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Abstract 

This doctoral thesis deals with residual stress determination and residual fatigue lifetime 

estimation of the sizable component. As a representative of the sizable components, the railway 

axles are used. Determining the entire residual stress field in sizable components is problematic 

in industrial conditions. Therefore, a new methodology is developed and used for the residual 

stress determination of the induction hardened railway axle. The developed methodology uses  

X-ray diffraction measurement for the surface residual stress determination and numerical 

simulations for the original residual stress field determination. Each piece of equipment 

is commonly present in industrial R&D laboratories. The residual stress effect is then 

implemented in the residual fatigue lifetime estimation procedure developed at the Institute 

of Physics of Materials of the Czech Academy of Sciences. Results showed no surface crack 

propagation after the induction hardening surface treatment. Therefore, residual fatigue lifetime 

is estimated for three quenched railway axles. Estimations are compared with experimentally 

tested railway axles. A significant improvement in the estimation has been achieved by including 

the residual stress effect in the residual fatigue lifetime estimation. The present work further 

deals with the sizable component analysis based on the damage-tolerant approach. That means 

the determination of the critical stress concentration position and estimation of the crack 

position; experimental determination of the fatigue crack growth curves; stochastic residual 

fatigue lifetime estimation in order to include the effect of the variability of the data. Results 

obtained in this work can be used for the inspection interval assessment of the cyclically loaded 

components with the residual stress. 
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Abstrakt 

Tato disertační práce se zabývá stanovením zbytkového napětí a odhadem zbytkové únavové 

životnosti rozměrné součásti. Jako zástupce rozměrných součástí jsou použity železniční nápravy. 

Určení celého pole zbytkových napětí v rozměrných součástech je v průmyslových podmínkách 

problematické. Proto je vyvinuta nová metodika, která je použita pro stanovení zbytkového 

napětí indukčně kalené železniční nápravy. Vyvinutá metodika využívá rentgenové difrakční 

měření pro stanovení povrchového zbytkového napětí a numerické simulace pro stanovení 

původního pole zbytkového napětí. Jednotlivé vybavení se běžně vyskytují v průmyslových 

laboratořích výzkumu a vývojově. Vliv zbytkového napětí je pak implementován do postupu 

odhadu zbytkové únavové životnosti vyvinutého na Ústavu fyziky materiálů Akademie věd ČR. 

Výsledky ukázaly, že po povrchové úpravě indukčním kalením nedochází k šíření povrchových 

trhlin. Proto byla odhadnuta zbytková únavová životnost tří klasicky kalených železničních 

náprav. Odhady jsou porovnány s experimentálně zkoušenými železničními nápravami. 

Výrazného zlepšení odhadu bylo dosaženo zahrnutím vlivu zbytkového napětí do odhadu 

zbytkové únavové životnosti. Tato práce se dále zabývá analýzou rozměrných součástí na základě 

přístupu přípustných poškození. To znamená určení polohy kritické koncentrace napětí a odhad 

polohy trhliny; experimentální určení křivek růstu únavových trhlin; stochastický odhad zbytkové 

únavové životnosti s cílem zahrnout vliv variability dat. Výsledky získané v této práci lze použít 

pro posouzení intervalu kontroly cyklicky zatěžovaných součástí se zbytkovým napětím. 
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1 Introduction 

When designing a component of critical structures, the presence of a crack-type defect is often 

conservatively considered. The presence of the crack itself does not necessarily mean a failure 

of the component. The crack can originate in a manufacturing process or can occur during 

operational conditions. However, knowing of residual lifetime of components is crucial for the safe 

operation of the structure. Design of such parts where the failure of one component means failure 

of the whole system is often based on a damage-tolerant approach. The damage-tolerant considers 

crack presence in critical positions of the component. During the component design process, deciding 

whether the crack will propagate during structure operation (during cyclic loading, environmental 

conditions, etc.) is necessary. In the first case, regular inspections and their conditions (methods, 

intervals, critical spots, limit values, etc.) should be suggested. It is necessary to know 

the component's residual fatigue lifetime to specify a regular inspection timeline. Regular inspections 

ensure the safe operation of the component; however, they are usually very costly. 

