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ABSTRACT

This paper presents hybrid (edge and nodal) finite elements in frequency and time domain.
The method is used for the numerical analysis of a parallel-plate waveguide loaded by two
dielectric obstacles. A perfectly matched layer (PML) is implemented as the output port of
this parallel-plate waveguide. In the project, the PLM layer for the exploitation in the time
domain is developed. The method is programmed in MATLAB and is compared with results
produced by COMSOL Multiphysics.

KEYWORDS

Finite element method (FEM), hybrid finite elements, nodal finite elements, frequency
domain, time domain, waveguide, perfectly matched layer (PML), MATLAB, COMSOL
Multiphysics.

ABSTRAKT

Diplomova prace se zabyva metodou hybridnich (hranovych a uzlovych) kone¢nych prvka
ve frekvencni i ¢asové oblasti. Tato metoda je pouzita pro analyzu vinovodu parallel-plate,
v kterém jsou umistény dvé dielektrické vrstvy. Jako ukonceni vinovodu je implementovana
dokonale pfizpiisobend vrstva oznaCoviana PML. Projekt fesi mozny vybér PML vrstvy
v ¢asové oblasti. Metoda je programovana v programu MATLAB a vysledky jsou porovnany
s programem COMSOL Multiphysics.

KLICOVA SLOVA

Metoda kone¢nych prvki, hybridni metoda kone¢nych prvki, uzlovd metoda konec¢nych
prvkl, frekvencni oblast, Casova oblast, vlnovod, dokonale pfizpiisobend vrstva (PML),
MATLAB, COMSOL Multiphysics.
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1. Introduction

Hybrid finite elements can perform a proper simulation of electromagnetic fields. Using
this method, a computation of physically non-existing solutions caused by an improper
modeling of continuity boundary conditions can be eliminated [2], [8].

Finite elements are a differential numerical method which is able to handle with closed
structures. In case of open structures, the solution space has to be truncated by proper
boundary conditions. At present, perfectly matched layers are frequently used for this purpose
[5], [9]. The perfectly matched layer (PML) is a nonphysical anisotropic lossy material, which
behaves like a free space from the viewpoint of the propagating wave. Thanks to the losses,
the wave is attenuated and zero boundary condition can be applied in the external surface of
PML.

We have created a script in MATLAB, which can analyze a parallel-plate waveguide by
hybrid finite elements in the time domain. The waveguide is loaded by two dielectric
obstacles. The waveguide is terminated by a perfectly matched layer, which absorbs all the
electromagnetic energy without reflections. This layer simulates free space.

2. Finite element method

The Finite Element Method (FEM) is an efficient numerical technique for solving
Maxwell equations in the differential formulation. FEM can be applied directly on Maxwell
equations or on wave equation. We will use the wave equation formulation. In [3], all
important relations and derivations related to this topic were published [3], [4], [8].

Microwave structures can be analyzed by FEM in frequency domain or in time domain.

® Frequency domain finite elements (FDFE) can analyze electromagnetic field in the
steady harmonic state.

¢ Time domain finite elements (TDFE) [4] are able to compute responses of structures to
pulse excitations.

In the thesis, we will describe finite elements in both domains.

3. Hybrid finite elements

Hybrid finite elements are applied to provide a proper simulation tool for the
computation of electromagnetic fields in environments containing various dielectrics of
different parameters (permittivity and permeability) [2]. Thanks to hybrid finite elements,
field continuity at the boundary of two dielectric sub-domains is properly modeled, and
therefore, physically non-existing solutions are not produced.

Hybrid finite elements approximate longitudinal components of field intensity by nodal
finite elements and transverse components of field intensity by edge elements. A detailed
description of nodal finite elements and edge finite elements can be found in [2], [8].

In the thesis, we exploit a finite element formulation with identical matrices of
coefficients both for the frequency domain and in the time domain. Therefore, the
development of the frequency domain code can simplify the creation of the program in the
time domain.



