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Abstrakt
Tato práce se zabývá rozkladem dynamické a tém¥° stabilní £ásti slune£ní koróny z
videozáznam· pozorování Slunce. Nejd·leºit¥j²ími událostmi ve slune£ní korón¥ jsou
výrony koronální hmoty (CME). Abychom mohli studovat skute£nou povahu CME, je
nutné je odd¥lit od ostatních chaotických pohyb· ve vnit°ní korón¥. Tento proces je
zna£n¥ závislý na impulsním ²umu, který je p°ítomen na v²ech snímcích z kosmických
sond. Proto je prvním cílem této práce najít vhodnou metodu pro �ltraci impulsního
²umu v digitálních snímcích po°ízených kosmickými koronagrafy a vyhodnotit její efektiv-
itu pomocí testování na datech ze sondy SOHO. Dal²ím cílem je zjistit, zda jsou metody
zaloºené na °ídké reprezentaci vhodné k odseparování výron· koronální hmoty z videí
po°ízených sondou SDO a zda jsou jejich výsledky lep²í neº výsledky z nyní pouºívané
metody zvané "running di�erence". V práci je zahrnuta pot°ebná teorie z oblasti as-
tronomie, matematiky a registrace obrazu. Dále popisuje momentovou metodu a její
pouºití pro �ltraci impulsního ²umu. V práci jsou také popsány metody mediánového �l-
tru, analýzy hlavních komponent a metody dynamických mod·, a výsledky jejich pouºití
k odseparování výron· koronální hmoty. K práci jsou téº p°iloºeny programy, které byly
pouºity k �ltrování impulsního ²umu a k dekompozici videí slune£ních pozorování.

Abstract
This thesis deals with the decomposition of the dynamic and nearly stable part of the so-
lar corona from solar observation videos. The most important events in the solar corona
are coronal mass ejections (CMEs). In order to study the true nature of CMEs, it is
necessary to separate them from other chaotic motions in the inner corona. This process
relies heavily on the impulse noise that is present in all spacecraft images. Thus, the
primary objective of this thesis is to �nd an optimal method for �ltering impulse noise in
digital images captured by space-based coronagraphs and to evaluate its e�cacy through
testing on data obtained from the SOHO spacecraft. The second objective is to deter-
mine whether methods based on sparse representations can be employed to di�erentiate
between coronal mass ejections and other phenomena observed in solar videos captured
by SDO. Additionally, it is of interest to ascertain whether these methods o�er a superior
alternative to the current standard, namely running di�erence. This thesis encompasses
astronomical, mathematical and image registration theory, a description of the moment
method and its application to the �ltration of impulse noise. Additionally, it presents a
detailed account of methods based on sparse representations, including the median �lter,
the principal component pursuit method and dynamic mode decomposition, along with
the results of their implementation. Furthermore, the thesis includes the software used
for testing the �ltration and decomposition of solar observation videos.



klí£ová slova
slune£ní koróna, CME, SOHO, SDO, impulsní ²um, momentová metoda, mediánový �ltr,
analýza hlavních komponent·, metoda dynamických mod·

keywords
solar corona, CME, SOHO, SDO, impulse noise, moment method, median �lter, PCP,
DMD

Kalenská, P.: Separation of the dynamic image component for the solar corona plasma
research, Brno University of Technology, Faculty of Mechanical Engineering, 2024. 123 p.
Doctoral thesis supervisor prof. RNDr. Miloslav Druckmüller, CSc.



I declare that I have written the doctoral thesis Separation of the dynamic image compo-
nent for the solar corona plasma research on my own according to advice of my doctoral
thesis supervisor prof. RNDr. Miloslav Druckmüller, CSc.,and using the sources listed in
references.

August 20, 2024 Ing. Petra Kalenská





I would like to thank my supervisor prof. RNDr. Miloslav Druckmüller, CSc. for his
guidance, assistance and especially for his big patience and goodwill to explain me some
speci�c astronomical and mathematical problems.

I would also like to thank prof. Mgr. Pavel Rajmic Ph.D. for the idea of using methods
based on sparse representations in this thesis.

I am very grateful to my colleagues in the Mathematics Department for their willingness
to help me with any problem.

Finally, I would like to thank my family for their mental support.

Ing. Petra Kalenská





Contents

Introduction 13

I Implemental theory 15

1 Astronomical background 16
1.1 The Sun . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.1.1 Solar corona . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.1.2 Coronal mass ejection . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.1.3 Brightness radial gradient . . . . . . . . . . . . . . . . . . . . . . . 19

1.2 Coronagraphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.2.1 The Solar and Heliospheric Observatory . . . . . . . . . . . . . . . 20

1.3 The Solar Dynamics Observatory . . . . . . . . . . . . . . . . . . . . . . . 22

2 Mathematical background 24
2.1 Statistical background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.1.1 Normal distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.1.2 Hypothesis testing . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.1.3 Tolerance interval . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.2 Numerical linear algebra concepts . . . . . . . . . . . . . . . . . . . . . . . 27
2.2.1 Matrix norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.2.2 Singular value decomposition (SVD) . . . . . . . . . . . . . . . . . 30

3 Theory of image registration 33
3.1 Basics of image registration . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.1.1 Image �lters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2 Image calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.2.1 Implementation of basic terms . . . . . . . . . . . . . . . . . . . . . 36
3.2.2 Process of calibration . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3 Image enhancement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.3.1 Histogram modi�cation . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.3.2 Noise adaptive fuzzy equalization method (NAFE) . . . . . . . . . 42

II Filtration of impulse noise 46

4 Basic procedure 47
4.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.1.1 Detection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

9



4.1.2 Correction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.2 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.2.1 Routine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5 Moment method 52
5.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.1.1 Introduction to geometric moment theory . . . . . . . . . . . . . . 52
5.1.2 Introduction to physical moment theory . . . . . . . . . . . . . . . 59
5.1.3 Pattern recognition using physical and geometric moments . . . . . 62

5.2 Usage in the �ltration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.3 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.3.1 Routine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.3.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

III Decomposition of the dynamical and nearly stable part of
the solar corona from videos 67

6 The actual state of knowledge 68

7 Decomposition Techniques 71
7.1 Preprocessing of the data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
7.2 Basic idea . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
7.3 Median �lter method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
7.4 Principal Component Pursuit (PCP) . . . . . . . . . . . . . . . . . . . . . 72

7.4.1 Basics of the PCP Technique . . . . . . . . . . . . . . . . . . . . . 72
7.4.2 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

7.5 Dynamic Mode Decomposition (DMD) . . . . . . . . . . . . . . . . . . . . 74
7.5.1 Basics of the DMD technique . . . . . . . . . . . . . . . . . . . . . 74
7.5.2 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

7.6 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
7.6.1 NAFE enhancement . . . . . . . . . . . . . . . . . . . . . . . . . . 77
7.6.2 Depiction of the results . . . . . . . . . . . . . . . . . . . . . . . . . 78
7.6.3 Median �lter method . . . . . . . . . . . . . . . . . . . . . . . . . . 79
7.6.4 PCP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
7.6.5 DMD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

Conclusion 106

Bibliography 109

Used symbols and abbreviations 115

List of Figures 118

List of Tables 119

Appendix A 121

10



Appendix B 123

11





Introduction

Coronal mass ejections (CMEs) represent the most signi�cant dynamic events occurring in
the Sun's atmosphere. Such events have the potential to precipitate intense geomagnetic
storms. In order to facilitate the study of CMEs, it is essential to distinguish them
from other dynamical phenomena in the solar corona, particularly with regard to their
velocity, direction, and structure. Although the method of running di�erences is the most
commonly employed technique for the separation of components from the time series of
solar observations, it does not o�er a comprehensive representation of the actual structure
of the CME. This is due to the unavoidable contamination of the results from other
dynamics associated with the background solar wind. New methods that utilise images
from the Solar and Heliospheric Observatory (SOHO) typically encounter issues with
impulse noise in the image. The primary objective of this thesis is to identify a method
for �ltering out the noise in a manner that is observer-independent, while preserving the
structural integrity of the CME.

The advancement of imaging technologies has outpaced the rate of evolution observed
in SOHO. As a consequence, SOHO is currently positioned to lag behind in certain re-
spects. A new spacecraft, the Solar Dynamics Observatory (SDO), has been designed
with the objective of studying the in�uence of solar activity on Earth. In contrast to
SOHO, which is a coronagraph, SDO is designed to image the entire Sun, not merely the
outer corona. This presents a challenge in separating the CME from a time series of solar
observations, as the images are subject to signi�cant changes, not just in the CME, but
in the overall appearance of the Sun. The second objective of this thesis is to ascertain
whether methods based on sparse representations (median �lter, Principal Component
Pursuit, Dynamic Mode Decomposition) can be employed to di�erentiate between CMEs
and other phenomena observed in solar videos captured by SDO. Additionally, it is of
interest to determine whether these methods o�er a superior alternative to the current
standard.

This thesis is divided to three parts. Part I called Implemetal theory contains three
chapters. Chapter 1 deals with the description of the Sun, the solar corona, coronal mass
ejections and other neccesary terms from the astronomical background. The mathemat-
ical theory presented in Chapter 2 is fundamental to the implementation of methods for
�ltering impulse noise as well as to the separation of CMEs, and therefore the reader is
reminded of the statistical background and the numerical linear algebra concepts that
underpin these processes. The Chapter 3 begins with an overview of the theoretical back-
ground behind image registration, including the de�nition of image, image �lters and the
detailed process of calibration. It then goes on to present a number of image enhancement
methods, including adaptive histogram equalization and Noise Adaptive Fuzzy Equaliza-
tion (NAFE). Part II, Filtration of impulse noise, is divided to two chapters. The initial
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chapter, Chapter 4, presents the established methodology for the �ltration of impulse
noise. The subsequent chapter, Chapter 5, provides a comprehensive theoretical analysis
of the Moment method, illustrating its potential applications in �ltration, implemen-
tation, and outcomes. Part III is entitled Decomposition of the dynamical and nearly
stable part of the solar corona from videos. It is comprised of two chapters. The ini-
tial chapter, Chapter 6, presents the state-of-the-art methodology for decomposing videos
and enhancing CMEs. The subsequent chapter, Chapter 7, provides a comprehensive
overview of the Median �lter, Principal Component Pursuit and Dynamic Mode Decom-
position. Additionally, it outlines the implementation process, encompassing the pre- and
post-processing of images by NAFE and adaptive histogram equalization, respectively.
This chapter concludes with a presentation of the results of the described methods and
an evaluation of their respective merits and shortcomings.
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Part I

Implemental theory
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Chapter 1

Astronomical background

This thesis is applied in astronomical �eld, therefore some useful informations and nota-
tions from this branch of science are introduced in this chapter. Some terms are taken as
known, one can �nd them in [1]. In the following section is cited from [2], [3], [1b] and
[2b], unless otherwise speci�ed.

For su�cient insight to the main ideas of this work the reader should know some
speci�c information about our closest star, which is giving us a heating and light, about
the Sun.

1.1 The Sun

As said above, the Sun is a star, precisely it is G-type main-sequence star also called as
white dwarf. Its astronomical symbol is �. The Sun's radius R� is approximately 695.5
thousand kilometers. Sun's rotation period is 25.05 Earth-days at its equator and 34.3
Earth-days at the poles.

The Sun is divided into interior and atmosphere. The solar interior consists of core,
radiative zone and convective zone. The solar interior is not important for approach of
this work, so its description is skipped. The solar atmosphere can be split into three
main parts, which are called photosphere, chromosphere and solar corona. The described
division is shown in Figure 1.1.

Photosphere The top part of convective zone is called photosphere sometimes referred
to as sphere of light, because most of the visible photons originate there. This part is
visible when one looks directly at the sun. It forms the almost sharp edge that can be
observed. It is about 600 km thick (not even 0.1% of R�), therefore it is considered as
really thin layer. The photosphere is the brighest part of the solar atmosphere.

Chromosphere Just above photosphere lies chromosphere sometimes referred to as
sphere of colour. It is possible to examine this part only during total solar eclipses or
with sophisticated telescopes, because of brightness of the photosphere. This layer is also
considered to be quite thin. It has about 1500 km, i.e. about 0.2% of R�.

The transition zone is situated on the top of the chromosphere. This layer is not well
recognisible and occurs to have chaotic motion. It performs a good separation of di�erent
temperatures between hot corona and much cooler chromosphere.
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Figure 1.1: The Sun's division. The image was downloaded from [3b].

1.1.1 Solar corona

Solar corona, plasma atmosphere, is the most important part of the solar atmosphere for
our approach. Unfortunately, same as the chromosphere, it can be observe only during
the total solar eclipse. Because of that the coronagraph was invented (see section 1.2).

As said above the solar corona is located beyond the transition zone and continuously
expands such that it �lls the whole solar system, hence it can be said, that this layer has
bigger volume than the Sun itself. In the solar corona atoms become ionized at very high
temperature, it causes that the coronal gas is full of free electrons.

The solar corona can be divided into many components, each of them is produced by
di�erent light-emitting processes. We will describe only three of them. Other coronal
components can be found for example in [4]. The description of following components is
cited from [5].

E corona

The E corona is the least bright component of these three, that makes it almost non-
observable. This component represents the light from ions in the corona that absorbs light
from the photosphere and emits it between the energy levels of these ions. Each ion emits
a unique pattern of spectral line, which makes the E corona observable by spectroscope.
Due to it, astronomers may examine which elements are contained in coronal gas and get
knowledges about their properties. The E corona extends almost until 700 000 kilometers
above photosphere (∼ 2R�).
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K corona

It was already said earlier, that coronal gas is full of free electrons, due to this fact the
photons of light emitted in photosphere can interact with them. This process causes that
the photons are scattered in di�erent directions, it is called Thomson scattering. These
interactions can make electron-plasma cloud which can travel up to 2 millions kilometres
above photosphere (∼ 3R�). The K corona is also called continuum corona, because it
emits continuum of light frequencies.

F corona

This component of the solar corona is the most mysterious one, because after 2R� the hot
ions from E corona disappear and some new gas appears. That gas has same spectral lines
as the solar photosphere obtained by Fraunhofer1, that is why this component is called
F corona. During studies of F corona at infrared wavelengths, astrophysicists found out
that it is made of interplanetary dust grains, which behave as mirrors of the photosphere.
The F corona was detected up to 5 million kilometres above photosphere (∼ 7R�) and its
brightness declined nearly the inverse-square of the distance above the Sun. This coronal
component is commonly observed by telescopes with infrared �lters during total solar
eclipses.

It is important to study phenomena on the solar corona, such as coronal mass ejection
(CME), because they have impact on space weather. CME can cause geomagnetic storm,
which may evoke really big problem on Earth2. In the following section is cited from [7]
and [8].

1.1.2 Coronal mass ejection

CME is large expulsion of plasma and magnetic �eld from the solar corona, that propa-
gates outward into interplanetary space and expands in size with distance from the Sun
(see Figure 1.2). Its speed varies between 250 km/s and 3000 km/s. The fastest Earth
directed CME can reach our planet in 15 hours, the slowest one travels several days. The
Earth directed CME is also called halo CME, because as it reaches Earth, it appears to
be larger than the Sun and it makes bright coronal emission `halo' around it.

Important parameters for analysis of CME are size, speed and direction, which are
nowdays obtain from coronagraphs (see section 1.2). Before invention of coronagraph,
it was possible to observe CME only if it appeared during the total solar eclipse. The
occurence rate of CME follows the 11-year solar cycle of solar activity. Around solar
maximum CME occurs more frequently.

Taking photos of solar corona is the most complicated task in astrophotography, not
only because it is possible to take the photos just during the total solar eclipse or through
the coronagraph, but also because of the brightness radial gradient, which makes the
postprocessing more di�cult. More about this feature is written in the next section.

1The results of Fraunhofer experiment can be found in [6].
2Good ilustration what can happen is in [4b].
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Figure 1.2: Sequence of coronagraph images with propagation of CME on July 7, 2006.
The image was downloaded from [5b].

1.1.3 Brightness radial gradient

The brightness of the corona is approximately exponentially decreasing with height above
the photosphere, this tendency can be seen on graphs in [9]. It is known that the light
intensity is proportional to the electron density ne in the corona. As is written in [10], the
exponential decay of ne can be approximated for the few solar radii R� by the Baumbach-
Allen formula as

ne(ζ) = 108

(
2.99

(1 + ζ)16
+

1.55

(1 + ζ)6
+

0.036

(1 + ζ)1.5

)
cm−3,

where ζ =
h

R�
is normalized height above the solar surface.

The main problem which is caused by brightness gradient is not capturing of the whole
brightness range, but the technical di�culty in visualisation for the human eye. There is
no visual device which could be able to display such high number of brightness levels. For
that reason, scientists need methods which can lower the dynamic range of the image such
that the transformed image will have maximum of 256 brightness levels (for de�nition of
the image see section 3.1). The original high dynamic range image is still needed, because
all the scienti�c measurements are made on it.

Methods of compensation

At time, when it was not possible to use computers for image processing, mechanical and
optical methods for compensation of brightness gradient were invented.These historical
methods are described in [3] and [11].

Mathematical methods of compensation of brigthness gradient are for example Adap-
tive Circular High-pass Filter, Fourier normalizing radial graded �lter (more about these
two methods can be found in [3]) and Normalizing-radial-graded �lter (this method and
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some of its improvements can be found in [2]).

Thereby the reader knows useful informations about the Sun and its components.
Following sections talks about the spacecrafts used for imaging the solar corona. It will
be cited from [6b] and [7b], unless otherwise speci�ed.

1.2 Coronagraphs

A coronagraph blocks light from the center of the telescope beam and permits light from
surrounding sources. It was invented by the French astronomer Bernard Lyot in 1939, for
observing the solar corona also in time without total solar eclipse. The coronagraph is
made up of mirrors, occulting spot, also called as occoulter (which absorbs most of the
light from the photosphere) and Lyot spot (which block remaining light from the Sun).
For better visualization see Figure 1.3.

