, 1 > 0, define a delayed-type
function y; € C,, by y:(7) = y(t — 7) where 7 € [0, r;]. Similarly, for a function y, continuous
on an interval [t,t + r3], ¢ € R, 5 > 0, define an advanced-type function y* € C,, by
y' (o) = y(t + o) where o € [0, r5].

Let to € R be fixed and let J C R be a set having one of the forms J = J* = [tg, 00),
J = J = (—oo,tg] or J = R. In the chapter, we will consider a system of mixed-type
functional differential equations

y(t) = f(ta ytvyt) (31)

where y = (y1,...,yn), f = (f1,---, fn): T X Cpy X Cpy — R™ is a continuous quasi-bounded
functional which satisfies a local Lipschitz condition with respect to the second and the third
arguments in the domains considered. The well-known definitions of quasi-boundedness and
local Lipschitz condition can be found, e.g., in [23] or in Section of the thesis.

We say that a continuous function y: J% = [ty — 1, 00) — R™ is a right semi-global solution
to on J7 if it is continuously differentiable on J* and satisfies on J*. Similarly,
a continuous function y: J; := (—00,ty + 2] = R” is said to be a left semi-global solution
of on J.; if it is continuously differentiable on J~ and satisfies on J~. Finally, for
J =R, a continuous function y: J — R"” is said to be a global solution of on R if it is
continuously differentiable on R and satisfies on R.

3.2 PROBLEM DESCRIPTION

Concerned with the problems of existence of semi-global and global solutions to , the
chapter has the following structure. The next Section is about the existence of right
semi-global solutions while Section deals with the existence of left semi-global solutions.
In these sections we use a monotone iterative method (for rudiments of this method, we
refer, e.g., to [52]). Section discusses the existence of semi-global solutions without
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assuming monotonicity of the relevant operators using Schauder-Tychonoff fixed point
theorem instead (for applications of Schauder-Tychonoff fixed point theorem in functional
differential equations, we refer, e.g., to [29,/44]). The outcomes concerning the existence of
global solutions are described in Section (3.6}

In the chapter, some particular linear variants of general nonlinear statements are considered
as well. By the methods and technique used, upper and lower estimates by exponential-type
functions can be found of the co-ordinates of semi-global and global solutions.

3.3 RIGHT SEMI-GLOBAL SOLUTIONS

In this section we prove a general theorem on the existence of right semi-global solutions
to mixed-type system . We use the iterative process to derive sequences of functions
converging to these solutions.
Define a mapping

I: R, x C(JH,R") — C(JH,RY)

where I(k,\) = (Li(k,A),...,I,(k, X)), k € R, is a constant vector, A € C (jfl,R”) is

a vector-function, A = (Ay,...,\,), and

Li(k, M) (t) := k;exp (/tt Ai(s) ds) ,i=1,...,n, te J7. (3.2)

01
Below we assume that a solution of system on J1 is representable in the form
y(t)=I(k,\)(t), teJh (3.3)
with suitable k and A. Substituting (3.3) into , for t € I we get
A(t) (diag(I(k, A)(8))) = f (¢, I(k, N, (K, A)")
or, since the matrix diag(I(k, \)(t)) with entries defined by (3.2), is regular,
At) = F(t, I(k, N, I(k, N)') (diag(1(k,\)(¢))) " (3.4)

Similar transformations are used, without detailed explanation, in the sequel. Equation (3.4))
is an operator equation with respect to A. A function A € C (jfl, ]R”) is called a solution of

equation ([3.4) on J7; if (3.4) holds for all t € JT.
Define an operator T': C(J*,R") — C(J T, R™) where

(TA)E) = f(t, 1(k, N)e, I(k, N)') (diag(I(k, \)(t))) ™, t€ TT.

The following theorem gives conditions sufficient for the existence of a right semi-global
solution to equation ((3.4]).