3.1 Frequency domain hybrid finite elements

The method is intended to solve full, non-simplified Maxwell equations [2]. In the
approach adopted in this thesis, we use a final matrix equation for unknown nodal and edge
approximation coefficients, which can be expressed for n-th finite element in the form [2]:

S;n) —k(?/lfn)g’_(n)Tt(n) 0 Ein) 0
) n g (n) ) w |~ 3.1
0 Sz kOIU T Ez O

Here, Et(") is the vector of the three unknown edge approximation coefficients, EZ(”) is the
vector of the three unknown nodal approximation coefficients, vy is the complex propagation
constant, ko is the wave number in vacuum, x&," is the relative permeability of n-th finite
element, and €, is the complex relative permittivity of n-th finite element.

Matrices T,”, S,*, T."” and S, are matrices of finite-element coefficients of n-th finite
element. Since the triangular finite element contains three edges and three vertices, the
matrices are of the size 3 X 3 for linear basis functions [8].

The matrices can be evaluated using following relations [8]:

| 111
S =—x111]. (3.2a)
111
(n) 1 :
T =—>Q,cot g6 ]. (3.2b)
1293
. = ZD cot g6 ] . (3.20)
10
4o 2 1 1
T." = 12 1. (3.2d)
11 2
Here
3 -1 -1 0 0 0
Q=(-1 1 1], D,=|0 -1
-1 1 1 0 -1 1
1 -1 1 1 0 -1
le _1 3 _1 > Dlz 0 0 0 5
1 -1 1 -1 0
11 -1 1 -1 0
sz 1 1 -1, D2: | 1 0].
-1 -1 3 0 0 0

Next, A" is the area of n-th finite element and Qi(”) is the angle of the i-th vertex of the n-th
finite element.



These relations are applied to the following form of the vector of nodal approximation
coefficients (e;) and edge approximation coefficients (e;) [8]:

(n) _[ (n) (n) (n) (n) (n) (n) a
E" =ley e e e e enl - (3.3)

3.2 Time domain hybrid finite elements

The simplest formulation of time-domain finite elements approximates the second order
time derivative by a central difference [1]:

2

dg 1
> ¢? At?
Here, ¢ is the velocity of light, Af is the time step, ¢(i—1) is the time sample of a scalar
function ¢ in time ¢ = (i—1) At, etc.

(i —1)—20(i)+ p(i +1) 3.4)

_kozq’:;uogo

Reformulating the relation (3.1) for the time domain, we obtain [1]:

{ (CZ ; Tt}e,(i+1)= {(Z)z T —is,}e,(i)—{ (CZ 7T }e, (i-1) (3.52)
{ e Tz}ez(z#l):{ 2¢, _Lsz}z(i){ £ Tz}ez(i—l) .

(cAt)2 (cAt )2 S, (cAt )2

Equation (3.5) is an explicit algorithm. The matrices S,, T; and S,, T, are the same both for the
frequency domain and for the time domain. This algorithm is less robust, and less universal
than the implicit algorithm.

The implicit algorithm [1]:

& gy ] St}e,(i+1)={ 26 g __1 S,}e,(i){ £ 4! St}e,(i—l) (3.6a)
| ( (

(cAt cAt) T 2u cAt) T 4u

T Sz}ez(i+l)={(2g’ T ! S}ez(i)—{ £ q 4] Sz}ez(i—l)(3.6b)

+ —_
(cAt) ° 4u, At} C2uC (cAt) ° 4u,

is unconditionally stable. We will therefore use the implicit algorithm further.

3.3 Software implementation of edge finite elements

Software implementation of hybrid method finite elements is very similar to the
implementation of nodal finite elements for the solution of quasi-static problems [2].
Therefore, we describe significant parts of code implementation only.

Numbering of nodes and edges. Local and global numbering of nodes is identical with
numbering of nodes in pure nodal finite elements for the solution of quasi-static problems.
Local edges are numbered as shown in Figure 3.1. In front of the zero local node, the zero
local edge lies, etc. Global edges are numbered starting from the diagonal edge of the low-left
element, and continuing by rows towards the top-right element. Horizontal and vertical edges
are again numbered from the low-left element to the top-right one [2].