An underestimation of residual fatigue lifetime increases operational costs, while overestimation 

of residual fatigue lifetime may lead to tragic consequences. However, residual fatigue lifetime 

estimation requires a lot of data to be known. Initial and final crack size, material behaviour, 

and total loading conditions are the most critical ones. 

 
Figure 1 Examples of some typical ways in which residual stress is developed in engineering materials [1] 

Determining the initial crack length goes hand in hand with selecting the non-destructive testing 

method for defect detection. The initial crack length is mostly set based on the probability of defect 

detection for the used method and application. The dimensions of the component influence 

the determination of the final crack length. Material behaviour needs to be determined 

experimentally on the testing samples in the laboratories. External loading conditions are nowadays 

inspected by the numerical methods loads (e.g. finite element analysis), or they can be measured  

in-situ. However, internal loads such as residual stress are often unknown. The residual stress is 
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a consequence of most manufacturing processes. Important are mainly after welding, casting 

processes or surface heat treatment, see Figure 1. Knowing a component internal stress state is 

an essential initial condition for correctly estimating a residual fatigue lifetime. However, residual 

stress determination in sizable components is costly and time-consuming. Therefore, 

using conventional methods (like neutron diffraction) in the industry for residual stress 

determination in sizable components is rarely performed on a regular basis. The “new age “methods 

(like the contour method or deep hole drilling) are meant to be less time-consuming. However, 

specialized equipment necessary for such method performance is still costly for regular use 

in the industry.  

Therefore, an original methodology for residual stress determination and its effect on residual 

fatigue lifetime will be shown in the present work. Thanks to the ongoing project of the Institute 

of Physics of Materials, the Czech Academy of Sciences, the methodology developed will be directly 

used in a new railway axle design process.  
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2 Theoretical background 

2.1 Fracture Mechanics – Stress Intensity Factor 
In the case of linear elastic fracture mechanics (LEFM), the stress field near the crack front can be 

described by the following equation [2]: 

𝜎𝑖𝑗 =
𝑘

√𝑟
𝑓𝑖𝑗,𝑙(𝜃) + ∑ 𝐴𝑡  𝑟

𝑡
2 𝑔𝑖𝑗

(𝑡)

∞

𝑡=0

, (1) 

where σij is the stress tensor, r and 𝜃 are polar coordinates, fij,l is the dimensionless shape function, 

k is constant which is related to the stress intensity factor (SIF or K) (𝑘 = 𝐾 √2𝜋⁄ ). For higher-order 

terms, At is amplitude, and gij
(t) is the dimensionless shape function for tth term. The coordinate 

system is defined at the crack tip, as shown in Figure 2. The elastic solution shows a singular stress 

field near the vicinity of the crack tip (for 𝑟 → 0), because first term is proportional to 1 √𝑟⁄ . 

Therefore, only this first term of eq. (1) is usually used to describe the stress field close to the crack 

tip because other terms are negligible for 𝑟 → 0. In some cases, the second, constant term is also 

used. 

 
Figure 2 Stress components near crack tip a) cartesian coordinate system b) polar coordinate system [3] 

Among the first who investigated solutions for the stress field near the crack were Westergaard [4], 

Irwin [5], Sneddon [6], Paris and Sih [7], and Williams [8]. Griffith [9], [10] was the first who proposed 

the theory that failure occurs when energy release rate G reaches its critical value GC. Irwin [5] 

introduced the SIF and proposed that failure occurs when the SIF reaches its critical values KC. 

