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Abstract: The present study utilises the extended finite element method (XFEM) to model
fibre-reinforced composites, with a focus on crack initiation and propagation. Silicon nitride-
based ceramics were selected as a model material; they represent a broad class of short fibre
ceramics and have received a lot of attention in recent decades. Some peculiarities when
using the XFEM, including its selected modifications, are discussed in response to applied
external stresses, mainly in the viscoelastic range. Promising approaches are recommended,
which lead to a more accurate description of these materials under operating conditions,
focusing on the correct calculation of the macroscopic stress ahead of the propagating
crack front. The authors draw on years of experience with the material and investigate the
possible improvements and modifications to the XFEM.

Keywords: fibre composites; crack initiation and development; computational modelling;
extended finite element method (XFEM)

PACS: 62.20.mt; 46.50.+a; 02.70.Dh; 02.70.Bf

1. Introduction
The concept of fibre-reinforced composites covers a wide class of modern constructive

materials, well-known for their considerable strength and stiffness, frequently exploited in
both building and mechanical engineering, namely, in various types of engineering struc-
tures, in the automotive, maritime, and aerospace industries, and in sport goods production.
They consist of fibres from various materials, such as steel, glass, carbon, aramid, etc., in-
cluding natural (plant, animal, or mineral) source fibres and fibres coming from waste and
recycled materials. The mechanical, thermal, etc., properties of such composites depend
on those of the following: (i) their fibres, considered as some discontinuous or dispersed
phase; (ii) their matrix as a certain continuous phase, which is usually a cementitious one
in most building composites, or a ceramic one where ceramic fibres are embedded in a
ceramic matrix again; (iii) a set of interphase regions, usually addressed as the interface.

The behaviour of material samples, the structural parts of whole structures under
mechanical, thermal, etc., loads, is conditioned by the relevant active physical (and maybe
also chemical, biological, and other) processes. The fundamental thermomechanics con-
servation principles of mass (linear and angular), momentum, and energy, as defined
in [1], supplied by some constitutive relations, with material parameters for engineering
calculations obtained from some sufficiently simple and well-arranged experiments, cf. [2],
is the foundation of this paper. A crucial characteristic for the durability of structures based
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on fibre-reinforced composites, needed in the design phase of any fibre-reinforced com-
posites already, is some reasonable quantitative estimate of the danger of (1) the initiation
of microscopic fractures and (2) the development of macroscopic cracks, leading to total
destruction. The prevailing mechanisms of (1) and (2) depend on the choice of (i), (ii), and
(iii). Following the classification of [3], (a) a ductile fracture involves remarkable plastic
deformation at the crack tip, whereas (b) a brittle fracture initiates with little or no plastic
deformation there, which can rapidly result in the passage from (1) to (2). Moreover, (c) a
quasi-brittle fracture can be characterized by two distinguishable stages, (1) and (2), as
follows: micro-cracks develop, grow, and join together, resulting in macro-cracks. Exam-
ples of (a) are steel-based and nickel-based superalloys; examples of (b) are fibre-polymer
composites or various ceramic materials, as well as rock massifs; and examples of (c) are
most cementitious composites, such as steel fibre-reinforced concrete.

The prediction of the development of deformation and stress fields in test specimens
and, subsequently, in real structures is based on the above-mentioned physical formula-
tions, which are simplified for the design of a computational model based on practical
experience. This leads to the numerical solution of partial differential equations with the
appropriate initial and boundary conditions. Their solutions, except for some artificial
benchmark cases, are rarely available in analytical or semi-analytical form, namely, as sums
of the appropriate infinite series. Therefore, some weak or variational formulations of such
equations (or their systems) are needed. Following [4], Chapter 8, a typical computational
approach then couples the method of discretisation in time (of Rothe sequences), or its
certain simplification for a quasi-static case, with some modification of the finite element
method (FEM), as some variant or improvement of the extended finite element method
(XFEM), formulated by [5]. The rapid development of such methods, in recent years, is
documented in [6], where the phantom node version of the XFEM in [7] is confronted with
that of [8], working with a user-defined crack front zone, open to 3D dynamical simulations.
For the relations of such approaches to cohesive zone modelling, useful for fibre-reinforced
composites, cf. [9]. Alternatively, one can start with the Fourier multiplicative decomposi-
tion of the unknown solution (method of lines) and come to the same or similar algebraic
systems, generated by FEM / XFEM again. For the exploitation of fundamental solutions of
particular elliptic problems, see [10]. For modern insights into the theory and practice of a
rather wide class of meshless methods cf. [11]. However, this apparently simple technique
introduces serious difficulties both in the formal mathematical theory of the existence,
uniqueness, or so-called weak solutions, including the convergence of sequences of ap-
proximate solutions in finite-dimensional spaces, and in the design of robust and efficient
computational algorithms with reliable results for engineering applications, which can
often be considered as conflicting requirements. Consequently, regardless of the 25 years
of development of such modelling and simulation mathematical and computational tools,
including software implementations, a lot of open problems and challenges for deeper
analysis persist in this research area.