The way of numbering nodes and edges is up to the programmer.

10
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Figure 3.1. Local numbering of nodes and edges.

Composition of matrix C. This matrix joins local nodes and edges to global nodes and
edges. The matrix C for nodes is identical with the finite-element code for the solution of
quasi-static problems. The new matrix C for edges can contain two nonzero values in each
column maximum (one or two edges contribute to a global edge). One of these nonzero values
must be negative to express the different orientation of edge vectors [2].

Boundary conditions. We have to ensure that the tangential component of the intensity
of electric field is zero at the perfect electric conductor (PEC)

nxk =0 3.7)
E

)

Here, 7 is unit vector normal to PEC, Et is the transversal component of the electric field
intensity vector and E_ is the longitudinal component of the electric field intensity vector.

These conditions are implemented by removing those rows and columns from global
matrices which can be found on perfect electric conductors.

Thanks to hybrid finite elements, field continuity at the boundary of two dielectric sub-
domains is properly modeled, and therefore, physically non-existing solutions are not
produced.

Results of the analysis and their comparison with the results produced by COMSOL
Multiphysics are provided in Chapter 8.

4. Perfectly matched layers

A Perfectly matched layer (PML) is a nonphysical layer, which can absorb power of
propagating electromagnetic wave without reflections. This feature allows modeling of open
structures by differential methods like finite elements. In the thesis, PML is used to model an
open-ended waveguide [5].

11
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Figure 4.1. Parallel-plate waveguide terminated by PML layer.

Figure 4.1 shows a parallel-plate waveguide terminated by PML. The waveguide is
excited by TE;p mode. PML is implemented in the form of a two-dimensional (2-D) lossy
material (uniaxial anisotropic lossy material) [5].

4.1 Frequency domain perfectly matched layer

Frequency domain PML adopted in this thesis has been described in [5]. Due to the
anisotropic nature, PML is described by the frequency-dependent permittivity tensor

! - 0 0
1-j
we €,
e =e| 0 iy — 0 :
we, &,
0 0 [
a)grgo

where @wdenotes angular frequency and o'is conductivity

o(x) = (m+1ey€,.c ln(lj(x_ X, j .
2d R d

Here, d is the depth of the PML, m is the order of the spatial polynomial, R is the desired
reflection coefficient at normal incidence, and xy is the position of the PML interface.

Results of the analysis and their comparison with the results produced by COMSOL
Multiphysics are provided in Chapter 6.

4.2 Time domain perfectly matched layer

Finite element method is applied to the solution of electric field vector wave equation.
According to [5], we get the wave equation in frequency domain for transversal fields and
longitudinal ones

(V,xE,) 2;'(V,xE,) - k2 (E, £ E])=0, @.1)

(v,E) A (V,E) - ki (E.4, E

*
Z r Z

=0. 4.2)
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Here, E, = [E, E,] is the transversal component of the electric field, E; is the longitudinal
component of the electric field, £, and 4, are permittivity and permeability tensors,
respectively, & and f4 are permittivity and permeability of vacuum, respectively, and V;, is the

transverse operator.
v [2 2]
dx Ody

Finally, ko = a)z,uoé‘o is the free space propagation constant and @is angular frequency.

In the frequency domain, exploitation of hybrid finite elements converts (4.1) and (4.2)
into the set of algebraic equations

€1 S, —kje,T, 0
Y7, e, 0
r | } = { } 4.3)
0 —8. k2T, |Le-] [0
M,
In order to implement PML, ¢; has to be a tensor
e, 0 O
E =0 e, 0 4.4)
0 0 ¢

e, =1-— ) 4.5)
Yy ]a)go
Here, j is complex unit.
In order to convert PML into the time-domain, central differences are applied:
d’¢ 1 o(i—1)-20()+e(i+1)
2
k@ = Mok i’ & Ar? ’ 0

where c is the velocity of light, Af is the time step, ¢(i—1) is the time sample of a scalar
function @in time ¢ = (i-1) At, etc.

