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Abstract

There is a natural connection between the finite sums of the reciprocals of the
squares of the cube roots of positive natural numbers and two definite integrals. By
using the differences between the sums and the integrals are formed in a natural way
two sequences of real numbers converging to the same finite limit. We completely
determine the monotonicity character of the sequences which are obtained by
convex combinations of the two sequences, in an elegant way. We also present an
interesting result about monotonicity character of a real function on the interval
[1,+00), which is used in the proof of the main result.

Mathematics Subject Classification: Primary 40A05; secondary 52A41
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1 Introduction and preliminaries
Let N={1,2,3,...}, Z be the set of integers, N; = {j € Z :j > s}, s € Z, R be the set of real
numbers, and

. ale-1)---(a—k+1)
k= k! ’

where o € R and k € Ny, where we regard that 0! = 1.
Recall that a sequence

(an)neNs C R (1)

is monotone, if it is monotone on the whole domain of definition of indices, that is, on the
set N;, and that it is eventually monotone if it is monotone on a proper subset N; of the
domain. The following papers and books: [1-4, 8, 9, 12-18, 21, 23, 25-31, 37-39], among
other things, deal with such sequences, including some eventually constant sequences.
Some of the sequences in the references are given by some recursive relations, that is, by
difference equations, whereas some of them are given by some explicit formulas or are
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described in some other ways. The investigation of their monotonicity strongly depends
on the ways how they are given or described.

Determining eventual monotonicity of the sequence in (1) is a simpler task than the
problem of determining its monotonicity character on the whole domain N;. We will
demonstrate this fact also in an example below.

Our deep analysis of the problem proposed in [37] showed that it is sometimes possible
to give a complete picture about the monotonicity character of the convex combinations

of some sequences, more precisely, of the known sequences ([12, 18, 19, 25]):

1 1 1
X = + doeee b —
KTkl k+2 pk
and
1 1 1 1
=—+ + oot —,
M=k k1 T kr2 pk

for k € N, with p = 2 and p = 3 on their whole domains.

This fact was a bit unexpected for us, and was proved in [33]. Therein can be also found
many remarks, as well as applications of the Hermite-Hadamard inequalities ([10, 11, 17]).
A solution to the problem in [37] can be also found in [38].

A natural question is whether or not this fact is something which is an isolated case, or
there are other pairs of sequences of real numbers for which it is possible to give a complete
picture about the monotonicity character of their convex combinations. It should be also
noticed that it is not so rare that sequences are studied simultaneously in pairs (see, for
instance, the pairs of sequences in [2, 5-7, 9, 14, 15, 18, 20-22, 24, 25, 28, 29, 32, 33, 35—
38]).

The sequences

1 1
ay=l+—x=+---+

3/22 3/}/[2

1
by=1+—=+---+

1
V22 Jn?

- 3\3/_! (2)
-3Jn+1, (3)

for n € N, looked as some good prototypes for dealing with the above-mentioned prob-
lem. They are concrete and some basic results about them are known [12]. They can be
obtained, for instance, from the following sequences, which have been considered consid-
erably for a long time ([15, 18, 25, 39]):

n n n n+l
an(h) = h(j) - / h()dt, ba(h) =Y h(j) - f h(t)dt, n €N,
0 =) 0

=1
with

h(t) = —. (4)
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From (2) and (3), we have

ay —by =3(Yn+1-n)
= 3 >0
YA 2+ Yr Dn+ S

(5)
forneN,

1 3 3
an+1—an:\g/ﬁ—3(vn+l—«/ﬁ)

1 3
V17 17+ Y D S
Yo Dn = s 124 P = v 1P
TV DA s D2+ Ylar D s )

for n € N, and

bn+1—bn W—S(VVI‘F \/I’l‘l' )

1 3

TV Ymr 2P+ Ymr ) D+ St 12
\/(n +22 -+ 12+ Y+ )+ 1)— J(n+ 1)2
\/(n + DA +22+ S+ + 1)+ J(n+ 1)2)

for n e N.