All considerations in this article will reduce such a wide research scope to some pecu-
liarities with using the XFEM, including its selected modifications to the above sketched
analysis, with emphasis on the remarkable research progress in the last several years, which
is not covered by clearly structured review articles. After this introduction, Section 1,
Section 2 summarises the necessary physical preliminaries for the above sketched compu-
tational techniques. Section 3 is devoted to the overview of XFEM-based approaches. In
the context of this, Section 4 presents some illustrative examples from the research practice
of the authors. Section 5 then suggests some recent XFEM-motivated methods and their
relationships to the previous methods. Section 6 summarises all the results, including the
highlighted directions for further research.
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2. Physical Preliminaries
Silicon nitride-based ceramics, which include a wide class of short fibre ceramics and

have garnered significant interest in recent decades, have been chosen as a model material
because of their exceptional room and high-temperature features. They demonstrate grain
bridging, which increases toughness and strength. The prediction of crack development
through interface elements has been investigated using a quantitative damage model
and the fracture mechanics strategy with a cohesive zone model utilising the XFEM. For
contemporary bearing applications, ceramics like silicon nitride Si3N4 have been accepted
as the best candidate. However, we should consider the severe working conditions that
must be tolerated, such as high temperatures, corrosive environments, and rolling, in
locations where, throughout service, the elements are exposed to significant cyclic contact
stresses [12].

It is commonly known that appropriately adjusting the microstructure depends on
the practical application and operating conditions, which can significantly improve the
characteristics of ceramics. More specifically, Ref. [13] showed how the fracture toughness
of silicon nitride could be changed by modifying the grain shape, among other things.
Similarly, the influence of boundary phase manipulation and the effect of grain bridging
on the strength and toughness is shown in [14]. Enhancing the fracture resistance of
ceramics requires an understanding of the nature of crack formation in ceramic materials
and how they relate to the behaviour of the resistance curve (R curve) [15]. Recently,
however, it has been shown that these mechanisms fall short in explaining the significantly
increasing fracture resistance curves (R curves) observed for some materials [16]. Innovative
approaches for determining bridging stresses [17] have also been proposed.

The special element implementation responds to damage (cohesive elements) or
the XFEM with traction separation law for crack growth modelling, introducing the so-
called “damage mechanics”. Both principles are similar; the origin can be found in the
contact elements and in the vanishing elements, and the new surface is created. A realistic
description of the material characterising the behaviour of a given composite is realised by
means of a traction separation law, describing the local damage predicted by the total strain
energy. New special models published in recent years can then be found in the literature
for laminates, composites, long-fibre composites, etc. The physical interpretation of the
cohesive zone is still a subject of discussion, even though cohesive zone modelling has
been used for more than 20 years. Due to its almost negligible thickness and size, this
zone may not be completely consistent with traditional fracture mechanics procedures.
Characteristics of the actual cohesive zones (T, δ0, J0), as sketched by Figure 1, can be
derived by the strain and stress analysis in narrow bands. Since the cohesive model is a
phenomenological model, there is no evidence of which form is to be taken for the cohesive
law. Thus, the cohesive law has to be assumed independently of the specific material,
as a model of the separation process. Most authors take their own formulation for the
dependence of the traction on the separation. With unloading constantly going back to the
origin, the T-δ response maintains an irreversible trajectory.

One of the best ways to guarantee adherence to the experiment and prediction is to
simulate damage using composites based on an understanding of the key micromechanisms.
These fundamental micromechanisms then characterise the damage when the fracture
spreads in the composite, in a direction perpendicular to the reinforced fibre or grain, as
follows: matrix cracking, delamination of interface fibres (grains) and matrix, fibre (grain)
cracking, and pull out. Predicting the behaviour of the contact between the matrix and the
fibre (grain) is the crucial issue. The determination of fracture toughness, fracture strength,
and overall fracture behaviour is greatly influenced by this interaction.
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Figure 1. Crack tip growth based on the cohesive zone model.

From a micromechanical perspective, each component has a unique microstructure
that results from the representative volume element (RVE) method. The cohesive element
describes and determines material separation and damage. In this way, we divide material
behaviour into two areas that are very different from one another. Both the cohesive model
and the fracture mechanism, which are schematically depicted in Figure 1, illustrate how
cracks propagate through an element. When simulating fracture growth and fragmentation
in metals, polymers, and ceramics, cohesive models are frequently employed.