In time domain, PML coefficients have to be independent on angular frequency w.
Obviously, we are not therefore able to derive an exact time-domain counterpart of PML.

We choose
g, =[1]+[z] 4.7
with
1 00
[/]=|0 1 0O}, (4.8)
0 0 1
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2 0 o
80
1=l 0 < o]. (4.9)
80
o o <
80

This choice enables us to rewrite (4.6) as

d’ d
— ko pe, = 1y, 7?[1]"‘/‘050 73)[2] =

. . . . . (4.10)
1 (pli-1)-20()+pi+1) . oli-1)-gli+1)
= — > [/]1+ [X]
c At 2At
resulting in
1 At . _
{ — T([1]+7[Z]ﬂ efi1) =
4.11)
2 1 £ At
= | ——=|I[T-——S|I|eli)- —T| [[]-—|Z i —1
P U] OB e (R |
According to [10], the conductivity can be expressed in the following form:
o(x) = M (4.12)

dm
Here, d is the depth of the PML, xj is the interface, and m is the order of the polynomial

variation. The maximum conductivity can be expressed as

o -+l (4.13)
1507

with & being the spatial discretization (in meters).

A parallel-plate waveguide terminated by a PML was simulated in the time domain by
MATLAB script. Figure 4.2 shows electromagnetic field distribution in the waveguide at the
frequency 14 GHz.

14
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Figure 4.2. Distribution of the longitudinal component of electric field intensity
in a parallel-plate waveguide terminated by PML in time domain.

Implementation of PML in the time-domain is easy. However, proper values of
coefficients d, m, and 0, in (4.12) and (4.13) have to be set to obtain the required
functionality. Moreover, optimum o(x) and the number of perfectly matched layers N, are also
important for the simulation. A small number of perfectly matched layers N, and insufficient
thickness of PML cause reflections. An optimum order of the polynomial variation has to be
set according to the application.

The PML was implemented in the time domain finite element code as a uniaxial
anisotropic lossy material. Comparison of results produced by our MATLAB program and
computed by COMSOL Multiphysics shows good agreement.

5. Scattering parameters

Scattering parameters are used to characterize a microwave structures in frequency
domain. At given frequency, si; corresponds to the reflection coefficient at the input of the
structure, and s, describes transmission from the port 1 to the port 2.

In this project, we use scattering parameters for evaluating numerical reflections of
a PML layer in frequency domain. For N-port planar devices, we get [11]

Y], = =22 [ ] {s]-&: e ] 5.1)
kOﬂO
where m, n = 1, ..., N and N is the number of ports, 7 is intrinsic impedance of free space, b

is the dimension of the structure in the direction of the translational symmetry, [Y] is the
normalized admittance matrix for the device, EY is the electric field intensity when there is
a normalized voltage 1 V on port k and all other ports are short-circuited. [S] and [T] are well-
known global finite-element matrices.

The scattering matrix is given then by
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where [Iy] is the N X N identity matrix.
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of scattering parameters.
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Figure 5.1. Testing structure for verifying calculations

(5.2)

In order to verify a proper computation of scattering parameters, we modeled the
waveguide with a dielectric obstacle, which is terminated by the PEC wall (Figure 5.1).
Results of the simulations (frequency response of scattering parameters) are depicted in
Figure.5.2. The frequency response computed by the script is compared with results produced

by COMSOL Multiphysics.

Differences between results are probably caused by different finite-element meshes
used for computations. Further investigations are needed to confirm this hypothesis.
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Figure 5.2. Frequency response of reflection coefficient at the input
of the testing structure (blue - COMSOL, red - MATLAB).
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6. Time domain characterization of PML

When testing numerical reflections of the PML termination, the backscattering
coefficient (BC) [12] is determined. In order to evaluate numerical reflections in the time
domain, FFT transform is used.

First, the parallel-plate waveguide is terminated by the PEC wall. This termination is
used for reference. Second, the parallel-plate waveguide is terminated by PML layers. These
terminations acquired in time-domain were transferred into frequency domain.

