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SYNTHETIC DIFFERENTIAL GEOMETRY OF CHEN’S
ITERATED INTEGRALS

HIROKAZU NISHIMURA

Abstract. Chen’s iterated integrals are treated within synthetic differential geome-
try. The main result is that iterated integrals produce a subcomplex of the de Rham
complex on the free path space as well as based path spaces.

1. INTRODUCTION

Chen’s iterated integrals have been introduced and investigated in [1-3] and others.
As far as we know, there is only one volume on them, namely, [9], though it is
unfortunately written not in English but in Japanese. Chen has established two
fundamental theorems on them, the first claiming that the cohomology of the bar
complex B* (M) generated by Chen’s iterated integrals on the loop space QM of
a smooth manifold M is no other than the cohomology of the loop space QM , so
long as M is simply connected, while the second assertion is that

FkEO (B* (M)) = Hom (Z7r1 (M, x0) /Jk+1,R)

where F~* is the filtration determined by Chen’s iterated integrals of length k or
less, Zmy (M, o) denotes the group ring of the fundamental group m; (M, z¢), and
J stands for the kernel of the augmentation mapping Zm; (M, zo) — Z. Chen’s it-
erated integrals have been applied successfully to various branches of mathematics
such as to Vassiliev invariants of knots and braids ([8] and [10]), algebraic cycles
([5]) and multiple zeta functions ( [4] and [16]).

The principal objective in this paper is to establish that Chen’s iterated integrals
yield a subcomplex of the de Rham complex on the free path space PM as well as
the path space P,, M with the starting point based upon x; € M, the path space
P®2 M with the terminating point based upon x2 € M and the path space Py2 M
with both the starting and terminating points based upon z; € M and xo € M
respectively within our favorite framework of synthetic differential geometry ([7]
and [11]). Chen’s two fundamental theorems will be dealt with synthetically in
subsequent papers.

Even if M is a finite-dimensional smooth manifold, the free path space PM
as well as the path space P, M with the starting point based upon x, the path
space P2 M with the terminating point based upon 3 and the path space Py2 M
with both the starting and terminating points based upon x; and x5 respectively
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is generally infinite-dimensional in essence, so that we must choose an adequate
framework for infinite-dimensional differential geometry in order to deal with these
spaces. Chen has chosen so-called diffeology, in which plots enable one to do con-
structions and computations with coordinates. For an excellent volume on diffeol-
ogy, one is referred to [6]. Since we have chosen synthetic differential geometry and
we assume M only to be a microlinear space, we are coerced into doing everything
in a coordinate-free way.

In synthetic differential geometry, one has to do everything within an esoteric
topos, which alienates many mathematicians. However we could emancipate syn-
thetic differential geometry from topos theory, resulting in aziomatic differential
geometry, in which Weil functors play a pivotal role. For the first steps in axiomatic
differential geometry, one is referred to [12,13] and [14]. For an excellent investi-
gation on the relationship among a few infinite-dimensional differential geometries
(including diffeology) from the standpoint of category theory, one is referred to
[15].

2. PRELIMINARIES

The reader is referred to [7] and [11] for synthetic differential geometry. In partic-
ular, the reader is assumed to be familiar with the first four chapters of [11].

Notation 2.1. We denote by M an arbitrary microlinear space.
Notation 2.2. We denote by I the unit interval [0, 1].

Remark 2.3. As is discussed in §3.2 of [11], vector fields on M can be viewed
from three related but distinct standpoints. The first is to see them orthodoxically
as mappings M — MP (sections of tangent bundles), the second is to put them
down as mappings DxM — M (infinitesimal flow), and the third is, most radically,
to regard them as mappings D — M™ (infinitesimal transformation), though we
prefer the third viewpoint most.

Notation 2.4. We denote by AP (M) the totality of differential forms on M
of degree p, A (M) designating the totality of differential forms on M.

Notation 2.5. We denote by d the exterior differentiation. Given a vector
field X on M, we denote by ix and Ly the interior product and the Lie derivative
with respect to the vector field X respectively.

Remark 2.6. We have a natural pairing
((y5d1y ey dp) ,w) = di...dpw (7)

for any (v;dy,...,dp) € MP" x DP and any w € AP (M). Indeed, differential forms
can be characterized as mappings on MP" x DP having certain properties, for
which the reader is referred to Proposition 2 in §4.2 of [11].