In order to perform a general constitutive modelling of materials, whose fracture can
be explained by cohesive cracking, the following three key components must be defined:
(1) The stress–strain behaviour of the material as characterised by traditional constitutive
modelling when cohesive cracking is absent. (2) The initiation criterion, which establishes
the orientation of the newly created cohesive fracture and the circumstances under which a
crack forms. (3) The cohesive crack’s evolution rule, which links the relative displacement
between the crack lips to the stresses transmitted between its faces.

All cohesive laws share a few common characteristics as follows: (a) they consist
of two material parameters δ0 and T0, and (b) stress falls to zero with material damage,
T(δ > δ0) = 0 for normal and tangential separation (this criterion is not precisely reached
for all cohesive laws). The energy spent by the cohesive law is defined by the area below
the traction–separation curve, whether in a tangential or normal direction. Figure 2 shows
a schematic diagram for the composite. From a numerical point of view, it is visible that
this shape of the traction–separation law is the source of instabilities, and the numerical
solution is going to diverge. A leading edge up to the peak stress reflects the Dirac function.
Smoothing techniques away from the singularity are needed for ∆u = 0, respectively, and
the strength J0 is introduced. Crack creation and extension can be forecast with fracture
mechanics if a correlation between the bridging stress σbr and fracture energy is identified.

Version April 11, 2025 submitted to Materials 3 of 15

contemporary bearing applications, ceramics like silicon nitride Si3N4 have been accepted 89

as the best candidate. However, we should consider the severe working conditions that 90

must be tolerated, such as high temperatures, corrosive environments, and rolling, in 91

locations where, throughout service, the elements are exposed to significant cyclic contact 92

stresses [12]. 93

It is commonly known that appropriately adjusting the microstructure depends on 94

the practical application and operating conditions, which can significantly improve the 95

characteristics of ceramics. More specifically, Ref. [13] showed how the fracture toughness 96

of silicon nitride could be changed by modifying the grain shape, among other things. 97

Similarly, the influence of boundary phase manipulation and the effect of grain bridging 98

on the strength and toughness is shown in [14]. Enhancing the fracture resistance of 99

ceramics requires an understanding of the nature of crack formation in ceramic materials 100

and how they relate to the behaviour of the resistance curve (R curve) [15]. Recently, 101

however, it has been shown that these mechanisms fall short in explaining the significantly 102

increasing fracture resistance curves (R curves) observed for some materials [16]. Innovative 103

approaches for determining bridging stresses [17] have also been proposed. 104

Broken cohesive Cohesive Cohesive
elements traction T(δ) separation δ

Crack

δ ≈ δ0

Cohesive zone

Continuum

Figure 1. Crack tip growth based on the cohesive zone model.

Bridging effect

Figure 2. Shape of the traction separation law.

The special element implementation responds to damage (cohesive elements) or 105

the XFEM with traction separation law for crack growth modelling, introducing the so- 106

called “damage mechanics”. Both principles are similar; the origin can be found in the 107

contact elements and in the vanishing elements, and the new surface is created. A realistic 108

description of the material characterising the behaviour of a given composite is realised by 109

means of a traction separation law, describing the local damage predicted by the total strain 110

energy. New special models published in recent years can then be found in the literature 111

for laminates, composites, long-fibre composites, etc. The physical interpretation of the 112

cohesive zone is still a subject of discussion, even though cohesive zone modelling has been 113

used for more than 20 years. Due to its almost negligible thickness and size, this zone may 114

Figure 2. Shape of the traction separation law.



Materials 2025, 18, 1787 5 of 16

At every location within the bridging zone, the bridging law, expressed as σ = σ(δ),
remains identical. Grain damage starts immediately in the case of shock loading; therefore,
it is necessary to suppose that there is a defining opening δ0 that establishes the point at
which the bridging effect disappears. Despite the fracture resistance curve (R curve or
J-δ curve), the bridging law, such as the material characteristic, is accepted. Using the J
integral on the crack surface and the crack area to partition the fracture energy results in

J =
∫ δ∗

0
σ(δ)dδ + JTIP

where the JTIP denotes the J integral assessed around the crack tip (while cracking is
equal to the fracture energy of the tip, J0); see Refs. [18,19] for significantly more detail on
similar integral classes. The bridging zone subsequently releases the entire energy, and the
maximum opening of the bridging zone at the notch root is δ∗. The bridging law is then
determined as

σ(δ∗) = ∂JR(δ
∗)/∂δ∗

where the value of the J integral during the fracture growth is denoted by JR. The bridging
stress is absent from the fracture at first, and the initiation occurs when JR = JTIP = J0. We
can find specific versions of the bridging law in Ref. [20]. The following formula can be
used to characterise the shape of the bridging law, as follows: the steady-state value of
fracture energy is determined at the bridging zone’s end

JR(δ
∗) = J0 + ∆JSS(δ

∗/δ0)
1/2 .