In order to determine BC, we use
_ FFT{s, (-5, (1}

BOO= s 1) -5.0}

(6.1)

where S,(?) is the signal when the waveguide is terminated by PML layers, S.(?) is the signal
when the waveguide is terminated by the PEC wall, and S,(7) is the exciting signal.

The BC can be written in the logarithmic scale
BC,, = 20log(BC) (6.2)

In order tor excite the waveguide, the Gaussian-modulated sinusoidal pulse with the defined
center frequency and the fractional bandwidth is used (Figure 6.1).

1

k=R .

06 .

04 .

02 .

] 4

02 .

0.4+ e

DBk m

08 .

-1

| | 1 | | 1
a 200 400 B00 800 1000 1200 1400

Figure 6.1. Exciting signal — Gaussian modulated sinusoidal pulse,
center frequency is 14 GHz, fractional bandwidth is 0.4.
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Figure 6.2. Signal of the parallel-plate waveguide terminated by the PEC wall (top left)
and PML layers (top right). Exciting signal (center).
Signal of the parallel-plate waveguide without exciting signal terminated
by the PEC wall (bottom left) and PML layers (bottom right).
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Figure 6.3. Spectrum of the parallel-plate waveguide terminated by the PEC (left)
and PML layers (right).
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Figure 6.4. Calculated backscattering coefficient

Figure 6.4 shows frequency response of backscattering coefficient of the testing
structure terminated by a PML layer. In a relatively wide frequency range, the backscattering
coefficient achieves values as low as —50 dB. Further improvement of the perfectly matched
layer can be achieved by changing the depth of the PML region, the number of layers, the
mesh of finite elements, etc.

7. User’s Guide

All programs are written in MATLAB. Programs allow modeling the propagation of
electromagnetic waves in a waveguide. Programs implement the finite element method (FEM)
both in the frequency domain and in the time domain.

Using PML, absorbing boundary condition at the end of the waveguide can be
implemented. That way, the propagation of the forward wave without reflections can be
modeled. This simulation mimics free space propagation of electromagnetic waves. The
waveguide can be loaded by various dielectric obstacles.
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Figure 7.1. The model of the waveguide terminated by PML
and loaded by dielectric obstacles.

In Figure 7.1, x is the axis oriented to the direction of wave propagation, PML denotes
the perfectly matched layer and PEC is perfect electric conductor.

7.1 Frequency Domain + PML

The program is based on frequency domain finite elements and frequency domain PML
consisting of 6 layers. The program is run from the Command Window of MATLAB by

typing:
main( Nx, Ny, dx, dy, eprl, epr2, il, i2, wl, w2, f )

Here:
Nx number of elements in x-axis
Ny number of elements in y-axis
dx longitudinal dimension of waveguide [mm)]
dy transversal dimension of waveguide [mm]

eprl  relative permittivity of dielectric obstacle 1
epr2  relative permittivity of dielectric obstacle 2

il coordinate of left surface of dielectric obstacle 1 [mm)]
i2 coordinate of left surface of dielectric obstacle 2 [mm)]
wl width of dielectric obstacle 1 [mm)]

w2 width of dielectric obstacle 2 [mm)]

£ frequency [GHz]

12

wa
| FMIL
|
; \TEyq eprl epra L
L=
|
dx

Figure 7.2. Explanation of parameters of the frequency domain program.
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Let us model the following structure. The waveguide is divided into Nx = 150 and Ny =
10 rectangular elements. The length of the waveguide is dx = 80 mm, and the height of the
waveguide equals to dy = 22.86 mm. The first obstacle is of relative permittivity equal to 9,
of the left coordinate 20 mm and the width is 10 mm. The second obstacle is of the relative
permittivity equal to 9, of the left coordinate S0 mm and the width is 10 mm. The frequency is
14 GHz. The corresponding command is:

main( 150, 10, 80.00, 22.86, 9, 9, 20, 50, 10, 10, 14 )

resulting into the field distribution depicted in Figure 7.3.