In the LEFM, there is a direct relation between the SIF K and the energy release rate G: 

𝐺 =
𝐾2

𝐸′
   

for plane stress: 𝐸′ = 𝐸

         for plane strain: 𝐸′ =
𝐸

1 − ν2

, (2) 

where E is Young's modulus, and ν is the Poisson ratio. Therefore, the energy and the SIF approaches 

are essentially the same for the linear elastic material and two-dimensional solution. 

A crack in the component can be loaded in three basic ways, see Figure 3. Mode I is the opening 

mode caused by the tensile loading, Mode II is the in-plane shear mode caused by the shear loading, 

and Mode III is the out-of-plane shear mode caused by the shear loading as well, but 

in the perpendicular direction, as shown in Figure 3. It is possible to load the crack in any 

combination of these three modes, which is called mixed-mode loading [11]–[13].  
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Figure 3 Modes of crack loading [14] 

The SIF magnitude is dependent on the applied load, the crack length, and the geometry of the body 

with the crack. The SIF can be expressed as 

𝐾𝑙 = 𝜎√𝜋𝑎 𝑌𝑙 (
𝑎

𝑊
), (3) 

where σ is the far-field applied stress, a is the actual crack length and 𝑌𝑙 (
𝑎

𝑊
) is the function 

corresponding to the component geometry [15]. 

For the LEFM, individual components (corresponding to different loads, e.g. thermal and mechanical) 

of the SIF can be superimposed: 

𝐾𝐼
𝑡𝑜𝑡𝑎𝑙 = 𝐾𝐼

(𝐴)
+ 𝐾𝐼

(𝐵)
+ 𝐾𝐼

(𝐶)
. (4) 

However, SIFs in different modes cannot: 

𝐾𝑡𝑜𝑡𝑎𝑙 ≠ 𝐾𝐼 + 𝐾𝐼𝐼 + 𝐾𝐼𝐼𝐼 . (5) 

The SIF is used in the linear elastic description of the material behaviour [12]: 

1. The crack tip plastic zone has to be small compared to the component characteristic 

dimensions, e.g., crack length, uncracked width, a distance of crack tip to load application 

point, so-called small scale yielding condition[16], [17]. 

2. The crack grows in the homogenous, elastic, isotropic material. 

For the SIF transfer from the test specimen to the actual component, as shown in Figure 4, it is 

necessary to consider the small region removed around the crack tip from both parts. The stress field 

in the boundary has to be described by equation (1). It is assumed that similar local loading leads 

to similar crack behaviour. It means that the singularity dominated zone (see Figure 4) is significantly 

bigger than the plastic zone near the crack tip and unaffected by the outer dimensions 

of the structure. 
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Figure 4 Schematic illustration of stress field portability from test specimen to actual structure [12] 

2.2 Fatigue of Metals 
From the engineering point of view, fatigue is connected with damage accumulation when cyclic 

loading is applied. The accumulation process consists of dislocation movement, localisation of plastic 

deformation, and consequent initiation and propagation of fatigue cracks. The final failure 

of the component occurs when the crack reaches its critical size (a ≥ ac), or the maximal SIF 

(corresponding to applied load) exceeds the fracture toughness of the material (KI ≥ KIc) [18]. 

 
Figure 5 Typical stress-life (S-N) curve [19] 

The fatigue lifetime of materials is characterised by the number of cycles to the failure; see Figure 5. 

While the number of cycles is less than 104, we are talking about the low-cycle fatigue; between 

104 up to 107 number of cycles it is so-called high-cycle fatigue, and when the number of cycles 

exceeds 107, we talk about the giga-cycle (or the very high-cycle) fatigue [20], [21]. 