Theorem 3.3.1. Let us assume that k € RZ, and that the following holds:
(i) For any fized M >0, 8 >ty there exists a constant K such that, for all t,t' € [ty,0] and
for any continuous function X : J — R™ with |\| < M,

[(TA) () = (TA) )] < K[t =] (3.5)

(ii) There exist bounded continuous functions L, R: J*, — R" satisfying L(t) < R(t), t €
jj_l and
L) < (TL)(E), R() > (TR)D), ted* (3.6)
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(iii) There exists a Lipschitz continuous function ¢: [ty — r1,to] — R™ satisfying ©(ty) = 0
and
L(t) < (TL)(to) +¢(t), R(t) = (TR)(to) + ¢(t), tE [to—11,t0]. (3.7)

(iv) For any locally integrable functions \*, u*: JH — R™, the inequality
L) <X < (1) <R, te T

implies
(TA) (1) < (Tu))(0), te T+ (3.8)

Then, there exists a right semi-global solution y: J* — R™ of (3.1)) satisfying y(to —r1) = k
such that, for arbitrary indexes i >0, j > 0,

I(k, vi)(t) < y(t) < I(k,p)(t), t€TH (3.9)

where vi(t) < vip1(t), pipa(t) < pi(t), vi(t) < pi(t), wo(t) == L(t), po(t) :== R(t), t € T,
and, fori >0, 5 >0,

_ ) (Tvi)(1), t € [to, 00),
vi(t) == { (Tvi 1 )(to) + o(t), € [t — 71, to], (3.10)

T ), £ € [to, ),
pi(t) = { (i) (1) + plt)s t € [ty — rosta. (3:11)

Moreover, there exist continuous limits

v(t) = lim v;(t), p(t) = lim p;(t), v(t) <pl), t€ TJH,

1—00 Jj—00

defining right semi-global solutions y,(t) = I(k,v)(t), y.(t) = I(k,u)(t), Yo, yu: TH — R"
of (3.1)), satisfying y,(to — 1) = y,(to — 1) = k and inequalities

Ik, vi)(1) < yo(t) < yu(t) < Ik, py)(t), teJo
where 1 > 0 and 7 > 0 are arbitrary.

3.3.1 Right Semi-Global Solutions in a Linear Case

In this section we will consider a scalar linear equation as a particular case of equation (3.1)),

() = f(t,yey") = —c)y(t — 7(t) + d(t)y(t + o(t)) (3.12)

where functions ¢, d: J* — [0,00), 7: J* — [0,7] and o: Jt — [0,75] are Lipschitz
continuous.

Theorem 3.3.2. Consider bounded continuous functions L,R: J — R, L(t) < R(t), t €
J™1 and a Lipschitz continuous function o: [ty — 11, t] — R satisfying p(ty) = 0. Moreover,
let

L(t) < —c(t) exp ( / ) ds) +d(t) exp ( / O ) ds) , (3.13)
R(t) > —c(t) exp ( / O Rs) ds> +d(t) exp ( / O R (s) ds) (3.14)
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on Jt and

L(#) < —clto) exp ( / P ) ds> d(ty) exp ( / RN ds) Folt),  (3.15)

to to

to to

R(#) > —c(to) exp ( / T R s) ds> + d(to) exp ( / ) R s) ds> Folt)  (3.16)

on [to — 11, to]. Then, there exists a right semi-global solution y(t) of (3.12)) on J¥ such that
y(to —r1) = 1 and, for arbitrary indices i > 0, j > 0,

exp (/t:rl v;(s) ds) < y(t) <exp </t0tr1 () ds> , teJh (3.17)

where v;(t) < viga(t), pj+1(t) < pt), vi(t) < p(t), w(t) = L(t), po(t) == R(t), t € T,
and, forv >0, 7 >0,

ui(f) = —c(t) exp (/;T(t) vi—1(s) ds) + d(t) exp (/jﬂw vi—1(s) ds) , t € [tg, 00),
vi(to), t € [to—r1,t0),

(f) = —c(t) exp </tt_T(t) f1j-1(s) ds) + d(t) exp </tt+a(t) tji-1(s) ds) .t € [to,00),
wi(to), t € lto—ri,to).