The cohesive rules can be implemented in a variety of ways within the commercial standard
FEM package. The authors’ extensive knowledge of the ABAQUS system makes it possible
to integrate material alterations to this package in a highly effective way, which ultimately
affects the structure of the traction separation law. The function

σbr(δ) =
∆JSS
2δ0

(δ/δ0)
−1/2

is described in the literature as being quite practical for use on composites. Additional
details are available in [16]; in particular, the model application benefited from the bridging
stress prediction. An impulse stimulation approach has been used on the set of samples in
order to measure the elastic modulus. Two directions, perpendicular to the compressing
direction and in the pressing direction, were examined. Because EA = 293.07 GPa and
EB = 293.83 GPa, the degree of anisotropy in elastic modulus values is quite low (around
1 GPa). Poisson’s ratio has been determined to be 0.283. The typical fracture surface can
found in Figure 3, and the procedure for peak stress determination (for traction separation
law) for two similar materials Si3N4 can found in Figure 4. A detailed view of the short
crack is provided in Figure 5. For good prediction, it is important to find the real value of
peak stress σ0. The exact determination of the peak stress for the traction–separation law is
absolutely necessary in the case of lower values of fracture toughness.

Data presented in Table 1 were obtained via the above-mentioned procedures for
fracture toughness determination and are shown in Figure 6; after calibration, we can
obtain Figure 7. Modified new approaches are well explained in [21,22].

Some views from electronic, atomistic, microscopic, mesoscopic, micromechanics,
mesomechanics, etc., scales, as discussed in [23], Chapters 5, 6, and 7, are provided in
great detail, namely, for a certain supercomputer-supported scale bridging approach for
crack propagation in a brittle specimen in Part 7.10. Although such an expensive approach
is impossible for standard XFEM-based computations, some recent approaches coupling
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mesoscopic and macroscopic scales for various fibre-reinforced composite structures, rely-
ing on certain combinations of discrete element and finite element techniques, are presented
in [24,25].
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Table 1. Data for the determined bridging law.

J0 ∆JSS ∆u2 ∆uc ∆u1 ∑ J ∑ K
Material [J/m2] [J/m2] [mm] [mm] [mm] [J/m2] [MPa m−1/2]

A 16.4 29.6 0.0125 0.15 0.050 46.0 3.82
B 8.6 38.2 0.0125 0.25 0.075 46.8 3.86
C 20.2 58.2 0.0200 0.30 0.082 78.4 4.99

Figure 3. Fracture and original surfaces of the typical silicon nitride composite; optical micro-
scope snapshots.

Figure 4. Peak stress determination for two selected modification of the silicon nitride composite.

Figure 5. Detailed view of the crack part, true length is 45 µm, measured via the optical microscopy.

Table 1. Data for the determined bridging law.

J0 ∆JSS ∆u2 ∆uc ∆u1 ∑ J ∑ K
Material [J/m2] [J/m2] [mm] [mm] [mm] [J/m2] [MPa m−1/2]

A 16.4 29.6 0.0125 0.15 0.050 46.0 3.82

B 8.6 38.2 0.0125 0.25 0.075 46.8 3.86

C 20.2 58.2 0.0200 0.30 0.082 78.4 4.99
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Figure 6. Crack tip opening displacement (CTOD): experimental data versus crack length.

Figure 7. Bridging law after calibration procedure for materials A, B, C.

3. Mathematical Modelling and Computational Implementation
From such numerical methods, ref. [26] has garnered the most attention for the new

numerical method based on FEM, which led to the development of a method later re-
ferred as XFFEM. It also allows for the elegant alleviation of remeshing by representing
discontinuities and singularities in the function space, as was mentioned previously.

In the meantime, the local enrichment occurs according to a priori skills, producing
a highly precise solution. Such an enrichment function design, especially on the crack
front, is rather delicate; for more details on the development of the related numerical
methodologies, including the practical computational formulae, cf. [27,28]. Because of all
these exceptional qualities, the XFEM has become well known in the industrial community
and has been integrated into a number of commercial software programs (such as ABAQUS
2024, ANSYS 2024 R2, etc.).

Due to the relevance of the evaluation of damage risk in several engineering and
applied research areas, the development of modified finite element and similar techniques
for such evaluations has its own history, whose origin dates back to the end of the twentieth
century. For the remarkable progress in the last 30 years, one can compare surveys from the
pioneering period [26,29] with those from the last several years [30,31], regardless of their
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limitations to special classes of composites, especially for fibre-reinforced composites [32,33],
enriched by the exploitation of machine learning [34].