Figure 1.3: Model of Lyot coronagraph. The image was downloaded from [8b].

The coronagraphs can be divided to two groups - ground based coronagraphs and
spacecrafts coronagraphs. The second one are more interensting for approach of this
thesis.

1.2.1 The Solar and Heliospheric Observatory

The Solar and Heliospheric Observatory (SOHO) is a project of international cooperation
between ESA and NASA to study the Sun, from its deep core to the outer corona. It was
launched by NASA from the Cape Canaveral Air Station on December 2, 1995. At the
start of the program, it was planned that SOHO will be two years mission, but because
it had big success, the mission was extended many times and it is still observing after
28 years. SOHO's key results are providing the most detailed and precise measurements
of the temperature structure, improving of space weather forecast and discovering new
dynamic solar phenomena such as coronal waves and solar tornadoes.

SOHO is a �rst three-axis stabilised spacecraft that constantly faces the Sun, which
is operated without gyroscopes. It consists of two modules. The service module pro-
vides thrusters, power and communications. The payload module carries 12 instrument
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packages, such as instruments for coronal spectrometry, solar oscillation measurement,
radiation measurement etc. Among others, we can �nd there also Large Angle and Spec-
trometric Coronograph (LASCO).

LASCO

The LASCO instrument was a set of three coronagraphs that image the solar corona from
1.1 to 32R�. Now only two of them are working, namely C2 (covers distance range of
1.5 to 6 R�) and C3 (range of 3 to 32 R�). The LASCO instrument is currently primary
used by forecasters to analyze and categorize CMEs. The images taken by individual
coronagraphs are shown in Figure 1.4 (This paragraph was cited from [9b])

(a) (b)

Figure 1.4: Images of solar corona taken by LASCO C2 (a) and LASCO C3 (b). Down-
loaded from [10b]

Images from SOHO are stored in standard astronomic format called Flexible Image
Transport System (FITS). Complete information about this format can be found in [12].
The paragraph below is extract from mentioned reference.

FITS

This media type was designed in order to ease the interchange of astronomical image
data between observatories. Most of the technical details of the �rst basic FITS were
developed by Don Wells and Eric Greise in March 1979. The �rst papers that de�ned the
FITS format were published in 1981, after it FITS quickly became the standard for data
interchange within the astronomical community.

FITS consists of header and data array. In the header, there is full description of
data, such as used �lters, date of observation, info about occoulter, name of telescope,
intrument etc. Below this text, one can see a printout of the header of FITS image, which
was used for testing created program (see Appendix A on page 121). The explanation of
used variables is written in [12].

SIMPLE = T

BITPIX = 16

NAXIS = 2
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NAXIS1 = 1024

NAXIS2 = 1024

BZERO = 32768.0

BSCALE = 1.0

DATAMIN = 0.0

DATAMAX = 65535.0

DATE-OBS= '2000-02-26T00:54:06.011'

TELESCOP= 'SOHO'

INSTRUME= 'LASCO'

DETECTOR= 'C2'

FILTER = 'Orange'

POLAR = 'Clear'

EXPTIME = '25.000000

CRPIX1 = 511.634000

CRPIX2 = 504.293000

CROTA2 = 0.000000

CDELT1 = 11.900000

CDELT2 = 11.900000

R_SUN = 81.655461

OCC_X = 511.500000

OCC_Y = 515.500000

The images from SOHO are used in the Part II of this thesis. It is necessary to
introduce one more spacecraft, namely The Solar Dynamics Observatory (SDO), since
images taken by SDO are used in the Part III.

The following section is cited from [11b] and [12b].

1.3 The Solar Dynamics Observatory

SDO is designed to study the solar in�uence on Earth and Near-Earth space by studying
the solar atmosphere on small scales of space and time and in many wavelengths simul-
taneously. It was launched on February 11, 2010, 10:23 am EST from Cape Canavera.
Generally the goals of SDO are �rstly studying the generation and structure of the Sun's
magnetic �eld, secondly research on conversion and release of the magnetic energy into
the heliosphere in the form of solar wind, energetic particles etc.

SDO contains a suite of instruments that provide di�erent kinds of observations.
Namely, Helioseismic and Magnetic Imager (HMI), Atmospheric Imaging Assembly (AIA)
and Extreme Ultraviolet Variability Experiment (EVE). The setting of these instruments
on SDO is depicted on Figure 1.5. All of these instruments are very compelling, but AIA
is the only one, which is necessary for approach of this thesis.

The Atmospheric Imaging Asembly

The AIA is designed to provide a view of the solar corona, taking images that span at least
1.3R� in multiple wavelengths, see Table 1.1, and at a cadence of 10 seconds. The values
of the wavelength channels are expressed in Ångström (Å). The value of one Ångström
corresponds to 100 pm i.e. 0.1 nm i.e. 10−10 m. The AIA produces data required for
quantitative studies of the evolving coronal magnetic �eld, during �ares and eruptions.
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Figure 1.5: Illustration of SDO's intstruments. The image was downloaded from [11b].

The AIA science investigation aims to utilize these data in a comprehensive research
program to provide new understanding of the observed processes. The images taken by
AIA are stored in FITS format (see section 1.2.1)

Table 1.1: AIA wavelength bands. Information provided by [12b].

Wavelength Primary ion(s) Region of Solar atmosphere Characteristic
channel tempretature

white light continuum photosphere 5000 K
1700 Å continuum temperature minimum, photosphere 5000 K
304 Å He II chromosphere, transition region 500004 K
1600 Å C IV + cont. transition region + upper photosphere 105&5000 K
171 Å Fe IX quiet corona, upper transition region 6.3 · 105 K
193 Å Fe XII corona and hot �are plasma 1.2 · 106 K &

Fe XXIV 2 · 107 K
211 Å Fe XIV active-region corona 2 · 106 K
335 Å Fe XVI active-region corona 2.5 · 106 K
94 Å Fe XVII �aring regions (partial readout possible) 6.3 · 106 K

Fe VIII 4 · 105 K,
131 Å Fe XX �aring regions (partial readout possible) 107 K &

Fe XXIII 1.6 · 107 K
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Chapter 2

Mathematical background

This thesis deals with two problems, �ltration of impulse noise (see Part II) and decom-
position of dynamical and nearly stable part of the solar corona from videos (see Part
III). Each part needs a di�erent mathematical branch. Firstly, the useful statistical de�-
nitions are presented. Then, the de�nitions and theorems from numerical linear algebra
are stated.

2.1 Statistical background

The following section introduces essential statistical theory for our approach such as nor-
mal distribution, tolerance intervals, hypothesis testing etc. Observation of this chapter
are used mainly in �ltration of impulse noise (see Part II).

It is assumed that the basics of statistics are well-known. If one needs to remind them,
then it is recommended to read [13] and [14], which are cited in this section.

2.1.1 Normal distribution

The normal distribution, which is also called Gauss distribution is the most frequently
used distribution in statistics. It is consider to be the most important one, because
many common things in our lives are normally distributed such as height of population,
inteligency quocient etc. Therefore, it is presented in this thesis.

De�nition 2.1. (Normal "Gauss" distribution) We say a random variable X has a
normal distribution if its probability density function (PDF) is

f(x) =
1√
2πσ

e
−

(x− µ)2

2σ2 , for −∞ < x <∞.

The parameter µ is called mean of X and σ2 is called variance of X. We often write that
X has a N(µ, σ2) distribution.

2.1.2 Hypothesis testing

The �ltration of impulse noise (see Part II) is mainly based on hypothesis testing. There-
fore, the following text describes the basics of this mathematical �eld.
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At the begining of this part, the used notions are described. Later on, the procedure
of hypothesis testing is shown.

Basic notions

De�nition 2.2. (A statistical hypothesis) A statistical hypothesis is a statement about
the parameters of one or more populations.

De�nition 2.3. (The null hypothesis, the alternative hypothesis) Suppose that
a random variable X has density function f(x; θ), where θ ∈ Ω for a speci�ed set Ω.
Suppose, due to theory or a preliminary experiment, that θ ∈ ω0 or θ ∈ ω1, where ω0 and
ω1 are disjoint subsets of Ω and ω0 ∪ ω1 = Ω. These hypotheses are labeled as

H0 : θ ∈ ω0 versus H1 : θ ∈ ω1 .

The hypothesis H0 is referred to as the null hypothesis, while H1 is referred to as the
alternative hypothesis.

Remark 2.4. Often the null hypothesis represents no change or di�erence from the past,
while the alternative hypothesis represents the contrary. The decision rule to take H0 or
H1 is based on a sample X1, . . . , Xn from the distribution of X and, hence, the decision
could be wrong.

De�nition 2.5. (The critical region) Assume thatX1, . . . , Xn is a random sample from
the distribution of a random variable X that has density f(x; θ), where θ ∈ Ω. Further
assume that following hypotheses are tested

H0 : θ ∈ ω0 versus H1 : θ ∈ ω1, where ω0 ∩ ω1 = Ω.

Denote the space of the sample by D, ergo D = space(X1, . . . ,Xn). Then a test of H0

versus H1 is based on a subset C of D and this set C is called the critical region and its
corresponding test is

Reject H0 (Accept H1), if (X1, . . . , Xn) ∈ C.
Retain H0 (Reject H1), if (X1, . . . , Xn) ∈ Cc.

The results of the hypothesis test in terms of the true state of nature, using the critical
region from previous de�nition, are shown in the Table 2.1. It can be seen, that the test
can lead to two wrong conclusions. Rejecting the null hypothesis H0 when it is true, is
de�ned as a type I error. Failing to reject the null hypothesis when it is false, is de�ned
as a type II error.

True State of Nature
Decision H0 is true H1 is true
Reject H0 Type I error Correct decision
Accept H0 Correct decision Type II error

Table 2.1: Decision table for hypothesis test
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De�nition 2.6. (The signi�cance level) The probability of making a type I error is
denoted as

α = P (making type I error).

The value of α is called the signi�cance level, or the size of the test.

De�nition 2.7. (The power of the test) The probability of making a type II error is
denoted as

β = P (making type II error).

The value of β is sometimes called β-error. The probability of correctly rejecting a false
null hypothesis is computed as 1− β and it is called the power of the test.

De�nition 2.8. (One-sided/two-sided hypotheses tests) A test of any hypothesis
such as

H0 : µ = µ0 versus H1 : µ 6= µ0

is called a two-sided test. Such hypothesis is called a two-sided hypothesis. A test of any
hypothesis such as

H0 : µ = µ0 versus H1 : µ > µ0

or
H0 : µ = µ0 versus H1 : µ < µ0

is called a one-sided test (sometimes it is called one-tailed test). Such hypotheses are
called one-sided hypotheses.

Remark 2.9. In a two-sided test, the critical region is split into two parts, with (usu-
ally) equal probability placed in each tail of the distribution of the test statistic. If the
alternative hypothesis is H1 : µ > µ0, the critical region should lie in the upper tail of the
distribution of the test statistic, whereas if the alternative hypothesis is H1 : µ < µ0 the
critical region should lie in the lower tail of the distribution.

The general procedure of hypothesis testing

Previous section introduced the basic notions of hypotheses testing. In the following text,
the procedure for hypothesis testing is brie�y described.

1. Identi�cation of the parameter of interest, based on the problem context.

2. Assesment of the null hypothesis. (It is advisible to state the null hypothesis as an
equality, because in this case the signi�cance level can be controlled at a speci�c
value.)

3. Assesment of an appropriate alternative hypothesis. (one-sided or two-sided)

4. Choice of desired signi�cance level α.

5. Choice of an appropriate test statistic (t value, z value, F value etc. see [13] or [14])

6. Speci�cation of the critical region.

7. Computation of all necessary sample quantities from the equation for the test statis-
tic and computation of its value.

8. Decision on whether or not to reject the null hypothesis.
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2.1.3 Tolerance interval

The training of the moment method (see Chapter 5) is based on calculating of the tolerance
interval. Since the variables in that chapter are assumed to have Normal distribution, only
the de�nition of tolerance interval for normal distribution is written below. It is cited from
[15].

De�nition 2.10. (100p% tolerance interval with con�dence level 1−α) Let mea-
surements x1, x2, . . . , xn be values of a random sample X1, X2, . . . , Xn of size n from a
Normal distribution with unknown mean µ and unknown variance σ2 that is

Xi ∼ N(µ, σ2), i = 1, 2, . . . , n; µ and σ − unknown.

The 100p% two-sided statistical tolerance interval with con�dence level 1− α is con-
structed by

(x̄− ks, x̄+ ks)

for which the following equation is valid

P [P (x̄− ks < X < x̄+ ks ≥ p)] = 1− α

where x̄ = 1
n

n∑
i=1

xi is sample mean (estimate of the µ), s =

√
1

n−1

n∑
i=1

(xi − x̄)2 is sample

standard deviation (estimate o f the σ) and k = k(n, ν = n − 1, p, 1 − α) is tolerance
factor.

Remark 2.11. The de�nition looks simple, but the computation of precise values of the
tolerance factors k is fairly di�cult. The commonly used factors can be found in [14] in
Appendix A Table XI.

2.2 Numerical linear algebra concepts

This section deals with segment of theory around matrices. It is consider to be part of
basic numerical linear algebra, however it is important to repeat these de�nitions, since
the Part III is heavily using these knowledge. It is cited from [16], [17] and [18].

2.2.1 Matrix norms

First of all, the key terms and the speci�c matrix need to be de�ned.

Remark 2.12. Since it is not required to distinguish between R and C in following
de�nitions, the symbol K is used as a generalized notation. The set of all matrices of size
m×n (m rows and n columns) is denoted byMm,n(K), the set of square matrices of size
n is denoted byMn(K).

De�nition 2.13. (Rank of the matrix) Assume that matrix A ∈ Mm,n(K). The
image of A (Im A) is the set of vectors y ∈ Km such that y = Ax, with x ∈ Kn. The
dimension of the linear space Im A is called the rank of A.

De�nition 2.14. (Identity matrix)Amatrix E ∈Mn(K) with entries (ei,j = δi,j)1≤i,j≤n
where δi,j is the Kronecker symbol taking the values δi,i = 1 and δi,j = 0 if i = j is called
the identity matrix.
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De�nition 2.15. (Adjoint matrix, Hermitian matrix)Let A ∈ Mm,n(K). The ma-
trix A∗ ∈ Mn,m(K), de�ned by A∗ = ĀT = (āj,i)1≤i≤m,1≤j≤n, where ā denotes complex
conjugate of a is called the adjoint matrix of A. If A = A∗ then A is called Hermitian
matrix.

Remark 2.16. According to the de�nition of the adjoint matrix, the Hermitian matrix
A must be a square matrix, moreover if the matrix A is real, then it is also said to be
symmetric (A = AT ).

De�nition 2.17. (Unitary matrix) A matrix A ∈Mn(K) is said to be unitary if

A∗A = E.

Before introducing matrix norms, it is necessary to repeat the de�nition of vector
norms. Vector norms are a way of measuring the length or magnitude of a vector, and
are de�ned as follows.

De�nition 2.18. (Norm on vector space)We call a mapping ‖·‖ : Kn → R+ satisfying
the following properties a norm on vector space Kn

1. ∀x ∈ Kn, ‖x‖ = 0 ⇐⇒ x = 0

2. ∀x ∈ Kn, ∀λ ∈ K, ‖λx‖ = |λ|‖x‖

3. ∀x,y ∈ Kn, ‖x + y‖ ≤ ‖x‖+ ‖y‖

Remark 2.19. To enable the use of all vector norms for matrices, it is su�cient to
convert a given matrix A into a vector (noted by vec A). A matrix can be vectorised by
stacking its columns, resulting in one long column vector. The norm of the matrix can
be calculated as ‖A‖ = ‖vec A‖.

De�nition 2.20. (Matrix norm) A norm ‖ · ‖ de�ned onMn(K) is a matrix norm if
∀A,B ∈Mn(K), holds that

‖AB‖ ≤ ‖A‖‖B‖. (2.1)

De�nition 2.21. (Subordinate matrix norm) Let ‖ · ‖ be a vector norm on Kn. It
induced a matrix norm de�ned by

‖A‖ = sup
x∈Kn, x6=0

‖Ax‖
‖x‖

.

which is said to be subordinate to this vector norm.

Remark 2.22. It can be seen that the subordinate matrix norm is indeed a matrix norm
on Mn(K) since the inequality (2.1) is satis�ed. However, there are matrix norms that
are not subordinate to any vector norm. A well-known example is the Frobenius norm.

De�nition 2.23. (Frobenius norm) Assume that a matrix A ∈ Mm,n(K), then the
Frobenius norm of matrix A is de�ned as

‖A‖F =

√√√√ m∑
i=1

n∑
j=1

|ai,j|2.
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A commonly used group of vector norms are the p-norms. Their subordinate matrix
norms are de�ned below.

De�nition 2.24. (`p norm) Assume that p ∈ 〈1,∞) and matrix A ∈ Mm,n(K), then
the `p norm of matrix A is as follows.

‖A‖p =

(
m∑
i=1

n∑
j=1

|ai,j|p
) 1

p

De�nition 2.25. (`∞ norm) Assume that a matrix A ∈ Mm,n(K). The `∞ norm of
matrix A is de�ned as

‖A‖ = max
1≤i≤m, 1≤j≤n

|ai,j| .

De�nition 2.26. (`0 norm) Assume that a matrix A ∈Mm,n(K). The vectorization of
matrix A is denoted by a, thus a = vec A. Then the `0 norm of matrix A is as follows

‖a‖0 = |supp(a)|,

where supp(a) denotes a support of vector a (indexes of nonzero elements).

Remark 2.27. One can see, that the `0 norm is not norm according to De�nition 2.18,
since the condition 2 is not satis�ed. However it is known under this name.

Part III is based on video separation using sparse representation methods, which de-
compose the video matrix into matrices that are low-rank and sparse. Thus, the de�nition
of the sparse matrix is important for our research, it looks as follows.

De�nition 2.28. (Sparse matrix) A matrix A is called k-sparse matrix, if it holds that

‖vec A‖0 ≤ k,

namely matrix A has maximally k nonzero values.