Moreover, there exist continuous limits v(t) = lim; o v;(t), p(t) = lmj o p;(t), v(t) <
u(t), t € J4 defining right semi-global solutions y,,y,: J; — R of B.12)) and satisfying
Yu(to — 1) = yu(to — r1) = 1 by formulas
t t
w)=exp ([ w)ds). ) =exp ([ ulo)ds), et
to—r1 to—r1
and, for arbitrary indexes 1 >0, j > 0,

exp (/tt vi(s) ds) Sy (t) < yu(t) < exp (/t

0—T1 0—T1

t

() ds) , teJH,

3.4 LEFT SEMI-GLOBAL SOLUTIONS

The goal of this section is to prove the existence of left semi-global solutions to mixed-type
system . Theorem below is a modification of Theorem for the existence of a left
semi-global solution of . A linear particular case is considered in section as well.
Define a mapping

I": R, x C(T 4, RY) = C(J,51,R)

where I*(k, X) = (I (k,\), I5(k,\), ..., I(k,\)), k € RZ, is a constant vector, A € C (-74:1, R”)

is a vector-function and
to+ro
T2 (k, N (£) = ks exp (/ Ai(s) ds) Ci=1,...n, teJn
t

We are looking for a solution of system (3.1 in the form y(t) = I*(k,\)(t), t € J,; with
suitable £ and \. This leads to the operator equation

AE) = (TN (t) := —f(t, T (k, Ny, T*(k, \)Y) (diag (I (k, ()Y, te T~ (3.18)
where T%: C(J 5, R") — C(J~,R™).

13



Theorem 3.4.1. Let us assume that k € R, and that the following holds:
(i) For any M >0, 0 < ty, there ezists a constant K, such that, for all t,t' € [0, ty] and for
any continuous function A : Jo; — R™ with |\| < M,

(T N)(1) = (TN < K[t = 1]
(1t) There exist bounded continuous functions L, R: T — R" satisfying L(t) < R(t), t €

J and
L(t) < (TL)(), R(E) = (T*R)(t), te T . (3.19)
(iii) There ezists a Lipschitz continuous function ¢: [to,tg + 2] — R™ satisfying p(to) = 0
and

L(t) < (T7L)(to) + (1), R(t) = (T"R)(to) + ¢(t), t € [to,to + 72
(tv) For any locally integrable functions X*,p*: J; — R, the inequality \*(t) < p*(t),
t € J.; implies
(TN () < (T*p*)(t), teT . (3.20)
Then, there exists a left semi-global solution y T — R" of satisfying y(to + r2) = k
and such that, for arbitrary indicest >0, 7 >0,

I (k, w) () < y(t) < Tk i) (1), L€ T5y (3.21)
where v;(t) < vip1(t), py+1(t) < p(t), vi(t) < pi(t), wo(t) == L(1), polt) == R(t), t € T,
and, fori >0, 5 >0,
v (t) — { (T*Vl—l)(t)7 S ( OoatOL
' (T*vi1)(to) + ¢(t), t € (to,to+ 72
_ (T*:ujfl)(t% S (—OO,to],
psll) { (T*115-1)(t0) + @(t), € (to,to + 1]

Moreover, there exist continuous limits
V(t) = lim w(0), plt) = lim e), v{0) < le), ¢ € T,
defining left semi-global solutions y,(t) = I*(k,v)(t), y.(t) = I*(k, 1n)(t), yu,yu: T — R”
of , satisfying y, (to — 1) = yu(to — m1) = k and inequalities
Ik, vi) (1) < yo(8) < yu(t) < T7(k ) (1), t € Th

where © > 0, 7 > 0 are arbitrary.

3.4.1 Left Semi-Global Solutions in a Linear Case

In this section, linear equation (3.12)) is considered assuming that functions ¢, d: J~ — [0, 00),
7:J~ = [0,r] and o: J~ — [0, 73] are Lipschitz continuous.