 The Manson-Coffin curve typically characterises the low-cycle fatigue (fatigue failure is characterised 
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by plastic strain amplitude). Then, fatigue life can be described as: 𝜀𝑎𝑝 = 𝜀𝑓
′ (2𝑁𝑓)

𝑐
 where εf’ is 

the fatigue ductility coefficient, Nf number of cycles to the failure and c the fatigue ductility exponent 

[22]. This description of the fatigue damage is used when the loading level is near the yield stress 

of the material. Contrary, a high-cycle fatigue regime is typically characterised by localised plastic 

deformations (fatigue failure is characterised by stress amplitude). Diagram stress – number of cycles 

to the failure is called the S-N or Wöhler (see Figure 5), named after August Wöhler [23], who was 

one of the first noticed dependence of the applied stress amplitude on the number of cycles to 

the failure for the railway axles. The high-cycle fatigue regime is characterised by the loading 

in the elastic regime of the material and localised plastic deformation. Typically fatigue strength 

of the material is defined for 107 cycles. 

Nowadays, the fatigue life process is quite well described, see Figure 6. Fatigue life can be generally 

divided into the initiation and the crack growth periods. Those periods can be further divided into 

smaller parts. 

 
Figure 6 Different phases of the fatigue life with schematic illustration [20], [24] 

The initiation period – fatigue damage is typically initiated at the free surface (from the surface 

roughness after the manufacturing, artificial notches, scratches, or slip bands) or inside 

of the material in the vicinity of stress concentrators (from the material inhomogeneity or material 

discontinuities like defects after casting). In these areas is localised plastic deformation, 

and afterwards, first fatigue cracks are nucleated there. These small (microstructural) cracks can stop 

on grain boundaries or propagate further when cyclic loading is still applied.  

The crack growth period – when a small crack becomes larger (about 1 mm or a few grain sizes), its 

propagation is relatively independent of the microstructure and can be described by fracture 

mechanics tools. Fatigue crack growth is well described by the SIF range, see Paris et al. [7], [25]–

[28]. The curve crack growth rate vs the SIF range is a material property and can be obtained 

experimentally. Then, the residual fatigue lifetime (RFL) for a given initial crack can be estimated 

by integrating, see chapter 3.3 for details. Fatigue crack in this stage is not influenced 

by microstructure and usually propagates in a plane perpendicular to the loading axis (perpendicular 

to the maximum principal stress). 

2.3 General Fatigue Design 
All components and structures subjected to the cyclic loading are exposed to fatigue. Fatigue failures 

have caused many injuries and much financial loss (depending on literature, 80-90% of mechanical 

failures are case by fatigue). Therefore, it is necessary to prevent such failure during the design 
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process. Component fatigue criteria can be divided into four groups depending on a permissible load 

limit [29]–[33]: 

1. Infinite-life Design – unlimited safety, is the oldest and the most conservative criterion. 

It requires local stresses or strains to be essentially elastic and safely below the pertinent 

fatigue limit. 

2. Safe-life Design – the practice of designing for a finite life. A safe life must include a margin 

for the scatter of fatigue results and other unknown factors. The estimations may be based 

on the stress-life, strain-life, or crack growth relationships. Here appropriate regular 

inspections may not be practical or possible, and hence allowable service life must be less 

than the lifetime determined during the testing of the component. Alternatively, 

the estimated lifetime limit, determined during the component design process, is less than 

service life. 

3. Fail-safe Design – requires the safety of the system after the failure of the part. The damage 

must not be fatal for all the system or any humans (e.g., failure of a lift cable is ensured 

by cabin brakes, “run-flat” tires enable driving even after the tire damage, etc.). 

4. Damage-tolerant Design – assumes that defects (cracks) exist in the component. Cracks can 

be caused either by component processing or by material fatigue. The damage-tolerant 

approach uses the fracture mechanics analyses, and fatigue crack propagation tests 

to determine whether growing cracks will be large enough to cause the failure 

of a component. Limit intervals of the periodic inspection can be set to ensure the crack 

removal (e.g., by machining, typical for railway axles, or by welding) or the component repair 

or replacement before the final fracture occurs. 

2.3.1 Damage-tolerant Design 

A damage-tolerant approach should be employed when the component failure means failure 

of the system with severe consequences. This is the case of the railway axles. The failure of the axle 

can lead to a disaster with a number of victims. Pressure on the safety of critical components is even 

higher nowadays when the high-speed train operation speed is higher than 300 km/h. 