Hence, (a,)nen is strictly decreasing, whereas (b,),en is strictly increasing, and both
sequences are bounded, so convergent.

Letting n — oo in (5) we get

lim a, = lim b, = a”, 6)
n—00 n— 00
for some a* > 0.

We study here the sequences
cg) =Aa,+(1-2M)b,, neN, (7)

for A € [0,1]. It should be noticed that due to (6), ¢ ( ) converge to a*, but this fact does not
tell us practically anything about their monotonicity.

As we have mentioned determining the eventual monotonicity is a simpler problem than
the problem of describing the monotonicity on the whole domain. One of the reasons
for this is the fact that we can apply some known asymptotic formulas in dealing with
the eventual monotonicity (see, for instance, some of the problems on real sequences in
[15, 18, 25]).

Using the well known formula

(L+8)* =1+ Co+ Cy£* + C362 + O(th)
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as t — 0 ([15, 18, 39)), it follows that

qu):r)l - CE;L) =Map — an) + (1= 2)(bys1 — by)
1 3 3 3 3
= - 3(Wn+2-vn+ D +3x(¥n+2-2vn+1+¥n
J(n+1)2 ( )
1 1\-23 1\ 173 9\ 1/3
_3n2<1+;> —3&((2A—1)(1+;) +(1—A)(1+Z) —)\)

1 (1 2 5 40 O( 1 ))
= ——t——-——+0(=
32 3n 9n2 81md n*
1 1 5 1
3 —_—— — — —
3ﬁ((2x 1)(1 t et o(n4))

a )\)(1 2 4 40 O( 1 )) )
+(1- t———+—+0(—)) -
3n 9?2 81u® n*
1-21 301 -20 1
=358 T o7, (,,111/3)‘ (8)

Relation (8) shows that ¢/” is eventually increasing for A € [0, %), and eventually decreas-
ing for 1 € (3,11.

For A = %, from (8) we get

5 1
/2y a2 _ _
Cnet "6 =T w t O(,,,n/s)’

so, ¢ is eventually decreasing.

Thus, cﬁ,’\) is eventually decreasing when A € [1/2,1], and it is eventually increasing when
A € [0,1/2). However, from these facts we cannot conclude almost anything about the
monotonicity character of ¢ on the whole domain.

In the section that follows we give a complete picture about the monotonicity character

of the sequences (c(,,l))neN for each value of the parameter A belonging to the interval [0, 1].

2 Main results
Here we first present a nontrivial lemma, which is employed in the proof of our main

theorem. The lemma is one of the most important parts of the proof.

Lemma 1 Counsider the function
JE+22+ A+t + D) -2+ 1)?

Jt+22+ YT+ 2+ D) - S+ Di- Ve

" Jt+12+ Y&+ i+ V2
J(t +1)2 ’

fort € [1,+00). Then, g is strictly increasing on [1, +00) and also the following relation holds

g =

)

. 3
lim g(¢) =—.

t—+00 2

(10)
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Proof Let
a(t):= vt
b(t):= vt +1, (11)
o(t) =Vt +2,

then we have
A -b3) =) -a’(t) =1, (12)

fort > 0.
By using some algebraic calculations, as well as (11) and (12), it follows that

(c*() + c(®)b(t) - 2b*()(B*(¢) + a(t)b(¢) + a*(t))

T B + c(Db(E) — alt)b(t) - (D))

__ (@@®) +ct)b(t) - 2b°(2) (1 NLON <@>2)
c2(t) + c(t)b(t) — a(t)b(t) — a*(t) b(t) \b(t)

__ () = b)) + 2b(2)) (1 L AD (@ )2)
(c(t) = a(t))(c(t) + a(t) + b(2)) b(t)

&)

b(t)

