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Abstract
This paper focuses on static solutions for the following Choquard equation with zero
mass and Coulomb potential

1
—Au + su’ ) u = pwlul?2u+ (g * u*H Ty, xeR3,
47| x|

where i > 0, 178 < p <6,a € (0, 3), o+ 3 is the upper critical exponent in the sense

of the Hardy-Littlewood—Sobolev inequality, I,: R? — R is the Riesz potential, and
#m is the Coulomb potential. By carefully analyzing the intricate interplay between
the power and Coulomb terms, we establish three types of variational geometries of

the problem and prove the following existence results based on the behavior of p:

(1) the existence of two solutions, one being a local minimizer and the other of
mountain-pass type, for an explicit range 0 < p < Const. when 17—8 <p<3;

(2) the existence of a positive solution if u takes some particular value when p = 3;

(3) the existence of a ground state solution for all © > 0 when 4 < p < 6, and for
two explicit ranges i > Const. when 3 < p < 4 and p = 4.
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Furthermore, we obtain a non-existence result for the case p = 6. Particularly, we
identify different compactness thresholds for above three cases, and introduce three
types of test functions to control the corresponding minimax levels to be less than
prescribed thresholds, thereby overcoming the loss of compactness arising from the
nonlocal critical term. The derivation of these strict inequalities is a novel contribution
and constitutes one of the noteworthy highlights of this work, which is available and
new for the limiting Sobolev critical problem as « — 0. We believe that the underlying
ideas have potential for future development and can be applied to a broader range of
variational problems with critical growth.

Mathematics Subject Classification 35J20 - 35J62 - 35Q55

1 Introduction

In this paper, we consider the following upper critical Choquard equation with zero
mass and Coulomb potential:

1
— Au + wu’ | u = wlulP2u+ Uy * ul* Dy, xeR,
47 |x|

(1.1)

where u > 0, 178 <p<6,0e(0,3),I,: R3 — R is the Riesz potential defined by

(3=« KCy
Io(x) = (21) — == xeR\(0}, (1.2)
r(g)2em2jxp-e Il

and ﬁ is the Coulomb potential, which coincides with the Riesz potential ;. Given
the fact that the Coulomb potential is the fundamental solution of the operator —A, it

follows that solutions of (1.1) correspond to solutions (u, ¢) of the nonlinear system

—Au+ ¢u = plul?2u + (Iy * [u|*F)u|* u, x e R3,
—Ap =u?, x e R3.

A notable feature of this problem is that the local linearized operator at zero involves
only the Laplacian operator. Following the pioneering work [4] by Berestycki and
Lions, we can also say that this is a zero mass problem, whose solutions are called
static solutions. Here, « + 3 is called the upper critical exponent in the sense of the
Hardy-Littlewood—Sobolev inequality, due to the following estimate:

a+3 a+3 94 (%
/;/;Mx?l |T3(yi| drdy < 45 2T :«Ei) o o+
R3 JR X =y F(—“)

2

P=Loul @012 < 400, Yu,ve DR
(1.3)
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1.1 Research motivation and main difficulty

The study of (1.1) stems from the following Brezis—Nirenberg type problem for the
Choquard equation with upper critical exponent:

— Au+ou = plulP2u + Iy * [u|* )y, xeR3, (1.4)

where w corresponds to the phase of the standing wave for the time-dependent equa-
tion, if @ = 0, its solutions correspond to static solutions (not periodic ones). Choquard
equations arise in various fields of mathematical physics, such as the description of
the quantum theory of a polaron at rest by Pekar [27] in 1954 and the modelling of
an electron trapped in its own hole in 1976 in the work of Choquard [21]. It was also
treated as a certain approximation to Hartree—Fock theory of one-component plasma.
Mathematically, the study of Choquard equations goes back to the seminal work of
Lieb [21] and Lions [23], which established the first existence and symmetry results of
solutions to (1.4) with . = 0 and replacing (I |u|**3)|u|**t u by (1o %u>)u. Over the
past decades, a great deal of mathematical effort has been devoted to studying the exis-
tence, multiplicity and properties of solutions to Choquard equations. In 2018, Gao and
Yang [10] first considered Brezis—Nirenberg type problems for Choquard equations
on a bounded domain of RN (N > 3). To overcome the possible loss of compactness
caused by the critical growth, Gao and Yang [10] proved that the best constant S,
of the Hardy-Littlewood—Sobolev inequality (defined in the three-dimensional case
by [1.16]) can be attained, and used the extremal function of S, as a test function to
ensure that the associated minimax level is strictly less than the compactness threshold
under which the (PS) condition holds. This played a similar role to the Aubin—Talenti
bubble, which is the optimal function of the best Sobolev constant S for the continu-

ous embedding D2(RY) — L% (RM) for N > 3 in the study of the well-known
Brezis—Nirenberg problems [5]. Since then, the extremal function of Sy has become a
standard tool to study various types of upper critical Choquard problems, considering
different subcritical perturbations. Specifically, Alves et al. [1] dealt with singularly
perturbed critical Choquard problems with the nonlocal subcritical perturbation, and
extended the above results of [10] obtained in bounded domains to the whole space
R3. Moreover, they showed that the Choquard equation (1.4) has no nontrivial solu-
tion for © = 0 and w # 0. Instead of the nonlocal subcritical perturbation, Li and
Ma [18] considered the power subcritical perturbation case of form (1.4), and proved
the existence of a positive ground state solutionif4 < p < 6andu > 0;or2 < p <4
and p > 0 large enough. Moreover, they also considered higher dimensions N > 3.
Guo et al. [13] studied the linear perturbation case of form (1.4) with © = 0 and
replacing the positive number w by the non-negative continuous function w(x), and
established the existence of a positive solution if |wl]|3,2 > 0 is sufficiently small.
For further details and important advances on this subject, we refer the reader to [6,
14, 26, 29, 38]. However, to the best of our knowledge, the existing results on upper
critical Choquard problems were obtained exclusively under the positive potential or
the nonnegative case where w(x) > 0 at least on a set of positive measure. It seems
open what happens for the zero mass case @ = 0, which is one of the reasons that
motivates the present research.
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2084 S.Chenetal.

Another motivation in this paper comes from recent studies on the static solutions
of the following Schrodinger—Poisson—Slater equation:

1
—Au+ su? ) u=plul”2u+u, xeR, (1.5)
47r| |

which can be seen as the limiting equation of (1.1) as « — 0. This is because the
nonlocal upper critical term (I, * |u|*"3)|u|* u formally degenerates to the local
Sobolev critical term u> as & — 0. This equation is also called as the Schrodinger—
Newton equation as introduced by Penrose [28]. It arises in quantum mechanics as a
Slater approximation of the exchange term in the Hartree—Fock model, as discussed
in Slater [31]. In [31], without the critical term u?, p = 8/3 and u is called the
Slater constant (up to renormalization). Other exponents have been used in different
approximations, and we refer to [3, 22, 24] for more information on the relevance of
these models and their derivation.

From a variational perspective, the absence of a phase term, i.e., the zero mass w =
0, means that the standard Sobolev space H ' (R?) is not the appropriate framework for
the problem. To overcome this, Ruiz [30] introduced the following Coulomb-Sobolev
space:

2 2
E— {u e DI2(R3): / / WU 4y < oo} (1.6)
R3 |x —yl
with the norm

12 (002 112
lullg = f |Vu|2dx+</ / wOuR) xdy) S
R3 R Amlx —y|

where the double integral expression is the so-called Coulomb energy of the wave.
Ruiz proved that (E, ||-|| g) is auniformly convex Banach space, and that £ < L?* (R3)
forall s € [3,6],and E, — LS(R3) forall s € (178 6], where

E, .= {u € E:u is aradial function} . (1.8)

In this framework, the following subcritical problem

1
— Au+ wxu’ | u=plul’*u, xeR (1.9)
47 |x|

was studied by Ruiz [30] for % < p < 3 and by Ianni and Ruiz [15] for3 < p < 6.
Specifically, (1.9) admits a radial positive solution for 17—8 < p < 3[30, Theorem
1.3], and a positive ground state solution for 3 < p < 6 [15, Theorem 1.2]. A new
critical phenomenon appears in the study of (1.9), that is Coulomb—Sobolev critical
case p = 3. This case presents a certain scaling invariance, that is, given a solution
u of (1.9) and a parameter [ € R, the family of functions /2u(lx) is also a solution.
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Table 1 Results in [25]

p 1% Conclusion

(17—8, 3) O<pu<p@p>0 (1.5) has a positive solution in E, being a local minimizer of
negative energy

3 > 0 sufficiently large  (1.11) has a couple solution (i, A;;) € E X Rt
(3,4] > 0 sufficiently large  (1.5) has a ground state solution in E
4, 6) n=>0

Furthermore, p = 3 turns out to be the threshold exponent determining whether
the associated energy functional has a mountain pass geometry on E or E, (see [15,
Remark 5.2]), leading to distinct research directions for p # 3 and p = 3. Specifically,
in contrast with the cases 17—8 < p <3and 3 < p < 6, for the Coulomb—Sobolev
critical case p = 3, (1.9) was interpreted as an eigenvalue problem, and the following
result was established in [15]:

Theorem [IR] ([15, Theorem 1.3]) There exists an increasing sequence |1y > 0, x —
400 such that the Coulomb—Sobolev critical problem

—Au~|—(u2* )MZMk|u|u (1.10)

47| x|

has a radial solution uy, € E,. Here iy is the Lagrange multiplier which is not priori.

In 2019, Liu et al. [25] extended these results on the Sobolev subcritical problem
(1.9) and the Coulomb-Sobolev critical problem (1.10) to the Sobolev critical problem
(1.5) and the following double-critical problem with a Lagrange multiplier A:

1
— Au+ * U’ u:)»,u|u|u+u5, x e R3. (1.11)
4| x|

In that paper, the related results are summarized in Table 1.

Note that the case p € (g, 3) is special, as the increasing rate of the local power
term is lower than that of the non-local convolution term. This allows the creation
of a geometry of local minima for small values of u > 0. The presence of such a
structure of local minima had already been observed in several related situations, see,
for example, [2, 9, 11, 32] for L2-constrained problems, and its presence suggests
the possibility to search for another solution lying at a mountain pass level, besides
the existence of one solution being a local minimum. However, compared with these

2

works, due to the presence of the Coulomb term (ﬁ * U ) u, the compactness anal-

yses in the Coulomb—Sobolev space E or E, is more difficult than that in the usual
Sobolev space. Based on these observations, Liu et al. [25] were only able to find a
negative energy solution which is alocal minimizerin the case p € (17—8, 3), as shownin
Table 1. Specifically, they first constructed a truncation functional (containing a non-

local perturbed term with a sufficiently small coefficient) which is bounded below
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2086 S.Chenetal.

and its infimum on the whole space E, is negative, then obtained a local (PS) condi-
tion to the truncation functional at the negative energy level based on very involved
arguments relying on a measure representation concentration-compactness of Lions,
finally returning to the original problem. In the cases 3 < p < 6 and p = 3, to
overcome the loss of compactness caused by the Sobolev critical term, Liu et al. [25]
proved that the associated energy level is strictly less than the compactness threshold
of the problem, specifically:

%S%, if4<p<6andpu >0;0r3 < p <4and
c< n > 0 sufficiently large in (1.5), (1.12)
‘3/768, if u > 0 sufficiently large in (1.11),

below which the (PS) condition holds, see also [16, 17, 37] and see [12] for recent
improvements from p large enough to larger than some explicit lower bounds. How-
ever, it is worth pointing out that the effectiveness of their method for the case p = 3
remains to be further verified, as there appears to be a flaw in the proof of Lemma
4.2 in [25], where the claim G (up) = 1 (page 5933, line 8 from bottom) seems to be
impossible to establish conclusively.