To transform optimization problem (7.1) from Part III into a convex problem, the
de�nition of one extra matrix norm, namely the nuclear norm, is needed.

De�nition 2.29. (Nuclear norm) Assume that a matrix A ∈ Mm,n(K). The nuclear
norm of matrix A is de�ned as sum of its singular values, thus

‖A‖∗ = ‖σ(A)‖1 =
k∑
i=1

σi ,

where σ(A) is vector of singular values of matrix A and k = min(m,n).

Remark 2.30. The singular values of matrix A are de�ned in the following section.
Precisely it is De�nition 2.33.

29



2.2.2 Singular value decomposition (SVD)

Two out of the three methods in Part III utilise SVD. A simple exhibition of this decom-
position and the relevant theorems are outlined below. Prior to this, it is necessary to
introduce the eigenvalues of the matrix.

De�nition 2.31. (Eigenvalues of the matrix) Let A ∈ Mn(K). The characteristic
polynomial of A is the polynomial PA(λ) de�ned on C by

PA(λ) = det(A− λE).

It is a polynomial of degree equal to n. It has thus n roots in C, which we call the
eigenvalues of A. The algebraic multiplicity of an eigenvalue is its multiplicity as a root
of PA(λ). An eigenvalue whose algebraic multiplicity is equal to one is said to be a simple
eigenvalue, otherwise, it is called a multiple eigenvalue. We call a nonzero vector x ∈ Kn

such that Ax = λx the eigenvector of A associated with the eigenvalue λ.

Lemma 2.32. For any A ∈ Mm,n(C), the matrix A∗A is Hermitian and has real, non-
negative eigenvalues.

Proof. Obviously A∗A is a square Hermitian matrix of size n. If λ is an eigenvalue of a
Hermitian matrix B and u 6= 0 a corresponding eigenvector, we have

λ‖u‖22 = 〈λu,u〉 = 〈Bu,u〉 = 〈u,B∗u〉 = 〈u,Bu〉 = 〈u, λu〉 = λ̄‖u‖22

which shows that λ = λ̄, i.e. λ ∈ R. It remains to show that they are nonnegative.
Let λ be an eigenvalue of A∗A, and let x = 0 be a corresponding eigenvector such that
A∗Ax = λx. Taking the Hermitian product of this equality with x, we obtain

λ =
〈A∗Ax,x〉
〈x,x〉

=
〈Ax,Ax〉
〈x,x〉

=
‖Ax‖2

‖x‖2
∈ R+

and the result is proved.

De�nition 2.33. The singular values σ of matrix A ∈Mm,n(K) are nonnegative square
roots of n eigenvalues of A∗A.

Remark 2.34. This de�nition makes sense thanks to Lemma 2.32, which proves that the
eigenvalues of A∗A are real nonnegative, so their square roots are also real.

De�nition 2.35. (SVD factorization) Assume that a matrix A ∈ Mm,n(C) have r
singular values. Further assume that U ∈Mm(C) and V ∈Mn(C) are unitary matrices
and Σ ∈ Mm,n(R) is a diagonal matrix. Then a singular value decomposition of matrix
A is a factorization

A = UΣV∗, (2.2)

where Σ = diag(σ1, σ2, . . . , σp), σ1 ≥ σ2 ≥ . . . σp ≥ 0 and p = min(m,n).

Theorem 2.36. Every matrix A ∈ Mm,n(C) has a singular value decomposition (2.2).
Furthemore, the singular values σi are uniquely determined, and, if A is square and the σi
are distinct, the left and right singular vectors (ui respectively vi) are uniquely determined
up to complex signs.
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Proof. Existence Set σ1 = ‖A‖2. By compactness argument, there must be vectors
v1 ∈ Cn and u1 ∈ Cm with ‖v1‖2 = ‖u1‖2 = 1 and Av1 = σ1u1. Consider any extensions
of v1 and u1 to an ortonormal basis vi of Cn respectively to an ortonormal basis ui of
Cm. Denote U1 the unitary matrix with columns u1, respectively V1 with columns v1.
Then the following holds

U∗1AV = S =

[
σ1 w∗

0 B

]
,

where 0 is column vector of dimension m− 1, w∗ is a row vector of dimension n− 1 and
B has dimensions (m− 1)× (n− 1). Furthermore∥∥∥∥[σ1 w∗

0 B

] [
σ1
w∗

]∥∥∥∥
2

≥ σ2
1 + w∗w = (σ2

1 + w∗w)
1
2

∥∥∥∥[σ1w∗

]∥∥∥∥
2

,

implying ‖S‖2 ≥ (σ2
1 + w∗w)

1
2 . Since U1 and V1 are unitary, it is known that ‖S‖2 =

‖A‖2 = σ1, ergo w = 0.
If m = 1 or n = 1, the proof is complete. Otherwise, by induction hypothesis, the

matrix B has a SVD, ergo B = U2Σ2V
∗
2. It is easily veirifed that

A = U1

[
1 0
0 U2

] [
σ1 0
0 Σ2

] [
1 0
0 V2

]∗
V∗1

is SVD of A, which completes the proof of existence.

Uniqueness Note that σ1 is uniquely determined by the condition that it is equal to
‖A‖2. Now suppose that in addition to v1, there is another linearly independent vector
q with ‖q‖2 = 1 and ‖Aq‖2 = σ1. De�ne a unit vector v2, orthogonal to v1, as a linear
combination of v1 and q, ergo

v2 =
q− (v∗1q)v1

‖q− (v∗1q)v1‖2
.

This vector v2 is second right singular vector of A corresponding to the singular value σ1.
Conclude that, if the singular vector v1 is not unique, then the corresponding singular
value σ1 is not simple. Once σ1,v1 and u1 are determined, the remainder of SVD is
determined by the action of A on the space orthogonal to v1. Since v1 is unique up to
a sign, this orthogonal space is uniquely de�ned, and the uniqueness of the remaining
singular values and vectors now follow by induction.

Theorem 2.37. The rank of A is equal to p, the number of nonzero singular values.

Proof. The rank of the diagonal matrix is equal to the number of its nonzero entries.
Further the U and V are full rank in decomposition (2.2). Therefore

rank A = rank Σ = p.

Proposition 2.38. Let A = UΣV∗ be the SVD factorization of some matrix A ∈
Mm,n(C) having p nonzero singular values arranged in decreasing order. For 1 ≤ k ≤ p,
the matrix Ak =

∑k
i=1 uiσiv

∗
i is the best approximation of A by matrices of rank k, in

the following sense: for all matrices X ∈Mm,n(C) of rank k, we have

‖A−Ak‖2 ≤ ‖A−X‖2.

Moreover, the error made in substituting A with Ak is ‖A−Ak‖2 = σk+1.
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Proof. Error Compute

A−Ak =

p∑
i=k+1

uiσiv
∗
i =

[
uk+1 . . . up

]
diag(σk+1, . . . , σp)

v∗k+1

. . .
v∗p

 .
Denote the matrix diag(0, . . . , 0, σk+1, . . . , σp, 0, . . . , 0) ∈Mm,n(R) by D. Then A−Ak =
UDV∗ and since `2-norm is invariant under unitary transformation it holds that

‖A−Ak‖2 = ‖D‖2 = σk+1.

Approximation property For all x ∈ Cn, it holds that

‖Ax‖2 = ‖UΣV∗x‖2 = ‖ΣV∗x‖2. (2.3)

Let E be the subspace of Cn, of dimension k+ 1, generated by the vectors v1, . . . , vk+1.
If x ∈ E, it holds that x =

∑k+1
i=1 xivi and

V∗x = V∗
k+1∑
i=1

xivi =
k+1∑
i=1

xiV
∗vi =

k+1∑
i=1

xiei ,

where ei is the i-th vector of the canonical basis of Cn. Thus it holds that

ΣV∗x = (σ1x1, . . . , σk+1xk+1, 0, . . . , 0)t. (2.4)

So by substituting (2.4) to (2.3),

‖Ax‖2 ≥ σk+1‖x‖2, ∀x ∈ E. (2.5)

If the matrix X ∈ Mm,n(C) is of rank k < r, its kernel (Kerr(X) is set of vectors y that
satisfy Xy = 0) is of dimension n− k ≥ r − k ≥ 1, and ∀x ∈ Ker(X), it holds that

‖Ax‖2 = ‖(A−X)x‖2 ≤ ‖A−X‖2‖x‖2.

Assume that X contradicts the inequality from the proposition:

‖A−X‖2 < ‖A−Ak‖2.

Hence ∀x ∈ Ker(X), it holds that

‖Ax‖2 < ‖A−Ak‖2‖x‖2 = σk+1‖x‖2,

and therefore if x ∈ E ∩ Ker(X) with x 6= 0, then it is a contradiction to (2.5). Indeed,
the two spaces have a nonempty intersection since dim E + dim Ker(X) > n, so that the
inequality from the proposition is satis�ed.
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Chapter 3

Theory of image registration

The �rst part of this chapter outlines some necessary math de�nitions for imaging the solar
corona. The second part explains the process of image calibration, which is important
part of prepocessing of the images. The last part describes image enhancement methods,
which are used in the Chapter 7.

In the following section, there is cited from [2],[3] and [19], unless otherwise speci�ed.

3.1 Basics of image registration

De�nitions from image registration, which are important for purpose of this thesis, are
outlined below. For other de�nition and more informations from this topic see [20].

De�nition 3.1. (Digital grey-scale image) Let R = {0, 1, · · · ,M − 1} × {0, 1, · · · ,
N − 1},M,N ∈ N and let W = {0, 1, · · · , w − 1}, w ∈ N. Function

f(x, y) : R→ W

is called a digital grey-scale image or image only if no confusion may be caused. M is
called the image width, N the image height. Elements of R are called pixels, value of f in
pixel (x, y) is called the pixel value. The value of w determines the image dynamic range.
It is said that the dynamic range is n bits per pixel or it is an n-bit image if w = 2n.

Remark 3.2. Only grey scale image are taken into account, since the colour components
is not useful in this study. Usually, the image is represented by image matrix. Quasi, this
matrix is table �lled with pixel values. Operations with matrices, such as multiplication
do not have any sense for image matrices. That is the reason, why the image is de�ned
here as a function with discrete domain.

Nowdays, it is impossible to work with optical system in sterile settings faultlessly.
Because of it, real images always contain at least one of the following: additive noise,
impulse noise, dust, defects caused by our optical system, di�use light etc.

Basics of statistic are needed for understanding to next de�nitions. Those can be �nd
in [13] and [14].

De�nition 3.3. (Additive noise) Let f be a digital grey-scale image representing an
ideal image (containing no additive noise). Let n be a digital grey-scale image of the same
size as f whose pixel values are rounded independent realization of a random variable X.
Let h = f + n. Then it is said that image h contains additive noise. Image n is called
noise image and the characteristics of X are called the characteristics of additive noise.
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Remark 3.4. The previous de�nition does not say what happens to pixels where f+n >
w − 1 or f + n < 0, where w is dynamic range of the image (see de�nition 3.1). We will
de�ne it now followingly

h(x, y) =


0 if f(x, y) + n(x, y) < 0,

f(x, y) + n(x, y) if 0 < f(x, y) + n(x, y) < w,

w − 1 if f(x, y) + n(x, y) ≥ w.

De�nition 3.5. (Impulse noise) Let f be a digital gray-scale image representing an
ideal image. Let h be a digital gray-scale image with pixel values

h(x, y) =

{
f(x, y) if Y (x, y) = 0,

m(x, y) if Y (x, y) = 1,

where Y (x, y) are realizations of a random variable X with Bernoulli distribution and
m(x, y) are independent realizations of a random variable Z (generally, its distribution is
unknown). If Y (x, y) are not independent realizations of X, it is said that image h contains
defects. If Y (x, y) are independent realizations of X, it is said that image h contains
impulse noise. The impulse noise is called constant if for the same conditions (images
taken with the same camera and same exposure setting shortly one after another), the
same realizations of X are obtained. The impulse noise is called variable if the realizations
of X are di�erent for every image.

Remark 3.6. Similarly to additive noise, the de�nition does not talk about the case when
f + n > w − 1 or f + n < 0, where w is dynamic range of the image (see De�nition 3.1).
All values higher than w− 1 are mapped to w− 1 and values lower than 0 are mapped to
0 like it is done in remark 3.4.

Variable impulse noise in digital images is caused mostly by collisions of the chip
with high-energy particles (cosmical radiation). The result of it is visible as saturated
(h(x, y) = w− 1) pixels called the hot pixels. The longer exposure time is used, the more
hot pixels the image contains.

De�nition 3.7. (Dust) Let f be a digital gray-scale image representing an ideal image
containing no dust. Let s be a function R2 → 〈0, 1〉 which is equal to 1 on R2 apart from
a �nite number of bounded connected sets A1, · · ·An, ∈ N. Let image

h(x, y) = Round(f(x, y)s(x, y))

Then it is said that image h contains dust. (Operation Round is the unary operation of
rounding to the nearest integer).

Remark 3.8. Dust particles can be detected in the same way as impulse noise (see
section 4.1.1), but the following process is di�erent. Correction of it is not mentioned in
this thesis, since the chips on SOHO (see section 1.2.1) and on SDO (see section 1.3) are
dustproof.

From here on, it is assumed that the images in this thesis contain only impulse noise.
Commonly used method for �ltration of impulse noise, as well as our own newly imple-
mented method, are closely described in Part II.
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3.1.1 Image �lters

Image �lters have many di�erent applications such as reducing of noise in images, sharp-
ening, gamma transformation etc. The �lters can work in frequency or spatial domain.
Generally, the �lters are applying some operation on the neighborhood of the processed
pixel.

De�nition 3.9. (Size-preserving image transformation) A size-preserving image
transformation φ is a mapping φ : f → g that maps gray-scale image to gray-scale image
with the same width and height.

De�nition 3.10. (Pixel-value transformation and image �lter) A size-preserving
image transformation φ : f → g is called pixel value transformation if φ can be expressed
for each pixel (x, y) ∈ R as

g(x, y) = φ (f(x, y)) = (φ ◦ f) (x, y).

An image transformation which is not a pixel-value transformation is called an image
�lter.

Remark 3.11. The previous de�nition exactly means that for pixel-value transformation,
only the pixel value f(x, y) is needed to evaluate g in pixel (x, y). Beyond the image �lter
usually need more pixel values in a neighborhood of processed pixel for evaluating g in
that pixel.

One typical example of pixel-value transformation is called gamma transformation and
it preserves the maximal and the minimal pixel value while brigthening or darkening the
image. The transformation is de�ned as

φγ(t) = t
1
γ

where γ is positive number and it is assumed that input and output values are in 〈0, 1〉.
For γ > 1 brighter image is obtained and for γ < 1 darker image is obtained.

Thereby the reader knows the necessary de�nitions for imaging the solar corona. Fol-
lowing section talks about process of image calibration. Text is cited from [13b] and
[3].

3.2 Image calibration

Theoretically, an image taken by a CCD camera1 gives accurate informations about the
light �ux distribution on a sky. Practically, it is not working, because imperfections of the
instruments and the discrete nature of light itself insert errors in the measured data. The
errors are the result of several factors, some of them are random consequence of nature
phenomena, others are deterministic.

First goal of the calibration process is minimalization of the contribution of determin-
istic factors to the errors, it means that the calibration is trying to remove the signature
of the instrument from the data.

A second goal is preservation of information about the noise sources, so that the
random errors of the data can be evaluated.

1charge coupled device camera, for more information see [14b]
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3.2.1 Implementation of basic terms

In the following text, de�ninitions of important terms used in the calibration are presented,
namely �at-�elds, bias and dark frames.

CCD camera response model

Raw pixel values for a CCD frame can be calculated as follows:

f(x, y) = B(x, y) + tD(x, y) + tG(x, y)I(x, y) +R(x, y), (3.1)

where B(x, y) is the bias value of each pixel, t is the integration (exposure) time, D(x, y)
is the dark current, G(x, y) is the sensitivity, I(x, y) is the light �ux reaching the pixel
and R(x, y) is a noise (random) component.

The bias value represents a pre-set value that is adjusted in the sensor prior to the
opening of the shutter. It is essential to ensure that no under�ow values are generated,
even in the presence of noise that may result in negative data values. The value of this
parameter can exhibit slight alterations at the pixel level. Additionally, its value may
vary depending on the speci�c instrument utilized.

The dark current, too, is in�uenced by the instrument employed, but its behavior
is further a�ected by temperature. Higher temperatures lead to increased dark current
values. This phenomenon is a primary reason why it is common practice to cool cameras
used for scienti�c purposes.

As previously stated, the function G(x, y) characterises the sensitivity of each sensor
on the chip. However, it also describes the vignetting e�ect 2 of the optical system and
the impact of dust particles on the chip.

R(x, y) is employed in a similar way to that of a generic constant in ODEs. Therefore,
following the division by or addition of a constant, it will remain R(x, y).

In order to estimate the �ux values reaching the sensor, it is necessary to estimate the
values of B, D and G. Once this has been done, the value of I can be obtained from
equation (3.1). The estimation of B, D and G is achieved through the use of bias, dark
and �at frames.

Bias frame

Assume, that very short exposures (t = 0) are taken without opening the camera's shutter,
thus the light �ux is absent I(x, y) = 0. These images are called bias frames. The equation
(3.1) becomes

b(x, y) := f(x, y) = B(x, y) +R(x, y).

This bias frame b can be used to estimate the searched bias value B, since the noise
component R is random. The estimation B̃ is then as follows

B̃(x, y) := b(x, y).

This estimation is not very precise. Better estimation can be obtained if the average
of more bias frames is computed. One can get arbitrarily close to the B if Chebyshev's

2Vignetting is a centrally symmetric darkening of the image with distance from the axis of the optical
system caused by its optical properties.
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inequality is used (read [21]). Assume, that N is number of images used for the compu-
tation. The estimation then looks like follows

B̃(x, y) :=
1

N

N−1∑
i=0

bi(x, y).