Theorem 3.4.2. Let there be bounded continuous functions L, R: T — R, L(t) < R(t),
t € J;1 and a Lipschitz continuous function ¢: [to, to+rs] — R satisfying ¢(to) = 0. Moreover,
let

L() < clt) exp ( / tT@) £(s) ds) — d(t) exp ( /t;(t) L(s) ds> | (3.22)
R(t) > e(t) exp ( / ;@ R(s) ds> — d(t) exp ( /t;m R(s) ds) (3.23)
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on J~ and

L(t) < clto) exp < / " L) ds) — d(to) exp ( / Y L) ds) + (), (3.24)

0—7(to) o+o(to)

R(t) > c(to) exp < / "R ds> — d(to) exp ( / Y R(Gs) ds> +o(t) (3.25)

0—7(to) o+a(to)

on [to,to + ra]. Then, there exists a left semi-global solution y(t) of (3.12) on J.; such that
y(to + re) = 1 and, for arbitrary indexes i > 0, j > 0,

exp (/:OM2 vi(s) ds) < y(t) <exp </:O+T2 i(s) ds) , tedn (3.26)

where v;(t) < vig1(t), pip1(t) < py(t), vi(t) < pi(t), vo(t) == L(t), pol(t) := R(t), t € T,
and, forv >0, 7 >0,

n(t) = c(t) exp </t—7(t) vi—1(s) ds) — d(t) exp (/Ha(t) Vi1 (s) ds) e (—oo, ),
vi(to), t € (to,to+ 12,

Lt) = c(t) exp </t_7(t) fj-1(s) ds) —d(t) exp </t+a(t) ti—1(s) ds) , t € (—o00,tg],
pi(to), t € (to,to+ 7.

Moreover, there exist continuous limits v(t) = im;_,oo v;(t), p(t) = Um0 pi(t), v(t) < p(t),
t € J5, defining left semi-global solutions y,,y,: T — R of (3.12) satisfying y,(to +12) =
yu(to +12) =1, by the formulas

y,(t) = exp (/ttﬁrz v(s) ds) . Yu(t) = exp (/jow2 u(s) ds) , teJ,

and, for arbitrary indexes i = 0, j = 0,

to+re to+re
exp (/t vi(s) ds) <y (t) < yult) <exp (/t 1 (s) ds) , teJg.

3.5 SEMI-GLOBAL SOLUTIONS IN NON-ITERATIVE CASE

We can also derive a theorem on the existence of semi-global solutions of classes of equations
without applying the monotone iterative method. In this case, we will get upper and below
estimates of semi-global solutions without the possibility of improving them in an iterative
process, that is, without using functions of the type v;(t), p;(t), 1 =10,1,... .

Theorem 3.5.1. Let us assume that k € RZ,. Let the hypotheses (i), (ii) and (iii) of
Theorem hold. If, moreover, for any locally integrable function \: J4 — R, the
inequality
L(t) <At) <SR(), teTh

implies

(TL)(t) < (TA() < (TR)(H), te T, (3.27)
then there exists a right semi-global solution y: J*, — R"™ of (3.1)) satisfying y(to — 1) = k
and

I(k, £)(1) < y(t) < [k, R)(E), teTH.



Theorem 3.5.2. Let us assume that k € RZ,. Let the hypotheses (i), (ii) and (iii) of
Theorem hold. If, moreover, for any locally integrable function \*: Ji' — R™, the
inequality

L(t) <N (t) <R(t), te T,
implies
(T7L)(@) < (T"°X)(t) < (T™R)(t), te T,
then there exists a left semi-global solution y: J.; — R" of satisfying y(to+re) = k and
I(k, £)(8) < y(t) < (R, L€ T
3.6 GLOBAL SOLUTIONS

This section is concerned with the existence of global solutions on the entire R. The general
case is treated in section [3.6.1] using the iterative method, and a particular linear case in
section [3.6.2] This problem without the iterative method applied is discussed in section [3.6.3]
Assume the existence of bounded continuous functions £, R: R — R" which satisfy

L) <R@®), teR. (3.28)

By © we denote the set of the functions A\ € C(R, R™) with the property L£(t) < A(t) < R(¢),
t € R, that is,
Q:={\ e C(R,R"): L(t) < A(t) < R(t)}.