The study in [25] presents the different compactness thresholds of the problem for
p € (3,6) and p = 3, but leaves a gap for p € (£, 3). In fact, as pointed out in
[25], it is very challenging to find a concrete critical threshold and precisely control
the associated energy level, since the energy functional does not have the standard
geometric properties of Mountain Pass type. To the best of our knowledge, nothing is
known in the existing literature regarding this gap.

Inspired by the aforementioned work, especially critical problems (1.4), (1.5) and
(1.11), in this paper, we focus on the existence and non-existence of static solutions
to the upper critical Choquard problem (1.1) with Coulomb potential. Particularly, we
give a complete analysis of the power exponent p € (%, 6], which is supposed to be
the maximum range that allows us to use variational methods to study (1.1) in E or

E,, based on the conjecture in [30, Remark 4.1] that E, is not included in L7 (R3)

Let
2 2
®, (1) :_-/ |Vu®dx + — /f wDu”(y) xdy_E/ u|Pdx
& Jrs dmlx —y| P Jrs
- I Ol+3 Dl+3d i 11
s L (o) e (113)

From (1.3) and the continuity of the embeddings E < L* (R3) forall s € [3, 6], and
E, — L*(R%)foralls € ( 17—8, 6], it follows that the functional ®,, is well defined and
Clin E for p € [3, 6], the functional @, is well defined and Clin E, for pE (% 3).
Following the work of [30], solutions to (1.1) can be obtained as critical points of &,
in E and E, for p € (3,6] and p € (178, 3), respectively. In the Sobolev critical case
p = 6, we will prove that (1.1) has no nontrivial solution for any u > 0. In the case
pE (g, 6), we are particularly interested in ground state solutions to (1.1). We recall
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a solution u to be a ground state solution if u minimizes the functional ®,, among all
nontrivial solutions to (1.1), specifically,

{u € E\{0}: @, (u) = 0} for p € (3,6);
{u € E\{0}: @), (u) =0} for pe(£,3).
(1.14)

(@) = inf @y () with K, :={
Uehp

In what follows, we always assume that ®,: E — R for p € (3,6] and ®,: E, — R
forp e (178 3).

Compared to the previous work, the study of (1.1) with zero mass is much more
challenging, due to the combined effect of the Coulomb potential and the upper critical
growth of Choquard-type nonlinearity. For example,

(i) Inthe zero mass context, the presence of the Coulomb term necessitates studying
the problem in the Coulomb-Sobolev space E or E, by variational methods,
rather than the standard Sobolev space H!(R3). The interplay between the
Coulomb term and the nonlinear terms, especially the strong competition with
the power function, not only significantly affects the geometric structure of @,
but also increases the complexity in identifying critical points of @ ,.

(i1) Asis well known, the crucial step in dealing with critical problems is through the
use of test functions to obtain a good energy estimate of minimax levels, such
that the compactness of minimizing sequences or (PS) sequences at that energy
level holds. This has been achieved for the upper critical Choquard problem (1.4)
with w > 0 and 2 < p < 6. Specifically, inspired by Gao and Yang [10], the
following strict upper bound estimate has been derived by Li and Ma [18]:

a+2 3 |for4<p<6andyu > 0;
c< ——_ 8¢ (1.15)
2(x +3) for2 < p <4 and pu > 0 large enough.
In the zero mass case w = 0, there is also a need to establish a similar

inequality. However, extra efforts are always required to balance the compet-
ing effects between the Coulomb term and the power term, especially for the
case p € (17—8, 3), in which the power term dominates the Coulomb term for @,
near zero. It is natural to expect that the domination of the power term could
help to lower the energy value, and this paper will confirm this expectation, as
discussed in Remark 1.6 (iii) below. As mentioned in [25], there do not seem to
be any relevant results in the existing literature even for the limit problem (1.5).

(iii) The case where p = 3 appears to be the most delicate. As observed in [15] for
the study of (1.9), this is viewed as the Coulomb—Sobolev critical case, as this
problem presents scaling invariance under the transformation #%u(zx). In this
case, the Coulomb term and the power term are in balance, leading to a subtle
interplay that requires the introduction of a Lagrange multiplier A in front of
w|u|P~2u to establish the appropriate variational characterization of the problem.
As one would naturally expect, this dual critical nature further complicates the
variational study of the problem.
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2088 S.Chenetal.

1.2 Statement of the main results

To obtain the sharp energy estimates, following [10, Lemma 1.2] dealing with the
Brezis—Nirenberg problem of Choquard type, we define the best constant S, of the
Hardy-Littlewood—Sobolev inequality:

Vuld
S, =  inf Jps Vuldx : (1.16)
ueDI2(R)\{0}) [fies (I % ]2 +3) |uje+3dx] &
Define the following important constant:
Ty = / (Ia * ef(“%)l’l) e~ @Il gy (1.17)
R3
which will be required in the cases p = 3, and p € (3, 4). Setting
4
3
Ux) = V3 (1.18)

then we have the following equation:

a+3

3(a+2) o 3 212
(Loka) X9 Sg / IVU[*dx = / (Fa# 1UF3) U1 Fdx = (LoKa) 3847
]R3 ]R3

(1.19)
where the constants /C, and £, are defined by Egs. (1.2) and (1.3), respectively.
Combining (1.16) and (1.19), we see that U (x) and the extremal function of S, differ

only by a constant coefficient.
Letting

d
Ju(u) = — @, (Puy)| _,

d
2 2
u”(u”(y) 2p —3)n
= —||VM||2 + - / f dxdy — ———lull}
® dmlx -y D
3
— -/ (Ia *|u|“+3) u|*H3dx, (1.20)
2 R3

we define the following set:

M, = {{u € E\{0}: J, (1) = 0} for p € (3, 6); 121

{u € E/\{0}: J,(u) = 0} for p e (£,3).
From [15, Page 9], we know that any critical point of ®,, stays in M.
As mentioned previously, the strong interplay between the Coulomb term and the

power term causes the geometry of ®,, to change according to the behavior of p. In
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the following, we will separately address the three cases: p € (178, 3), p = 3, and

p e, 6), based on the observations provided earlier.

Case I: - < p < 3. For any 178 < p < 3, let us introduce the embedding constant
Cs > 0¢( [15 Lemma 3.1]), which only depends on s, given by

2s—3
2 2 3
/ lu*dx < Cj / |Vu|2dx+/ / (x)u (y) dxdy , YucekE,.
R3 R3 R3 87T|x =yl

(1.22)

By introducing an auxiliary function [see (3.1) below] and performing careful energy
estimates, we manage to find an explicit value po = po(p), defined by

23=-p)
| 3@ +2)p[4(a +3)3 — p)Set3] T

0= PP , (1.23)
Cpl2Ba + 12 — 2p)] 3@+2)
such that ®,, has a geometry of local minima:
u1€nf P, <0< E1£1£ b, (1) (1.24)
‘0 50
when 0 < u < o, where
1
_[2@+3)6 - psgtiee (1.25)
- 3a 412 —2p '

and

2 2
Ay = {u € Evt | Vul? + - / / U 4y <so}. (1.26)
R3 4m|x —y|

Starting from the local minimizer involved in (1.24), we also construct a new min—max
structure: the non-standard mountain pass geometry. On this basis, we establish the
existence of two solutions—one being a local minimizer and one of mountain-pass
type. Our first result is as follows.

Theorem 1.1 Let % < p < 3. Then for any n € (0, no), the following statements
hold:

(i) (1.1) has a positive radial solution u,, € E, which is a minimizer of ®,, in the
set Ay, such that

@) = my, = inf D) < 0. (1.27)

€Ay,
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2090 S.Chenetal.

Moreover, any ground state solution to (1.1) is a minimizer of ®,, on Ay, that is

uek, and ®,W) = i;gf b, = ue Ay and &) = %nf O, =my.
i S0

(i1) (1.1) has a second solution (mountain pass type) u € E,, which satisfies

o+ 2 a+3

0< q)'u(l/_l) < mM mgoﬁd. (128)

Case II: p = 3. As mentioned before, due to the scaling invariance under the trans-
formation #%u(zx), we need the introduction of a Lagrange multiplier A, and consider
the following problem:

1
— Au+ wu’ | u = Aplulu+ Ty = T, xeR.
47| x|

(1.29)

To find solutions to (1.29), we seek for critical points of the C I functional I: E, — R
defined by

2 2
ta = 51val+ 5 [ [ Sy (1.30)

under the constraint
~ n 1
M, = {u € E:Gu) = §||u||§ TP /R3 (Ia % |u|°‘+3) u|*H3dx = 1} .
(1.31)

We will consider the minimizing problem: /1, = infueM I(u), and find an explicit
n
lower bound . of u defined by

6 % a+3
75320007 [2(ar + 3)] a3 [1 _ (Sa) 7&} (1.32)

o= 16m/4 — 7S, 4

to ensure the attainability of 7, when p > 1. Our result is stated as follows.

Theorem 1.2 Assumethat p = 3. Thenforany ju > [, there exists (u, L,) € E, xR+
such that the following equation holds

1
—Au + * u’ u=)L,L/L|u|u+(Ia*|u|°‘+3)|u|“+lu, x € R3.
47| x|

Remark 1.3 Theorem 1.2 implies that, in a sense, (1.1) with p = 3 has at least one
solution only when u takes some particular value.
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Case I1I: p € (3, 6). In this case, it is not difficult to prove that ®,, is bounded from
below on M, for any u > 0. By distinguishing the three subcases: p € (4,6), p =4
and p € (3,4), we could specify explicit conditions on p under which the infimum
inf, e, Pp(u) is achieved, and the minimizer is a critical point of ®,,. Particularly,
the case p € (3, 4) is the most involved, in which we define the number:

4 2(p=3)

|:4(p —3)(x + 3)7‘[]3
2p—=3)(a+2)

p—6
1 %
3 /6\ [ To \&° 24+46a—3pa—10p
X[%‘ (3) (2«12) } Sa T 0
T

In this direction, our result reads as follows.

x._ _ 3P
T 16Q2p - 3)

n

Theorem 1.4 Assume that one of the following conditions holds:
i) pe@,6)and nu > 0;

(i) p=4andp > %g(ﬁalCa)ﬁSD@;
(iii) p e (3,4) and u > p*.

Then (1.1) has a ground state solution u € E such that ®,(u) = infMM ®, > 0.

Finally, by means of a Pohozaev type identity, we could prove the following non-
existence result.

Theorem 1.5 Assume that p = 6. Then forany i > 0, (1.1) has no nontrivial solution.

To highlight the significant impact of the different power perturbations, let us sum-
marize the results of our theorems in Table 2 as follows.

Remark 1.6 (i) Compared to the upper critical Choquard problem (1.4) in the non-
static case where w # 0, the presence of the Coulomb potential gives rise to
new phenomena in the static case where w = 0, occurring at different ranges of
the power p, as present in Table 2. This makes the structure of the solution set
considerably richer.