This value is called the master bias frame.

Dark frame

Now assume, that longer exposures (t = t0) with the closed shutter (I(x, y) = 0) are
taken. Like this, the dark frames are obtained. The equation (3.1) becomes

d(x, y) := f(x, y) = B(x, y) + t0D(x, y) +R(x, y) .

Similarly like in bias frame, noise R can be neglected for obtaining the estimation of
dark current D. Further the estimation B̃ is substracted from dark frame d and it is
divided by the exposure time t0. Estimation of dark current is

D̃(x, y) :=
d(x, y)− B̃(x, y)

t0
.

For reduction of the noise contribution, the average of several (M) dark frames is done:

D̃(x, y) =
1

t0

1

M

M−1∑
i=0

di(x, y)− B̃(x, y)

It is better to work with a di�erent form of the dark current frame, e.g. the one below

D̃∗(x, y) := t0D̃(x, y) =
1

M

M−1∑
i=0

di(x, y)− B̃(x, y),

which is called the bias subtracted master dark frame.
Assume that the data frame (observed image) is taken with an integration time of t1,

then the �rst two terms in equation (3.1) are estimated by the master dark frame D̃M ,
thus

D̃M(x, y) = B̃(x, y) + t1D̃(x, y) = B̃(x, y) +
t1
t0
D̃∗(x, y). (3.2)

Assume that the data frame and the dark frames have same integration (exposure)
time (t1 = t0), then the master dark frame can be computed as an average of M dark
frames,

D̃M(x, y) =
1

M

M−1∑
i=0

di(x, y). (3.3)

Dark currentD(x, y) depends strongly on temperature. In order to ensure the accuracy
of the dark frame images, it is necessary to take them shortly before or after the observed
image.
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Flat-�eld frame

The estimations of B̃ and D̃ are obtained, now the way how to estimate G in equation
(3.1) has to be �nd. To do this, �at-�eld (even) illumination is applied to the camera
(exposure time t = tf ) and �at-�eld frame is then obtained as

ff(x, y) := f(x, y) = B(x, y) + tfD(x, y) + tfG(x, y)L+R(x, y), (3.4)

where L is the light �ux reaching each pixel (assumed equal across the frame). Flat-�eld
illumination images can be obtained by taking a photo of blue sky through a tracing
paper.

Then a master dark frame for the �at �elds DF
M(x, y) can be calculated (computed

from (3.2) and (3.3)). It is subtracted from the �at-�elds frame and the following equation
is obtained

ff ′(x, y) = ff(x, y)−DF
M(x, y) = tfG(x, y)L+R(x, y). (3.5)

Equally as before, to reduce the noise contribution, average of K �at-�eld frames is
computed. Thus a master �at-�eld frame is obtained

F̃M(x, y) =
1

K

K−1∑
i=0

ff ′i(x, y). (3.6)

If L is known, the equation (3.1) could be solved for G(x, y). But the absolute value of
L is not known and in many cases it varies between di�erent sets of images. So, instead of
�nding the absolute value of G(x, y), its variation across the frame is tried to be removed.
Assume, that

G(x, y) = Ḡg(x, y),

thus Ḡ is the average of G over whole image, where the average of g(x, y) across the
frame is 1. The variability of G over an image is caused by many factors, e.g. di�erent
sensitivity of sensors, dust particles on the chip, optics vignetting etc. Then the equation
(3.6), by using equation (3.5) becomes

F̃ ′M(x, y) = tfḠg(x, y)L+R(x, y) (3.7)

Assume that the average of R(x, y) is computed and R̄ is obtained. Then the average
of F̃M(x, y) across the frame is taken and following is obtained

F̄ =
∑
x

∑
y

tfḠg(x, y)L+ R̄

= tfḠL
∑
x

∑
y

g(x, y) + R̄

= tfḠL+ R̄

When equation (3.7) is divided by F̄ , the estimation of g(x, y) is obtained,

g̃(x, y) =
F̃M(x, y)

F̄
,

which is the �nal result that can be learnt from �at-�elds.
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3.2.2 Process of calibration

At this moment the way how to obtain bias, dark and �at-�eld frames is known. The
following text shows the ideas how the proper calibration works.

It is cited from lecture notes for Numerical methods of image analysis taught by prof.
RNDr. Miloslav Druckmüller, CSc.

Calibration using dark frame

Let us denote the observed image by f(x, y) and the calibrated result by f ∗(x, y). Assume
that dark frame d(x, y) is obtained by process written on page 37. Then the f ∗(x, y) is
obtained as

f ∗(x, y) = f(x, y)− d(x, y)

This process has two presumptions. The observed image has to have same exposure time
as dark frame and they had to be taken at almost identical temperatures. By experiments,
it is proven that the acceptable change of the temperature is up to 0.1K.

This calibration causes that the zero pixel value means zero light sensitivity. It is
absolute necessity to do at least this type of calibration. However, it has one disadvantage.
It increases the noise in the �nal image f ∗. To minimalize this e�ect, master dark frame
D̃M (average of several dark frames) has to be used, ergo the calibrated image is computed
as

f ∗(x, y) = f(x, y)− D̃M(x, y),

where D̃M(x, y) was computed using formula (3.3).

Calibration using dark frame and �at-�eld frame

Let us denote the observed image by f(x, y), its exposure time by t1. Further, let us
denote dark frame, obtained by process written on page 37 with exposure time t0 = t1, by
d1(x, y). Beyond let us have �at-�eld frame ff(x, y) with exposure time tf (see formula
(3.4)). Let us denote dark frame with exposure time tf by d2(x, y). The calibrated image
f ∗ is obtained as

f ∗ = l · f(x, y)− d1(x, y)

ff(x, y)− d2(x, y)
,

where l is supplemental variable, which is setting �nal dynamic range of f ∗, since result
of the fraction is in interval 〈0, 1〉.

This calibration removes also vignetting e�ects and problem of dust particles on the
chip. But again, it is increasing the noise in the �nal image. Similarly as before, master
dark frame (see formulas (3.2) and (3.3)) and master �at-�eld frame (see formula (3.6))
are used to minimize the noise deviation. Then the calibrated image f ∗ is obtained as

f ∗ = l · f(x, y)− D̃1
M(x, y)

F̃M(x, y)− D̃2
M(x, y)

.

If exposures are longer then 20s it is recommended to use median of several dark
frames or �at-�eld frames instead of average of them.
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3.3 Image enhancement

There is currently no unifying theory for enhancing images due to the lack of a general
de�nition of image quality that can be used as a design criterion for an image enhance-
ment processor. This section is cited from [20], unless otherwise speci�ed.

Techniques for enhancing images aim to improve visual appearance or to convert them
into a more suitable format for human or machine analysis. For the purposes of image
analysis, the de�nition of image enhancement does not include information extraction.
For instance, an image enhancement system could highlight an object's edge outline in an
image through high-frequency �ltering. Subsequently, this edge-enhanced image would
function as input for a machine to trace the edges' outline. In this scenario, the image en-
hancement processor would highlight signi�cant features of the initial image and simplify
the processing task of a data-extraction machine. Techniques for enhancing images in-
clude contrast manipulation, modifying histograms, cleaning noise, and sharpening edges.
In this paper, only modi�cations to the histogram will be closely described as they are
utilized in Part III. Other techniques are described in [20].

3.3.1 Histogram modi�cation

The images of a typical natural scene tend to have less perceptible detail in the darker
regions. The histogram of such images is usually heavily skewed towards the darker levels,
with a majority of pixels having a luminance lower than the average. One way to improve
these types of images is to use a technique called histogram modi�cation, in which the
original image is rescaled so that the histogram of the improved image follows a desired
shape.

The histogram modi�cation process can be viewed as a monotonic point transfor-
mation gd = T {fc} , c = {1, 2, · · · , C} , d = {1, 2, · · · , D}, where the input amplitude
variable f1 ≤ fc ≤ fC is mapped to an output variable g1 ≤ gd ≤ gD such that the output
probability distribution PR {fc = bd} follows some desired form for a given input proba-
bility distribution PR {gc = ac}, where ac and bd are the reconstruction values of the cth
and dth level, respectively. It is clear that the input and output probability distributions
must each sum to one. Thus,

C∑
c=1

PR{fc = ac} = 1

D∑
d=1

PR{gd = bd} = 1

Furthermore, the cumulative distributions must equate for any input index c. That is,
the probability that pixels in the input image have an amplitude less than or equal to ac
must be equal to the probability that pixels in the output image have amplitude less than
or equal to bd, where bd = T{ac} because the transformation is monotonic. Hence

d∑
n=1

PR{gn = bn} =
c∑

m=1

PR{fm = am}. (3.8)
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The summation on the right is the cumulative probability distribution of the input image.
For a given image, the cumulative distribution is replaced by the cumulative histogram
to yield the relationship

d∑
n=1

PR{gn = bn} =
c∑

m=1

HF (m), (3.9)

where HF (m) represents the fractional number of pixels in an input image whose ampli-
tude is quantized to the c-th reconstruction level. Equation (3.9) must be inverted to
obtain a solution for gd in terms of fc.

The histogram transformation can be approximated by replacing the discrete proba-
bility distributions of equation (3.8) by continuous probability densities. The resulting
approximation is ∫ g

gmin

pg(g)dg =

∫ f

fmin

pf (f)df,

where pf (f) and pg(g) are the probability densities of f and g, respectively. The integral
on the right is the cumulative distribution function Pf (f) of the input variable f . Hence∫ g

gmin

pg(g)dg = Pf (f). (3.10)

The table of several output image histograms and their corresponding transfer functions
can be found in [20].

A very common method of histogram modi�cation is histogram equalization, which
forces the histogram of the image to be uniform.

Nonadaptive histogram equalization

Recall that the histogram of an image shows the sorting of pixels into individual quantized
bins according to their value. Histogram equalisation attempts to create an output image
by point rescaling so that its histogram has approximately the same number of pixels in
all quantized bins.

The scaling algorithm is developed as follows. The average of the histogram is calcu-
lated. Then, starting from the lowest grey level of the original, the pixels in the quanti-
zation bins are combined until the sum is closest to the average. All these pixels are then
rescaled to the new �rst reconstruction level at the midpoint of the �rst quantization bin
of the enhanced image. The process is repeated for higher value grey levels. If the number
of reconstruction levels of the original image is large, it is possible to rescale the grey levels
so that the histogram of the enhanced image is almost constant. It should be noted that
the number of reconstruction levels of the enhanced image must be less than the number
of levels of the original image in order to achieve proper grey level redistribution.

Mathematicaly speaking, the probability density of the output image is

pg(g) =
1

gmax − gmin
.

Thus from equation (3.10) the histogram equalization transfer function becomes

g = (gmax − gmin)Pf (f) + gmin.
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Images corrected by histogram equalization often look like painted images, as subtle
gradients between shades are lost. This method is unsuitable for use in the night sky as
it erases most of the celestial formations.

Adaptive histogram equalization

The histogram equalization discussed earlier involves applying the same transformation
or mapping function to each pixel in an image. The mapping function is based on the
histogram of the whole image. This process can be made spatially adaptive by apply-
ing a histogram modi�cation to each pixel based on the histogram of pixels within a
moving window neighbourhood. This technique is obviously computationally intensive,
as it requires histogram generation, mapping function calculation, and mapping function
application to each pixel.

Adaptive histogram equalisation is a technique in which histograms are generated
only at a rectangular grid of points, and the mappings at each pixel are generated by
interpolating the mappings of the four nearest grid points. A histogram is computed at
each grid point in a window around the grid point. The window dimension can be smaller
or larger than the grid spacing. LetM00,M01,M10,M11 denote the histogram modi�cation
mappings generated at four neighbouring grid points. The mapping to be applied at pixel
f(j, k) is determined by a bilinear interpolation of the mappings of the four nearest grid
points as given by

M = a[bM00 + (1− b)M10] + (1− a)[bM01 + (1− b)M11],

where

a =
k − k0
k1 − k0

,

b =
j − j0
j1 − j0

.

Adaptive histogram equalization is unsuitable for images with high global contrast, such
as a river/road running across the image, half in shadow and half in sunlight. This object
often disappears from the �nal image or is severely deformed.

Typically, several image enhancement methods are used to achieve the best results.
One such method is Noise adaptive fuzzy equalization method, which uses contrast and
histogram modi�cations.

3.3.2 Noise adaptive fuzzy equalization method (NAFE)

NAFE generates an image �lter, as de�ned in De�nition 3.10. Unlike the gamma trans-
form detailed on page 35, the �lter does not maintain a constant transformation of pixel
values across the entire image. Instead it di�ers for each pixel, relying on its speci�c
neighbourhood. The method derivation presented below is cited from [22] and [23].

Let fA denote the original input image. In this image the pixel values have a linear
dependence on the intensity of the coronal emission. Let fB denote the resulting image.
This image is a linear combination of two images: φγ(fA) and EN,σ(fA), such that

fB = (1− w)φγ(fA) + wEN,σ(fA). (3.11)
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φγ(fA) denotes the gamma transform of image fA, EN,σ(fA) is an image created by the
NAFE method, which is described in following text. The constant w is called the NAFE
weight. Typical values for w lie in the interval 〈0.05, 0.3〉. Constant w = 0 gives an image
fB without any enhancement.

Let us denote by B = [bkl] the matrix of size n×n, whose elements are in the interval
〈0, 1〉 and

k, l ∈
{

1− n
2

, . . . , 0, . . . ,
n− 1

2

}
.

The fuzzy neigborhood B̃n
x,y is a fuzzy set 3 with support Nn

x,y and membership function
µnx,y : Nn

x,y → 〈0, 1〉 where the membership grade of pixel fA(x + k, y + l) to the fuzzy
neighborhood is de�ned as

µnx,y(x+ k, y + l) = bk,l.

Now let us de�ne the fuzzy histogram of B̃n
x,y as

hnx,y(t) =

n−1
2∑

k= 1−n
2

n−1
2∑

l= 1−n
2

bk,lδt,f(x+k,y+l) (3.12)

where δ denotes the Kronecker delta. Then we de�ne the cumulative fuzzy histogram

Hn
x,y(t) =

t∑
s=f0A

hnx,y(s)

and the normalized cumulative fuzzy histogram

Cn
x,y(t) =

Hn
x,y(t)

Hn
x,y(f

1
A)

,

where f 0
A, f

1
A are minimum and maximum pixel values in Nn

x,y. Finally, we de�ne the fuzzy
equalizing function

gnx,y(t) = f 0
B + (f 1

B − f 0
B)Cn

x,y(t) ,

where f 0
B, f

1
B are minimum and maximum output pixel values. This function is di�erent

for every pixel fA(x, y) and the output pixel fB(x, y) is computed according to the formula

fB(x, y) = gnx,y(fA(x, y)).

The use of the fuzzy equalizing function solves the majority of the problems of the clas-
sical histogram equalization. However, one serious problem persists, namely the extreme
ampli�cation of additive noise in areas with very low contrast. This issue can result in
compromised image quality. In cases where faint and low contrast details are lost, the
entire dynamic range of the output image is utilised for noise display if the neighbour-
hood Nn

x,y contains solely noise. The solution is to add more arti�cial additive noise to
the image that is used for histogram computing. This will decrease the contrast of the
original additive noise in the resulting image. However, this approach is impractical as

3The theory about fuzzy sets can be found in [24]
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it requires additional work, since two copies of the input image must be used, with the
noise generator adding additive noise to one of them.

Since the original noise in the image and the arti�cial noise are stochastically indepen-
dent, the appropriate approach is to calculate the convolution of Cn

x,y(t) with the PDF of
noise that we wish to include in the image. Let us suppose that the added noise has a
Gaussian distribution N(µ = 0, σ2) (see de�nition 2.1) and PDF Gσ(t). Then we de�ne
the noise adaptive fuzzy equalizing function as

gnx,y(t) = f 0
B + (f 1

B − f 0
B)Cn

x,y(t) ∗Gσ(t).

This function is used for the creation of image EN,σ(fA) in formula (3.11). The convolution
of the normalized cumulative fuzzy histogram with a Gaussian kernel has a signi�cant
in�uence only in the pixel neighborhood dominated by noise in which the image has very
low contrast. On the other hand, the in�uence is negligible in the contrasty parts of the
image.

There exist one more problem, namely loss of contrast on boundaries between areas
with signi�cantly di�erent brightness. It is caused by computing the fuzzy histogram
(3.12) from all pixels in the processed pixel neighborhood regardless of its values. If the
position of the processed pixel is near the border of areas with signi�cantly di�erent pixel
values, the neighborhood contains pixels from both areas. The solution is to use for fuzzy
histogram computing only pixels that belong to area which the processed pixel belongs
to. Therefore, we replace (3.12) with formula

hn,εx,y(t) =

n−1
2∑

k= 1−n
2

n−1
2∑

l= 1−n
2

bk,lδt,fA(x+k,y+l)∆
ε
t,fA(x+k,y+l)

,

where

∆ε
t,fA(x+k,y+l)

=

{
1 if |t− fA(x+ k, y + l)| < ε

0 else .

The optimal value for ε needs to be determined via experimentation. Extremely small ε
values result in image fragmentation into small areas with very high contrast features that
fail to represent signi�cant boundaries within the image. Conversely, high ε values produce
images that are either identical or nearly identical to those obtained when equation (3.12)
is applied. Let us denote the corresponding normalized cumulative fuzzy histogram by
Cn,ε
i,j (x) and the corresponding noise adaptive fuzzy equalizing function by gn,εi,j (x). The

use of this function in formula (3.11) solves both problems meintoned before.
Parameter setting for NAFE can be found in [22] and [23]. Comparison of the original

image and the NAFE proccesed image can be seen in Figure 3.1.
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Figure 3.1: A comparison between an image that has undergone NAFE method processing
(right) and the original, unprocessed image (left). This is a segment of a 171 Å image
taken by the SDO-AIA, downloaded from [15b]
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Part II

Filtration of impulse noise
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Chapter 4

Basic procedure

The �ltration of impulse noise (see De�nition 3.5) is very important in image analysis.
However, nowadays it is mainly performed by method that is highly dependent on the
person doing the �ltering. The goal of this paper is to �nd a new way how to do it.