The following is one of the three Cartan formulas for differential forms and will
be used in our discussions.
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Theorem 2.7. Given a vector field X on M, we have
Ly =diyx + diy.

3. SIMPLE INTEGRALS

Notation 3.1. We denote by PM the set
PM =M.
Notation 3.2. We denote by ¢ the mapping ¢ : I x PM — M defined by
@ (t,0) =0(t)

for any (¢,0) € I x PM.

Notation 3.3. Given t € I, we denote by ¢; : PM — I x PM the mapping

0ePMr— (t,0) €I xPM.
Notation 3.4. Given t € I, we denote by ¢; the mapping
pou : PM — M.
Notation 3.5. We denote by % the vector field
(d,(t,0)) e Dx (I xPM)w— (t+d,0) eI xPM

on I xPM.

Notation 3.6. Given w € AP (M) with p being a positive integer and t € I,
we write

(w)y € AP7H(PM)
for
L:i% Y w.

Proposition 3.7. Given w; € AP* (M) and wy € AP? (M) with p1 and p2 being
positive integers, we have

(w1 Awa)y = (wi)y A pjwz + (1) gfwi A (wa)y
foranytel.
Proof. We have

.

(wy /\wg);k =i

Yo

©* (w1 Awa)
*

*
t

k3
=l

(P w1 A 9 wa)

Q.)‘Q?

t

I * * P1 % . *
= 1%50w1/\<po.)2+(—1) gowl/\l%goo.@>
P1 ok, %k

ks * * % xs *
—Ltl%(pwl/\LtQDWQ—‘r(—l) e wr ALfie ptwy

= (w1); A @iwe + (=)™ piwr A (w2); -
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Definition 3.8. Given a mapping @ : I — AP (PM) with p being a natural
number and s,t € I, we define

/t&(u) du € A” (PM)

<(v;d1,...,dp)7/:a(u) du>

:/ ((vsdiy .o dp),w (u)) du

to be such that

for any (v;ds, ...,d,) € (PM)P" x Dr.
It is easy to see that

Proposition 3.9. Given a mapping & : I — AP (PM) with p being a natural
number and s,t € I, we have

d/:w(u)du/:da(u)du.

Now we are ready to give a definition of Chen’s single integral, which is the
starting point of his iterated integrals.

Definition 3.10. Given w € AP (M) with p being a positive integer and s,t € I,
we define

t
/ w e AP (PM)

/ (@) du.

Notation 3.11. Given w € AP (M) with p being a positive integer, we write

to be

/w € AP~ (PM)

1
| e
0

Proposition 3.12. Givenw € AP (M) with p being a positive integer andt € I,
we have

for

d(w); = Lo p'w— (dw); .

Proof. We have
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[by Theorem 2.7]
:LtL%ga w—Ltl%d(p w
%k ko *
=y Lap'w (dw), .
O

Corollary 3.13. Lett € I and d € D. Given w € AP (M) with p being
a positive integer, we have

t+d t+d
d/ w:—/ dw — piw + ;| gw.
t t

Proof. 1t suffices to show that

o)
D)

dw — pjw + ‘Pt+dw>

for any (v;ds,...,d,) € MP " x DP, which follows from the following computation:

t+d
:/t (0 (i, ody) s (w)}) du

8(’7,d17~-~7 )’(w):>
d{(;dy, oy dy),d (@)7)

<( dis ., dp), LtLaapw—(dw) >

[by Proposition 3.12]
= (i, dy) i L ') = d((yid, s dy) , (Aw)])

t+d
= <(77 dlv weey dp) ) @:—&-dw - (P:w> - <(7’ dla ceey dp) ,/t dw>

t+d
= (*y;dl,...,dp),f/ dw — pfw + @i 4w ) .
t
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Corollary 3.14. Given w € AP (M) with p being a positive integer, we have

t t
d/ w:—/ dw — piw + piw

for any s,t € I. In particular,

d/w:—/dw—goéw—i—go’{w.