(i) The existence results for the cases p € (g, 3) and p € (3,6) in (1.1) can be
viewed as exhibiting certain parallels with the analysis of L2-subcritical and
L?-supercritical perturbation cases, respectively, in the context of the Brezis—
Nirenberg problem with prescribed norm. Despite the similarities in the existence
results between the two problems, the essential difficulties in the problem at hand
mentioned previously lead to the failure of many existing methods that have been
successfully employed to study problems with analogous results in the standard
Sobolev space. It forces the implementation of new ideas to catch static solutions
to (1.1).

(iii) For the ranges p € (5, 3), p = 3,and p € (3, 6), we establish distinct posi-

tive minimax levels, and succeed in identifying the compactness thresholds for
the corresponding (PS) sequences or minimizing sequences, respectively. These
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2092 S.Chenetal.
Table 2 Our results
)4 " Conclusion Energy level
=infy, &
(?, 3) 0<p<pg (1.1) has a ground state solution e .1n Aso “H
. R =infxc @, <0
being local minimizer w
at3
(1.1) has a second solution of <my + 23;_123) Séfﬂ
mountain pass type
. 0 < inf M, 1
3 o> (1.29) has a couple solution %
(u, ) € Er x RT < Rert g,
0 < inf M, (o
% .
3,4 pu>np (1.1) has a ground state solution - at2 S%
2(a+3) o
1 -
4 > 1B (LK) 7+ 85
“4,6) >0
6 n>0 (1.1) has no nontrivial solution
compactness thresholds are presented in the “Energy Level” column of Table 2
and are highlighted in red. Through the careful selection of test functions, we
provide rigorous energy estimates to ensure that the obtained minimax levels lie
within the range where compactness holds. Precisely, we can derive the com-
pactness of the obtained (PS) sequences and minimizing sequences provided that
the corresponding energy level, denoted by C(p), satisfies the following strict
inequality:
= 18
a o+ :
mM—i-mSa , ifpe (7,3),
C(p) < | Retd)=s o if p=3, (1.34)
a+3
a+2 at2 :
msa , if 3 < P < 6,
where m, = inf s, @, < 0. The derivation of these strict inequalities is a novel
contribution and constitutes one of the noteworthy highlights of this work, see
Lemmas 3.6, 4.2 and 5.8 for more details.
(iv) For the case p € (% 3), the power term dominates the Coulomb term for @,

near zero. This feature not only leads to a different geometric structure of @,
from the one for the study of (1.4) in the non-static case where w # 0, but also
lower the upper bound of the involved minimax level. Specifically, we develop
a careful construction of the test functions, which can be viewed as the sum of

a suitable truncated extremal function of S, and a local minimizer of m, < 0.
at3
With refined energy estimates, we reduce the upper bound from 22’;—123)8&”2 for
a+3

2ty Sa for € (0, o).

p large enough, as given by (1.15), to m, +
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(v) Forthecases p =3and 3 < p < 6, as ¢ — 0, the inequality (1.34) formally
reduces to the corresponding strict inequality (1.12) for the limiting problem
(1.11). However, compared to the Sobolev critical term >, the nonlocal critical
term (I * |u|%"3)|u|* u leads to more mathematical difficulties, especially for
the dual critical scenario when p = 3, where the Coulomb term and the power
term exhibit the same growth rate, necessitating a more delicate analysis of the
underlying variational geometry of the problem. Particularly, we introduce novel
analytical techniques employing subtle test functions and paths (see (4.4) and
(4.14)) to control the minimizing level m, = inf M, I(u) to be less than a
prescribed threshold, thereby overcoming the loss of compactness arising from
the nonlocal critical term.

The paper is organized as follows. In Sect. 2 we present some preliminary results.
In Sect. 2 we study the case when 17—8 < p < 3, and finish the proof of Theorem 1.1.
In Sect. 4, we focus on the Coulomb-Sobolev critical case p = 3, and complete the
proof of Theorem 1.2 In Sect. 5, we deal with the case when 3 < p < 6, and complete
the proof of Theorem 1.4. In Sect. 6, establish the non-existence result for the case
when p = 6, and prove Theorem 1.5.

Throughout this paper, we let u;(x) := u(tx) for + > 0, and denote the norm of

LY (R3) by ully = (fps lul*dx)" for s > 2, B,(x) = {y € R3]y — x| < r}, and
positive constants possibly different in different places, by Cy, C», .. ..

2 Preliminaries

In this section, we recall some properties of the working space E and E,, and present

some preliminary results, which will be of use throughout the paper.
Set

2 2
Nlul —/ / (r)u (y)d dy and Q[ul = [Vul} + ~NTul.  (2.1)
R3 JR3 2

4|x —

By (1.7) and (2.1), we have

1/2
Il = [ Il + VATl 2.2)

Lemma 2.1 [30] || || is a norm, and (E, || - || ) is a uniformly convex Banach space.
Moreover, C(‘)’o (R3) isdensein E, and E — L? (R3) is continuous for p € [3, 6].

Lemma 2.2 [30] E, — L*(R3) is continuous for p € (17—8, 6], and the inclusion is
compact for p € (g, 6).

Lemma 2.3 [15] For any s € (17—8, 6], there exists Cy > 0 such that

Jull$ < C(QuN >33, VucekE,. (23)
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Lemma 2.4 [34] Assume that a, b > 0. Then there holds

allVu|3 4+ bNTu] = 2ab||u|3, Vu € E. (2.4)
Let us define
2 Mz(y) 3
¢u(x) := * U =/ ————dy, VxelR’ 2.5)
47| x| R3 4m|x — y|

then, u € FE if and only if both u, ¢, € DI’Z(R3). In such a case, —A¢, = u?in a
weak sense, and

fR3 V¢ - Vvdx = /R3 uvdx, VveE, (2.6)

2 2
/ / WU 4y = / b (0)udx. 2.7
R3 JR3 47T|X—y| R3

Moreover, ¢,(x) > 0 when u # 0. By using Hardy-Littlewood—Sobolev inequality
(see [19] or [20, page 98]), we have the following inequality:

|M(x)v(y)| 832 6/5 03
dxdy < . w,veLPRY). (28
/11@/11{% I — I y= 3%”””6/5”1)”6/5 u,ve R,  (2.8)

Lemma 2.5 [30] Suppose that {u,} C E. Then

(1) up — uin E if and only if u, — u and ¢,, — ¢i in DI*Z(R3);
(i1) up,—u in E if and only if u,—u in DL2(R3) and supN[u,] < —+oo. In such
case, ¢y, —@P; in DLI(RY).

As in [15, 30], we define

E* SR, T v, w.2) ::/ / u(x)v(x)w(Y)Z()’)dxdy 2.9)
R3 JR3 4 |x — y|

and

E2 5 R, D(u,v) :=/ / HD) -y, (2.10)
R3 4m|x — y|

Lemma 2.6 [15] Suppose that {u}, {v,}, {w,} C E, z € E. [fu,—u, v,—v, w,—w
in E, then

T(una vna wna Z) - T(ﬁa 1_)5 le Z)'
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Lemma 2.7 Assume that u,—u in E. Then
Nlunl = Nl + Nu, — ] + o(1). (2.11)

Proof Let v, = u, — ui. Then u,—u and v,—0 in E. From (2.7), (2.9), (2.10) and
Lemma 2.6, we have
Nlun] = D((it + va)*, (it + va)?)
= D(ii?, %) + D(v2, v}) + 4D (%, itv,) + 4D (v, itvy)
+ 4D (itvy, iv,) + 2D (%, v?)
= D(@it*, i®) + D(vy. v;) + o(1) = Nl + Nva] + o(1).

]

Lemma 2.8 [20, Page 107:(6) and (9)] For any q > % there exists a constant
C(a, q) > 0 such that

3,
Mo lullly < Clet@llull 3, Yu € LT (R, 2.12)
+ag

Inorder to prove a Brezis-Lieb lemma for the functional g (1o * [u|*™3) |u|*3dx,
we state an easy variant of the classical Brezis—Lieb lemma [36, Theorem 4.2.7].

Lemma 2.9 [36] Let @ C RY be a domain, qg € [1,00) and {u,} be a bounded
sequence in L" (). If u,, — u a.e. x € Q, then for every q € [1,r]

fim | (junl? = |y — @9 — 1)) 7 dx = 0. (2.13)

n—o00 Q

Lemma 2.10 Assume that u, — i a.e. x € R3 and Sup, ey llunlle < +00. Then
lim [/ (Ia % |un|°‘+3) |23 dx — / (Ia % |ty — ﬁ|“+3) Iy — L't|°‘+3dx:|
n— o0 R3 R}
- / (1,, % |ﬁ|"‘+3) 1% 3 dx. (2.14)
R3

Proof Set v, = u, — ii. Then v, — 0 a.e. x € R3. Since Sup,.en llvnlle < 400, it

follows that |v,, |°‘+3—\0 in L i (R3). By Lemma 2.8 and the Fatou’s lemma, one has

. =
/ ‘10, w3 dxr < C (/ |12|6dx> < 0. (2.15)
R3 R3
This shows that I, % |i**3 € L3 (R3), it follows that
/ (Ia % |ﬁ|“+3) v, |%3dx = o(1). (2.16)
R3
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By (1.2), (1.3), (2.16) and Lemma 2.9 with ¢ = o 4+ 3 and r = 6, we have

/M (Lo a0 *2) atn % = (Lo 5 1o F2) [0 2 = (Fa s 12]2) 12| * ] de

= s [Ioz * (Iun|a+3 _ Ivn|°‘+3 . |b—[|a+3)] (|un|a+3 . Ivn|“+3)dx

+ f (L % 1143) (a3 — [ = []#*%) dx

3

=

Nt (lun®F2 = v T3 = 1id|*T3) ] v, [* P dx

(T 1onl ) (L[5 = o 7 = 122 dx

+ o+ o+
—

(Lo % 1]) [ua*Fodlx + f (I # [va ) J]*Fdlx
R3

3
at3

a3 w43 _ o3| @ a3 w43 |73 ¢
< LoKe /‘z“”nl — |vnl — |ul |DHr3 dx/3||“n| — |vn] ‘a+3dx
R- R-

a+3
6 6
+ LaKa [nﬁng” / [l — o 42 = Ja| 3|52 dx]
R

a+3

6 6
3 3 3 7143 | a3
Jrzzzalca[||vn||z+ f?||un|“+ e L dx]
RS

+ 2/ (Io * 1" ™) v, |* P dx
R3

=o(l).

This shows (2.14) holds. O

Lemma 2.11 Assume that u, — i a.e. x € R and sup,en llunlle < +00. Then for
any v € L°(R?),

lim [ (Ia % |un|”+3) litn | % upvdx = /3 (Ia % |ﬁ|“+3) 1%+ dvdx.
3 R\

n—o00 R

2.17)

Proof By (2.12) and the Holder inequality, we have
/ ‘(Iot * |un|a+3) |un|(x+1un
R3
<
=(/,

This shows that

6
5

dx

3—a a42

% 3 p 5 6(2a+5)
dx) (/ unl dx) < Clluanllg L (218)
R3

Io % |“n|a+3

<1a X |un|°‘+3) it |2 1ty — (Ia % |ﬁ|“+3) &% in LR, (2.19)
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It follows that (2.17) holds. O

From Lemmas 2.1-2.6 and 2.11, we derive that the functional &, defined by
(1.13), is well defined and C!in E for p € [3,6], and is well defined and ¢l in
E, for p € (18/7,3), moreover, for any u,v € E if p € [3,6], any u,v € E, if
p € (18/7,3), there holds

2
(CD/ (u)’ U) — / Vu - Vvdx +/ M
a R3 r3  4mlx —yl

—f (Ia*|u|°‘+3) u[*H uvde. (2.20)
R3

dxdx—/ lu|?2uvdx
R3

Therefore, solutions of (1.13) are critical points of ®, in E and E, for p € [3, 6] and
p € (18/7, 3), respectively.