Define a mapping
I'":RY, x R x C(R,R") = C(R,R")

where I'*(k, t., \) = (I7*(k, to, N), I3*(k, t, N), ..., I3 (k, t, N)), k € RZ, is a constant vector,
A € C(R,R") is a vector-function, ¢, € R is fixed, and
t
I (£, M) (E) = ks exp (/ Ai(s) ds), i=1,....n, teR (3.29)
t

Let us look for a solution of equation in an exponential form
y(t) = I (k, t,, \)(t) (3.30)
with suitable & € R2, . € R and A € C (R,R"™). This leads to the operator equation
At) = (TN () == f(t, I (k,t, N, T (k, te, N)Y) (diag (T (b, e, V) ()71 (3.31)
where t € R and 7% : C(R,R") — C(R,R™).

3.6.1 Global Solutions Found by Monotone Iterative Method

With several modifications, the monotone iterative method used in the proof of Theorem 3.3.],
can be employed to prove the existence of global solutions as well. This is described by the
below theorem.

Theorem 3.6.1. Let k € R, t,. € R and let L,R: R — R" be bounded continuous functions,
satisfying . Let, moreover, the following hold.
(i) For any fized a,b € R, a < b, there exists a constant K such that, for any function
A€,
(TN (&) = (TN ()] < K Jt = 1)

for arbitrary t,t' € |a,b.
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(i) £(t) < (T=L)(1), R(t)> (T*R)(®), teR.
(7ii) For any \*, u* € Q, the inequality

L) <N (H) < (t) <R(E), teR

implies

(T L) (£) < (TN)(t) < (T*u)(t) < (T"R) (1), teR.

Then, there exists a global solution y: R — R™ of (3.1)) satisfying y(t.) = k and, for arbitrary
indexes i >0, j > 0,

Ikt ) (1) < y() < I (k) (1) for b <1, (3.32)

I (kyte, 1) (8) < y(t) < I (k,te, v)(t)  for t, >t (3.33)

where vi(t) < vip1(t), pi(t) < pi(t), vi(t) < py(t), vo(t) :== L(t), uo(t) :== R(), t € TH,
and, fori >0, 5 >0,

vi(t) == (T"vic)(t), () := (Tp-1)(t), tE€R. (3.34)
Moreover, there exist continuous limits

v(t) = lim v;(t), p(t) = lm p;(t), v(t) < wp(t), teR, (3.35)

1—00 j—00

defining global solutions by the formulas vy, (t) = I(k,v)(t), y.(t) = I(k,1)(t), t € R satisfying
Yo (te) = yu(ts) = k and inequalities

I (kte, 1) () < yu(t) < yu(t) < I (k, b, py)(8)  for t. <t

Ik, s 1) (8) < yu(t) < () < T (Rt vi)(8) - for b >,

where i > 0, 7 > 0 are arbitrary.

3.6.2 Global Solutions Found by Monotone Iterative Method - a Linear Case

Consider a linear equation (3.12)) if 7 = R and assume that the functions ¢,d: R — [0, c0),
7: R — [0,r;] and o: R — [0,rs] are Lipschitz continuous. Therefore, the result below is
a linear variant of Theorem [3.6.1

Theorem 3.6.2. Let there exist bounded continuous functions L, R: R — R satisfying (3.28))
and inequalities