Damage-tolerant design involves the complex analysis of how a critical component can fail. General 

input parameters for the damage-tolerant design are: 

1. Component geometry. 

2. Loading conditions – external loads (e.g. weight, applied loads), internal loads (e.g. residual 

stress). 

3. Material properties – stress-strain curve, crack growth rate curve, … 

4. Initial crack/defect information – position (assumed) of initial cracks or defects, the shape 

of cracks, … (this kind of information can be used as input information derived from service 

conditions or is predicted by the fracture mechanics analysis). 

5. The probability of detection curve – is information on the probability of detecting cracks 

by non-destructive testing (should be determined for the particular technique 

and component). 

The main result of the damage-tolerant analysis is the estimation of the component's RFL (crack 

length vs loading cycles/time curve). It means how much time (how many cycles, etc.) does an initial 

defect (crack) (measured by non-destructive methods or specified based on the probability 

of the defect detection) needs to grow to its critical length causing the component failure.  
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3 Review 

The presented work deals with sizable components. As a representative of such components, 

the railway axle was chosen to be investigated. Therefore, further in work, railway axle only 

is investigated and represents a common sizable component. 

3.1 Railway Axle Design 
To design a railway axle, one first needs to look at the whole railway wheelset. Figure 7 shows 

the typical arrangement of railway wheelsets. Figure 7 a) shows the oldest, classic wheelset 

with outboard bearing standardised in the EU. Figure 7 b) shows a wheelset with an inboard bearing. 

This type has an advantage in axial bending moment reduction due to lateral forces. The wheelset is 

standardised in the UK [34]. Figure 7 c) shows an independently rotating wheel arrangement with 

an axlebridge. This wheelset is used for low profile vehicles like trams. Figure 7 d) shows 

an independently rotating guided wheels arrangement. This particular wheelset is used for special 

railway track applications. 

 

Figure 7 Wheelset design types; a) outboard bearings arrangement, b) inboard bearing arrangement, 
c) the axlebridge design principle, d) independent wheel arrangement with bearings on both sides [35] 

Figure 8 shows a general outboard bearing wheelsets arrangement. The axle design further depends 

on: 

1. The type of the axle (traction or trailing). 

2. The type of braking system (shoe brake, brake disc on the axle, brake disc on the wheel, …). 

3. The construction of the wheel centre and the position of bearings. 

4. The construction of resilient elements to limit higher frequency forces. 

 
(a)    (b)   (c) 

         
   (d)    (e) 

Figure 8 Types of wheelsets with external journals; a) pure wheelset, b) wheelset with brake discs 
on the axle, c) wheelset with brake discs on the wheels, d) wheelset with asymmetric gear position, 

e) wheelset with symmetric gears position [36] 

European railway axle design is mainly based on EN 13103-1 and EN 13261 standards [37], [38]. 

For the engineering design, the axle is simplified as a beam loaded by the static forces while nominal 
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forces (force from vehicle mass, breaking and traction forces) are calculated. Real axle geometry is 

then taken into account by multiplying the nominal stress by the stress concentration factors 

for different axle parts. Obtained stress values are compared with the endurance limit value 

multiplied by the safety factor. Endurance limit has to be obtained experimentally while S-N curve 

determination. In the past, there were no other effects included in standards. In last years, standards 

were updated, and the stress caused by the press-fit is now included in EN 13261 standard. European 

Committee for Standardization accepted technical report CEN/TR 17469 [39] as a result 

of the EURAXLES project. The technical report is not mentioned to replace accepted standards but 

as a recommendation for further steps to be taken in the axle design process. One of the main 

improvements is the finite element method (FEM) simulation to estimate the stress concentration. 

However, there is still a place for improvement. 