Lemma 2.12 [15] If u is a weak solution of (1.1) (i.e. Cb;l (u) = 0), then J,(u) =0,
where J is defined by (1.20).

Lemma 2.13 [10, 15] If u is a weak solution of (1.1) (i.e. (DL(”) = 0), then

1 5 3u 1
§||W||§ + ZN[u] - 7||u||§ -5 /R? (Ia * |u|°‘+3) [u|*Fdx = 0. (2.21)

18
3Case - <p<3
In this section, we study the case when g < p < 3, restricting ourselves to the
radial subspace E,, and provide the proof of Theorem 1.1. We will find the specific
condition 0 < p < po to ensure that the functional ®,, has a geometry of local minima
and a minimax structure on E,, and prove the existence of two solutions—one being
a local minimizer and one of mountain-pass type.
For the existence of a geometry of local minima, for any p > 0, let us define the
function g, (s) on s € (0, +00) as follows:
I puCp =26-p Sy @t3)

T Se a2 3.1
2 p 2(a +3)

A straightforward calculation can lead to the following property on g,.

Lemma 3.1 Let g < p <3and0 < u < po. Then the function g, (s) has a unique
global maximum and the maximum value satisfies

max =
O<s<+o0 gM(S) 8 (SM)

3(@+2)

1 B3+ 12 —-2p |: uCp i|3ot+12—2p

ety 3@ +2)
[4((x +3)3— p)sg‘+3]3 e P
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>0, if p < po,
=0, if u = po, (3.2)
<0, if u > po,
where
3
[4(04 +3)3 = puC,Sgt } TFI2p 33)
Sy = . .
g 3a+2)p
In particular, we have s, = so.
The function g, plays a role in the following lemma.
Lemma 3.2 Let 17—8 <p<3and0 < pu < po. Then
®,(u) > Qlu] g, (Qlul), Yu € E,. (3.4)
Proof From (1.13), (1.16), (2.1), (2.3) and (3.1), we have
1 7 1
_ 2 - _ = p_ _ - a+3 a+3
@) = 5190l + Nl = il = 5 [ ()
> - _— 3
> 2Q[M] 2(01—1—3)(Q[M]) » (Qlul)
= Qlu] g, (Q[ul), YuckE,.
O
For any u € E,, we define
3 3 23
() = @ () = | Vull3 + S Nu] = luell
3(@+3)
t
- (Ia % |u|°‘+3) @3 dx. (3.5)
2(0[ + 3) R3
Then
1 (343 313 Q2p —3)ur?r-3
B0 = {7”%”% + SN = = il

3t3(a+3)
2

1
/ (10, * |u|“+3) |u|“+3c1x} = —J(t%uy). (3.6)
R3 t

For p > 0, we set
Ay, ={u e E;:Qlu] < p}.

A geometry of local minima is established in the following lemma.
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Lemma3.3 Let 17—8 < p <3and0 < u < po. Then the following properties hold:
)

my, = inf &,u) <0< Ei(;’lgso D, (u). 3.7

ueAy,

(i) inf g, Py > my, where M, is defined by (1.21).

Proof (i) Forany u € 0Ay,, we have Q[u] = so. Thus, by using Lemmas 3.1 and 3.2,
we get

@) (u) > Qlu] g, (Qlul) = 5081 (s0) > 0840 (s0) = 0.
Now let u € Ay, be arbitrary but fixed. From (1.13), we have

Mth—3

3 3
t t
@, (FPuy) = Enwn% + NIl - llaell

3@+3)

- (Ia % |u|”‘+3) [u|*F3dx, Vi > 0.
2(0[ + 3) R3

Since = 1 < p < 3,itfollows thatlim,_, o+ @M (t?u;) = 0~. Therefore, there exists
o >0 small enough such that Q[z‘0 Ul = t() Qlu] < sp and q)ll.(t()ut()) < 0. This
implies that m, < 0.

(ii) Let i € M, be arbitrary but fixed. Then it follows from (3.6) that

h’(t) 3 Qp = 3)ur?r=3
2 IIV i3 + N[] fllullﬁ

33(@+2)
2

/ (Ia % |ﬁ|°‘+3) @%3dx, Vi>0,  (3.8)
R3

which implies that

d [h;)]  2@p—3)3—pu?~" _
di = el

t2
9(cr + 2)13+5

f (Ia * |ﬁ|“+3) li|*F3dx, Vi>0. (3.9
2 R3

(t) has at

Slnce <p<3, then [hgi’)]

most two zeros. Thus A/, (t) has also at most two zeros.

To prove (ii), there are two possible cases.

Case (a). Q[u] < so. In this case, we have iz € A_SO, it follows that @, (1) > m,,.
Case (b). Q[u] > sp. It follows from (3.6) that h;z(l) = 0. By (3.5) and 1), we
have

lim h;(t) =0~, h; (,3/s0/Q[ﬁ]) >0, lim h;(t) = —oo. (3.10)
t—0t t— 400
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(3.10) shows that A% (¢) has a first zero 1~ € (0, </so/Qlu]) corresponding to
a local minima such that hi-l(t’) = 0. Since h;z(t) has at most two zeros, so
1 € (Jso/Qlu], +00) is the second zero of h;; (t) corresponding to a unique
local maximum of i (¢). Thus, @, (i) = hz(1) > 0 > m,. O

Proof of (i) in Theorem 1.1 Let {u,} C Ay, be a minimizing sequence for m,. Then

{lunl} C Ag, be also a minimizing sequence for m,, so we may assume that u, > 0.
By Lemma 3.3, we have

OQluyl < so, P®u(uy) =my +o(1) <O0. (3.11)

Since {||u,|| g} is bounded, then from Lemma 2.2, we may thus assume, passing to a
subsequence if necessary, that

Up—1I, in E,;
up — i@, inL*R3), Vs e (£,6); (3.12)

u, — ii, ae.onR3,

To obtain a minimizer for m,,, we split the proof into the following steps.
Step 1. We prove that u # 0. Otherwise, we assume that # = 0. Then (3.12) yields

lunlly = o(1). (3.13)

From (1.13), (1.16), (2.1), (3.1), (3.2), (3.11) and (3.13), we have

1 1 %
my +o(l) = _”v”n”% + —N[Mn] - ;Ilunllfy

/ |un|01+3> |I/t |Ot+3dx
2(05 + 3)
—(a+3) 3
- a+
> Q[ nl— 2@ t3) = (Qu D™ + 0o(1)
1 S_(Ol-‘r3) o[+2
> Qluy,] |:§ m 0 +o(1)

—2G-p)

C =2G6=p)
= Qluy] |:8M(S0) + MTSO ’ } +o(1) = o(1).

This contradiction shows that # # 0 due to m, < 0.
Step 2. Set v, := u,, — u. By (3.12), we have

IVunll3 = [IVal3 + IVoall3 + o(1). (3.14)

Then it follows from (1.13), (2.11), (3.14), the Brezis—Lieb lemma and Lemma 2.10
that

Qlup] = Qlu] + Qlv,] + o(1) (3.15)
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and
D (uy) = @ (it) + Pp(vy) + o). (3.16)

Step 3. By the weakly lower semi-continuity for the norm and the Fatou’s lemma, we
have

limioréf Qlu,] > Qlu]. (3.17)

This shows that iz € A_SO, and so @, () > m,,. Jointly with (1.13), (1.16), (3.2), (3.11),
(3.12), (3.15), (3.16) and (3.17), we have

my +o(l) = O, (uy,)
= d)'u(f[) + ch.(Un) +o(1)

1 1
= Euwnn% + N ]

1 ~
B 2(a—+3) fR3 (IO! * |vn|a+3) |Un|a+3dx —+ (I)M(M) +o(1)

—(a+3)
o

2(a +3)
1 Sa*(a+3)

1
> 5 Qlva] — (Ol 1) + @, (i) + o(1)

> Qlvx] [ ‘”2} +my +o(1)

S .
2 2(«+3)

—2G3-p)

= Olv,] |:gﬂ(so) + MTfpsO 3 ] +m, + o(l), (3.18)

which yields that Q[v,] = o(1), and so u,, — u in E,. From (3.18), we can also
derive that

Qlu] < s0, @) =my,

which, together with Lemma 3.3, implies that Q[u] < s9. Therefore, we obtain that
u > 0and <I>;L (#) = 0. In view of the maximum principle, we have i > 0.

Step 4. By Lemma 2.12 and Step 3, we have & € I, C M. Then it follows from
Lemma 3.3 ii) that m;, = ®,(u) > infxc, &, > infrq, @, > my, which leads
to @, (u) = infg, ®,. Therefore, i is a ground state solution of (1.1) which is a
minimizer of ®,, in the set Ag,.

Finally, we prove that any ground state solution to (1.1) is a minimizer of ®, on
Ay, let i be any ground state solution of (1.1),i.e. u € K\, and @, (u) = inf,cu D,.
Following the above arguments, we have inf K, ®, > inf M, ®, > my >inf Ky D,
Hence, we obtain @, (i) = m,,. By the proof of Lemma 3.3 (ii), we have Q[u] < so,
and thus u is a minimizer of ®,, on Ag,. This completes the proof. a

To establish the existence of the second solution to (1.1), being of mountain-pass
type. Using the positive ground state solution #,, € E, through the above process as a
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starting point, we will construct a new minimax structure: the mountain pass geometry,
which reads as follows.

Lemma3.4 Let 17—8 < p <3and0 < u < wo. Then there exists k,, > 0 such that

M, = lef HE(E)Di ®,(y@) = Kk, > sup max{ w(¥(0)), <I>M(y(1))} ,(3.19)
€ yely,

where

= {y €CU0, 11, E)): y(0) = up, Dpu(y (1)) < 2my,) (3.20)

and u, € E, is the positive ground state solution of (1.1) obtained in (i) of Theorem
1.1.

Proof Setting k;, := infuea(ASO) ®,,(u), we have k;, > O dueto (3.7). Lety € I';, be
arbitrary. Since y (0) = u, € Ay, and @, (y (1)) < 2m, < m,, it follows from (3.7)
that y (1) ¢ A_SO From the continuity of y (¢) on [0, 1], we derive that there exists a
to € (0, 1) such that y (fp) € 0Ay,, and so max;ejo,1] P (¥ (t)) > k. This shows that
(3.19) holds. O

In view of the Mountain pass theorem and Lemma 3.4, we can derive the following
lemma.

Lemma 3.5 Let17—8 < p <3and0 < p < po. Then there exists a sequence {u,} C E,
such that

@, (up) — My >0, and @ (u,) — 0. (3.21)

To ensure that the above (PS) sequence lies within the range where the (PS) condi-
tion holds, we will provide a precise estimate for M, which is one of the key highlights
of the present paper. Before proceeding, we will first introduce some necessary nota-
tions and provide new integral estimates.

In view of [10, Lemma 1.2] and [35, Theorem 1.4.2], we have

2
vul}  (3437%)°
(LaICa)ﬁSa =8 := inf ” I/t||2 = ( \/_7'[ ) . (322)

ueD2®N\(0) [lul| 4

As in [8], let us define functions U, (x) := ©,(]x|), where

,/H_:—zrz» 0<r<l;

Tn (2 —1), 1<r<?2; (3.23)
0, r>2.