J". 'l\
-Jﬂl! ‘“
"ll,l,l i

0
"\\\'l,

L

Figure 7.3. Distribution of the longitudinal component of electric field intensity
in the waveguide loaded by two dielectric obstacles and terminated by PML.
Frequency domain.

7.2 Time Domain + PML

The program can be run from the Command Window of MATLAB by typing:
main( Nx, Ny, dx, dy, eprl, epr2, il, i2, wl, w2, PML, f)

Here:
Nx number of elements in x-axis
Ny number of elements in y-axis
dx longitudinal dimension of waveguide [mm)]
dy transversal dimension of waveguide [mm]

eprl relative permittivity of dielectric obstacle 1
epr2  relative permittivity of dielectric obstacle 2

il coordinate of left surface of dielectric obstacle 1 [mm)]
i2 coordinate of left surface of dielectric obstacle 2 [mm)]
wl width of dielectric obstacle 1 [mm]
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w2 width of dielectric obstacle 2 [mm]
PML the number of elements of PML layer (PML = 0 for waveguide without PML)
f frequency [GHz]

Let us model the following structure. The waveguide is divided into Nx = 150 and Ny =
10 rectangular elements. The length of the waveguide is dx = 80 mm, and the height of the
waveguide equals to dy = 22.86 mm. The first obstacle is of relative permittivity equal to 9,
of the left coordinate 20 mm and the width is 10 mm. The second obstacle is of the relative
permittivity equal to 9, of the left coordinate 50 mm and the width is 10 mm. The number of
PML elements is 100. The corresponding command is:

main(l150, 10, 80.00, 22.86, 9, 9, 20, 50, 10, 10, 100, 14 )

resulting into the field distribution depicted in Figure 7.4.

y

8000

G000

4000~ f

2000

2000~ ...

-4000

-6000

8000 - .

150

50

Figure 7.4. Distribution of the longitudinal component of electric field intensity
in the waveguide loaded by two dielectric obstacles and terminated by PML. Time domain.

8. Results of simulations

In this chapter, we will model a parallel-plate waveguide loaded by two dielectric
obstacles and terminated by a PML (see Figure 8.1). However, the PML can be set according
to the application. The results are compared with COMSOL Multiphysics.
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Figure 8.1. Parallel-plate waveguide loaded by dielectric obstacles and terminated by PML

to be analyzed by the developed MATLAB scripts.

8.1 Frequency domain

We are going to model the waveguide depicted in Figure 8.1. This waveguide is

terminated by the perfect electric conductor. In this model, standing waves appear between
the excitation wall, the dielectric obstacles and the end of the waveguide.
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Figure 8.2. Results provided by the MATLAB script analyzing the waveguide from
Figure 8.1. The waveguide is terminated by the PEC wall. Left: the distribution
of the longitudinal component of electric field intensity. Right: the distribution

of the transversal vectors of electric field intensity in the parallel-plate waveguide.

In the second numerical study, we use a PML to terminate the waveguide (Figure 8.3.).

The perfectly matched termination influences fields in the waveguide section between the
second dielectric obstacle and the end of the waveguide. In this section, the forward wave is
absorbed in PML, and no electromagnetic energy is reflected back.

PML in the frequency-domain was implemented according to the Chapter 4.1 and 7.1

[5]. We can use PML consisting of a small number layers (6 to 10 layers). Then, the reflection
coefficient at the normal incidence is R = 10™ and the order of the spatial polynomial equals
to m = 2. In Figures 6.3 and 6.4, the depth of the used PML is 15 mm. This model was created
according to [5].
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Figure 8.3. Distribution of the longitudinal component of electric field intensity
in the parallel-plate waveguide depicted in Figure 6.1. Top: results provided
by MATLAB script. Bottom: results provided by COMSOL Multiphysics.
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Figure 8.4. Distribution of the transversal vectors of electric field intensity
in the parallel-plate waveguide depicted in Figure 8.1. Top: results provided
by MATLAB script. Bottom: results provided by COMSOL Multiphysics.
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8.2 Time domain

First, we model the waveguide depicted in Figure 8.1. The waveguide is terminated by
perfect electric conductor. In this model, standing waves appear between the excitation wall,
the dielectric obstacles and the end of the waveguide.
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Figure 8.5. Results provided by the MATLAB script analyzing the waveguide from
Figure 8.1. The waveguide is terminated by the PEC wall. Left: the distribution
of the longitudinal component of electric field intensity. Right: the distribution

of the transversal vectors of electric field intensity in the parallel-plate waveguide.