From a historical point of view, one can distinguish, in addition to the standard FEM
techniques, criticised for their difficult applications to cracked domains, several slightly
different methods, such as the partition of unity FEM (PUFEM) in [35], generalised FEM
(GFEM) in [36], classical (extrinsic) extended FEM (XFEM) in [37], and intrinsic version of
FEM (without increasing DOFs (degrees of freedom)) in [38]. For a comparison of these
approaches, see [39], and for the classification of their various modifications and for some
concurrent approaches presented in the last decade, cf. [40].

The idea of crack initiation, closing, opening, and development, based on a certain class
of traction separation laws, motivated by [41], microstructurally, is elaborated in [20,42].
Nevertheless, these approaches rarely deal with fibre-reinforced composites, where crack
initiation and development is possible (i) at (a priori known) matrix - particle interfaces,
(ii) inside a matrix, and (iii) inside some fibres. The first step for the detailed analysis of the
damage in fibre-reinforced composites is the proper evaluation of strains end stresses in all
their components. In Refs. [43,44], this relies on certain viscoelastic material computational
models. The second step is the proper incorporation of (i), (ii), and (iii), using the XFEM,
together with some version of the method of discretisation in time, or its certain quasi-static
simplification. For several examples of such incorporation attempts, see [45–48].

4. Illustrative Examples
The indentation technique was used to examine the fracture behaviour of small cracks,

as is shown in the left-hand side of Figure 8, and this test was modelled using the FEM
and XFEM techniques. Indentation tests are the basis for characterising the mechanical
properties of both the surface layer itself and the entire system and the surface of the base
material. The principle consists of penetrating the test specimen, the indenter, into the
material under examination and subsequently determining the degree of deformation of
this material. In this case, a diamond tetrahedral pyramid with an apex angle of 136° is used
as the indenter (hardness test). By applying different indentation loads, this technology
made it possible to observe the behaviour of cracks, both while they are starting and when
they are spreading. A typical example of an imprint and the corresponding cracks is shown
in Figure 8 (right figure).

Figure 8. Indentation technique: schematic diagrams and indenter impression.

The example is solved as a 2D symmetric problem in the area the expected crack
growth XFEM elements are used (5000). For the energetic description of the material
behaviour, the traction separation law obtained by the calibration procedure on 3PB bodies,
as described in the previous sections, in Table 1 and Figure 7, is used. The total number
of elements exceeded 90,000, but similar results were practically obtained on a mesh for
45,000 elements, see Figure 9.
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Figure 9. Mesh used; 90,000 elements with a minimum size 0.5 µm.

A detailed description of the crack propagation process may be found in Figures 10 and 11.
The indenter is pushed into the matrix and the crack opens, which describes the displace-
ment and stress in the opening directions. To obtain the value of the J integral, it was
necessary to create a post-processing procedure in MATLAB 24.2 that allows working with
incomplete elements. The following Figure 12 shows the calculation results represented by
the J-R curves for the material configurations A and B. At the same time, there are regions
for the standard bilinear traction separation law and regions that include the bridging effect.

Using cohesive zone modelling, crack nucleation and propagation for short cracks in
the range of 10–100 µm were performed. Fracture behaviour was successfully modelled
for different silicon nitride grades by optimising the traction separation parameters. Addi-
tionally, the XFEM was successfully applied and provided good results when the bridging
effects were not strong (i.e., for longer cracks).

Figure 10. Displacement u1 and stress σ11 distribution for a crack length of 20 µm.
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Figure 11. Equivalent Mises stress. The maximum value is about 7.103 MPa, and the crack length is
about 10 µm.

Figure 12. XFEM J-R curve prediction for the standard traction separation law and for the bridging
cohesive model, material A and B.

A precise determination of the separation curve’s shape yields a J-R prediction; at the
very least, meticulous experimental procedures are required to determine the maximum
stress σ0. Numerical oscillation is most likely the cause of early real bridging, as evidenced
by the smaller displacement values obtained after crack initiation. The ability to forecast or
model the behaviour of fibre composites has become crucial since their introduction into
technical practice. In addition to solving novel or altered processes, including the existence
of solutions, numerical approaches also require that the modelling outcome be distinctly
closer to reality. The issue is that a large portion of the input data are estimated, which
raises the possibility of an incorrect prediction.

Approaches based on micro scales can be broadly categorised, as in our example, by
the multiscale approach, based on the Representative Volume Element (RVE). An RVE is a
typical sample of a heterogeneous material that is both significantly smaller than the size
of the macroscopic structure and large enough to include enough microheterogeneities to
be representative.