(c(t) + 2b(D)(2(t) + c(D)a(t) + a(t)) (1 a(t) (a(t))2>

~2alt) + b(D) + D)) + bt + )\ b | \b(r)

@) +2b(0)c () + a(t)c*(8) + 2a(t)b(E)c(t) + a*()c(t) + 2a*()b(t)
T E3(t) + 2b(E)(E) + 2b2(0)c(t) + b3(t) + a(t)cA(t) + a(t)b(t)c(t) + a(t)b(t)

1 a(t) a(t)\2
S50 Go)) "
Since the function
a®) _ j; _ jl 1
bt) Verl Vo t+1

is positive and strictly increasing for ¢ > 0, so is also the function

a(t) (a(t) )2,

"bo " \bo)

from which along with (13) it is enough to prove that the function

(1) + 2b()A(t) + a(t)2(t) + 2a()b(t)c(t) + a>(E)c(t) + 2a%(H)b(t)
3(8) + 2b(t)c2(t) + 2b%(t)c(t) + a(t)c®(t) + a(®)b(t)c(t) + a(t)b2(t) + b3(¢t)

(14)

is positive and strictly increasing for ¢ > 0.
The positivity of the function in (14) follows from the positivity of the functions in (11).
Let A(t) and B() be the numerator and the denominator of the function in (14), respec-
tively. Then, by using some calculations, (12) and the relation

B(t) = (a(t) + b(t) + c(®))(c*(t) + c(®)b(t) + (1)),
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we have

A0
B(®)

=1
=1

=1

(2025) 2025:122

A(t) - B(t)
B(®)
N a(@®)b(t)c(t) + a*(t)c(t) + 2a>()b(t) — 2b*(t)c(t) — a(t)b?(t) — b3(t)
B(2)
. (a(®) = b)) (b(£)c(t) + c(t)(a(t) + b(b)) + a(t)b(t) + b(t)(a(t) + b(1)))

B(t)

_ (b(®) - a(t)(2b(E)c(t) + a(t)e(t) + 2a(B)b(t) + BA(2)
B(t)

. b2(t) + 2b(t)c(t) + a(t)c(t) + 2a()b(t)

=1

BO)(*(8) + b(ta(t) + a*(2))
1

Bt)(1+ 42 + (%)2)

2

b(t)e(t)(a(t) + b(t) + c(t))(1 + % + (%)2)(1 + ]Zg—g + (%)2)

1 2
ﬂ(t)(m + @)

b(O)e(t)a(t) + b(®) + c(t)(1 + 42 + (42)) (1 + X0 4 (X0)%)

Further, we have

a(t)

b(t)c(t)(a(?) + b(t) + c(2))

Jt

- JE+DE+ (St +Vt+1+ Tt +2)

1

3 3/ t+1)2(t+2) |, 3/ (t+1)(t+2)?
«/(t+1)(t+2)+\/ - +\/ .

1

FE+1)(E+2 +\7t2+4t+5+%+\7t2+5t+8+%

Let

2
hl(t)::t2+4-t+5+;

and

4
ho(t):=t> +5t+8 + 7

Since

, 2
I()=2+4- 5 >4,

for t>1, and

, 4
() =245 >3,

(15)

(16)

(17)

(18)
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for t > 1, we see that the functions /; and /4, are strictly increasing for ¢ > 1, from which
it follows that the function in (16) is strictly decreasing for ¢ > 1.
Using this fact, the fact that the function

L LS A
ct) Vie+2 )

as well as the functions a(t), b(t) and c(¢) are strictly increasing for ¢ > 0, from relation

(15) it follows that the function in (14) is strictly increasing for ¢ > 1.