In the second numerical study, we use a PML to terminate the waveguide (Figure 8.6.).
The perfectly matched termination influences fields in the waveguide section between the
second dielectric obstacle and the end of the waveguide. In this section, the forward wave is
absorbed in PML, and no electromagnetic energy is reflected back.

PML in the time-domain was implemented according to the Chapter 4.2 and 7.2. We
can use PML consisting of a large number layers (80 layers). The order of the spatial
polynomial equals to m = 13. In Figures 8.6 and 8.7, the depth of the used PML is 80 mm.
This model did not cause any reflections.
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Figure 8.6. Distribution of the longitudinal component of electric field intensity
in the parallel-plate waveguide depicted in Figure 8.1. Left: results provided
by MATLAB script. Right: results provided by COMSOL Multiphysics.
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Figure 8.7. Distribution of the transversal vectors of electric field intensity
in the parallel-plate waveguide depicted in Figure 8.1. Top: results provided
by MATLAB script. Bottom: results provided by COMSOL Multiphysics.

8.3 Frequency domain PML

In this chapter, we investigate the influence of the finite-element mesh on characteristics

of the PML in frequency domain. As a reference, results produced by COMSOL Multiphysics
are considered.

The model of the waveguide (Figure 8.8) was terminated by a four-layer PML medium
of the total depth 20 mm. The PML was created according to [5] with the desired reflection
coefficient at normal incidence 10 and the order of the spatial polynomial 2. The waveguide
was excited by the TE; mode. We used four different discretization meshes. The reflection
coefficient [20 log(S;1)] as a function frequency is depicted in Fig. 8.10.

60 20

PML

2286

Figure 8.8. Model of waveguide.
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Figure 8.9. Left: Result of simulation f'= 20 GHz. Right: Result of simulation f= 10 GHz.
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Figure 8.10. The reflection coefficient as a function of frequency (COMSOL).

We used meshes with the following number of elements.

Elements in PML.:

Mesh #1 — 80 elements
Mesh #2 — 320 elements
Mesh #3 — 1100 elements
Mesh #4 — 4100 elements
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The PML was analyzed over a wide frequency range. A reflection error was different
for every mesh. With the increased number of elements, the reflection error is decreasing.

When analyzing the testing structure in MATLAB, results of simulations in form of
the reflection coefficient [20 log(S;;)] are depicted as a function of frequency in Figure 8.11.
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frequency [GHz]

Figure 8.11. The reflection coefficient as a function frequency (MATLAB)

We can see that the reflection coefficient does not reach such values like simulations in
COMSOL. The problem is caused by the used mesh of finite elements (simple rectangular
triangles in case of MATLAB program).

8.4 Time domain PML

We search a waveguide terminated by the PEC wall which meets the scattering
boundary condition: Eox = 0, Eoy = 0, Eo, = 0. In Figure 8.12, the waveguide model with the
described boundaries is depicted.

boundary 4
boundary 7

Figure 8.12. Waveguide, boundary 4 is the integration boundary.
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Figure 8.13. Integral of power outflow over boundary 4 from Figure 8.12;
boundary 7 is perfect electric conductor.

The integral of the power outflow over the boundary 4, where the boundary 7 is perfect
electric conductor, is depicted in Figure 8.13. First, the power outflow is less then zero. The
energy is propagating from the excitation wall to the boundary 7. Second, the power outflow
is greater than zero. The energy is propagating from the boundary 7 to the excitation wall.
Finally, standing waves appear in the waveguide between the excitation wall and the

boundary 7.
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Figure 8.14. Integral of power outflow over boundary 4 from Figure 8.12;
boundary 7 is adjusted as scattering boundary condition: Eox = 0, Egy = 0, Eo, = 0.