The usual procedure is described here, the possible new way of �ltration can be found
in Chapter 5.

4.1 Theory

This section is written accordingly with the lecture notes from Numerical methods of
image analysis taught by prof. RNDr. Miloslav Druckmüller, CSc. and some parts are
cited from [2]

Filtration of impulse noise consists of two steps:

• Detection. . . determination of the coordinates of defective pixels

• Correction. . . modi�cation of defective pixels by knowledge of their neighborhood

We will start with detail description of the detection. Afterwards we will move to the
second step, namely to the correction.

4.1.1 Detection

In the past, the real detection was often replaced by a hardware method. For more infor-
mations about it, look into [2]. Nowadays it is rarely used.

It is recommended to read Chapter 7 in [13] for better understanding of next part.

Detection process

It is based on testing the statistical hypothesis (see De�nition 2.2) that the pixel is defec-
tive, thus noise. As mentioned on page 25, it is possible that the statistical error is made
during rejecting/accepting the hypothesis. There exist two types of these errors:

• type I error: the hypothesis is true, but we reject it
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• type II error: the hypothesis is false, but we do not reject it

Type I error is not a big problem for the �nal image, as it only causes that the correction
is not ideal, ergo some noise pixels remain in the image. The type II error is much worse,
since pixels that do not contain noise are also corrected, which means that the new defects
are imported into the image.

The probability of making a type I error is called the level of signi�cance. The prob-
ability of making a type II error is called power of the test. For their mathematical
de�nitions see page 26. The goal is to make them as small as possible. It is not feasible to
minimize them simultaneously, it is needed to do the compromise and minimize the one
that is more important for the case. Thus, according to the paragraph above, the type II
error has to be minimized.

For assessment of the hypothesis, the statistical sample is needed. Therefore, an
explicit number of pixels in the neighbourhood of a testing pixel is used as the sample.
The size of this neighbourhood is not precisely speci�ed. If a small one is chosen, there is
a possibility that the necessary information will not be obtained. On the other hand, if
a large neighbourhood is chosen, there is no homogeneous information, which may a�ect
the accuracy of the test. Frequently the meshes 5 × 5, 7 × 7 or 9 × 9 are used (they are
odd to have the central pixel).

Testing criterion

This section shows how to determine whether a pixel is defective or not. The �rst criterion
is as follows:

|x− x̄| > ε,

x − the pixel value
x̄ − any statistical measure of position of statistical sample
ε − constant a�ecting the level of signi�cance and power of the test

The x̄ is chosen as one of these three statistical measures of position: median, arithmetic
mean, or their combination. The problem with the median is its long computational time.

The choice of ε is a bit tricky. If a large ε is chosen, the probability of making a type
I error is high, thus only a small number of defective pixels will be corrected. On the
contrary, if a small ε is chosen, the probability of making a type II error is high, thus the
image is spoiled.

The optimal ε is obtained by making an histogram of the dependence of n, percent of
occurence, on |x− x̄| (see Figure 4.1). ε is not universal for the whole image.

In some cases we need other criterion then the one we described above. Second criterion
which is commonly used is rank criterion.

Rank criterion

In general, this criterion works with a statistical sample of size n. This sample is sorted
by the values, from the smallest to the largest one. The ordinal number of the element x
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(a) (b)

Figure 4.1: Histogram of dependence of n (percent of occurance) on |x− x̄|. Image (b) is
weighted average from image (a).

is called rank and it is denoted by r(x). To accept the hypothesis, the following inequality
must hold: ∣∣∣r(x)− n

2

∣∣∣ > ε

When this criterion is used for hypothesis that the tested pixel is defective, the pixels
in the neighbourhood of the tested pixel has to be sorted according to their pixel val-
ues. Thus the rank of the pixel with the lowest pixel value has r(x) = 1 and the pixel
with the highest pixel value has r(x) = n. The choice of ε leads to the same problem
as was described in the previous section. In this case, the ε is the same for the entire image.

This completes the process of detection and the second part (the process of correction)
can be described.

4.1.2 Correction

It is fully dependent on detection. Only those defective pixels found during detection can
be corrected.

Methods of correction

There are a variety of methods for correcting the defective pixels. The following three
methods are the most commonly used.

One-pass method

As the name suggests, this method works without iterations, thus everything is done
in one pass. More precisely, the defective pixel is corrected directly after detection. The
correction consists of replacing the value x with the value x̄. The value x̄ is also calculated
from the defective pixels, which means that the correction is inaccurate.

Double-pass method

Similar to before, the correction consists of replacing the value x with the value x̄. The
di�erence is that the detection is done in the �rst pass and the correction is done in
the second pass. Since the correction is done after the whole process of detection, x̄ is
computed only from nondefective pixels. For this reason, the method is more accurate
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than the one-pass method. Even though this method is quite slow, it is abundantly used
in practise.

Interpolation method

The last method shown in this section is quite di�erent from the previous ones. Firstly,
the whole process of detection is done. Then, the defective pixel is corrected by linear
regression (see Chapter 11 in [14]).To build the linear regression model, only the pixels
in the neighborhood of the defective pixel that have been evaluated as nondefective are
used. Mainly �rst or second degree polynomials are used as regression functions.

In a case, the �ltration of additive noise (see De�nition 3.3) has to be done, the �ltra-
tion of impulse noise has to be done before. In other case the �ltration of impulse noise
can not be done anymore.

The script for this procedure was written in Embacardero Delphi XE6 (see Appendix
A on page 121). It provides a starting point for our next approach. In the following
section, there will be brief description of the selected steps.

4.2 Implementation

4.2.1 Routine

The neighbourhood for detection was chosen as 7 × 7 mesh. The classical criterion was
used, i.e. the criterion with pixel values. The median was taken as the statistical measure
of position because it is the most accurate and its time cost is not important for the
approach of this thesis.

The iterative method was used for correction. It is a combination of the one-pass
method and the double-pass method. In the �rst iteration, the defective pixels are cor-
rected by the median x̄1, which was already calculated during the detection, ergo the
median also contains the values of the defective pixels. In the second iteration, the new
median x̄2 is computed in a slightly larger neighbourhood (11× 11 mesh) from the non-
defective pixels and the corrected pixels.

4.2.2 Results

The result of applying this �lter is shown in Figure 4.2. Detected impulse noise is repre-
sented by red pixels. One can see that the choice of ε is really crucial. There is a di�erence
not only on images from detection, but also on the �ltered (corrected) images. Image (d)
looks like it was painted with watercolors, which is an undesirable e�ect.

This procedure also determines normal solar rays, CMEs, and other things that nor-
mally occur in the solar atmosphere (see Chapter 1) as impulse noise because the shape of
a structure is not included in the consideration. This should be improved by the moment
method, which is described in the next chapter.
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(a) (b)

(c) (d)

Figure 4.2: The comparison of images with di�erent ε in the testing criterion. The test
image was taken from SOHO LASCO C2 at 13:54:05 on March 20, 2000. Image (a) is
the result of detection of impulse noise with ε = 300. Image (b) is the result of �ltration
of detected impulse noise from image (a). Image (c) is the result of �ltration of impulse
noise with ε = 100. On image (d) one can see that the statistical type II error was made,
i.e. the image is worse than before �ltration, ergo the hypothesis was accepted even for
nondefective pixels.
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Chapter 5

Moment method

5.1 Theory

This section is written according to the lecture notes from Numerical methods of image
analysis taught by prof. RNDr. Miloslav Druckmüller, CSc. and some parts are cited
from [25].

The moment method is mainly used for pattern recognition. There are two ways to
compute it. In the �rst one, pixel values are not considered, in the second one they are
used. Both methods give slightly di�erent results, so the goal is to �nd out which method
is more suitable for our approach.

5.1.1 Introduction to geometric moment theory

As mentioned earlier, the moment method is mainly used for pattern recognition. Pattern
recognition is highly dependent on the coordinate system. For this reason, a special
coordinate system has to be de�ned. It must be invariant to scale changes, translation,
and rotation. Before a proper de�nition of this system, the basic theory is required.

De�nition 5.1. (General geometric moment) The general geometric moment Mk,l

of object G relative to axes x and y is de�ned as

Mk,l(G) =

∫∫
G

xk · yl dxdy ,

where k + l is called the order of the method.

Since the image stored in the computer has discrete character, the surface integral can
be converted into a double sum. Then the formula looks like

Mk,l(G) =
∑
i

∑
j

xki · ylj · S , (5.1)

where xi, yj are taken as the center of the pixels and S is the area of a pixel. The value
of S can be chosen to be equal to 1. This means that the units are pixels, which is better
for our approach.
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The moment M0,0 (G) is equal to the area of the object G. It holds that the coordi-
nates of the centroid T of the area G are obtained as follows

TG :

[
M1,0(G)

M0,0(G)
,
M0,1(G)

M0,0(G)

]
.

The general geometric moments change with the scale change, translation and rotation.
It is working in the general system of coordinates (see Figure 5.1).

Figure 5.1: Illustration of the general system of coordinates.

Principal coordinate system

The problem with the dependency on scale change, translation and rotation is solved by
means of the following conditions:

1. Invariance for scale change: the condition (5.2) de�nes the scale on both axes

M0,0(G) = 1 (5.2)

2. Invariance for translation: the conditions (5.3) and (5.4) set the origin of the coor-
dinate system to the centroid TG

M1,0(G) = 0 (5.3)
M0,1(G) = 0 (5.4)

At this moment the coordinate system has a known origin and the scale is set on
both axes. The unknowns of the system are the axis labels, the trend of the axes,
and the orientation of the axes, ergo the rotation by angle α with respect to the
general axes (see Figure 5.2).
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Figure 5.2: Illustration of the system of coordinates with origin at the center of object G.
The red axes represent the system rotated by the angle α.

3. Invariance for rotation:

• Orientation of the axes is given by condition (5.5)

M1,1(G) = 0 (5.5)

This fact is illustrated in Figure 5.3. The moment M1,1(G)α, which is a second
order moment with dependence on the angle of rotation α, is plotted there.
Since the result ofM1,1(G)α can also be negative, the size |M1,1(G)α| is plotted
in polar coordinates (as distance from the origin) and the sign is added to
individual parts of the curve. It is quite obvious that the axes are placed at
the position where M1,1(G)α changes sign, that is, at the places where it is
equal to zero.

Figure 5.3: Plot of M1,1(G)α in polar coordinates. This is also a coordinate system
satisfying conditions (5.2)-(5.5).

• Axis labels is done by the help of unmixt second order moments M2,0(G) and
M0,2(G). According to the condition (5.6), the larger moment corresponds to
the axis x. If they are equal, the labeling does not change the results.

M2,0(G) ≥ M0,2(G) (5.6)

Similarly as before, the moments M2,0(G)α and M0,2(G)α are calculated, thus
moments that depend on the angle. Then they are plotted in polar coordinates
(see Figure 5.4). In this case, no negative values occur.
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Figure 5.4: Plot of M2,0(G)α and M2,0(G)α in polar coordinates. Moreover, it is a coordi-
nate system satisfying conditions (5.2)-(5.6).

• Trend of the axes can be obtained by calculating the third order momentM3,0(G).
The condition (5.7) indicates the trend on the x axis. Together with the con-
dition (5.2), the trend on both axes is set. If the inequality becomes equality,
the trend can be chosen in either direction.

M3,0(G) ≥ 0 (5.7)
M0,3(G) ≥ 0 (5.8)

Once again, the moment M3,0(G)α is calculated. The result may be negative,
so the size |M3,0(G)α| is plotted as distance from the origin and signs are added
to corresponding curves (see Figure 5.5).

Figure 5.5: Plot of M3,0(G)α in polar coordinates. This is also a coordinate system
satisfying conditions (5.2)-(5.7).

Condition (5.8) is additional. Together with (5.5)-(5.7), it gives us invariance for �ipping.
There might be a problem with the system de�ned by (5.2)-(5.8). This system is not
applicable when it is used in text recognition, since b and d are not the same letters (as are
p and q), but this system is taking them as the same objects. To obtain an unproblematic
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system of coordinates that is invariant to scale change, rotation, and translation, the
condition (5.8) has to be replaced by the following rule

System of coordinates is positively (clockwise) oriented. (5.9)

De�nition 5.2. The coordinate system that satis�es conditions (5.2)-(5.7) and condition
(5.9) is called the principal system of coordinates of the object G. The moments calculated
in this system are called the principal moments.

Prior the computation of the principal moments, the central moments and the nor-
malized central moments have to be de�ned.

Central geometric moments

The central geometric moments of an object G are computed relatively to a coordinate
system whose origin is at the centroid of the object and whose axes are parallel to the
axes of the general system (see Figure 5.1). Both axes have the same scale.

De�nition 5.3. Assume that centroid TG of object G has coordinates [xc, yc], then the
central geometric moment is de�ned by following formula

CMk,l(G) =

∫∫
G

(x− xc)k · (y − yc)l dxdy , respectively (5.10)

CMk,l(G) =
∑
i

∑
j

(xi − xc)k · (yj − yc)l · S, (5.11)

where xi, yj are taken as the center of the pixels and S is the area of a pixel.

The central geometric moments are invariant to translation.

Normalized central geometric moments

The normalized central geometric moments are attached to the same system of coordinate
as the central moments. The only di�erence is that the scale of this system is chosen to
be equal to 1, which means that the moment of zero order is equal to 1.

De�nition 5.4. Assume that CMk,l(G) was computed by (5.11) and M0,0(G) by (5.1),
then the normalized central geometric moment is de�ned by following formula

NCMk,l(G) =
CMk,l(G)

M0,0(G)
k+l+2

2

. (5.12)

The normalized central geometric moments are invariant to translation and scale
change.

Principal moments

First of all, the angle of rotation of the axes with the respect to the general system of
coordinates has to be computed. Assuming that the NCMk,l(G) was obtained by the
formula (5.12), the computation of αj is done as follows

αj =
1

2
arctan

2 ·NCM1,1(G)

NCM2,0(G)−NCM0,2(G)
+

(j − 1) · π
2

, j = 1, 2, 3, 4 . (5.13)
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If αj is not uniquely determined by the conditions (5.2) - (5.7) and (5.9), then the αj with
the smallest j satisfying these conditions is chosen. This αj is denoted as f .

Assume that NCMk,l(G) was obtained by the formula (5.12). Let us denote

Sf = sin f ,

Cf = cos f ,

NCMk,l = NCMk,l(G) ,

then it holds that

PM2,0(G) = C2
f NCM2,0 + 2SfCf NCM1,1 + S2

f NCM0,2 (5.14)

PM0,2(G) = S2
f NCM2,0 − 2SfCf NCM1,1 + C2

f NCM0,2 (5.15)

PM3,0(G) = C3
f NCM3,0 + 3SfC

2
f NCM2,1 + 3S2

fCf NCM1,2

+S3
f NCM0,3

PM2,1(G) = −SfC2
f NCM3,0 + (C3

f − 2S2
fCf ) NCM2,1

−(S3
f − 2SfC

2
f ) NCM1,2 + S2

fCf NCM0,3

PM1,2(G) = S2
fCf NCM3,0 + (S3

f − 2SfC
2
f ) NCM2,1

+(C3
f − 2S2

fCf ) NCM1,2 + SfC
2
f NCM0,3

PM0,3(G) = −S3
f NCM3,0 + 3S2

fCf NCM2,1 − 3SfC
2
f NCM1,2

+C3
f NCM0,3

If one need also principal moments of fourth order, read [25].

The principal moments depend only on the shape of the object G. Their geometric
interpretation is vivid nicely on moments of second order, which de�ne Legendre ellipse.

Equimomental (Legendre) ellipse

Assume that the object is displayed in the principal system of coordinates. The problem
of �nding an ellipse E that has the same geometric moments as the object, is in general,
intractable. It becomes solvable if the ellipse is taken as a homogeneous thin plate with
homogeneous density. The equimomental ellipse is then de�ned as follows.

De�nition 5.5. Assume that the object G has density equal to 1. Equimomental ellipse
to the object G is such an ellipse which has density less than or equal to 1 and which
approximates the object so that they have the same physical moments (see section 5.1.2)
up to the second order, inclusive. The size of semi-axes is calculated as

A = 2
√
PM2,0(G) , (5.16)

B = 2
√
PM0,2(G) , (5.17)

where A is semi-major axis, B is semi-minor axis and moments PM2,0(G), PM0,2(G) are
obtained from the formulas (5.14), (5.15).
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Equimomental ellipse is depicted on Figure 5.6. Since the density of E is less than or
equal to 1, the area of it is always greater than or equal to the area of the object G.

Figure 5.6: Equimomental ellipse of the object G.

The equimomental ellipse has speci�c features that can help in recognising of the
object, namely elongation and dispersion.

De�nition 5.6. Assume that the A,B are obtained from (5.16) and (5.17). Then the
elongation is de�ned as

EL = log2

(
A

B

)
.

Some results for EL are displayed in Figure 5.7.

EL=0

(a)

EL=1

(b)

EL=2 6.

(c)

Figure 5.7: The comparison of objects with di�erent elongations. On image a) a classical
circle is shown. On image b) an ellipse with axes ratio A : B = 1 : 2 can be seen and on
image c) a random object which can be approximated by equimomental ellipse is shown.

Elongation is a suitable characteristic when one has to describe the object just by one
number.

De�nition 5.7. Assume that the area of the equimomental ellipse is computed as π ·A·B,
where A,B are obtained from (5.16) and (5.17). Then the dispersion is de�ned as

DP = log2 (π · A ·B) .

The more the object di�ers from the ellipse, the more the dispersion increases. Some
results for DP are shown in Figure 5.8.
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DP=0

(a)

DP=0 1.

(b)

DP=0 7.

(c)

Figure 5.8: The comparison of objects with di�erent dispersion. On image a), there is
ellipse with axis ratio A : B = 1 : 2. On image b), there is the same ellipse but with
rounded boundary. On image c), there is random object constructed from the ellipse on
image a).