Ou(r) =3
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Using (1.2),(1.3),(1.18),(1.19), (3.22), (3.23) and detailed calculations, we can deduce

2 2 Hoo 2 a/ 2
VU5 :A; VU | dx:47t/0 re|@, (r)|=dr

5.4

1
=437 / nr 3dr—l—
0 (1+n2r2)

2
" / r2dr
1+n2 )i

n S4
=437 / 3ds-f—
0 (1+s2)

4

n
3(1 +n2)

3 +oo s
=82 +437 —/
n (l

siy 2837n
3(1 4+ n?)

[ (1o 10215) 11

ds
+ s2)3

3
= (LoKo) D S5 +

n n

3(1 +n2)
3 283mn
3(14+n2)’

|Un ()2 31Uy ()23

el
R3 JR3

e — yP3—e

dxdy

|Un ()23 Uy ()% F3

wy
B1 /B

lx — y|3—

ot+3

dxdy

a+3

2 < n )T
BRI

_ % lJrnz\xl2
- R3 JR3

e — y[3~

dxdy

a+3 a+3

2 ( n )T
L7y

(i)
_2.3%3,6“/ / 1+n2|x|
R3\B, /B, |x

_ y|3—oz dxdy

a+3 a+3
2

(i)~ (i)
14+n2|x|? 1+n2|y|?

a+3
]
R3\ By JR3\B,

a+3

P dxdy

(Lalca)zs 2 2.3 ICO,DI 3% ICaDz,

a+3

a+3

n )T
1+n2|y|?

C
2 2
D _/ / 1+n Ix\ o
R3)\B, /B, [x — y[>~«
3
/ (7'12 2) dx
L R3\ By 1+ n<|x|

<Ly

=Ly

dxdy

1
:0<W), n — oo,

u? 3 6
n
— ] d
} U& <1+n2|y|2> y}

(3.24)

(3.25)

(3.26)
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(x+3 a+3

v ( n ) 2
2 2 21v|2
D, _/ / l+n \xl 31+n Iyl dxdy
R3\ B, JR3\ B, |x — y]°~¢

at3
6
<L
- _/Rs\s. (1 +n2|x|2 } [ Ra\Bl 1 +nZ|y|2 }
- % 3.2 ol
o
=Ly 471/ %dr
L 1 —|—r12r2 1 (1 +n2r2)
_ at3
6
=Ly 16712/ / ds
L n l+s 1+S
1
=0 (m> ., n— 00, (3.27)

+oo )
U113 =f |Un|‘1dx=4nf r%1©n(r)|9dr
R3 0

[ r1 q/2,2 q/2 2
= 4(V3)n / i 2dr+< . 2) / r22 —r)ldr
| Jo (1+n2,2)q/ l+n 1

(4/7(1 1 n 52 n q/2 1 q 2
=4(V3)n _n(6—q)/2/0 (1+s2)4/2d3+<1+n2> -/(; s1(2 —s)“ds

1 noog24 2470+ 14 b
— 4(Y3yin / sds q”+7q + ( n )

| n©=D/2 Jo (14592 (g+1)(q+2(q+3) \1+n?
(3.28)

and

) s
12/5 12/5_ L n s 2285 n 3
1Un 11375 = 4(¥/3) [ng/sfo (1+s2)6/5ds+5049 ) | G

The combination of (2.8), (3.24) and (3.29) yields that U, € E, for all n € N. Using
the above estimates, we will prove the following lemma.

Lemma3.6 Let & < p <3 and0 < u < po. Then there holds:

2 a+3
ot gin (3.30)

M, <m, +
A YO )

Proof Let u, € E, be given in i) of Theorem 1.1. Then by (i) of Theorem 1.1, we
have

18
d(uy) =my, u, € L*R?), Vse (7,6}, uu(x) >0, YxeR® (331)
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and

2
us (x)u U,

/ Vuu-VU,,dx—f-/ / p ) n(y)dxdy

R3 R3 JR3

4|x — y|

_ “/3 P2, Updx +/3 (Ia * |uu|“+3) P, Updx.  (3.32)
R R

By (2.8),(3.28),(3.29), (3.31), Lemma 2.8 with @ = 2, ¢ = 4 and the Holder inequal-
ity, we have

[ / uy () Up (X1 (y)Un (y)
r3 JR3 4r|x — y|

< Cllu,U, ”6/5

2 2 1
= Cllul3Unlly = O\ ) 7= o0,

(3.33)
ul (UL ) ir
/ / XY = / (Iz*U,g) u’ (x)dx
r3 JR3 47'r|x—y| R3 H
2 2
5’ n | Ny
< Clluyelig 311 Un 15411
1
=0 <—) , n— 00, (3.34)
n
1 (U () U2 (y) 2
dxdy| < C U U,
/R/R G =y 9| = CluuUnleysUnliys
< Cllugl31Unll21UnliTy)s
1
=0 , — 00 3.35
(nﬁ) " (-3

and

/ / U0

dxdy
R3JR3 4mlx — y|
Setting B := inf|y|<j u,(x), we have B > 0. Then it follows from (3.23), (3.25),
(3.26) and (3.27) that

[ [t (i) 1w,

a+3 a+2
=ICa/ / [Up OO, (D) Un (9)] dxdy
R3 JR3

1
= C”Un”‘]‘z/s =0 (ﬁ) , n— 0Q. (3.36)

x — y[3
U, a+3 U, a+2
> K, f / |Un (x)] |Mu()’3)|| (632] dxdy
By J B x - Y| ¢
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U (01131 U, ()%
T dxdy
By J B x - y|
Ko B(LeK 787 1
_ Do (\4;%31 o _0<W),n—>oo. (3.37)
n n

To obtain the suitable testing function for the proof of (3.30), let us define a sequence
of functions as follows:

Wit (x) =1y (x) + U, (x). (3.38)
It is easy to verify the following two inequalities
(s+0P>sP+psP i +1P, Vs,1>0 (3.39)
and
(s + 0D > 59T 4 (a + 3)s“ T2+ (a + 3)s2* 2+, Vs, 1> 0. (3.40)

From (3.33)—(3.36) and (3.40), we can derive that

2 2
N[Wn,t]=/ f [0 (xX) + tUp (X)) [up (y) + tUn ()] drdy
R3 JR3 4r|x — y|

U2, () (V) Uy ()

=N[uu]+t4N[Un]+4t/ / 1 dxdy
r3Jr3  4mlx —yl

+4t2/ / u“(x)U"(x)u“(y)U"(y)dxdy
R? JR3 4 |x — yl

us (x U2 2
+212/ / i) U dy—+4r® / / Uu U DT 44
R3 JR3 4mix — y| R3 JR3 4 |x — y|

_ 147, ()1t () Un ()
_,/\/'[I,tﬂ]-l-4z‘/R3 ,/]1%3 pr— dxdy

O R T

and

f (I Wi g |%F3) Wy | dx
R3
= / (Ia * luy + tU,,|“+3) lugy, + tU, 1“3 dx
R3

> / (T * [l + (@ + 3t up |* T2 U, + (@ + 312U, | Uy |72 + 12530, 13])
R3

x [luu|a+3 + (@ + 3)t|uu|a+2Un + (o + 3)ta+2uM|Un|a+2 + ta+3|Un|ot+3] dx
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> / (I # 110 *F%) e | Pl 4 20D f (I # |Un 3 [ U [+ 3dx
R3 R3

+2(c + 3)t/ (I * 1 |*F3) 1y |* P2 U, dx
RS

+ 2(a + 312t /RS [Zo % (Ju|1UA1*T2) ] 1U, 1 * . (3.42)

From (1.13), (3.24)—(3.29), (3.31), (3.32), (3.37), (3.38), (3.39), (3.41) and (3.42), we
have

q)u(Wn,t)
_
2(a + 3)

1%
< (ha s Wi 92) Wi = 2 w1
R3 p

1 1
= Envwn,zn% + N IWai] -

1 2 1 1 a+3 a+3 I p
< Va3 + Nl = 5 /R3 (For a4 ) gl = a1
$2(@+3)
2@+3)

U () (MU ( )
+tf / WPty ——— dxdy
R3JR3  4mlx -yl
—1
— t/]R3 (10[ * |uu|°‘+3) |uu|a+2Undx — put ./]R3 uﬁ Updx

_ 245 /R3 [Ia * (|uM||Un|0l+2>] U, |23 dx + (ﬂ + z4) [0 (%)}

2 2(a+3)
_ L ! a+3) a+3
= Dplu) + 5 a3 oo (a1 H ) 01

- INT

— t2a+5/3 (IOZ * (luullUn |Ol+2)) |Un|0l+3dx + (tz + 14) 0 <7>
R- L _

(2(a+3)

2( 4+ 3) Jr3
i 1
— t2a+5/ (IOZ * (|Mu||Un|a+2)) |Un|0l+3dx + (tz + Z4) 0 <7>
R3 L _

2 3
t 33 283
<mut o [(La/ca)ﬂw S2+ M}

2
t
+ S 1VUAI3 (Ia £ 1Un ) 10 " x4 1 / Vi VUdx
R
IVU I3 —

2
t
= myu+ S IVUaI3 — (Fa 102123 ) 10U *Fdx

3(14n2)

2(@+3) % 1
ety [(ca/ca)zs —0 (7n(a+3)/2)]

’CaB([ra,Ca)ZS t2a+5+t2a+5 t +t 0 l
%\/ﬁ n(ot+3)/2 n

2(@+3)
2(a + 3)

3

2 3
<my+ [;(zalca)2<«+3> - (LoKa)? S 2}
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3 at3
KaB(LaKa)2Se? 12975 i3 1 s 4 1
- %ﬁ +t o W =+ (f +1t ) 0] ;

(3.43)
oa+2 "—1’; 1
ot _ — v . 44
Smu+2(a+3)a 0 7 ) t>0 (3.44)
This shows that there exists 7 € N such that
a+2 3
o, (W; 4+ ——_S5ut, 3.45
fgg wWi) <my @13 (3.45)

From (3.38) and (3.43), we derive that W; o = u, and ®,(Wj ;) < 2m, for large
t > 0. Thus, there exists f > 0 such that

D, (Wap) <2my. (3.46)

Let y;(¢) := Wj 7. Then y; € I'y, where I', is defined by (3.20). Hence, (3.30)
follows from (3.19) and (3.45). m|

Proof of (ii) in Theorem 1.1 In view of Lemmas 3.5 and 3.6, there exists {u,} C E,
such that

a+2 e ,
D, () > M, € (0,my, + msa , Cbu(un) — 0. (3.47)

By (1.13), (2.1) and (3.47), we have

1 1
My +o(1) = §||wn||% + M)
1 2
e I a+3 Ol+3d _ = P 348
s Lo (ol e = Ly .08)
and

oD lunlle = IVun )3 + Nun] / (e a2 a2 = g5,
IRE

(3.49)
Combining (2.3), (3.48) and (3.49), we obtain
a+2 2 oa+1 QRa+6—pu P
M 1 n =5 ———= [Vuu A0 1 Ay nl— —F 5 llUn
oM lunlle 2(oc+3)” u ||2+4(a+3)/\/[u 1 @3 lunllp
a+1 (2a +6 — p)uC, 23
= 2a +3) Olu,] 2p(c +3) (Qlu,) 3, (3.50)
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which, together with 17—8 < p < 3, shows that {Q[u,]} is bounded, and so {||u,| £}
is bounded. Then by Lemma 2.2, we may thus assume, passing to a subsequence if
necessary, that

Up—1u, in E,;
up — i, in LR, Vs e (£,6); (3.51)
u, — i, ae.onR3.