L(#) < —c(t) exp < / L) ds> +d(t) exp ( / O ) ds) , (3.36)
R(t) > —e(t) exp ( /t T Rs) ds> +d(t) exp < /t 0 R (s) ds> (3.37)

on R. Then, for any given t, € R, there exists a global solution y = y*(t) of (3.12) on R such
that y*(t.) = 1 and, for arbitrary indices i > 0, j > 0,

exp (/tt v;(s) ds) <y (t) <exp (/tt i) ds) for t>t,, (3.38)
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exp (/tt 1 (s) ds) <y (t) <exp (/tt vi(s) ds> for t<t, (3.39)

where v;(t) < vip1(t), pi(t) < pi(t), vi(t) < py(t), v(t) == L(t), po(t) := R(t), t € R, and,
foriv>0, 7 >0,

v;(t) == —c(t) exp (/ttT(t) vi—1(s) ds) + d(t) exp (/:Jra(t) vi—1(s) ds) , teR

pi(t) == —c(t)exp (/tt_T(t) ti—1(s) ds) + d(t) exp (/:Jrg(t) fi—1(s) ds) , teR,

Moreover, there exist continuous limits v(t) = limy;_,oo 3(t), p(t) = im;_,oo p(t), v(t) < p(t),
t € R, defining global solutions y,,y,: R — R" of (3.12) such that y,(t.) = y.(t.) = k, by the

formulas
y,(t) = exp (/tt v(s) ds) . Yu(t) =exp (/tt u(s) ds> , teR

and, for arbitrary i >0, j > 0,

exp (/tj vi(s) ds) <y (t) < yu(t) <exp (/t*t () ds) for t>t,,

exp (/tj 1i(s) ds) < yu(t) < yu(t) < exp (/tj vi(s) ds) for t<t..

3.6.3 Global Solutions in a Non-Iterative Case

Below we formulate a theorem on the existence of global solutions if hypothesis (iii) in
Theorem [3.6.1] is replaced by a weaker one. While by this approach, the existence of a global
solution can be proved for a rather wide class of equations, we lose the iterative process
converging to such a global solution.

Theorem 3.6.3. Let k € R, t, € R and let L, R: R — R" be bounded continuous functions,

satisfying (3.28)). Let the hypotheses (i) and (ii) of Theorem be fulfilled. If, moreover, for
an arbitrary X € 0,

(TL) (t) < (TN (t) < (T™R) (t), t€R, (3.40)
then there exists a global solution y: R — R™ of (3.1)) satisfying y(t.) = k and

I (ko t, £)(t) < y(t) < 7 (k, £, R)(E) for ¢, <t, (3.41)
I (k, £, R)() < y(t) < (ko to, L)(t) for t. > t. (3.42)

4 CONCLUSION

As noted in the Introduction, the results of the thesis cover not only the cases of mixed type
functional differential systems, but also their reductions to delayed, advanced or ordinary
differential equations. The main result of Chapter [2] - Theorem has been proved by
the well-known Schauder-Tychonoff fixed-point theorem with a suitable technique, we refer
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to [12, Corollary 1]. A similar technique is used, for example, in [2529,37] and in [44].

The closest to the topic of the thesis are the results derived in [4,/43]. The existence of
solutions on intervals of the [ty, 00) type and qualitative behavior of solutions to some classes
of scalar linear advanced-delayed equations are considered in [43] by an iterative method and,
in [4], qualitative properties of such types of equations are treated by the method of integral
inequalities.

The conditions of Theorem are sufficient for the existence of a global solution y = y(t),
t € R to mixed-type functional differential equation such that y € S. A simple analysis
of the hypotheses of Theorem shows that these conditions are also necessary for the
existence of the above solution.

Chapter [3| is concerned with right and left semi-global solutions and global solutions to
nonlinear mixed type functional differential equations giving existence criteria for each type.
The main results are formulated by Theorems [3.3.1], 3.4.1], [3.6.1] and [3.6.3] Quite natural
questions arise. One of them is, for example, if the statement of Theorem can be derived
by regarding its conclusion as the "union'of the conclusions of Theorems and
or, vice versa, by splitting its conclusion into those of Theorems [3.3.1] and [3.4.1] Trying
to find out whether the conclusions of Theorems and [3.4.1] in a sense, imply the
one of Theorem [3.6.1], we conclude that the hypotheses of Theorems [3.3.1], [3.4.1] differ from
those of Theorem . Inequality in hypothesis (iv) of Theorem does not imply
condition (4i7) in Theorem because the operator 7' used in Theorem produces
functions defined on J but not on Jfl. Therefore, we conclude that semi-global solutions
(existing by Theorems|3.3.1land [3.4.1]) cannot be automatically extended (connected) to global
solutions. On the other hand, Theorem [3.6.1] cannot be split into two “semi-global” ones.
Although, from a global solution y = y(t), t € R to equation (3.1)) existing by Theorem [3.6.1}
formally, a right semi-global solution yz and a left semi-global solution y; can be obtained to
equation by the restrictions