5. Modifications of the Finite Element and Similar Techniques and
Promising Generalizations

Improving the FE approximation basis is one way to enhance the FEM’s performance
while using piecewise polynomials to represent singularities, high gradients, or difficulties
with oscillatory solutions. It is demonstrated that when piecewise functions are used
without enrichment functions, the FE approximation’s rate of convergence is significantly
slower than when the approximation basis is enhanced with them. However, the insertion
of enrichment functions to approximate the displacement field near the singularity may
damage the band structure of the stiffness matrix and lead to an ill-conditioned system.
The following two primary needs are met by the enrichment functions that are added to
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the standard finite element approximation in the XFEM formulation: first, they provide
instruction about where the interface should be located within the function space, and
second, they provide the possibility to incorporate details regarding the solution’s known
asymptotic behaviour nearer to the interface. Therefore, the kind of solution behaviour ex-
pected close to the interface specifies the ideal enrichment function for a specific application;
see a simple example in Figure 13.
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Figure 11. Equivalent Mises stress. The maximum value is about 7.103 MPa, and the crack length is
about 10 µm.

Figure 12. XFEM J-R curve prediction for the standard traction separation law and for the bridging
cohesive model, material A and B.

x

d=∥x − x∗∥

nΓd ΩA
φ(x)>0x∗

ΩB Γd
φ(x)<0 φ(x)=0

Figure 13. Enrichment function realization: φ(x) = ∥x − x∗∥ sgn (nΓd ·(x − x∗)) is used for the local
creation of the Heaviside function, where x∗ is the closest point projection of x onto the discontinuity
Γd, nΓd refers to the normal vector to the interface at point x∗, and ∥x − x∗∥ specifies the distance d of
point x to the discontinuity Γd.
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creation of the Heaviside function, where x∗ is the closest point projection of x onto the discontinuity
Γd, nΓd refers to the normal vector to the interface at point x∗, and ∥x − x∗∥ specifies the distance d of
point x to the discontinuity Γd.

The further development of the XFEM and the related methods is stimulated by the
progress in both (i) theory and practice of numerical approaches and (ii) throughput of
computers and their systems. Although a robust, reliable, and effective approach for a large
class of damage problems is still missing, some advanced approaches for special problems
could be inspiring, even for the case of fibre-reinforced composites. Namely, the XFEM
enrichment strategies, including some practical convergence considerations, are developed
in [49] for hydraulic fractures, e.g., brittle fractures, whose propagation in pre-stressed solid
media is induced by the injection of a viscous fluid. The improved XFEM (IXFEM), coming
from the comparison of the original XFEM and its intrinsic modification by [38], introduced
by [50], tries (i) to suppress some ill-conditioning issues of both these approaches, (ii) to
avoid additional DOFs in crack tip enrichments to support the optimization of mass
lumping in dynamic calculations, and (iii) to improve contact boundary treatments at
all interfaces. A modification of the XFEM for both 2D and 3D problems, is presented
in [51,52]. Using global enrichment together with pointwise and integral matching of
variables introduced on standard and enriched elements, it aims to derive (if possible)
well-conditioned, stable, and optimally convergent algorithms. Ref. [53] demonstrates
the computational combination of diffuse damage with discrete crack, with potential
applications to quasi-brittle materials. Some mathematical convergence considerations for
the XFEM can be found in [54]. The upgrade of the XFEM in [55] combines the approach
of [50] with the level set templated cover cutting method (LSTCCM) of [56]. The regularized
XFEM (RXFEM) was proposed by [57] to admit arbitrary intersecting 3D cracks, owing
to a novel hierarchical enrichment algorithm. Another approach in Ref. [58] combines
the XFEM with the multiscale FEM (MsFEM) framework for the analysis of debonding in
fibre-reinforced composites.

The formal mathematical theory of the existence of some reasonable (variational, weak,
etc.) solutions in infinite-dimensional function spaces and the convergence of sequences
of approximate solutions in finite-dimensional ones still contain a lot of open questions
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and research challenges. However, this is nothing surprising for anybody acquainted
with the history of the FEM. Its proper mathematical analysis for 2D elliptic model prob-
lems dates back to [59,60] (regular families of triangulation) and [61,62] (quasi-regular
families of triangulation), whereas successful computations for significant engineering
applications are at least 15 years older, as documented by [63] (published with a certain
understandable delay).