5.1.2 Introduction to physical moment theory

It has already been mentioned that there are other moments, called physical moments.
Like the geometric moments, the physical moments are also strongly dependent on the
coordinate system. Therefore, a system invariant to scale change, translation, and rotation
has to be introduced.

General physical moment

De�nition 5.8. General physical moment of the object H with known density f(x, y) is
de�ned as

mk,l(H) =

∫∫
H

xk · yl · f(x, y) dxdy ,

where k + l is called order of the moment.

As mentioned in the previous subsection, the image stored in the computer has discrete
character, so the surface integral is converted into double sum. Then the formula is as
follows

mk,l(H) =
∑
i

∑
j

xki · ylj · f(xi, yj) · S , (5.18)

where xi, yj are taken as the center of pixels, f(xi, yj) are the pixel values of object H
and S is the area of a pixel.

These moments depend on scale change, translation and rotation of the object H.
They are suitable only as characteristics, which are taken relatively to the general coor-
dinate system (see Figure 5.1).

In the same way as in the previous section, the central physical moment and normalized
central physical moment will be de�ned.

Central physical moment

The central physical moments of the object H are related to a coordinate system which
has its origin in the centroid TH of the object and whose axes are parallel to the axes of
the general system (see Figure 5.1). Both axes have the same scale.
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De�nition 5.9. Assuming that the centroid TH of the object H has coordinates [xc, yc]
and is computed using (5.18) as follows

TH =

[
m1,0(H)

m0,0(H)
,
m0,1(H)

m0,0(H)

]
.

Then the central physical moment is de�ned as

cmk,l(G) =

∫∫
H

(x− xc)k · (y − yc)l · f(x, y) dxdy ,

where f(x, y) is density of the object H in position [x, y].

Again, the surface integral can be converted to a double sum since the computer image
has discrete character. The formula is as follows

cmk,l(G) =
∑
i

∑
j

(xi − xc)k · (yj − yc)l · f(xi, yj) · S, (5.19)

where xi, yj are taken as the center of pixels, f(xi, yj) are the pixel values of the object
H and S is the area of a pixel.

The central physical moments are invariant to translation of the object. They change
with scale change and rotation of the object.

Normalized central physical moment

The normalized central geometric moments are attached to the same system of coordinate
as the central moments. The only di�erence is that the scale of this system is chosen to
be equal to 1.

De�nition 5.10. Assume that cmk,l(H) was computed by (5.19) and mk,l(H) by (5.18).
Then the normalized central physical moment is de�ned as

ncmk,l(H) =
cmk,l(H)

mk,l(H)
k+l+2

2

. (5.20)

The normalized central geometric moments are invariant to translation and scale
change.

However, invariance for rotation of the object is also required for good pattern recog-
nition. For this, the principal physical moments has to be introduced.

Principal physical moment

The principal physical moments are attached to the modi�ed principal coordinate system
desribed on pages 53 - 56. The modi�cation consists of replacing Mk,l(G) by mk,l(H).
The calculation of the principal physical moments then follows the same steps as the
calculation of the principal moments. First, the computation of the angle αj of rotation
of our axes from the general system of coordinates has to be done. Then, the αj satisfying
the condition of principal coordinate system is found and denoted as g (see formula (5.13)).
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Assume that ncmk,l(H) was obtained by the formula (5.20). Let us denote

Sg = sin g ,

Cg = cos g ,

ncmk,l = ncmk,l(H) ,

then it holds that

pm2,0(H) = C2
g ncm2,0 + 2SgCg ncm1,1 + S2

g ncm0,2 (5.21)

pm0,2(H) = S2
g ncm2,0 − 2SgCg ncm1,1 + C2

g ncm0,2 (5.22)

pm3,0(H) = C3
g ncm3,0 + 3SgC

2
g ncm2,1 + 3S2

gCg ncm1,2

+S3
g ncm0,3

pm2,1(H) = −SgC2
g ncm3,0 + (C3

g − 2S2
gCg) ncm2,1

−(S3
g − 2SfgC

2
g ) ncm1,2 + S2

gCg ncm0,3

pm1,2(H) = S2
gCg ncm3,0 + (S3

g − 2SgC
2
g ) ncm2,1

+(C3
g − 2S2

gCg) ncm1,2 + S3
g ncm0,3

pm0,3(H) = −S3
g ncm3,0 + 3S2

gCg ncm2,1 − 3SgC
2
g ncm1,2

+C3
g ncm0,3

The principal physical moments of fourth order are written in [25].

Although principal physical moments are not depending only on the shape but also
on the density of the object (thus the pixel values), their geometrical interpretations can
still be described.

Equimomental ellipse

De�nition 5.11. Equimomental ellipse of the object H is such an ellipse which has
constant density less than or equal to m (see formula (5.23)) which approximates the
object in the way, that they have the same physical moments up to the second order,
inclusive.

m =
1

n

∑
i

∑
j

f(xi, yj) , (5.23)

where (i, j) goes through each pixel of the object, f(xi, yj) is pixel value and n is number
of pixels in the object. The semi-axes of this ellipse in principal coordinate system are
de�ned as

a = 2
√
pm2,0(H) ·m ,

b = 2
√
pm0,2(H) ·m ,

where pm2,0(H) and pm0,2(H) are computed according to the formulas (5.21) and (5.22).

Equimomental ellipse of the object H is shown in Figure 5.9
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Figure 5.9: Equimomental ellipse of object H with depicted isolines, thus density level
curves.

Elongation and dispersion have similar results as in geometric moments theory, there-
fore only di�erent formulas are shown

el = log2

(a
b

)
,

dp = log2(π · a · b ·m) ,

where m is computed by formula (5.23).

Graphical outputs can be seen in Figures 5.7 and 5.8.
Thereby the introduction to moment's theory ended. In the next subsections, the

sketch of pattern recognition with geometric or physical moments is shown.

5.1.3 Pattern recognition using physical and geometric moments

In the following part, unless stated, no distinction is made between principal moments
and principal physical moments.

Pattern recognition consists of two steps:

1. Training: calculation of tolerance intervals (see De�nition 2.10) for principal mo-
ments

2. Testing: �nding out if the principal moments of the object lie in those tolerance
intervals

Training

At start, a training set of objects is needed. A su�cient set is 30 objects, but it is better to
have up to 100 objects. Then, the appropriate principal moments for the approach have
to be selected. Further, the tolerance intervals are calculated for all selected principle
moments. Since the principal moments are assumed to have normal distribution (see
De�nition 2.1), the tolerance intervals are calculated according to the De�nition 2.10.

Testing

The test of the hypothesis, that the unknown object �ts to the set de�ned by our training
set, is performed. It means, that the hypotheses is accepted if all the principal moments
(of the orders selected in the training set) are within the tolerance intervals. If any of
them lies outside the relevant interval, then the result is uncertain.
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Pattern recognition using geometric moments is independent on change of light, cam-
era, focus, etc. When the physical moments are used, one has to be aware of the depen-
dence on any variance that causes a change of pixel values. This is reason why this method
is not used very often in practise (since it is not easy to always have same conditions).

For our purpose, this should not be a problem as the photos are taken from SOHO
(se section 1.2.1). This means that the photos are always taken with the same camera,
focus, exposition etc. The only change that is di�erent on each photo is luminosity of the
sun, which could be a problem.

5.2 Usage in the �ltration

At the beginning of this chapter it was said that the moment method is used mainly as
a pattern recognition tool. The impulse noise (see De�nition 3.5) can be considered as
a pattern since it has its own speci�c features like shape, size, lightness etc. Therefore,
when �ltering impulse noise, the detection part (see subsection 4.1.1) can be replaced by
moment method, and the correction part (see subsection 4.1.2) remains unchanged.

The section below shows, if it is suitable replacement or not. The procedure shown
there is coded in our program (see Appendix A on page 121).

5.3 Implementation

In this section, we do not distinguish between principal moments and principal physical
moments, if it is not speci�ed.

5.3.1 Routine

Firstly the training set of objects has to be chosen. For that, the detection of defective
pixels is done as it is described in section 4.2. Then each continous area, which was found
by that method, is taken as separate object.

Since the shape of impulse noise in the images is well known, the usable moments
for our approach are general moment of zero order and principal moments of second and
third order. The second order moments are used for computation of the elongation of
the equimomental ellipse. All of these moments are computed and the tolerance intervals
should be calculated. Our objects however are so speci�c and small, that the intervals
degenerate to one point, ergo the intervals are only the exact value of the moments.

At this moment the objects are tested if they are impulse noise or not. As said above
the tolerance intervals degenerated to one point. Consequently the test only checks the
equivalence of the values.

Finaly, the correction of defective pixels is done by iterative method, which was de-
scribed in section 4.2.

5.3.2 Results

Firstly, the geometric moments were used for the �ltration. M0,0, PM3,0, PM2,1 and EL
were computed for each object in the training set. By the basic knowledges about the
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impulse noise, the decision tree was created for its detection. It is depicted on Figure
5.10.

The problem of the basic procedure for �ltration of impulse noise (see section 4.2) is
that it is �ltering also commonly occuring phenomena in the solar atmosphere like solar
rays and CMEs (see section 1.1.2). The �ltration improved by Moment method solves
this problem and is now far more accurate then the basic procedure. Their comparison is
depicted on Figure 5.11.

Secondly, the physical moments were computed, ergo m0,0, pm3,0, pm2,1 and el of each
object in our training set. Unfortunately it was found out, that the physical moments
are not suitable for our approach since the variance of pixel values among the images is
higher than initial expectation.
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Figure 5.10: Decision tree for detection of impulse noise using geometric moments
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(a) (b)

Figure 5.11: Comparison of the results from the detection of impulse noise. Image (a) was
obtained by implementing the basic procedure. Image (b) was obtained by implementing
the improved procedure, which is using moment's method. Testing image was captured
on March 20, 2000 at 9:06:05 by SOHO LASCO C2.
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Part III

Decomposition of the dynamical and

nearly stable part of the solar corona

from videos

67



Chapter 6

The actual state of knowledge

At the moment, there are a variety of decomposition techniques of video components.
The phase correlation is one of the simpler methods used for this purpose. It is based on
�nding the shift between two frames using Fourier transform [27].

An improvement of this method is shown in [28]. The individual frames of the video
are segmented into squares of di�erent sizes according to the estimated movement. The
phase correlation is then applied only to these segments. Another innovation, called phase
ampli�ed correlation, can be found in [29]. This method integrates the magni�cation of
the motion, resulting in sub-pixel accuracy of the shift vector.

The weakness of all methods based on phase correlation is inability to work with videos
that have di�erent motion dynamics in foreground and background since the dominant
peaks in the phase spectrum do not have to be the relevant ones. Consequently, the results
of phase correlation are not applicable without a perfect knowledge of the phenomenon in
the video and their e�ect on the shape of the phase correlation. Therefore, these methods
are limited to videos with static backgrounds only.

The concept of optical �ow is another possible way of dealing with the movement of
the objects in series of images. In [30] it is described as the distribution of the velocity of
certain elements in the series of images based on their brightness. Some of the methods
estimating optical �ow are given below

• Lucas�Kanade method based on an a�ne model of the �ow [31],

• Horn�Schunck method based on preserving the brightness and smoothness of the
�ow [31],

• Buxton�Buxton method based on the detection of edges and the motion of these
edges [32].

The disadvantage of methods based on optical �ow is the assumption of brigthness consin-
tency through the series of images. This assumption is not ful�lled in the solar observation
videos.

The running di�erence method is a well-established technique for separating compo-
nents of solar observation video [33], [34]. It is based on the subtraction of subsequent
video frames. This method has the advantage of being very easy to implement with a
clear mathematical de�nition. However, it has two disadvantages. Firstly, this method is
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sensitive to a wide variety of signals, making it di�cult to interpret the results [35]. Sec-
ondly, it shows a time derivative rather than the true CME structure, making it di�cult
to use for structural interpretation of CMEs [36]. The results are shown in Figure 6.1. It
can be seen, that the decomposed image also shows other chaotic motions in the inner
corona than the desired CMEs (see section 1.1.2).

(a) (b)

(c)

Figure 6.1: Decomposition of the solar corona from the image sequence using the running
di�erence method. The test images were taken by SDO - AIA 171 Å on April 16, 2012
a) 17:35:36 UTC and b) 17:35:50 UTC. The image c) shows the result of the running
di�erence method, the grey color represents the background, and the white and black
pixels represent the di�erent brightness levels between test images. It can be seen that
those pixels occur in the whole image, which means that this method separate all chaotic
motions in the images, not only the CME

The method known as base di�erence images addresses the issue of running di�erences
to a certain extent, as evidenced by the �ndings of [37]. The method involves selecting a
frame from the time series and using it as a reference image. The di�erences between this
reference image and each of the other frames are then computed. This process allows for
the identi�cation of whether the image returns to the background level or not. However,
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this method is limited by its sensitivity to any drift of the image with respect to the
reference. Consequently, after a certain period of time, the ability to identify smaller and
more rapid variations is reduced.

The method based on the previous two is called the running center-median �lter [35].
It calculates the di�erence between the current image and the per-pixel median of all
images falling within a given time interval of the current image. Using the median avoids
the limitations of the running di�erence and base di�erence methods described above.
The principal limitation of this method is its relative insensitivity in comparison to the
running di�erence. Indeed, this method is sensitive to transient variation from timescales
of approximately half the window width down to the frame-to-frame scale, whereas the
running di�erence is most e�ective for detecting variation at the half window width scale.

An alternative approach, multiscale wavelet decomposition, is also e�ective in revealing
CME structure [38]. It is a more sophisticated method than running di�erences, but
unfortunately it also enhances other high-frequency components, such as the edges of
streamers.

Another possibility is presented in the paper [36]. It aims to improve the automated
detection and cataloging of CMEs from coronagraphs images. The described process is
based on an iterative deconvolution in time and space that aims to isolate the CME
from the background in a white light image, resulting in separate images of the dynamic
and quiescent components of the corona. According to the authors of paper [36], one
of the limitations of this technique is that any feature in the coronagraphic data that is
not smooth in the radial and temporal dimensions, e.g. noise, will be seen in the �nal
separated CME component. Even very faint dynamical events are therefore present in
the CME component images.

The goal of this thesis is to �nd out whether the methods based on sparse represen-
tations are suitable for decomposing dynamic and nearly stable part of the solar corona
from videos. These methods are tested on images from SDO - AIA (see section 1.3). The
proposed methods are explained in the next sections.
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Chapter 7

Decomposition Techniques

7.1 Preprocessing of the data

The �rst step is to process the input data. Assume, that the input is composed of
m ∈ N consecutive images. Each image can be interpreted as the matrix of pixel values
Mi, i ∈ 〈1,m〉. The �nal matrix M, which is used in the decomposition techniques is
obtained as follows

M = [vec M1, vec M2, · · · , vec Mm] ,

where vec Mi, i ∈ 〈1, m〉 stands for the vectorization of the matrix. Now each row of the
matrix M represents values of one pixel in time.

7.2 Basic idea

Assuming that there is not any rapid movement in our video, then the columns of matrix
M are alike, so the matrix is recognized as a low-rank matrix (see De�nition 2.13). On
the contrary, if there is any movement, a few pixels per row di�er from the surroundings.
If only those pixels are kept and the rest are changed to zero, then the generated matrix
is called a sparse matrix (see De�nition 2.28). Based on these ideas the matrix M can
be decomposed to low-rank matrix L (static component) and sparse matrix S (dynamic
component) such that M = L + S. Thus the suitable methods for our purpose could be
the ones based on sparse representations. The di�erent approaches to obtain the matrices
L and S are shown in the following sections.

7.3 Median �lter method

The easiest way to decompose matrix M into the low-rank and sparse matrix is an ap-
plication of the median �lter. The classical model works with the assumption that the
columns of the matrix M are alike and the only di�erences between them are elements
of matrix S. Also assume that individual pixels have the same value in more than half
of the frames. Then, since the median is the value that halves a series of ascending data,
the background matrix L is obtained as the median over rows of M, and the matrix S is
a di�erence of M and L, i.e. S = M− L.

The primary bene�t of applying a median �lter is its ability to withstand extreme
values, which is a result of the median's inherent properties. A straightforward implemen-
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tation requiring only a few lines in nearly all programming languages further strengthens
its appeal.

One signi�cant restriction of the median �lter is that if the input data involves a large
number of moving objects, there could be more images that contain a dynamic component
than those that show the background. In such a scenario, the median acquired for each row
no longer matches the background values. Thus, the calculated background estimation is
heavily prejudiced.

7.4 Principal Component Pursuit (PCP)

7.4.1 Basics of the PCP Technique

The second method simultaneously minimizes the number of di�erent columns in the
matrix L, and also minimizes the number of nonzero elements in the matrix S. For our
dataset, this method calculates the matrices L (background) and S (dynamic component)
in parallel. In other words, it tries to minimise both the almost static motion associated
with the background and the fast motion associated with the dynamic component.

Mathematicaly speaking, the problem of decomposition M into low rank matrix L
and sparse matrix S can be written as following optimization problem

min
L,S

rank(L) + ‖S‖0 subject to L + S = M, (7.1)

since the `0 implies the number of nonzero elements of the matrix (see De�nition 2.26) and
rank corresponds to the maximal number of linearly independent columns (see De�nition
2.13). Unfortunately, both rank and `0 norm make this problem non-convex. Therefore,
it cannot be solved in feasible time.