yr=yr(t) = yO)|z+, yo=yot) :=y@D)ls,

the following objections against such a simple direct restriction can be raised. If there exists
such a global solution, then the above restrictions are probably (in most practical situations)
not needed. Moreover, such restrictions have been derived from the “global” assumptions
formulated in Theorem (that is its hypotheses must be fulfilled on the entire R) in
spite of the fact that “semi-global” Theorems |[3.3.1| and [3.4.1] use only assumptions related to
semi-global intervals J7;, J;;. Then, the above restrictions can be wrong in the sense that
they do not give either right or left semi-global solution. Therefore, Theorems [3.3.1], [3.4.]
and are mutually independent.

Obviously, it is possible to consider also two particular cases of equation (3.1 if either the
delayed or the advanced terms are missing. In the first case, the function f(t,y;,y") reduces
to an advance-type function f,(¢,y") so equation (3.1]) reduces to

y(t) = falt,y"). (4.1)

In the second case, the function f(¢,y;,y") reduces to a delayed-type function fy(¢,y;) and
equation (3.1]) reduces to

g(t) = fat, ). (4.2)
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Since, as mentioned above, systems , are particular cases of , we can get results
for these systems as restrictions of the results derived. To investigate the system , only
the space C,, without C,, needs to be considered. For the system this is true vice versa.
Therefore, such results can be obtained from the general results for by formally setting
either r; = 0 in the case of system , or ro = 0 in the case of system (4.2)).

In Chapter 2] we consider global solutions of nonlinear systems of mixed-type. To prove the
existence of global solutions, a different approach and substantially different operators are
constructed than those used in Chapter 3] Comparing the results, one sees that these are
applicable to different classes of equations. Moreover, in Chapter [2 no iterative method is
suggested.
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ABSTRACT

This thesis focuses on functional differential equations of mixed type also referred to
as advance-delay equations. It gives sufficient conditions for the existence of global and
semi-global solutions.

The methods used in this thesis consist of building suitable operators for differential equations
and proving the existence of their fixed points. These fixed points are then used to construct
the solutions of advance-delay equations.

The monotone iterative method and Schauder-Tychonoff fixed point theorems are used in
the proofs. In both cases, we also provide solution estimates. Moreover, with the monotone
iterative method, these estimates may be improved by iterations.

In addition, criteria for linear equations and systems are derived and series of examples are
provided. The results obtained are also applicable to ordinary, delayed or advanced differential
equations.

ABSTRAKT

Dizertacéni prace se vénuje funkcionalnim diferencidlnim rovnicim smiSeného typu, které
jsou také nazyvany rovnicemi se zpozdénym a zrychlenym argumentem. Uvadi kritéria pro
existenci globalnich a semi-globélnich feseni.

Metody pouzité v teto praci spocivaji v sestaveni vhodnych operatorti pro diferencialni
rovnice a prokazani existence jejich pevnych bodu. Tyto pevné body jsou potom pouzity ke
konstrukei reseni rovnic s predchazenim a zpozdénim.

V dikazech tvrzeni jsou pouzity monoténni iteracni metoda a Schauderovy-Tychonovovy
véty o existenci pevného bodu. V obou pripadech jsou uvedeny také odhady reseni. Pokud je
pouzita itera¢ni metoda, lze tyto odhady zlepsit iterovanim.

Kromé toho jsou odvozena kritéria pro linearni rovnice a systémy a je uvedena rada prikladi.

Dosazené vysledky lze aplikovat také pro obycejné diferencialni rovnice nebo diferencialni
rovnice se zpozdénim ¢i s predchazenim argumentu.
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