The integral of the power outflow over the boundary 4, when the boundary 7 is adjusted
as the scattering boundary condition Eox = 0, Egy = 0, Eo, = 0, is depicted in Figure 8.14. The
power outflow is less then zero. The energy is propagating from the excitation wall to the
boundary 7.

Now, the calculations are repeated using the MATLAB script. We use the PML layer
created in the previous chapter, and we analyze the model of the waveguide depicted in
Figure 8.12. As the exciting signal, the harmonic signal (Figures 8.15 and 8.16) and the
Gaussian-modulated sinusoidal pulse (Figures 8.17 and 8.18) are used.
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Figure 8.15. Integral of power outflow over boundary 4 from Figure 8.12,
boundary 7 is perfect electric conductor. Harmonic exciting signal is used.

The integral of the power outflow over the boundary 4, when the boundary 7 is perfect
electric conductor, is depicted in Figure 8.15. The exciting signal is the harmonic signal. We
can see that the power outflow is growing in time. In the waveguide, standing waves appear
between the excitation wall and the boundary 7.
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Figure 8.16. Integral of power outflow over boundary 4 from Figure 8.12;
boundary 7 is replaced by PML layer. Harmonic exciting signal is used.

The integral of the power outflow over the boundary 4, where the boundary 7 is
replaced by the PML layer, is depicted in Figure 8.16. Harmonic exciting signal is used. We
can see no growth of the power outflow in time. In the waveguide, no standing waves are
formed.
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Figure 8.17. Integral of power outflow over boundary 4 from Figure 8.12;
boundary 7 is perfect electric conductor. Exciting Gaussian-modulated sinusoidal
pulse is used.

The integral of the power outflow over the boundary 4, where the boundary 7 is perfect
electric conductor, is depicted in Figure 8.17. Exciting Gaussian-modulated sinusoidal pulse
is used. We can see growing power outflow in time. In the waveguide, one pulse between the
excitation wall and the boundary 7 is propagating.
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Figure 8.18. Integral of power outflow over boundary 4 from Figure 8.12;
boundary 7 is replaced PML layer. Exciting signal is Gaussian-modulated sinusoidal pulse.

The integral of the power outflow over the boundary 4, where the boundary 7 is
replaced by the PML layer, is depicted in Figure 8.18. Exciting Gaussian-modulated
sinusoidal pulse is used. We can see that there is no growing power outflow in time. In the
waveguide, no standing waves are formed.

9. Conclusions

In the project, a MATLAB script for the finite element analysis of a parallel-plate
waveguide loaded by dielectric obstacles was developed for frequency domain and time
domain. The waveguide can be terminated by a perfectly matched layer, which absorbs all the
electromagnetic energy without reflections. All the results have been validated using
COMSOL Multiphysics.

Parameters (numerical reflections) of the created frequency-domain PML strongly
depend on the quality of the mesh of finite elements over a wide range of frequencies for
simulations carried out in COMSOL Multiphysics. Properties of the developed frequency-
domain PML were evaluated by calculating the scattering parameter S11.

If the frequency-domain PML is simulated in MATLAB, significantly worse results are
obtained: the MATLAB code exploits a simple mesh consisting of rectangular finite elements,
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which negative influences the results. Achievement of better results is conditioned by using
a high-quality mesh.

The PML was also implemented in a 2-D finite element formulation in the time domain.
The PML was evaluated by integrating the power outflow. In COMSOL Multiphysics, the
waveguide was terminated by the PEC wall which meets the scattering boundary condition:
Eox = 0, Eoy = 0, Eo, = 0. Calculated integrals are given by appropriate figures. In MATLAB,
we used the harmonic signal and the Gaussian-modulated sinusoidal pulse as the excitation
signal. Calculated integrals are also given by appropriate figures. Using the backscattering
coefficient, the values lower than —50 dB were achieved in a relatively wide range of
frequencies. The developed time-domain PML was used for a simple mesh consisting of
rectangular triangles.
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