Proof. Let us define a function F': I — R to be

F(u) = <(’y;d1,...7dp),d/ w —|—/ dw+ piw — cpr>
for any u € I. Then we have

Fu+d)— F(u)

u+d u+d
— <(’y;d1,...,dp),d/ w+/ dw+<p2w—<pz+dw>
u u

=0
by dint of the above corollary, which implies that
F'(u)=0
for any u € I. Since
F(s)=0
holds trivially, we are done. O
It is easy to see that

Proposition 3.15. Given w € AP (M) with p being a positive integer and

s,s',t,t' € I, we have
t s’ t’ t
/w:/ w+/ w—|—/ w.
s s s’/ t’

4. ITERATED INTEGRALS

Definition 4.1. Given sy, ...,8;,t € I and wy € AP* (M) ,...,wp € AP+ (M)
with p1, ..., pr being positive integers, we define

¢
/ w1 .top € AP PR (D)
S1 Sk

PR

by induction on k to be

H( oo
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By way of example, we have

[ e [ ([ ) )

Notation 4.2. Given wy € AP* (M),...,w, € AP* (M) with p1,...,pr being
positive integers, we write
/wl...wk

for

,,,,,

Notation 4.3. Since the space AP (PM) with p being a natural number is
a Euclidean R-module, any mapping & : I — AP (PM) and any t € I give rise to
a unique Dy € AP (PM) such that

w(t+d)—w(t) =dDw
for any d € D.
It is easy to see that

Proposition 4.4. Suppose that we are given w € AP (M) with p being a positive
integer and t € I. Let @ : I — AP (PM) be the mapping s € I — pw. Then we
have

D; (w) = LfLB%go*w.

The following two are no other than variants of the fundametal theorem in
calculus.

Proposition 4.5. Given s,t € I and a mapping & : I — AP (PM) with p being
a natural number, we have

D, (/:a(u)du>:a(t).

Proposition 4.6. Given s,t € I and a mapping @ : I — AP (PM) with p being
a natural number, we have

t
/ Do (u) du = & (t) — & (s).
It is easy to see that

Proposition 4.7. Given mappings @y : I — AP (PM) and @s : I — AP2 (PM)
with p1 and ps being natural numbers, we have

Dy (@ (t) Az (1))
=D,w1 (t) A @ () + w1 (t) A Dyios (¢)
for anyt e l.
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Lemma 4.8. Let s1,892,t € I. Given wy € AP* (M) and wy € AP2 (M) with p;
and ps being positive integers, we have

t t u
/ (w1);, A prwadu +/ (/ w1> A (AZL%¢*w2) du
S2 S2 51
t So
= (/ m) A @Im - (/ wl) /\<p:2w2.
S1 S1

Proof. We have

u u
D, ((/ w1) A @ZU&) = (w1), A prwa + (/ w1> A (LZL%SD*W)
S1 S1

so that the desired formula follows by dint of Proposition 4.6. O

Theorem 4.9. Let $1,592,t € 1. Given wy € AP* (M) and wy € AP? (M) with
p1 and pe being positive integers, we have

t
d/ W12
81,82

=— / (dwy) we + (=) wi (dws) + (1) / wy A wa

51,52 51,582 S2

t S2 t
— Q5 w1 /\/ we + (—1)7 (/ w1> ANl wa — (—=1)P (/ w1> A Pfwa.
So S1 S1

In particular, we have

d/w1w2
= /(dw1 Ywa + (— /w1 dws) + (=)™ /w1 A wa
—wgwl /\/wg — (= (/wl) A piwa.

Proof. We have

t
d/ W12
1,82
t u
:d/ </ w1> A (we)) du
S2 S1
t U U
[{(af ) s o (o) naea ) au
S0 s1 s
[by Proposition 3.9]
t u t u
:/ <d/ o.)l) /\(wg)Zdu—&-(—l)plfl/ (/ w1> Ad (w2)! du
ED) 51 S2 S1
t u
:/ <—/ dw; — 5, w1 +<PZW1> A (w2),, du
S2 S1
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t u
e ([ (e - @)
So S1 )

[by Proposition 3.12 and Corollary 3.14]

t

T /sf,sQ (deor) ws + (_Dpl /8;2 w1 (dws) — (Wﬁlwl) A (/g: (wz)z du)
[ i itan [ ([ ) (g )

=- /: (dwi)ws + (=1)" /t w1 (dws)