According to [39], the low rank plus sparse decomposition (7.1) can be approximated
as a convex optimization problem (PCP)

min
L,S
‖L‖∗ + λ‖S‖1 subject to L + S = M, (7.2)

where ‖L‖∗ denotes nuclear norm of the matrix L (see De�nition 2.29), ‖S‖1 denotes `1
norm of the matrix S (see De�nition 2.24)and λ is a balancing parameter. Based on [39],
the equation (7.2) has an exact solution under the assumption that M is not both low
rank and sparse. Thus, �rst, it is necessary to ensure that the low-rank element L is not
sparse at the same time. This can be accomplished by using the so-called incoherence
conditions. Assume that the SVD of L ∈ Mm,n(R) (see De�nition 2.35) is L = UΣV∗,
with σ1 ≥ · · · ≥ σp ≥ 0. Then, the incoherence condition with parameter µ states that

max
i
‖U∗ei‖2 ≤

µp

m
, max

i
‖V∗ei‖2 ≤

µp

n
∀i ∈ 〈1, p〉

and

‖UV∗‖∞ ≤
√

µp

mn
,

where p = rank(L), ei is unit vector, ‖ · ‖2 is `2 norm (see De�nition 2.24) and ‖ · ‖∞
is `∞ norm (see De�nition 2.25). These conditions ensure that the singular vectors are
reasonably spread out for small values of µ. Another issue may arise if the matrix S,
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which is sparse, is also low rank. Hence, we will insist on the sparse matrix having its
non-zero elements distributed uniformly.

According to [39], matrices L whose singular vectors are reasonably spread can be
recovered with probability nearly one from arbitrary and completely unknown moving
patterns (as long as these are randomly distributed). Moreover it is found that there
exists an universal λ, precisely λ = 1√

ñ
, where ñ = max(m,n) for the matrix Lm,n. The

presence of this universal tuning parameter λ, represents a signi�cant advantage of the
PCP algorithm. This is because the parameter guarantees the convergence of the problem,
regardless of the matrices L and S. One disadvantage of the PCP algorithm is the high
time consumption caused by the computation of the SVD at each iteration.

7.4.2 Algorithm

The PCP algorithm is derived from Alternating Direction Method of Multipliers (ADMM)
applied to (7.2). The principle of ADMM is described for example in [40]. This method
exploits augmented Lagrangian, which for the problem (7.2) takes the form

Lµ(L,S,Y) = ‖L‖∗ + λ‖S‖1 + 〈Y,M− L− S〉+
µ

2
‖M− L− S‖2F, (7.3)

where Y is a matrix of the Lagrange multiplier, µ is penalty paramater and ‖ · ‖F denotes
the Frobenius norm (see De�nition 2.23).

The equation (7.3) can be reformulated to represent Augmented Lagrangian in its
scaled form, which is more appropriate for the following calculations.

Lµ(L,S,Y) = ‖L‖∗ + λ‖S‖1 +
µ

2
‖M− L− S + Y/µ‖22 −

µ

2
‖Y/µ‖22 (7.4)

Since (7.4) is a convex problem, the ADMM is eligible to �nd the global minimum.
The ADMM design for equation (7.4) is

L(k+1) = arg min
L

(µ
2
‖M− L− S(k) + Y(k)/µ‖22 + ‖L‖∗

)
S(k+1) = arg min

S

(µ
2
‖M− L(k+1) − S + Y(k)/µ‖22 + λ‖S‖1

)
Y(k+1) = Y(k) + µ

(
M− L(k+1) − S(k+1)

)
Proximal operators can be utilized for numerically solving convex optimization prob-

lems [41]. In the case of problem (7.2), soft tresholding and singular value tresholding
are utilized, which correspond to ‖ · ‖1 and ‖ · ‖∗, respectively. According to [17], the soft
tresholding scheme is as follows

softτ (xi) =
xi
|xi|

max(|xi| − τ, 0); τ > 0 . (7.5)

Assume that singular value decomposition of Xm,n is X = UΣV∗. The elements of Σ are
denoted as σi and the vectors of U,V∗ are denoted as ui,v

∗
i . Then, according to [17], the

singular value tresholding scheme is as follows

svtτ (X) =
n∑
i=1

softτ (σi)uiv∗i , (7.6)
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where τ is a balancing parameter. More on proximal operators can be found in [42].
Now, by using the proximal operators (7.5) and (7.6) the PCP algorithm is obtained.

(Based on [39])

Algorithm 1: Principal Component Pursuit
Result: L, S
initialization: S(0) = Y(0) = 0, µ > 0 ;
while ‖M− L(k+1) − S(k+1)‖F > δ‖M‖F do

L(k+1) = svt 1
µ

(
M− S(k) + Y(k)/µ

)
;

S(k+1) = softλ
µ

(
M− L(k+1) + Y(k)/µ

)
;

Y(k+1) = Y(k) + µ
(
M− L(k+1) − S(k+1)

)
;

end

7.5 Dynamic Mode Decomposition (DMD)

The �nal method proposed in this paper is the DMD method. It is a recent, data-
driven method, �rst used in hydro-mechanics. Since then, the popularity of this method
has grown, mainly because it is a great tool for understanding and controlling nonlinear
dynamical systems without full knowledge of them.

The main concept of DMD is to simplify the intricate workings of a system using a lin-
ear model. This allows us to extract the key modes that are responsible for its behaviour.
DMD derives these modes and their respective frequencies by taking measurements that
depict the system's behaviour across time. By analysing these dominant modes, we gain
insight into the dynamics of the system and can even predict its future behaviour. But
we're just discussing the immediate future because in most cases the imprecision gained
from DMD decomposition rises exponentially over time.

The following sections are based on [43] and [44].

7.5.1 Basics of the DMD technique

In this section, we present the method for the general base case, which involves predicting
the next step of an arbitrary system. This theoretical section is essential for the correct
application of the method to video component separation. Subsequently, in the algorithm
section, we demonstrate the adaptation to our dataset.

Assume, thatm observations were obtained in evenly spaced time instants ti, i ∈ 〈1,m〉
and each observation consists of n data points. Let us denote these observations as vectors
xi,∈ 〈1,m〉, then the following matrices can be set

X1 = [x1,x2, . . . ,xm−1],

X2 = [x2,x3, . . . ,xm].

Now, the linear operator A has to be found, such that the data from time ti are mapped
to the data from time ti+1, i.e. xi+1 = Axi. Operator A is aproximation of the Koopman
operator ([45]).

The DMD algorithm uses the operator A in such a way that it is the best representation
of X1 while the columns of

X1 = [x1,Ax1, . . . ,A
m−2x1]
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form a Krylov subspace. Thus X2 = AX1. The operator A, which has the form of a
square matrix, can then be computed in a least-squares sense as follows

A = X2X
+
1 . (7.7)

Such a calculation would be time-consuming so the SVD (see De�nition 2.35) of X1 is
used for the reduction of its dimension.

The level of reduction of the dimension is determined by the parameter r, it is chosen to
reduce the dimension as much as possible while keeping the basic structure of the system
described by X1. The singular value decomposition is calculated as follows: X1 = UΣV∗,
where U ∈ Mn,r(C), Σ ∈ Mr,r(C) and V ∈ M(m−1),r(C). The equation (7.7) can be
rewritten as

A = X2VΣ−1U∗.

The DMD algorithm uses eigenvalues of matrix A for estimation of the future behavior
of the system. This would be a long process, so the Arnoldi algorithm [46] is used to com-
pute the eigenvalues of the similar matrix Ã, since they can be taken as an approximation
of the eigenvalues of the matrix A. The similar matrix is computed with U, i.e.

Ã = U∗AU. (7.8)

The matrix of eigenvalues of Ã is denoted as Λ and the matrix of corresponding
eigenvectors is denoted as W. Then the equation (7.8) can be rewritten as

AU = UÃ = UWΛW−1,

AUW = UWΛ,

AΦ = ΦΛ,

where Φ = UW is the matrix of so called projected DMD modes. Thus the j-th DMD
mode is computed as ϕj = Uwj.

For having the option to predict the future behavior of the dynamical system, the
Fourier mods ωj have to be introduced. They are computed as

ωj =
ln(λj)

∆t
,

where λj are elements of Λ and ∆t = tj+1 − tj. Since DMD eigenvalues λj tend to be
complex, we calculate the logarithm of the complex number in polar coordinates. Then the
real part of ωj de�nes the growth and descent of DMD modes, meanwhile, the imaginary
part de�nes their oscillation.

Therefore, the DMD prediction for time t > t1 = 0 is

xDMD(t) =
r∑
j=1

bjϕje
ωjt = ΦeΩtb, (7.9)

where Ω is diagonal matrix containing the Fourier descriptors ωj and b is obtained from
the initial condition xDMD(0) = Φb, i.e. b = Φ+x1.
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7.5.2 Algorithm

Since the video is a sequence of images captured evenly in time, and each image consists
of the same amount of data points, it is straightforward to rewrite it as matrices X1,X2.
The �rst m− 1 columns of M are the matrix X1 and last m− 1 columns form matrix X2.

The formula (7.9) predicts only one step, i.e. one image ahead. To obtain the whole
video, the time vector t = [t1, t2, . . . , tm] has to be implemented. The reconstruction of
the video using DMD mode is done as follows

XDMD =
r∑
j=1

bjϕje
ωjt = ΦeΩtb. (7.10)

Again, the vector b is obtained from x1 = Φb. Thus, the diagonal matrix Ω de�nes
the changes of the �rst image in time. Any component of a video that does not change
over time, or changes very little, has a corresponding Fourier mode (ωj) near the origin
in the complex space, i.e. |ωj| ≈ 0. This property is the basic idea behind using DMD for
background/foreground separation.

Assume that for ωp, p ∈ P ⊂ R = {1, 2, . . . , r} holds |ωp| ≈ 0 and for ∀j 6= p the |ωj|
is not close to zero, then

XDMD = bpϕpe
ωpt︸ ︷︷ ︸

background

+
∑
j 6=p

bjϕje
ωjt

︸ ︷︷ ︸
dynamical part

.

The individual elements bjϕje
ωjt are complex, only the sum of all elements forms real

matrix. This is quite a problem, because only real values are usable for separation.
The problem can be solved with the property M = L + S. Since the low rank matrix
(background) looks as follows

L = bpϕpe
ωpt,

the sparse matrix (dynamical part) can be obtained as follows

S = M− |L| , (7.11)

where | · | denotes the absolute value of each element of the matrix L, since L computed
in this way may contain negative values.

The computation (7.11) may result in S containing negative elements, which is inap-
propriate since the pixel values can only be positive. Consequently, the residual matrix
R ∈ Cn×m containing the negative values of S, has to be implemented. The matrix R
is then added to |L| and subtracted from S to satisfy the property M = L + S, thus
mathematically speaking

L̃ = |L|+ R ,

S̃ = S−R ,

M = L̃ + S̃ .
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The DMD algorithm was taken and modi�ed from book [47].

Algorithm 2: Dynamic Mode Decomposition

Result: L̃, S̃
initialization: M, X1, X2, δ > 0, r > 0, Λ, Φ, L = 0;
for j = 1 : r do

if ωj < ε then
L = L + bjϕje

ωjt;
else

L = L;
end

end
S = M− |L|;
S→ R;
L̃ = |L|+ R;
S̃ = S−R;

One of the key advantages of DMD over PCP is its relatively low computational
complexity. In both techniques, the most challenging step is the computation of the SVD.
However, in DMD, this step is only performed once, which allows the DMD algorithm
to be used for real-time video separation if implemented e�ciently. The disadvantage of
DMD is high noise sensitivity. This problem is discussed in [48].

7.6 Implementation

The algorithms were implemented in MATLAB R2019b. Input data are expected to be
a series of images. These images have to be grayscale, which is ful�lled by using images
from SDO - AIA. Original images have 4096× 4096 pixels. We are using 500 consecutive
images, thus one video takes approximately 67 GB. Because of the limited size of RAM
on our computer (see Table 2 in Appendix B, page 123), only one-quarter of each image
is used, i.e. the methods are computed on segments of size 2048× 2048 pixels.

According to [22], the suitable frequency for our approach is 171 Å, since the CMEs
are most visible there. Second tested freqency is 304 Å. More informations about these
frequencies can be found in Table 1.1 in section 1.3. The methods were tested on three
videos containing CMEs, precisely videos from June 7, 2011, April 16, 2012 and October
2, 2014.

7.6.1 NAFE enhancement

According to [22], the SDO-AIA images are typically characterised by extreme contrast
between bright features in active regions and dark backgrounds containing low-contrast
structures. In order to fully exploit the information contained in these images, we pre-
processed them using NAFE (see section 3.3.2).

The output of this method can be in�uenced by three parameters, γ, ω and σ. The γ
parameter a�ects the brightness of the image. Lower values for γ result in darker images
and higher values result in brighter images. The constant ω is called the NAFE weight
and its speci�cation allows you to control the enhancement of the structures. The σ is
the standard deviation of the Gaussian distribution of the added noise. The higher the
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value of σ, the lower the amount of noise in the low contrast parts of the image. It is not
correct to suppress the noise too much because the low contrast details will be lost. The
values we have chosen for these parameters are written in the Table 7.1.

Table 7.1: NAFE parameter selection

Parameter Value
γ 2.6
ω 0.2
σ 15

The preprocessing of the data was done as a linear combination of images from our
dataset and images enhanced by NAFE. Thus, in the following way

Mnew = w ·MNAFE + (1− w) ·M,

where the value of w was chosen as 1, 0.8, 0.6, 0.4, 0.2 and 0. The images MNAFE and
M are shown in Figure 7.1.

(a) (b)

Figure 7.1: The di�erence between a) NAFE processed image and b) unprocessed image.
The images were taken by SDO-AIA 171 Å on April 16, 2012.

7.6.2 Depiction of the results

The images in MATLAB are stored in format uint8, unfortunately during the compu-
tation, the data have to be converted into format double, since the algorithms contain
subtraction and division. Therefore, the output data needs to be transformed back into
interval 〈0, 255〉.

The transformation is done as follows:

Fi,j =


B if Fi,j < B,
Fi,j −B
W −B

· 255 if B < Fi,j < W,

W if Fi,j > W,
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where F stands for matrices M, L, and S. B is 0.001-quantile from F and W is 0.999-
quantile from F.

The resulting videos lack depth, thus the accuracy of the methods cannot be su�ciently
evaluated. It is necessary to apply an image enhancement method (see section 3.3). Firstly
we tried to use the method described in [49], which is based on enhancing the images by
using the arctan function. This method was found to be unsuitable as it resulted in the
suppression of those areas of the image where signi�cant changes were occurring. It can
be reasonably assumed, therefore, that the optimal method is the one that makes optimal
use of all available brightness levels. Therefore, we have chosen to implement the adaptive
histogram equalization (see section 3.3.1). The process of histogram equalization changes
the histogram of the image to be as uniform as possible. The adaptivity of this process
is based on the progressive changing of the histogram on segments of a given size, in our
case square of size 50 pixels. Comparison between the resulting image with and without
using an adaptive histogram is shown in Figure 7.2.

(a) (b)

Figure 7.2: Comparison between a resulting image a) with and b) without using adaptive
histogram equalization. The images were taken by SDO-AIA 171 Å on April 16, 2012.

The following sections describe the particular routines and results of all proposed
methods. The evaluation of the accuracy and quality of each method is conducted ex-
clusively through visual analysis. The use of objective methods is precluded due to the
inability to precisely de�ne the correctly extracted object.

Firstly, the median �lter method is presented (the theory is described in section 7.3).

7.6.3 Median �lter method

Routine

As said in theoretical section, the implementation of this method is very straightforward.
Further, there is no need to specify the routine.
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Results

The output of the Median �lter method is one image of the background (i.e. a constant
video) and a video of the dynamic component. First, we describe the results of applying
the median �lter to videos from SDO-AIA 171 Å.

SDO-AIA 171 Å

It can be seen in Figures 7.3, 7.4 and 7.5 that this method detects also additional motions
in the inner corona besides desired CMEs, so it does not bring any improvement compared
to the running di�erence method used nowadays. Further in Figure 7.3, it can be seen
that if the vast majority of the CME motion in the images occurs directly in the solar
space and not in the solar atmosphere the method does not work at all.

(a) (b)

(c) (d)

Figure 7.3: Outcome of Median �lter method without NAFE enhancement. It shows a)
the computed image of the background (matrix L) and the b) 50th, c) 150th, and d) 250th
images from the video of the dynamic component (matrix S). The images were taken by
SDO-AIA 171 Å on June 7, 2011.
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(a) (b)

(c) (d)

Figure 7.4: Outcome of Median �lter method without NAFE enhancement. It shows a)
the computed image of the background (matrix L) and the b) 150th, c) 200th, and d)
250th images from the video of the dynamic component (matrix S). The images were
taken by SDO-AIA 171 Å on April 16, 2012.

NAFE enhancement does not improve the results. As can be seen in Figure 7.6 the
outcome is the same for w = 0 and w = 0.2. The other weights cause deterioration of the
results since the noise is now more contrast and the method evaluates it as a movement.

The computational time of this method is 18− 20 seconds.
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(a) (b)

(c) (d)

Figure 7.5: Outcome of Median �lter method without NAFE enhancement. It shows a)
the computed image of the background (matrix L) and the b) 47th, c) 127th, and d) 207th
images from the video of the dynamic component (matrix S). The images were taken by
SDO-AIA 171 Å on October 2, 2014.
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(a) (b)

(c)

Figure 7.6: Comparison of median �lter results with di�erent NAFE enhancement weights.
It shows the 250th frame from the video of the dynamic component with the used weights
a) w = 0, b) w = 0.2 and c) w = 0.4. The images were taken by SDO-AIA 171 Å on
April 16, 2012.

83



Now, we describe the results of applying the median �lter to videos from SDO-AIA
304 Å.

SDO-AIA 304 Å

It can be seen in Figures 7.7, 7.8 and 7.9 that, as before, with the 171 Å frequency this
method detects additional motions in the inner corona besides the desired CMEs. The
results shown in Figure 7.8 are practically the same as those in Figure 7.4. Unfortunately,
the other results are even worse than before.

(a) (b)

(c) (d)

Figure 7.7: Outcome of Median �lter. It shows a) the computed image of the background
(matrix L) and the b) 10th, c) 50th, and d) 90th images from from the video of the
dynamic component (matrix S). The images were taken by SDO-AIA 304 Å on June 7,
2011.