Now, we claim that # # 0. Otherwise, we assume that # = 0. Then ||u, ||§ — 0, and
so (3.49), together with sup, . ||, || < oo, implies that

o(l) = ||Vun||% + Nu,] — /3 (Ia * |un|a+3) |un|a+3dx_ (3.52)
R
Up to a subsequence, we assume that

IVunl? — 1 =0, / (Ia % |u,,|°’+3) @3y > L >0, (3.53)

R3

From (1.16), (3.52) and (3.53), we obtain

= lim (Ia * |un|°‘+3> i |93 dx
n—o00 Jp3
< SO[—(OH-3) lim ||Vun||§(a+3) — Sa—(a+3)i?l+3 < S{;(a+3)ig+3. (3.54)
n—00

We next derive a contradiction by distinguishing the two cases: [ >0and i, = 0.If
a+3 a+3

[ > 0, then (3.54) implies that [, > S¢*> and [} > 8. This, together with (3.48)
and (3.52), implies that

1 1
M, +o(l) = znwnni + Nl

1 2
_ I« a+3) By — B2
s L (et ol = Ly 1

o+2 5 o+ 1
=— |V _ 1
2(a+3)” “n||2+4(a+3)N[un]+0( )
a+3

o+2 el
>—8a+2 1
= 20 +3) o +o(l)

This contradicts with (3.47) due to m, < 0. If fz = 0, then (3.52) implies that
IVu, ||% + Nu,] — 0. This, together with (3.48) and (3.52), implies that

. 1 2 1 1 a+3) a+3
My 01 = 519013 + g Nl = 5t [ () g

n
— = lunllh, = o(D).
)4
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This contradicts with (3.47). The above argument shows that # # 0. By Lemmas 2.6,
2.11 and a standard argument, we have (D;/'(l;) = 0. Hence, Lemmas 2.12 and 3.3
show that ® (u) > m,,.

Finally, we prove that ||u, — u||g — 0. Let v, := u,, — u. Then v,—0 in E,
and v, — 0in LS(R3) forall s € (17—8 ) Using (3.51), the Brezis-Lieb lemma and
Lemma 2.10, we have

IVun I3 = [ Vill3 + Va3 + o(1);
lvallh = luallhy — il 4+ o(1) = o(1);

3.55
Sis (T  [0|o3) [, [+ dlx (-3
= Jrs (T # 1un ) Jun *Fdx — fiz (o % 1@]*F3) [a]*Pdx + o(D).
From (2.10) and Lemma 2.6, we deduce
u2
[, [ e axay = DGk )
R3 JR3 47T|X — |
= D(v2,v?) + 2D (iiu,, v2) — D(@*, v2) + D>, iwv,) + o(1)
= Nv,] + o(1). (3.56)
It follows from (1.13), (3.47), (3.51), (3.55), (3.56) and Lemma 2.11 that
o(1) = (@, (un), vy)
u>
_ / Vi Vonds + / / HEW )
R3 R} JR3  4mlx =yl
- M/ |un|p7 upvpdx _/ (Iot * |un|a+3) |Mn|a+1unvndx
R3 R3
= Vo3 + Nva] — f3 (1 |v,,|“+3) [ “F3dx +0(1).  (3.57)
R
Up to a subsequence, we assume that
IVoull3 — 11 = 0, / (Fa# 00" ) [0 [P > Bz 0. (358)
R3
From (1.16) and (3.57), we obtain
b= lim <1a % |vn|°‘+3) |0, |43 dx
n—oo Jp3
< 307(11-#-3) nllfgo ”an”%(oﬂﬁ) — Sa—(oz+3)i'<lx+3 < S;(a+3)ig+3' (3.59)
at3 a+t3

If I, > 0, then (3.59) yields that [, > Sg*? and [; > S&*2. This, together with (1.13),
(3.48), (3.55) and (3.57), implies that
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1 1
Enwnnﬁ + Nl

1 g
ot I % a+3> a3y, _ M p
2a +3) /1;3(01 17 |tn X p”un”p

1 1
Enwnn% + N o]

M, + o(1)

1 3 3 _
BT /Ra (Fe 10 lF3) a3 + @, @) + 0(1)

o+2 5
- YTy
S Vel

a+2
>—8a+2 1.
= 2@+3) o +mu+0()

o+ 1

m/\/[vn] + @, () +o(1)

Thus, I, = 0. It follows from (3.57) that ||lu, — &|lg — O. Using (1.13), (3.48) and
(3.55), it is easy to deduce that

@, (i) = My, @), () =0.

4 Casep =3

In this section, based on the Lagrange multipliers theorem, we establish the existence
of solutions to (1.29) by looking for critical points of the following C!-functional:

1 1
1) = S Vul3 + 7Nl Yu ek 4.1)

constrained on M > and complete the proof of Theorem 1.2. Here, NTu] and M w
are given by (2.1) and (1.31), respectively. For this, we will deal with the minimizing
problem: 1, = inf M, I(u), and find the specific condition ;> . to prove the
attainability of .

We now begin by the following lemma.

Lemma 4.1 Assume that o > 0. Then

my, = inf I(u) > 0. “4.2)
ueM,

Proof By (1.31), one has

E 3 ; a+3 a+3 _ -~
IR+ 5 /R} (Ia*|u| >|u| dr=1, YueM, (43
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Hence, it follows from (1.16), (2.4), (4.1) and (4.3) that

1 1
1(u) ;WM@+ZNWJ

1

S, a3 ]
> Ta |:f]R* (Ia * |u|a+3) |u|a+3dx] + §||u||§

1
2@ +31e58, [ 1 I
I a+3) |, 12+3g P
> - [ua+3%é3(awm )l |+ 2l

- min { R(a +3)]753S, 3 }

4 "o

ATPATE! ! ( a+3> a+3
= = I d
x(3wm+%a+$43a*w Jul*Fdx

{mw+$w%& 3}
ny ———————— ., Yue

[ — .A;l.
4 2u "

This shows that (4.2) holds. O

We will proceed from the minimizing sequence of 71, to prove that m,, is attained.

In order to overcome the lack of compactness caused by the upper critical exponent,

we need to make precise estimates on 7, to ensure that it is less than the compactness
threshold. To this end, for any fixed « > 0, we consider the following function:

wx) :=ke Ml vxeR. 4.4)

Straightforward calculations yield that w € H 1 (RS), moreover,

+00
IVwii3 =f [Vw|?dx = 4m<2/ rre 2 dr = wk?, 4.5)
R3 0

+0o0 8 K
wl§ = /]1;{3 lw|*dx = 471/(‘/ r2e S dr = 7;( , Vse[2,6] (4.6)
0

and

5

4 2 % 12 5 3° 5 > 3 4
lwlltys = / lw|'?3dx ) = |87k [ = =(2) =vVr* @7
R3 12 6

By (1.16), (1.17) and (4.5), we have

Vw||?
Sy < [Vwlly == 4.8)

- [f]R3 (Ia * |w|°‘+3) |w|°‘+3dx]ul? WaE
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Setting

1 1
16w (e +3) (S \* |7 S\t | =B
K = [% (T) M} 1— (T) T . (4.9

then (4.8) leads to k1 > 0. By means of the function w(x) with k = k1, we obtain the
sharp estimate of 7, in the following lemma.

Lemma 4.2 Assume that jt > jiy. Then

1
my < wé‘a. (4.10)

Proof By (2.8) and (4.7), we have

_ wX@wi() 272 2327 (5N .,
Nw] xdx§—3||w||12/5—— — ) .
R3 JR3 47r|x—y| 37Tﬁ 3 6

4.11)

Using (4.6), we can choose 7y > 0 such that

3(a+3) 3 3 -1
t02a+3 — |:_|| ||3 + — 2 +3) / |w|°‘+ )|w|0‘+ dX]
162(x + 3) _3. @.12)
167 (o + 3) 1 + 817k 7%+
By (4.9), one has
S a+3

gl 2et = [16n(a 13+ 81T, K2°‘+3] (f) . (4.13)

Setting W (x) = toz"‘+3 w(x/to), we have i € M,, due to (4.12). Then it follows from
(1.32), (4.5), (4.9), (4.11), (4.12) and (4.13), that

R 1
1(b) = E”V’””% + V)

1 2. 2a+3 3(22‘)t+35)
=§IIV ||2t0‘”+ + N[ Ity ="

2 3 3/ 5 3Qa+5
7TK1 2a+3 27 5 4 2;+3)
=51 -] Kify

2 6 6

2(a+2)

T J2r [ 162(c + 3wt } o —22a+3)

2776 | 16n(a+ 3+ 81T, 1
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1

162(0[ + 3)K120t+3 a+3

X
167 (@ + 3)p + 81Tgic ™™

_ 2
CRe+3EE | x o 28125927 (20 + 3)]E (S ot3 .
B 4 “12 256721282 4 ¢
1
2 3)]e+s
< %&x, Vo> . (4.14)
This, together with (4.2), shows that (4.10) holds. O

Next, we prove that 711, can be attained.

Lemma 4.3 Assume that the conditions in Theorem 1.2 hold. Then there existsit € M,
such that I (1) = m,,.

Proof Let {u,} C ./\;lﬂ be such that /(u,) — my. Since G(u,) = 1, then it follows
from (1.31) and (4.1) that

_ 1 , 1
my +o(l) = 1(uy) = §||Vun||2 + ZN[M"] (4.15)
and
w 1
G(uy) = g”l’tn”g + m /1.@ (Ia * |un|0l+3> |un|ﬂt+3dx =1. (4.16)

(4.15) shows that {u,} is bounded in E,. Therefore, from Lemma 2.2, there exists
u € E, such that, passing to a subsequence,

Up—u, in E,;

up — i, in LR, Vs e (£,6); (4.17)

U, —> U, a.e.on R3.

We claim that i # 0. Indeed, suppose that # = 0. Then by (4.16) and (4.17), we have
/ (]a % |un|a+3) |93 dx — 2(a + 3). (4.18)
R3
Then it follows from (1.16), (4.15) and (4.18) that

S Lo )
iy = lim <5||Vun||2 + ZN[un]) = 3 liminf | Vi 3

1
_ R +3))55 IVaunll3

lim inf |
"7 s (T # 1l @3) Juy |2 +3dx ] =5
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Rt

which contradicts with (4.10). Therefore, u # 0.
Let w, = u,, — u. Up to a subsequence, we assume that

lim (Ia « |wn|“+3) [wn % +3dx 1= A%H3, (4.19)

n—00 Jp3
By (4.15), (4.16), (4.17), the Brezis—Lieb lemma, Lemmas 2.7 and 2.10, we have

my, = nli>néo I(uy) =1(u) + nli)rréo I(wy) (4.20)
and

1=G@) + lim G(w,)
n—oo

_ = 1 : a+3 a+3
_G(u)+mn£ngo/IR3 <Ia*|wn| )|wn| dx
a+3
— GG+ ——. 421
() + @ 13) 4.21)

To derive the conclusion of Lemma 4.3, we distinguish two cases on A as follows.
Case (1). A > 0. Using (4.21), we can choose 1,,, f € [1, +00) such that

IUS 3(a+3) 3
& w3 + 2t s <1a * Iwn|°‘+3) wy[“Hdx = 1 (4.22)
and
3 B(a+3)
7 7
%”’3”3 NETPE) (Ia * |ﬁ|“+3> lid|*Pdx = 1. (4.23)
o R3

Then it follows from (1.31), (4.17), (4.19), (4.22) and (4.23) that

3a+3) _ 2( +3)

Jim 1 = S0 @24
Gt (wy),) = G(2ii7) = 1 (4.25)
and
ptd 5 Per — a3 |5 et3 B
= — _— = = >
L= Slali+ 50 (10,*|u| )Iul dx > BG(@@).  (4.26)
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Combining (4.2), (4.20), (4.21), (4.24), (4.25) and (4.26), we have

iy, — 1G) = lim I(w,) = lim [r;31 (t,f(w,,)tn)]
n—oo n—0oo

A

> i, =[1 - G@))# i, 4.27)
[2(a + 3)]a53
and
iy < 1 ;) = 213@) < é((”)) (4.28)
u

From (4.27) and (4.28), we derive

@ <" <11 - @y, (4.29)
my

which yields that
G(i) +[1 — G(@)]# < 1.