Finally, we have

) , al®) , nal® b®) , a2 , oa®) bt)

lim ¢(t)= lim L+200+ o Y2 T 20 T 220 @
8 T A T k0 | S P0 PO, aw) , e bo) |, aw) B0
c(t) 2@ T B ot T o) ct) T ) A

1 a(t) a(t)\2 _3
X5(1+M+(Wt)>>—§, (19)

since

aity . b@) . a(®)
im — = lim — = lim — =1,
t—+00 () t—=+o0 ¢(t) t—+o0 b(t)

which is very easily verified by some well known methods, completing the proof of the

lemma. O

Remark 1 We did not show the monotonicity of the function g(¢) defined in (9) by us-
ing the standard method of differentiation, since the calculation of the derivatives of the
function looked even more complicated, than the method that we have used in the proof
of Lemma 1. It is expected that the first part of Lemma 1 can be also proved by using the

differentiation. We leave the problem to the interested reader as an exercise.
Remark 2 It is interesting that the monotonicity of the functions /; and /4, on the interval
[1, +00) can be proved without using the derivatives, that is, without using the inequalities

(17) and (18), so that there is an elementary way for proving the strict monotonicity of the

function in (9). Indeed, we have
2 2
hy(t) = hy(s) =t> + 4t +5+ = — (32+4s+5+ —)
t s
:(t—s)(t+s+4—z)>4(t—s), (20)
ts/
for t,s € [1,+00), and
4 4
hy(t) — ho(s) =t> + 56+ 8 + — — (32+53+8+ —)
t s
:(t—s)(t+s+5—é)>3(t—s), (21)
ts/

for every t,s € [1, +00).
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If t > s, then from (20) and (21) it follows that
hi(®) > hi(s) and  hy(t) > ha(s),
that is, the functions /; and /4, are strictly increasing on the interval [1, +00), as claimed.
Now we are in a position to formulate and prove the main result in this paper.

Theorem 1 Assume that ) € [0,1], (c(,,M)neN is given in (7), and
Ak =g(k)/3, ke No, (22)

where the function g is defined in (9).
Then, the following statements hold.
(a) Assume A € [1/2,1], then (cﬁ,}‘))neN is strictly decreasing.
(b) Assume A € [0, A1), then (CQ))%N is strictly increasing.
(c) Assume A = A1, then (cgf)),quz is strictly increasing and c(l)‘) = c(;).
(d) Assume A € (Ak, hiy1) for some k € N, then (c(,,)\)),,d\],”1 is strictly increasing and eV is
strictly decreasing for 1 <m <k + 1.
(e) Assume A = Agyq for some k € N, then (c;'\))neNk+2 is strictly increasing, C§<A+)1 = cﬁ)z,

and ¢ is strictly decreasing for1 <n <k + 1.

Proof Using some calculation, it follows that

CE/,}:.)l - CE/,)L) =)\(an+1 - ﬂn) + (1 - )")(bn+1 - bn)

1
= 3(Wn+2-Vn+1

Tt 1 (Vn+ n+1)
+3A(Vn+2-Vn+1-(Vn+1-In)
R 3
_\3/(n+1)2 Jn+2)2+ Y+ 2)n+ 1)+ (n+ 1)

1
3
' (\3/ m+22+ Jm+2)m+ D)+ I+ 1)

1
e D2+ Y D+ f)
~ Jn+22+ I m+2)(n+1) -2 (n+1)2
Vn+ D2+ 22 + S+ D+ D+ J(n+ 172)
. 3)\(3/(;4 Tn+ vt -Jn+22 - Jm+2n+1)
Jn+22+ I m+2)m+ 1)+ J(n+1)>2

1
8 Jm+12+ I (m+ D+ «3/11_2)
=I,(g(n) — 34), (23)

Page 8 of 12



Stevic et al. Journal of Inequalities and Applications (2025) 2025:122 Page 9 of 12

for n € N, where

Jn+ 22+ Y+ D+ D) - S+ Dn -
Jn+22+ I m+2)mn+ 1)+ J(n+1)?

n=

1
X —> nel
Jn+12+ Y+ Dn+Vn?

Note that

I, >0, (24)

for everym e N.