The quasi-static approach of [64] for a viscoelastic body, supporting the combination
of micro- and macroscopic fracture, cf. [53], avoids the deeper analysis of the quality of
the convergence of the XFEM (or a similar method), decomposing an original parabolic
problem to a sequence of elliptic problems (still in an infinite-dimensional Sobolev space),
using the method of discretisation in time, motivated by the backward Euler method
(and its semi-implicit modification), and the convergence properties of Rothe sequences
in appropriate Bochner–Sobolev spaces. The approach of [65,66] shows the possibility of
extending such results to fully dynamic computations, where an originally problem must be
considered as hyperbolic. Unlike these analyses, the approach of [67] goes seemingly back
to the application of the GFEM and a relatively simple 2D Poisson problem, but its stable
GFEM (SGFEM) guarantees the optimal order of convergence, whereas its conditioning is
comparable with that of the standard FEM. The solution of the 2D problem in [68] shows
an a priori error estimate for the usual XFEM with a fixed enrichment region as a basis for
optimising the XFEM calculations. However, such considerations are limited by a priori
knowledge of the allowed crack locations and propagation directions, which simplifies most
mathematical proofs but may be inconsistent with the actual physical processes for which a
reliable engineering computational interpretation is required. Unfortunately, all attempts
to remove such formal mathematical assumptions lead to the much more complicated
formulations, not covered by [4] (where the Lipschitz continuous boundary is needed) for
Sobolev spaces with generally cracked domains, like [69]. Some useful results, at least for
a class of model elliptic interface problems, can be found in the recent study [70], based
on the combination of the XFEM with the virtual element method (VEM), as introduced
in [71,72].

More details on domains containing cracks—the most convergence results for the
XFEM and comparable approaches, including the identification of corresponding limits of
sequences of approximate solutions with weak solutions of original initial and boundary
value problems for partial differential equations in some reasonable sense—have been
(i) derived for simple geometrical configurations, typical for simulations of laboratory
experiments, where both the location and the direction for the propagation of a single
crack (see, e.g., Figures 10 and 11) or a small number of expectable cracks can be guessed
a priori, (ii) or suggested for as an experimental a posteriori error check, with possible
controlled remeshing. Unfortunately, the proper mathematical theory for more complicated
configurations cannot make use of the existence and convergence results for quasilinear
problems from [4], formulated for Lipschitz continuous domains and extensible only
to domains composed of a finite number of Lipschitz continuous domains, or domains
satisfying the so-called cone property, without serious difficulties. For domains with
propagating crack systems, the results of [73,74], together with [69] should be extended
and implemented properly, which would require a separate study, beyond the scope of
this article.

6. Conclusions
Cohesive zone models can be utilised to explore how various material properties,

particularly fracture toughness, interact with the local microstructure. The material curve,
which reflects the material microstructure, determines the shape of the J-R curve more than
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the traction separation law. The crack growth modelling for fibre composites has also been
tested via the modified XFEM, and knowledge and practical experience with the usage of
a cohesive approach for ductile and brittle fractures have been acquired. The notions of
classical fracture mechanics have been applied to the modelling of the process of fracture.

Researchers have focused more on interface issues, in recent years, and have put
forward a number of numerical techniques to resolve these issues. One of the most popular
techniques for resolving interface issues is the finite element method (FEM). The FEM can
be divided into two major types as follows: the interface-fitted FEM and interface-unfitted
FEM, depending on whether the mesh fits the interface or not. The interface-unfitted FEM
has grown in popularity because creating a high-quality interface-fitted mesh is difficult
and time-consuming, especially when the interface changes over time, or the problem
includes complex geometry. T. Belytschko et al. initially proposed the extended finite
element method (XFEM); this an interface-unfitted FEM and is still under development.

The extended finite element method (XFEM), a powerful tool for structural mechanics,
facilitates the development of mechanically enhanced buildings by giving engineers and
designers a thorough understanding of how a material structure reacts to stresses. The
XFEM approach shows the extraordinary links between material topology and fracture
behaviour in engineered materials by improving unexpected fracture toughening mech-
anisms such as crack deflection and branching. Despite its widespread use, case studies
involving XFEM require a thorough revision that emphasises applications, rather than the
numerical modelling technique.

The results of the numerical modelling and simulation of the response of deformable
bodies and media to external loads with emphasis on their damage behaviour, based on the
XFEM and its recent modifications, including the analysis of fibre-reinforced composites,
show the advantage of such an approach. The methods are connected with the possibility
of advanced adaptive choices for the basis functions, reflecting real physical processes,
active on existing and new interfaces. However, the formal mathematical analysis of the
convergence of such sequences of approximate solutions still leaves some open questions
that are not covered by the lemmas and theorems from the standard functional and numeri-
cal analysis. Moreover, such analysis is also influenced by the fact that most computational
approaches work with a certain set of both geometrical and physical simplifications, moti-
vated by the selected micromechanical considerations, whereas complete data for suitable
scale bridging models, introduced by [23], are not available.