This shows that G(#) = 1, and so (4.21) implies that A = 0, a contradiction.
Case (2). A = 0. Then (4.21) yields that

=G+ lim G(w,) = G(@). (4.30)

By (4.2), (4.20) and (4.30), we have

my = lim I'(u,) = I() + lim I(w,) >m, + lim I(w,), 4.31)
n—oo n—oo n—oo
which implies that u, — u in E,, and so G(it) = 1 and I (it) = m,. O

Proof of Theorem 1.2 From Lemma 4.3, we know that u is a radially symmetric non-
negative minimizer of / constrained on M,,. By Lagrange Multipliers theorem there
exists a multiplier & > 0 such that u satisfies the following equation

1 _
— A+ i ﬁ:x[u|ﬁ|ﬁ+(Ia*|ﬁ|“+3)|ﬁ|““ﬁ], x e R3.
47 |x|

(4.32)
- 2 - 1
Leti(x) := A3y (k 3@+ x), then u satisfies the following equation
1
— A+ « i ﬁ=,\MM|a|ﬁ+(la*|ﬁ|“+3)|ﬁ|“+1ﬁ, x eR3.
47 |x|
(4.33)
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Here, A, = X depends on . The proof is completed. O

5Case3<p<6

In this section, working on the whole space E instead of E, used in the previous two
sections, we establish the existence of ground state solutions to (1.1) with3 < p < 6,
and provide the proof of Theorem 1.4. We will first show that ®,, is bounded from
below on M. By distinguishing the three subcases: p € (4,6), p =4,and p € (3, 4),
we will control the minima inf, e o1, @y, (#) from above by the compactness threshold.
We will then prove that the minimum inf,,¢ M, ®,, (u) is achieved, and moreover, the
minimizer is a critical point of ®,,, where M, is defined by (1.21).
To do the first step, let us consider two functions as follows:

2(p—3)— Q2p =33 4+ 3273
3p

g = , t>0 (5.1

and

Bty e o +2— (a+3) + 30t o0 52)
o 2(a + 3) ’ ’ '

A simple computation can lead to the following lemma.

Lemma 5.1 Assume that p € (3,6) and u > 0. Then g(t) > g(1) = 0 and h(t) >
h(l) =0forallt € (0,1) U (1, 4+00).

Lemma 5.2 Assume that p € (3,6) and v > 0. Then

o +2— (a+3) 3@t

) 1—13
) = 0y (Puy) + —— () +

2(a +3)
X / <1a * |u|°‘+3> u|*dx, VuekE, t>0. (5.3)
R3
Proof Note that
3 3 2p-3
t t ut
@, (Pur) = S 1Vul + Nl - ol
3@+3)
- (Ia % |u|“+3) || %3 dx. (5.4)
2(0( + 3) R3

Then by (1.13), (1.20), (5.1) and (5.4), we have

1173 113 w(t?r=3 —1)
@) = @ (Pr) = = IVull} + ——Nu] + =———ul};
Pe+3)

I a+3) at3y
Pl N (AU [T
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3
== Ty () + pg ()llully

+h(t)/ (Ia * |u|“+3) @3 dx.
R3

This, together with Lemma 5.1, shows that (5.3) holds. O
From Lemma 5.2, we have the following corollary.

Corollary 5.3 Assume that p € (3,6) and u > 0. Then foru € M,,

;. () = max D, (1uy). (5.5)

Lemma 5.4 Assume that p € (3,6) and pu > 0. Then for any u € E\{0}, there exists
a unique t, > 0 such that t>u;, € M,,.

Proof Let u € E\{O} be fixed and define a function ¢(t) := @M(tzu,) on [0, c0).
Clearly, by (5.4), we have

@2p —3ut*r3

313 313
=0« TIIVMII§+TN[14] llullh

3f3<a+3)
. / (Io, % |u|“+3) u[*F3dx = 0
]R3

& I(Pu) =0 & t*u e M.

It is easy to verify that {(0) = 0, ¢(r) > O for r > 0 small and ¢(r) < O for ¢
large. Therefore max;c0.00) ¢ (¢) is achieved at a o = 1, > 0 so that {'(fp) = 0 and
t2u, € M
0“0 e

Next we claim that ¢, is unique for any u € E\{0}. In fact, for any givenu € E\{0},
let 1, > 0 such that ¢'(t1) = ¢'(t2) = 0. Then J,, (t7u;,) = J,, (t3uy,) = 0. Jointly
with (5.3), we have

3 3
7 —t
O (1) 2 @ () + 7 g ()
1

3(a+3)

3 3(@+2) .3 3(a+3)
N (@ +2)1 (o +3)t; t5 +1, f (Ia i |u|"‘+3) W@
2a + 3y R3
2
= (DM <l2M;2>
3(a+3) 3(a+2) .3 3(a+3)
n (@ +2)1; —(@+3)4 h+1h (, *|u|“+3) 3 dx
3(a+3) 3 «

2(a +3)1

and
3.3

5 —t
‘:DH (t%utz) > q)# <112Mt1) + %Jﬂ (t%u,z)
2

@ Springer



Static solutions for Choquard equations with Coulomb potential... 2119

3(a+3) (O{ +3)f (0l+2) +t3(a+3)

(0‘ +2)15 a3 @43
3(a+3) /R3 <Ia*|u| )Iul dx

= (I)M (tlzun)

(a +2)t§’(d+3) ( +3)t3 3(a+2) +t3(€(+3)

2(a +3)15

Iy * |u|”+3) u® 3 dx.
2(a + 3)13(‘” ) ./R3 (

The combination of the above two inequalities implies that #; = t>. Therefore, 7, > 0
is unique for any u € E\{0}. O

From Corollary 5.3 and Lemma 5.4, we can obtain the following lemma.

Lemma 5.5 Assume that p € (3,6) and v > 0. Then

inf @ :=A=1nfma<I>t
ueM, (1) 3= weE\(o) 120 P ().

Lemma 5.6 Assume that p € (3,6) and v > 0. Then

(1) there exists pg > 0 such that ||Vu||% > po, Yue M,y
(i) m,, = inf,epm, Ppu(u) > 0.

Proof Since J,(u) = 0, Yu € M,, by (1.16), (1.20), (2.4), the Sobolev inequality
and the Young inequality, it has

3 . 3 . 3 . 3
Z||VM||2 + §||14||3 = §||VM||2 + ZN[M]
2p—3 3
S T f (Fe 11”3 Jul*ax
p 2 Jrs

3 3
E||u||§ + Cillull® + 3 /W (Io, * |u|a+3> u[*F3dx

IA

Va3, (5.6)

IA

§||u||3+c IVul$ + |
2 3 2 2t 280(+3

where C| and C; are positive constants. This implies there exists pg > 0 such that
IVul3 = po, YueM,. (5.7)

From (1.13), (1.20) and (5.7), we have

1
q)u,(“) u,(“) ‘]M( u)

p—3 p—3
= V —_—
2p—3” u||2+ 2(2p—3)N[u]

300 4+ 2(6 — p)
22p =3) (@ +3)

3 (1(, % |u|“+3) e[ *+3dux
R;
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v

p—3
5 IVul3
p—3

> p—3
~2p-3

po, Yuce M'u.

This shows that 71z, = infyerq, @pu(u) > 0. O

Next, by distinguishing the three cases: p € (4,6), p =4 and p € (3,4), we could
find the specific conditions on g to obtain the sharp estimate of 71,,. The following
lemma deals with the first two cases.

Lemma 5.7 Assume that condition (i) or (ii) in Theorem 1.4 holds. Then there exists
a positive integer n such that

2w
arL g (5.8)

1, < sup ® (tZUA> — =
mu_fgg “ (Ui): <2(O€+3) o

where the function U, (x) = ©,(|x|) and ©,,(r) is defined by (3.23).

Proof By (2.8), (3.24), (3.25), (3.28), (3.29) and (5.4), we have

. (2(W))

3 3 2p—3
t t ut

= SIVUIZ + ZN U — (LA
$3@+3)

— s [ (Je 101 U
2(0[ + 3) R3
3
t 3 3 28 /3mn
— | (LyK )2 S2 + ———

6713
1 (" 52 2285 n 5|
44713 —/ d
Havan |:n9/5 b, 0195 T50a0 T2

43P pr?r=3 [n 52 d
T ez [y sy

3a+3) 3 3 1
ey (s -0 ()

3 ; £3@+3) s @] 3
< | 7 Laka) 2 - o (LaKo)2Sa | Sy

2(a + 3)
+ 29+/3n Ean |:0 < 1 >] (3@+3)
6n n(@+3)/2

4 4 3)P t2p—3 n 2
_ A / S ds. V=100 (5.9)
0

pn(6—P)/2 (1 +S2)p/2
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Under condition (i) or (ii) of Theorem 1.4, we distinguish the following three cases
ont.

1 —1 -
Case 1. 1 € | (a0 + 3) 5@ (Lo y) @D S, ““*2>,+oo>, pe @36 andpu > 0.1t
follows from (5.9) that

£3(@+3)

2(x +3)
L2 To (L]
6n n(@+3)/2

<0 <1> . n— oo. (5.10)

n

2 r i 305 | e3
N (t (Un)t) < E(‘Calca)z(aﬂ) - (LoaKo)2S84 | Sa

—1

1 ___a
Case 2.t € (o, (o0 + 3)3@D (Lo Ly) @D S, "(‘”2)), p e (4,6)and u > 0. 1t
follows from (5.9) that

3 R 3+3)
o, (2 n — (L)@ — —
“( (U)’)<[2(£’C) 2(a +3)

! Cin 2p3
+O (;) TG’

a+2 o3 Cop

a+2

S N, . A< (03 - —7
2(a + 3) n6-p)/2

o 3
waica)%so%} S2

n— 0o, (5.11)

where C{, C> > 0.
1 —1 o
Case3.1 € (o, (o + 3) 3@ (L) T S, ““*”), p=4andpu > %g(ca/ca)ﬁ

a

S 1t follows from (5.9) that

@ (P W) < | S tak ™ — kit | 83
" 2 2(a +3)

5373 Bmpsd /" 52
+ — ds
n n o (14 52)2

3@+3)

2(x +3)
53 372 1
+ [”t3—2t5+0 —
4 n?