The computation time of this method is about 18 seconds. The sequence from 2011
contains only 303 images, so the computation time is less than 11 seconds, but the time
for one image is comparable.
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(a) (b)

(c) (d)

Figure 7.8: Outcome of Median �lter method. It shows a) the computed image of the
background (matrix L) and the b) 150th, c) 200th, and d) 250th images from the video
of the dynamic component (matrix S). The images were taken by SDO-AIA 304 Å on
April 16, 2012.
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(a) (b)

(c) (d)

Figure 7.9: Outcome of Median �lter method. It shows a) the computed image of the
background (matrix L) and the b) 47th, c) 127th, and d) 207th images from the video
of the dynamic component (matrix S). The images were taken by SDO-AIA 304 Å on
October 2, 2014.
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The routine and results of the PCP method are given below (the theory is described
in section 7.4).

7.6.4 PCP

Routine

The �rst step of the algorithm is a computation of the singular value thresholding. Ac-
cording to formula (7.6), it is needed to compute SVD of the (M− Sk + Yk/µ). The full
decomposition is time-consuming. The faster method is to compute the reduced SVD.
The reduced singular value decomposition is suitable for our purposes as we are solely
concerned with non-zero singular numbers and the singular vectors that correspond to
these numbers.

Further, since the singular values are always positive, it is feasible to omit the compo-
nent assigning the number sign in (7.5), i.e.

M− Sk + Yk/µ = UΣV∗

svt 1
µ
(UΣV∗) =

n∑
i=1

max(σi −
1

µ
, 0)uiv

∗
i

Since the matrix S = {si,j} has also negative numbers, the soft thresholding of its values
is computed (in Algorithm 1) as follows

set T = M− L(k+1) +
Y(k)

µ
,

then s
(k+1)
i,j =

ti,j
|ti,j|

max(|ti,j| −
λ

µ
, 0).

The PCP algorithm contains two optional parameters, namely the accuracy parameter
δ and step size µ. According to [39], the suitable choices are

δ = 10−5

µ =
mn

4‖M‖1
, for Mm,n.

Results

First, we describe the results of applying the PCP method to videos from SDO-AIA 171 Å.

SDO-AIA 171 Å

The outcome of the PCP algorithm seems to be a great improvement. It can be seen
in Figures 7.10, 7.11 and 7.12 that before the occurrence of CME, the algorithm looks
for the fastest movement so it highlights the noise in the image. During it, the noise
almost disappears and the resulting images contain only CME and few fast movements
in the inner corona. The results do not depend on the position of the CME in the video,
qualitatively we get the same results whether the course of the CME is entirely on the
Sun or extends into the solar atmosphere.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.10: Outcome of PCP algorithm with NAFE enhancement (w = 0.2). It shows
the a) 50th, c) 150th, and e) 250th frames from the matrix L. The images b), d) and f)
show the same frames of matrix S. The images were taken by SDO-AIA 171 Å on June
7, 2011.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.11: Outcome of PCP algorithm with NAFE enhancement (w = 0.2). It shows
the a) 150th, c) 200th, and e) 250th frames from the matrix L. The images b), d) and f)
show the same frames of matrix S. The images were taken by SDO-AIA 171 Å on April
16, 2012.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.12: Outcome of PCP algorithm with NAFE enhancement (w = 0.2). It shows
the a) 47th, c) 127th, and e) 207th images from the matrix L The images b), d) and f)
show the same frames of matrix S. The images were taken by SDO-AIA 171 Å on October
2, 2014.

90



For this method, NAFE enhancement improves the results. As can be seen in Figure
7.13 the best outcome is for w = 0.2. The movements in the inner corona are better
neglected for w = 0.4, but the CME in this case is not correctly separated. The other
weights cause deterioration of the results since the noise is now more contrast and the
method evaluates it as a movement.

The computational time of this method is heavily dependent on number of iterations.
One iteration takes 80 − 100 seconds. Mostly, the PCP algorithm ended after four it-
erations, so the computational time is around 350 seconds (approx. 6 minutes). The
deviation from this time occurs for the video from April 16, 2012 with w = 0.2, its com-
putational time is 10542 seconds (approx. 3 hours) and the algorithm ended after 104
iterations. The reason for this increase in iterations is the complexity of the CME on a
given video. The NAFE enhancement increased the noise in the image, thus destroying
the complexity of the CME and therefore the time was not as long for the other weights.
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(a) (b)

(c)

(d) (e)

Figure 7.13: Comparison of outcomes of PCP algorithm with di�erent NAFE enhance-
ment weights. It shows the 250th frame from the video of the dynamic component with
the used weights a) w = 0, b) w = 0.2, c) w = 0.4, d) w = 0.6 and e) w = 0.8. The
images were taken by SDO-AIA 171 Å on April 16, 2012.
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Now, we describe the results of applying the PCP method to videos from SDO-AIA
304 Å.

SDO-AIA 304 Å

It can be seen in Figures 7.14, 7.15 and 7.16 that, as before, with the 171 Å frequency the
algorithm highlights the noise in the image prior to occurence of the CME. Afterwards
the resulting images contain only CME and few fast movements in the inner corona. The
outcomes of both frequencies are therefore comparable. The white line visible in Figure
7.16 is caused by the fact that the chip on the SDO - AIA 304 Å does not have built-in
antiblooming. The method has therefore only highlighted the defect caused by the high
saturation.

One iteration takes about 100 seconds to complete. The algorithm �nished after 166
and 209 iterations for the 2012 and 2014 videos, respectively. The computation time is
thus between 4 and 6 hours. Since the 2011 video contains only 303 frames, one iteration
takes only 52 seconds, the whole algorithm �nished after 5 iterations, so the computation
time is 4− 5 minutes.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.14: Outcome of PCP algorithm. It shows the a) 10th, c) 50th, and e) 90th
frames from the matrix L. The images b), d) and f) show the same frames of matrix S.
The images were taken by SDO-AIA 304 Å on June 7, 2011.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.15: Outcome of PCP algorithm. It shows the a) 150th, c) 200th, and e) 250th
frames from the matrix L. The images b), d) and f) show the same frames of matrix S.
The images were taken by SDO-AIA 304 Å on April 16, 2012.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.16: Outcome of PCP algorithm. It shows the a) 47th, c) 127th, and e) 207th
images from the matrix L. The images b), d) and f) show the same frames of matrix S.
The images were taken by SDO-AIA 304 Å on October 2, 2014.
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The routine and results of the DMD method are given below (the theory is described
in section 7.5).

7.6.5 DMD

Routine

As with the PCP method, it is su�cient to compute the reduced SVD decomposition.
The DMD method uses two optional parameters. The input parameter ε determines the
threshold at which a given Fourier mode is still considered to be near the origin in complex
space. Based on [50], the value of ε is chosen to be

ε = 10−2 .

The next parameter to set is r, which determines the dimension reduction. It should
be chosen to capture all dominant modes. For videos with a stationary background, the
rank of the background matrix L should be 1, so the ideal choice is r = 1. The larger r
is chosen, the more error is introduced into the dynamic component. For real video, the
rank of the matrix L is unknown, so the number of dominant modes needed to capture
the behaviour of a given system is unclear. Therefore, for solar observation videos, the
maximum possible r is always chosen, i.e.

r = m− 1,

where m is the number of frames in a given video.

Results

First, we describe the results of applying the DMD method to videos from SDO-AIA
171 Å.

SDO-AIA 171 Å

The outcome of the DMD algorithm seems similar to the result of the median �lter
method. As can be seen in Figures 7.17, 7.18 and 7.19 the DMD algorithm captures also
the movements in the inner corona. It can also be seen that the background video changes
very little, in contrast to the results of the PCP method. The outcomes of this method is
the same wherever the CME is located.

Just like for the Median �lter method, NAFE enhancement does not improve the
results. As can be seen in Figure 7.20 the best outcome is from unprocessed images.
NAFE processing causes deterioration of the results because of emphasized noise.

The computational time of this method is 200− 300 seconds (approx. 3− 5 minutes).
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(a) (b)

(c) (d)

(e) (f)

Figure 7.17: Outcome of DMD algorithm without NAFE enhancement. It shows the a)
50th, c) 150th, and e) 250th frames from the matrix L. The images b), d) and f) show the
same frames of matrix S. The images were taken by SDO-AIA 171 Å on June 7, 2011.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.18: Outcome of DMD algorithm without NAFE enhancement. It shows the a)
150th, c) 200th, and e) 250th frames from the matrix L. The images b), d) and f) show
the same frames of matrix S. The images were taken by SDO-AIA 171 Å on April 16,
2012.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.19: Outcome of DMD algorithm without NAFE enhancement. It shows the a)
47th, c) 127th, and e) 207th images from the matrix L. The images b), d) and f) show
the same frames of matrix S. The images were taken by SDO-AIA 171 Å on October 2,
2014.
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(a) (b)

(c) (d)

Figure 7.20: Comparison of outcomes of DMD algorithm with di�erent NAFE enhance-
ment weights. It shows the 250th frame from the video of the dynamic component with
the used weights a) w = 0, b) w = 0.2, c) w = 0.4 and d) w = 0.6. The images were
taken by SDO-AIA 171 Å on April 16, 2012.
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Now, we describe the results of applying the DMD method to videos from SDO-AIA
304 Å.

SDO-AIA 304 Å

It can be seen in Figures 7.21,7.22 and 7.23 that, as before, with the 171 Å frequency
this method detects additional motions in the inner corona besides the desired CMEs.
Furthermore, it is evident that the method has isolated CME, but it has not captured the
entire phenomenon. Therefore, this method is unsuitable for this frequency.

The computational time of this method is around 210 seconds (approx. 4 minutes).
Since the video from 2011 contains only 303 frames, the computation time is 122 seconds
(approx. 2 minutes). However, the time per frame is the same.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.21: Outcome of DMD algorithm. It shows the a) 10th, c) 50th, and e) 90th
images from the matrix L. The images b), d) and f) show the same frames of matrix S.
The images were taken by SDO-AIA 304 Å on June 7, 2011.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.22: Outcome of DMD algorithm. It shows the a) 150th, c) 200th, and e) 250th
images from the matrix L. The images b), d) and f) show the same frames of matrix S.
The images were taken by SDO-AIA 304 Å on April 16, 2012.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.23: Outcome of DMD algorithm. It shows the a) 47th, c) 127th, and e) 207th
images from the matrix L. The images b), d) and f) show the same frames of matrix S.
The images were taken by SDO-AIA 304 Å on October 2, 2014.
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Conclusion

This doctoral thesis provides an overview of the astronomical, mathematical and image
registration background required for the decomposition of the dynamical and nearly stable
part of the solar corona from videos. Furthermore, it demonstrates the implementation
of the Moment method for the �ltration of impulse noise. The concluding section of this
thesis is dedicated to the methods based on sparse representations, namely the median
�lter method, principal component pursuit and dynamic mode decomposition.

The issue with the fundamental methodology for the �ltration of impulse noise is that
it also �lters commonly occurring phenomena in the solar atmosphere, such as solar rays
and CMEs. The �ltration improved by Moment method addresses this issue and is now
a signi�cantly more accurate approach than the basic procedure.

The median �lter is the fastest proposed method. Unfortunately, it does not perform
well for videos with di�erent movement dynamics. It successfully decomposes only videos
with static backgrounds. In other words, this method did not lead to an improvement.

The DMD algorithm gives similar results as the median �lter method, the CME is
decomposed, but the slower movements in the inner corona remain in the decomposition.
Same as before, this method did not bring any improvement either.

The PCP algorithm decomposes the video almost excellently. It separates the fastest
dynamic image component. Unfortunately, the resulting video includes motion in the
inner corona, which has the same velocity as the CME, because the velocity of the CME
is not always unique at the time the image is taken. This technique resolves the issue of
the running di�erence method primarily during the fastest CME movement. The method
yields superior outcomes compared to the state-of-the-art method. The quality of this
algorithm is redeemed by a high computational time.

The doctoral thesis ful�lls the goals set in the treatise:

• The moment method has been demonstrated to be an e�ective approach for �ltering
impulse noise. As illustrated in Figure 5.10, this method is independent of the
observer. Additionally, as shown in Figure 5.11, it minimises type II error, preserving
the CME structure.

• It has been shown that methods based on sparse representations can be used to
decompose solar observation videos. However, only the PCP method is an improve-
ment on the method currently used. This method applied to the NAFE preprocessed
data enables the clear di�erentiation of CMEs, from other phenomena within the
examined video, see Figures 7.10-7.16.

Further investigation into both noise �ltering and CME separation is worthy of con-
sideration. Potential ways for further research include:
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• Test whether the values derived from the decision tree for impulse noise �ltering
(see Figure 5.10) are applicable to probes other than SOHO.

• Determine whether additional parameter variation in NAFE will result in enhanced
outcomes for the PCP method.

• Test whether the PCP method is also applicable to other probes, including TRACE,
STEREO, Parker Solar Probe and Solar Orbiter.

• Employ machine learning techniques for the separation of CME from solar observa-
tion videos and to assess the accuracy of the results by comparing them with the
outcomes of the PCP algorithm.
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Used symbols and abbreviations

Abbreviations

CME Coronal mass ejection, see section 1.1.2 or read [7] and [8]
SOHO Solar and Heliospheric Observatory, see section 1.2.1 or read [7b]
LASCO Large Angle and Spectrometric Coronograph, see section 1.2.1 or read [7b]
FITS Flexible Image Transport System, see section 1.2.1 or read [12]
SDO Solar Dynamics Observatory, see section 1.3 or read [11b]
AIA Atmospheric Imaging Assembly, see section 1.3 or read [12b]
PDF probability density function, see De�nition 2.1 or read [13] or [14]
SVD singular value decomposition, see De�nition 2.35 or read [18]
CCD charge coupled device, read [14b]
NAFE Noise Adaptive Fuzzy Equalization, see section 3.3.2 or read [22]
PCP principal component pursuit, see section 7.4or read [39]
ADMM Alternating Direction Method of Multipliers, see section 7.4 or read [40]
DMD dynamical mode decomposition, see section 7.5 or read [47]

Symbols

N(µ, σ2) Normal distribution with mean µ and variance σ2, see De�nition 2.1
H0 null hypothesis, see De�nition 2.2
H1 alternative hypothesis, see De�nition 2.2
K generalized notion for R and C, see Remark 2.12
Mm,n(K) set of all matrices of size m× n, see Remark 2.12
Mn(K) set of all square matrices of size n, see Remark 2.12
f(x, y) digital grey scale image, see De�nition 3.1
B(x, y) bias value of each pixel, see section 3.2.1
D(x, y) dark current, see section 3.2.1
G(x, y) sensitivity of each sensor on the chip, see section 3.2.1
I(x, y) light �ux reaching the pixel, see section 3.2.1
R(x, y) noise component of image, see section 3.2.1
b(x, y) bias frame, see section 3.2.1
B̃ estimation of bias value of each pixel, or master bias frame, see section 3.2.1
d(x, y) dark frame, see section 3.2.1
D̃(x, y) estimation of dark current, see section 3.2.1
D̃∗(x, y) bias subtracted master dark frame, see section 3.2.1
DM(x, y) master dark frame, see formulas (3.2) and (3.3)
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ff(x, y) �at-�eld frame, see formula (3.4)
F̃M(x, y) master �at-�eld drame, see formulas (3.6) and (3.7)
Ḡ average of sensitivity G over whole image, see section 3.2.1
R̄ average of random element (noise) over whole image, see section 3.2.1
B̃n
x,y fuzzy neighborhood, see section 3.3.2

bk,l membership grade, see section 3.3.2
hnx,y(t) fuzzy histogram, see section 3.3.2
Hn
x,y(t) cumulative fuzzy histogram, see section 3.3.2

Cn
x,y(t) normalized cumulative fuzzy histogram, see section 3.3.2

gnx,y(t) fuzzy equalizing function, see section 3.3.2
x the pixel value, see section 4.1.1
x̄ any statistical measure of position of statistical sample, see section 4.1.1
ε constant a�ecting the level of signi�cance and power of the test, see section 4.1.1
Mk,l(G) general geometric moment of object G with order k + l, see section 5.1.1
Mk,l(G)α moment of order k + l with dependence on rotating angle α, see section 5.1.1
CMk,l(G) central geometric moment of order k + l, see section 5.1.1
NCMk,l(G) normalized central geometric moment of order k + l, see section 5.1.1
PMk,l(G) principal moment of order k + l, see section 5.1.1
A semi-major axis of the ellipse, see section 5.1.1
B semi-minor axis of the ellipse, see section 5.1.1
EL elongation of the ellipse, see section 5.1.1
mk,l(G) physical moment of object G with order k + l, see section 5.1.2
cmk,l(G) central physical moment of order k + l, see section 5.1.2
ncmk,l(G) normalized central physical moment of order k + l, see section 5.1.2
pmk,l(G) principal physical moment of order k + l, see section 5.1.2
a semi-major axis of the ellipse, see section 5.1.2
b semi-minor axis of the ellipse, see section 5.1.2
el elongation of the ellipse, see section 5.1.2
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Appendix A

Enclosed CD

The CD contains following �les:

• the doctoral thesis with active cross references

• testing images from SOHO LASCO (more of them can be obtained from SOHO)

• source code for �ltration of impulse noise

• testing images from SDO-AIA (more of them can be obtained from SDO)

• source code for separation of CMEs

• shortened versions of resulting videos (the whole videos can be obtained from author
of this thesis)
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Appendix B

Computer speci�cations

Table 2: The computer speci�cations used for the calculations.

Memory (RAM) 8× 16 GB 2666 MHz RDIMM
Processor (CPU) 2× Intel(R) Xeon(R) Gold 6140 CPU @ 2.30GHz, 18 cores,

36 threads
Graphics processor (GPU) NVIDIA Corporation GP100GL [Quadro GP100] (rev a1)

NVIDIA Corporation GP104GL [Quadro P4000] (rev a1)
Storage 2× HDD 2 TB: ATA ST2000DM001-1ER1, 2 TB

SSD 500 GB: SAMSUNG MZVLB512HAJQ-000H1
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