1,82 81,82

— (#5,w1) A (/S: W2) + /": (rw1) A (w2),, du

t S2 t
— (=) {(/ wl) A Qiwe — (/ w1> A Qg,wa — / (w1)s A wszdu}
S1 S1 S2

[by Lemma 4.8]

=- /: (dwi) wy + (=1)" /t wy (dws)

1,52 1,82

+ {/t (Phw1) A (w2)l du + (—1)™ / (@1)’ A %Mdu}

e ([ o)+ 0 ([T ) st = o ( ) hoios

= [ @t 0 [ @)+ 7 [ ane

1,52 1,52 52

— (#5,w1) A (/S: W?) + (=)™ (/:2 wl) A piwr — (=17 (/Slt w1> A piwa.

O

t

Lemma 4.10. Let s1,589,83,t € I. Given w; € AP (M), wy € AP2 (M) and
ws € APs (M) with p1, p2 and p3 being positive integers, we have

t u t u
/ (/ w1> A (W2)Z A\ QOZUJ3dU +/ </ w1w2> A (LZLQQO*“B) du
83 S1 S3 81,52 ot
t S3
= </ w1w2> A piws — </ w1w2) A g w3.
51,82 $1,82

Proof. We have

Du (</ CU1CLJ2) AN QDZCU:;)
51,52
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u u
— (/ w1> A (wg): A prws + (/ w1w2> A (LI*LL%@*Q@) .
s1 51,52 )

Theorem 4.11. Let s1, 89, 83,t € I. Given wy € AP* (M), wy € AP2 (M) and
w3 € APs (M) with p1, p2 and ps being positive integers, we have

t
d / WiwaWws
$1,82,83

- /St (dw) waws + (—=1)"* /t w (dws) ws

1,52,53 51,52,583

O

t
— (—1)Pr P / wiws (dws)

1,52,53
t

t t
+ (=) / (wq /\wg)wg—(—l)p1+p2/ wi (w2 Awsz) — @5 wi /\/ wals

2,53 1,83 2,83

So t 53
s ([T )t a ([ ) = comtm ([ o) nvte
S1 S3 81,82

¢
+ (—1)PrtP2 (/ w1w2> A pfws.
81,82

In particular, we have

(ld/POJluJQUjg

= [ (o) + (17" [ (umin = (1777 [ anin (den)
L N P sl P Y

—ppw1 A /w2w3 + (—l)lerp2 (/w1w2> A piws.

Proof. We have

t
(1d/P W1waWws
81,582,583
t u
= ‘/[ (;// 0)1602:) A <QJ3)Z‘(11L
53 51,52
t u u
2/ {(d/ w1w2> A (ws), + (—1yrire </ w1w2) nd (‘%)Z} du
S3 81,82 §1,82

[by Proposition 3.9]

t u t u
:/ <d/ wle> A (ws),, du + (fl)pﬁm/ </ wle) Ad (w3), du
s3 51,52 s3 51,82
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— [ (o) wo + (=)™ [ wr (dws) + (=)™ [ w1 Awy

¢
:/ —% w1 A f52 wa + (—1)" ( 312 wl) A @%,wo
* — (=" (fsul wl) N prwa

t u
A(ws)l du + (—1)PrHP2 / (/ wlwg) A (LZL%QO*UJ?, — (dw3)2) du

53 1,52

[by Theorem 4.9 and Proposition 3.12]

= _ /: (dwy) wows + (—1)" /t w1 (dws) ws

1,52,53 51,852,583

t t

(w1 Awa) wg — 05, wr /\/ Wows

52,53

~ (e | s (duy) + (1) /

1,52,83 52,53

ED) t t u
+ (=1 </ wl) A @5, w2 /\/ w3y — (=1)" / (/ w1> A @hws A (ws)) du
S1 83 S3 S1
t u
+ (_1)1’714-[)2 / (/ oJﬂdg) A (LZL%(ID*QB) du

53 1,52

=— /St (dw1) wows + (—1)" /t w1 (dws) ws

1,52,83 81,82,83

t t

(w1 Awa)wg — 5, wr /\/ Wolws

52,53

— (=t /: wiwy (dws) + (=1)" /

1,82,83 $2,53

So t t U
+ (=) </ w1> A @3, wo /\/ w3 — (=1)7 / </ w1> A @hwa A (ws)) du
S1 53 S3 S1

t u * %
+ (_1)171"1‘172 B 83 fsl Wl) A (w2)u A wuw:}du

* (fsthsz wiwy | A prws — (fssf,sz wle) A 90:3(,03
[by Lemma 4.10]