With a focus on highlighting the most recent XFEM research, the application of the
XFEM in material design has been shown and discussed, and a quick summary of its appli-
cations in other areas has been mentioned. The review can continue with a discussion of
the limitations of the XFEM and a summary of its potential applications in applied material
science research, including the combination of the XFEM and machine learning methods.

Three categories can then be used to group the latest techniques and algorithms for
composites’ progressive damage as follows: (i) trying to produce directly verifiable results,
(ii) material input parameters for precise finite element simulations, and (iii) quantifying
uncertainty. This discussion elaborates on the existing limitations, difficulties, and future
advancements pertaining to machine learning for the progressive damage of composites.
It must be acknowledge that to achieve solid agreements between the experiment and
modelling results, this often depends more on understanding the physical processes in the
given material. Improvements in the numerical methods can be seen in the application of
the XFEM to solving dynamic problems in the area of very fast processes.
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published version of the manuscript.
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62. Křížek, M. On semiregular families of triangulations and linear interpolation. Appl. Math. 1991, 36, 223–232. [CrossRef]
63. Turner, M.J.; Clough, R.W.; Matrin, H.C.; Topp, L.J. Stiffness and deflection analysis of complex structures. J. Aeronaut. Sci. 1956, 23,

805–823. [CrossRef]
64. Vala, J.; Kozák, V. Computational analysis of quasi-brittle fracture in fibre reinforced cementitious composites. Theor. Appl. Fract.

Mech. 2020, 107, 102486. [CrossRef]
65. Vala, J.; Kozák, V. Non-local damage modelling of quasi-brittle composites. Appl. Math. 2021, 66, 815–836. [CrossRef]
66. Vala, J. Numerical approaches to the modelling of quasi-brittle crack propagation. Arch. Math. 2023, 59, 295–303. [CrossRef]
67. Zhang, Q.; Babuška, I.; Banerjee, U. Robustness in stable generalized finite element methods (SGFEM) applied to Poisson problems

with crack singularities. Comput. Methods Appl. Mech. Eng. 2016, 311, 476–502. [CrossRef]
68. Nicaise, S.; Renard, Y.; Chahine, E. Optimal convergence analysis for the extended finite element method. Int. J. Numer. Meth. Eng.

2011, 86, 528–548. [CrossRef]
69. Chandler-Wilde, S.N.; Hewett, D.P.; Moiola, A. Sobolev spaces on non-Lipschitz subsets of Rn with application to boundary

integral equations on fractal screens. Integr. Equ. Oper. Theory 2017, 87, 179–224. [CrossRef]
70. Zheng, X.; Chen, J.; Wang, F. An extended virtual element method for elliptic interface problems. Comput. Math. Appl. 2024, 156,

87–102. [CrossRef]
71. Mascotto, L. The role of stabilization in the virtual element method: A survey. Comput. Math. Appl. 2023, 151, 244–251. [CrossRef]
72. Chen, Y.; Sun, D.; Perego, U.; Li, Q. Brittle crack propagation simulation based on the virtual element method and Jk-integral

fracture criterion. Eng. Fract. Mech. 2025, 314, 110684. [CrossRef]
73. Burenkov, V.I. Sobolev Spaces on Domains; Teubner: Leipzig, Germany, 1998.
74. Cianchi, A.; Maz’ya, V.G. Sobolev inequalities in arbitrary domains. Adv. Math. 2016, 293, 644–696. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1016/j.cma.2024.116791
http://dx.doi.org/10.1016/j.cma.2023.116045
http://dx.doi.org/10.1002/nme.7653
http://dx.doi.org/10.1016/j.engfracmech.2024.110216
http://dx.doi.org/10.24033/msmf.12
http://dx.doi.org/10.1007/BF02161362
http://dx.doi.org/10.1051/m2an/197610R100431
http://dx.doi.org/10.21136/AM.1991.104461
http://dx.doi.org/10.2514/8.3664
http://dx.doi.org/10.1016/j.tafmec.2020.102486
http://dx.doi.org/10.21136/AM.2021.0281-20
http://dx.doi.org/10.5817/AM2023-3-295
http://dx.doi.org/10.1016/j.cma.2016.08.019
http://dx.doi.org/10.1002/nme.3092
http://dx.doi.org/10.1007/s00020-017-2342-5
http://dx.doi.org/10.1016/j.camwa.2023.12.019
http://dx.doi.org/10.1016/j.camwa.2023.09.045
http://dx.doi.org/10.1016/j.engfracmech.2024.110684
http://dx.doi.org/10.1016/j.aim.2016.02.012

	Introduction
	Physical Preliminaries
	Mathematical Modelling and Computational Implementation
	Illustrative Examples
	Modifications of the Finite Element and Similar Techniques and Promising Generalizations
	Conclusions
	References