(a) By using Lemma 1, we have that

gt)<3/2 for t>1. (25)

From (23), (24) and (25), it follows that

3
cfffl - cE}) =1,(g(n)-3x1) <1, (g(n) - 5) <0,

for A € [1/2,1] and #n € N, that is, (c;'\)),,eN is strictly decreasing in this case.
(b) Since A € [0, A1),

and the function g is strictly increasing for ¢ > 1, from (23) and (24), it follows that
P~ ) = I (g(n) - 33) > I, (g(l) - 3x) >0,

for n € N, that is, (c;k)),,eN is strictly increasing in this case.
(c) Since

and the function g is strictly increasing for ¢ > 1, from (23) and (24), it follows that
il = e = 1,(@(m) — 310) = 1, (¢2) - 331) > L (g1 - 331 ) =0,

for n € N, that is, (c(,,k))neN2 is strictly increasing, and since
SV — Y = [(g(1) - 34y) = 0,

we have

(1) _ (1)
o V=cy .
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(d) Since A € (A, Ais1) for a fixed k € N, and the function g is strictly increasing for ¢ > 1,
from (23) and (24), it follows that

¢ — e = Lig(m — 3 = 1, (gk + 1 = 31) > L (g(k + D = Biier ) =0,

for n € Ni, 1, that is, (c;'\)),,eNk+1 is strictly increasing, and since

P~ ) = I (g(n) - 33) <1, (g(k) - 3x) <1, (g(k) - 3xk) -0,

for 1 < n <k, we see that the sequence is strictly decreasing for 1 <n <k + 1.
(e) Since A = A1 for afixed k € N, and the function g is strictly increasing for ¢ > 1, from
(23) and (24), it follows that

R _ (e 2 1 (g(1) - Bhge1) > Iy (g(k - sxm) -0,

for n € Ni,,, that is, (CE{U)%NM is strictly increasing, since
A ) = 1 (@0n) = Bkn) < (8K + 1) = Bk ) =0,

for 1 <n <k, we see that the sequence is strictly decreasing for 1 <n < k + 1, and since
cegt = eV = I (gl + 1) = 334) = 0,

we have

(A1) _ (ks1)
k+2 T %k+1

finishing the proof of the theorem. d

Remark 3 Note that the results in Theorem 1 include all the possible cases for the param-
eter A belonging to the interval [0, 1]. Indeed, since

by Lemma 1 we have that the sequence is strictly increasing. Employing (10), we have

1
lim )\k = —.
k—+00 2

From this, it follows that

Ui een = [ 1), 26)
2
k=1

The case (a) deals with A € [1/2,1], whereas the case (b) deals with A € [0,1;). Due to
the fact in (26), the other cases in Theorem 1 deal with A € [Al, %), from which the claim
follows.
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Remark 4 One of the reasons why we have chosen the function in (4) in this investigation,
beside the fact that it is a good prototype, is based on the fact that we have managed to de-
termine the behaviour at infinity and the monotonicity character of the function g defined
in Lemma 1 on the domain [1, +00), which naturally occurs in the proof of Theorem 1. In
the case of the other functions of the form /,(¢) = t%, where o € (0,1) \ {1/2}, some other
methods must be used which are more technical than the ones which are employed in the
case « = 2/3 (the case « = 1/2 has been considered recently in [34]). This makes the cor-
responding investigations in the other cases more complex. Even if we take the function
h34(t) instead of the function in (4), we have not managed to modify the proof of Lemma 1
to get the corresponding monotonicity result up to this moment. It is expected that this
can be done, but it needs a lot of calculations and clever tricks, related to the ones in the
proof of Lemma 1, to get the corresponding monotonicity result. Besides, if this is done,
the proof will be, in a way, exotic, and also it will be difficult to generalize in the case of
general «. Generally speaking, as far as we can see, to get such a result is a highly nontrivial
technical problem which needs some deeper investigations of the included functions.
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