= _ /: (dwy) wows + (—1)" /t w1 (dw2) w3

1,525,583 51,52,53
t

— (—1) e /: Wy W (dw3)+(—1)p1/ (w1 A wa) ws

1,52,83 82,83
fst3 (f: wl) A ((JJQ)Z A phwsdu
t u * *
+ (=P fss (fs1 wl) A piwa A (w3), du

t ED) t
— 5, w1 /\/ wows + (—1)* (/ wl) A (ph,w2) A </ W3)
§2,83 S1 83

t S3
+ (_1)p1+p2 (/ w1w2> A cp}‘wg o (_1)p1+p2 (/ w1W2> A\ QD:SCU:j
S$1,82 81,82

_ (_1)101-1‘172
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_ /St (dwy) waws + (—=1)F* /t w1 (dwa) w3

1,852,583 51,582,583
t

— (_1)p1+p2 / wiwso (d(U3) + (_1)1)1 / (wl A\ OJQ)LU3

1,52,83 2,83
t t
— (—1)Prtee / w1 (w2 Aws) — @3 w1 A / Was
51,83 $2,83

S2 t t
+ (_1);01 (/ OJ1> A (QD:QOJQ) A\ (/ (JJ3> + (—]_)pl+p2 (/ w1w2> A QD:CUg
51 S3 81,82
s3
_ (71):01+p2 </ w1w2> A\ (p:sw;g.
51,82

In general, we have

Theorem 4.12. Let s1,...,5,t € I. Given w; € APi (M) with p; being a posi-
tive integer (1 <1i < k), we have

t
d/ W1...WE
814...483
k

EERRE)

.....

vvvvvv

S84 t
*
Wi...wi—1 | N ((,Dsiwi) A / Wi41---Wk
ey Sie1 SitlseySk

k
=1 S1,

t
+ (—1)p1+'”+pk71+k+1 (/ wl--~wk1> A (prwk) -
81538k —1

In particular, we have

d/wl...wk

k
- Z (_1)z+p1+...+p1,71 /wl...wi_l (dwl) Wi41...Wg
i=1
k—1 )
+ Z (_1)7,+p1+..4+pi+1 /wl...wi_l (wi A wi+1)wi+2...wk

~(phwn) A ( i

+ (- 1)P1+ Apr-1t+k+1 (/W1~-~Wk—1> A (piwr) -
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Corollary 4.13. Given w; € AP (M) (0 <i < k+ 1) with p; being a positive
integer (1 <i < k) and py and pr11 being non-negative integers, we have

d ((wgwo) A </ w1~--wk) A (‘PT%H))

— (o (o) A [ o) A (i)

k
+Z (—1) HPotPIt A1 (5 0) A (/ W Wi 1 (dwi)wiﬂ...wk) A (Piwks1)
i=1

k—1

i+po+p1+...+pit+1 *
Y ()T ()
i=1

A\ (/ W1...Wi—1 (wi /\wiJrl)ng...wk) A\ (@ka+1)
- 0 (i o nwa) A ( [ e ) A Gotionn)
b (—1ypotpate L (/wl---wk—l) A (" (wp A wrs1)

eyt i) ([ ) A Gotdinn)

so that the graded submodule of the de Rham module on PM linearly generated by
differential forms of the form (pjwo) A ([ wi..wi) A (@iwis1) is closed under ex-
terior differentiation, constituting a subcomplex of the de Rham complex A (PM).

Definition 4.14. The subcomplex in the above corollary is called the Hochs-
child complex associated with the de Rham complex A (M).

We conclude this section with the following simple proposition.