= —t3 LoKC) 7@ —
o+3
2( o Dt)

3

(LaKa)?Se } Se

n n

o+2 e 1
<——8—-0|(-), . 5.12
= 2@ +3) o (I’l) n— oo ( )

Cases 1-3 imply that there exists a positive integer 7 > 100 such that (5.8) holds. O
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The following lemma deals with the case p € (3, 4). Setting

1
3 /6\° [ T, \#3
2 o
=— (=) (=% - 1
3= (5) (2) s (5.13)

we consider the function w(x) with k = k5, where the constant 7, and the function
w(x) are defined by (1.17) and (4.4), respectively. With this, we establish the following
sharp estimate of 71,,.

Lemma 5.8 Assume that condition (iii) in Theorem 1.4 holds. Then
o+2 et
i, <sup® (tzw) < ——8&. 5.14
FET ) T 2y G149

Proof From (1.17),(1.33),(2.8), (4.5), (4.6), (4.11) by utilizing k7 instead of k1, (5.13)
and condition (iii) in Theorem 1.4, we have

2p-3

3 3
t t
®uPw) = S Vw3 + FNTw] — llwllh

13td) X .
SR (10, % [w|ot )|w|"‘+ dx

20c +3) Jrs
- mc2213 J2md (5)° 4 871/(2’),1”21’*3 ’]&Kzz(“+3)t3(a+3)
=2 6 \6) e 2@ 1 3)

S 82 u2r 3 A T Yo 5\ T TV i3ed)

3

=

2p—3 2

(p—3)m 2(1;:—63) 3pt =3
162p —3)p

at3
. o+2 o § 5K2 a+2 7'_#2
2w+3)| 3 \6/) "2 @

3
n—6 n— o
(p =37 3% |: 3p* i| =3 a+2 23

T3 |eep-an|  Taern™
oa+2 ”‘—1’2
o, 1
< Yt 3)Sa (5.15)
This shows that (5.14) holds. O

In view of the Brezis—Lieb lemma, Lemmas 2.7 and 2.10, one can easily prove the
following lemma.

Lemma 5.9 Assume that p € (3,6) and u > 0. Ifu,—u in E, then

D (uy) = Oy (i) + O (1, —u) +o(l), (5.16)
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(D (up), un) = (@' (), ) + (' (up — it), up — ut) + o(1) (5.17)

and
Ju(up) = Ju () + Jy(uy — u) +o(1). (5.18)
Following the idea of [33], we prove the attainable of > Which reads as follows.

Lemma 5.10 Assume that the conditions in Theorem 1.4 hold. Then m w 1s achieved.

Proof Let {u,} C M, be such that &, (u,) — . Since J,(u,) = 0, then it
follows from (1.13) and (1.20) that

. 2(p =3 a+2
g+ 01) = =2 b+ ey s (Ia y Iun|“+3) [
(5.19)
and
. o+2 5 o+2 [B3(e +4) —2plu »
D=——"_|V S - '
mu+0( ) 2a +3) I Mn||2+4(a+3)N[un] 3p(a+3) ”un”p
(5.20)

By (1.20) and J, (u,) = 0, we have

3 3 2p—3)u 3
SIVunlls + SN ] = pTllunllﬁ +3 fw (Fa i) .

(5.21)

The combination of (5.19) and (5.21) shows that {u«,} is bounded in E. From (5.21),
we have also

22p —3)u
[ Vunll3 < Tnun 5+ /% (Ia * Iun|°‘+3) | dx. (5.22)
]R;

We claim that there exist a § > 0 and a sequence {y,} C R such that

lim inf / lup|Pdx > 8. (5.23)
By (yn)

n—o00

Indeed, suppose that (5.23) does not hold. Then we have

lim sup sup f lup)3dx = 0. (5.24)
Bi(y)

n—oo y€R3
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By [12, Lemma 2.5], we have
||Mn||§ — 0. (5.25)

Up to a subsequence, we assume that
Vil > 120, [ (ks ) s > 0. 526
R3
Then it follows from (1.16), (5.22), (5.25) and (5.26) that

I = lim [[Vig |2 < limf (1a*|un|“+3) lu, |23 dx
n— 00 n—0o0 R3

< 807(114-3) ,,ILHC}O ”Vun”%(ﬂt+3) — S;(a+3)l(1¥+3, (5.27)

a+3
If I} > 0, then (5.27) implies that [ > S2+? which, together with (5.20) and (5.25),
implies that
o+2 et
~ > —S a+2 .
M= a3

This contradicts with (5.8) and (5.14). Therefore, (5.23) holds.
Letting i1, (x) = u,(x + yu), we have ||i, ||g = ||lun|l g and

Tu(lin) =0, @, (i) — i, liminf/ i, Pdx > 6. (5.28)
B1(0)

n—oo

Then there exists & € E\{0} such that, passing to a subsequence,

i,—1, in E;
iy, —1, in LS

e ®), Vs €[1,6); (5.29)

i, — i, ae.onR3.
Letting w,, = i1, — &, it follows from (5.29) and Lemma 5.9 that

(i) = (i) + Dy (wy) + o(1) (5.30)
and

Ju (i) = T (@) + T (wy) + o(1). (5.31)
By (1.13), (1.20), (5.28), (5.30) and (5.31), we have

o +2

2(p =3
2(0[ + 3) R3

P
3 lwnllp +

(Fa o 152 e
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. 2(p—3 . a+2 . .
=my — u”ullg J (Ia * |u|a+3) |u|0t+3dx + 0(1)
3p 2(a + 3) Jr3
(5.32)
and
Ju(wy) = —J, (@) + o(1). (5.33)
If there exists a subsequence {w,,} of {w,} such that w,, = 0, then going to this
subsequence, we have
O, @) =my,, J(1)=0, (5.34)

which implies the conclusion of Lemma 5.10 holds. Next, we assume that w,, 7#= O.
In view of Lemma 5.4, there exists ¢, > 0 such that t,%(w,,),n € M. We claim that
J, (1) < 0. Otherwise, if J,, (&) > 0, then (5.33) implies that J,, (w,) < O for large n.
From (1.13), (1.20), (5.3) and (5.32), we obtain

2(p—3 2
iy — ynang - 2?’—:3) <1a N |,;|a+3) 141%F3dx + o(1)
p o R3
2(p —3)u a+2 3 3
:T||w"||z+m - <1a>|<|wn|‘1+ >|wn|01+ dx

1
=&, (wy) — gj,u(wn)
3
> &y (R, ) = L)

3
n

which implies J, (1) < 0 due to MPS;;MHL?HZ + ZE"a_t_%) Jgs (Ia " |ﬁ|a+3) |Gje+3dx >

0. Since ## € E\{0}, from Lemma 5.4, there exists f > 0 such that fzﬁ; € M,,. From
(1.13), (1.20), (5.3), (5.28) and Fatou’s lemma, we derive

A~

1
my, = lim |:d>u(ftn) — gJM(ﬁn)i|

li
n—oo
[2(17 —3)u a+2
3

I s li a+3> Go1et3g
23 Jus (e 1l )l

(Ia % |ﬁ|"‘+3) 14143 dx

= lim

n—o0

2 2p=3n
T

1

A 0D
||un||p+

o+2

"
lle + 3+ 3) Js

aN B
> @, (t u;) — S i)
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23
~ t A N
=>my — _3 Ju(u) = my,

which implies that (5.34) holds also. O
Following the idea of [7], we prove the following lemma.

Lemma5.11 Assume that the conditions in Theorem 1.4 hold. If i € M, and
@, (1) =y, then it is a critical point of ® .

Proof Assume that &’ (i1) # 0. Then there exist § > 0 and o > 0 such that
m o
lu—illg <36 = ||¢’;L(M)|| = 0. (5.35)

Let {#,} C R such that z, — 1. Since t,%ﬁtn—\ﬁ in E, then it follows from (2.10) and

Lemma 2.6 that
2 A NE
(tnu,n) - Vu) dx

2
|v () - val, = [
2 R3
— @+ 1)/ \Vii|2dx — 2/ v (t,%ﬁ,n) - Viidx = o(1)
R3 R3
(5.36)

and
N (t,%ﬁtn - u)
-D ((z,fzz,,, — )2, (i, — 12)2)
= D (i, (Fi)?) + D (2 %) = 4D (2,2, i, i)
=4 (i, @2in)i) + 4D (g )i, (i )it) +2D (2,7, @)
D ((z iy ), (2, ) -D (122, fﬂ) +o(1)
=@ —1)D ( P2 AZ) +o(1) = o(1). (5.37)
Combining (5.36) with (5.37), we have
lim ”t i, — uHE —0. (5.38)
Thus, there exists §; > 0 such that
It — 1| < 8 = ||1*0, — iil|g < 6. (5.39)

From Lemma 5.1, we derive

) a4 2— (a+ 3 4Pt . .
@, (i) = @) - S | (ras i) e
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. a+2—(a+3)3 43D
= m —_
" 2(c +3)

/ (1a * |12|“+3) 141%F3dx, Vi>0. (5.40)
]R3

Using (1.20), it is easy to check that there exist 77 € (0, 1) and 7> € (1, o0) such that
J (leﬁrl> >0, J <T22QT2> <o. (5.41)

Set ® = m min {(Ty), h(T»)} [gs (Io * |]*F3) [i|*3dx, where h(t) is defined
by (5.2). Let § := B(u, ) and ¢ := min{® /24, 1, 0§/8}. Then [35, Lemma 2.3]
yields a deformation n € C([0, 1] x E, E) such that
1) n(l,u) =uif &,u) < my, —2¢or ®,(u) > m, + 2¢;
i) (1, ®ute N B4, 5)) C D=t
(iii) @, (1, u)) < Py(u), Vu € E;
@iv) n(1, u) is a homeomorphism of E.

Noting that @, (tzﬁ,) < &, (@) =my fort > 0, it follows from Corollary 5.3, (5.39)
and the above ii) that

o, (n(l, t%)) <y —e Vi>0, |t—1] <6 (5.42)
On the other hand, by iii) and (5.40), we have

o, (r;(l, tzﬁt)> <, (tzﬁ,)

. a2 —(a+3)3 et . .
= e [ (1 w1 s
<y, —38, Yt>0, |[t—1] >4, (5.43)

where 8 := min {h(1 — &), h(1 + 81)} [gs (Lo * 14]*F3) |i1|*+3dx > 0. The combi-
nation of (5.42) and (5.43) yields that

max @, (na, tzﬁ,)> < ity (5.44)
te[Th,T2]

Set Wo(r) :==J (r; (1, tzﬁ,)) fort > 0. It follows from (5.43) and (i) that n(1, u,) = i,
for t = T} and t = T3, which, together with (5.41), implies

Wo(Ty) = J (T2im,) = 0, Wo(Ty) = J (T3i,) < 0.

Since Wy (¢) is continuous on [77, T3], then we have that n (1, tzft,) N M, # @ for
some 1y € [T1, T>], contradicting to the definition of 71 ,. m]

Theorem 1.4 is a direct consequence of Lemmas 5.6, 5.10 and 5.11.
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6 Casep =6

In the last section, we establish the non-existence result to (1.1) with p = 6, and
complete the proof of Theorem 1.5.

Proof of Theorem 1.5 Assume that i € E is a solution of Problem (1.1). Multiplying
(1.1) by #, and then integrating, we have

IVl + At = it~ [ (ks @) e te=0. @)

R3

Recalling the Pohozaev identity as Lemma 2.13, we also have

1 R 5 . woo. 1 n R
§||Vu||% + SN - E||u||g -3 /M (Ia ¥ |u|°‘+3) G t3dx = 0. (6.2)

Combining (6.1) with (6.2), we obtain
Nli] = 0. (6.3)

This shows that # = 0. O
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