Proposition 4.15. Let si,s2,s),85,t,t' € I. Let wy € AP (M) and wy €
APz (M). We have

t t st t
/ wlwzz/ wiws + / w1 /\</ w2>,
51,82 s%,82 s1 S2
t sh t
/ wiwa =/ W1w2 +/ Wiwa,
$1,52 81,82 8178'2
t t t
/ wiwg = / WiWwsg +/ wWiwa.
$1,82 81,82 s1,t’

Proof. Here we deal only with the first formula. We have

t
/ w12
81,82
t u
:/ (/ wl) A (we)r du
S2 S1
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t
/ / w1 + / w1 )., *du
t t 81
/ / A (w2)) du —|—/ / wi | A (w2) du
S2 S1
t 8'1 t
/ wiwg + / w1 | A </ w2> )
51,52 S1 52

[([ =)
[ ()t [ ([ <) v

Corollary 4.16.

t
/ W12
51,52
5'2 t’ t
:/ w1w2+/ w1w2+/ w12
s ,s2 s’ st st

1552

(L)) (o) a ([« ([1a) (o).

Proof. We have

/ wiwz
51,52

t sh t
/ w1w2+</ w1>/\</ CUQ>
51,52 s1 EP)

t

/ w12 +/ w12

sl,sz s’ ,8h

8/2 s'l t’ 3/1 t
/ wa | + / w1 | A / wo | + / w1 | A </ w2>

So s1 sh s1 t’
t t
/ wWiWsg +/ wiwso +/ wiwso
57,82 sh .t

51,85 1

N

_|_
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(AL L)) )

5. BASED PATH SPACES

Let us begin by fixing our notation.

Notation 5.1. Let z1,72 € M. We denote by P,, M, P*2M and Pg2M the
spaces

Po M ={0€PM|0(0)=2x1},
PP2M ={0 € PM |0(1) = x5},
Pi2M = {0 € PM | 6(0) =21 and 6 (1) = x2} .

Notation 5.2. For simplicity, we use the same notation ¢ : I x Py, M — M,
@ IxP*>M — M and ¢ : I xPg2M — M for the restrictions of ¢ : I xPM — M.

We have the following three theorems as corollaries of Theorem 4.12.

Theorem 5.3. Let 1 € M. Given w; € AP (M) (1 <1i <k~+1) with p; being
a positive integer (1 <1 < k) and pr41 being a non-negative integer, we have

d ((/W1...Wk> A (sﬁ’fwﬂ))
— </w1...wk) A (Qiwr+1)

k
+ Z (_1)z+p1+...+p1,,1 </ Ww1...Wi—1 (dwi)wi+1...wk) AN ((pka+1)
=1

k—1
) ()t (/ wiowiq (Wi Awis1) wi+2...wk> A (@ wig1)
1=1

()P </w1...wk_1> A (0T (wp A wir1)

+ (—1)p1+m+pk+k (/ w1-~-wk> A (pldwys1)

so that the graded submodule of the de Rham module on P,, M linearly generated
by differential forms of the form (f wl...wk) A (pTwgr1) is closed under exterior
differentiation, constituting a subcomplez of the de Rham complex A (P, M).

Theorem 5.4. Let x5 € M. Given w; € AP (M) (0 < i < k) with p; being
a positive integer (1 < i < k) and py being a non-negative integer, we have

(e ()
— (i (o)) A ([ w1
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k
+

(_1)i+P0+p1+...+pi—1 (QOSUJO) A (/Wl---wi—l (dwl) U-}i+1-~-wk>
=1

k—1
+ Z (_1)z+po+p1+...+p¢,+1 ((pSWQ) AN (/ Wi...W;—1 (wi AN wi+1)wi+2...wk)
=1

- 0" (i o nw) A ([ o)

so that the graded submodule of the de Rham module on P*>M linearly generated
by differential forms of the form (@iwo) A (f wl...wk) is closed under exterior
differentiation, constituting a subcomplez of the de Rham complex A (P*2M).

Theorem 5.5. Let x1,29 € M. Given w; € APi (M) (1 <1 < k) with p; being
a positive integer (1 <1 < k), we have

d/wl...wk

k

- (—1)p1+“'+pi*1+i/wl...wi,l (dw;) witq...wg
i=1

k—1
+ Z (_1)p1+...+pi+z+1 /wl...wi,l (wi AN wi+1) Wit2...Wk
=1

so that the graded submodule of the de Rham module on P32 M linearly generated
by differential forms of the form [ wi...wy is closed under exterior differentiation,
constituting a subcomplez of the de Rham complex A (P;fM)

Definition 5.6. The subcomplex in the above theorem is called the bar complex
associated with the de Rham complex A (M).
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