Railway axles are historically produced according to UIC standard 811 [40], which originally specified 

five steel grades (A1=C35, A2=22MnCrV5, A3=C45, A4=25CrMo4, A5=42CrMo4). EU standards 

on the axle design include only A1 and A4 steel grades [41]. Railway axle steel can be further labelled 

as N for normalised (i.e., EA1N) or T for quenched and tempered (i.e., EA4T). 

Axle improvements developed in time and used include coating application (see, Figure 9) or surface 

treatment to improve impact resistance and fatigue properties. The next improvement is the axle 

produced with an axial bore, the so-called “hollow axle” (advantages will be discussed in the next 

section). 

Other development is going on in order to improve traditional axle design. Bracciali [42] proposed 

a wheelset arrangement where the wheel can be disassembled with a procedure where the bogie 

frame only is lifted and some screws removed. The design is intended to reduce maintenance. 

Another axle design using modern materials is the composite axle proposed by Mistry et al. [43]. 

Figure 10 shows both axle designs. 

 
Figure 9 Example of coated axle [44] 

 
(a)       (b) 

Figure 10 New axles in development; (a) axle with torque limiter [42], (b) composite axle [43] 
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Despite different standards, current customers require numerical and experimental evidence 

for the guaranteed mileage without failure or the guaranteed mileage between maintenance 

inspections. Such requirements are getting harder with the arrival of high-speed trains. Guaranteed 

mileage for such a massive component as the railway axle requires the fracture mechanics analysis 

(Damage-tolerant design described in the previous section). For the RFL estimation purposes, 

the initial crack length is equal to the minimal crack length, which can be found by the axle  

non-destructive testing (NDT). Using the NDT method affects the considered minimal crack length 

and significantly affects the estimated RFL.  

3.1.1 Non-Destructive Testing and Probability of Detection 

The axle NDT is typically done by magnetic or ultrasonic testing methods. An inspection can be done 

only from the outer surface in the solid axle case. The hollow axle NDT is possible from the inside 

of the axle. An ultrasonic testing probe can be inserted into the axle bore, and an NDT inspection can 

be performed without coating removement. Figure 11 shows a schematic illustration of ultrasound 

inspection of the position under the wheel by outer high angle scan and inside bore scan. 

 
Figure 11 Ultrasound testing probe position: (a) solid axle, (b) hollow axle [45] 

Figure 12 a) shows the ultrasonic testing probability of detection (PoD) curves comparison for solid 

and hollow axle determined below the WIDEM project [46] in 2008. One can see that for small 

cracks, the hollow axle has a higher probability of caching the crack; however, for the 20 mm crack 

length, the probability is about 90 %. On the other hand, classical near-end inspection reaches a very 

high probability for the 12 mm crack length. For about 4 mm crack length, both methods have 

the same PoD of the crack. In 2016 Carboni et al. [47] proposed a master PoD curve (Figure 12 b)) 

in terms of defect reflected area developed for the third generation of bore ultrasound sensor. PoD 

curve shows very high sensitivity for semi-elliptical like cracks. For 2 mm (about 10 mm2), crack 

length probability is close to 100%. 

It should be mentioned that PoD data should be determined for particular geometry, material 

and application. PoD data are also highly dependent on the NDT methods used to produce them. It is 

often assumed that the smallest flaw detected is a good measure of PoD, but there is usually a large 

gap between the smallest flaw detected, and the largest flaw missed [48], [49]. 

Estimating the proper PoD curve and the initial crack for the residual lifetime estimation is an integral 

part of the damage-tolerant approach. Several PoD models are presented by Gray et al. [50] 

or by other authors [47], [51], [52] in terms of railway axles. More information about 

the determination of PoD curves can be found in [53]–[56].  
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Figure 12 (a) PoD curve comparison for solid and hollow axle [46], (b) Master PoD curve through naturally 

fatigued cracked hollow axles [47] 

Determination of the PoD curve is not part of the presented work. Therefore, minimal crack length 

further used in the damage-tolerant analysis is set up by a discussion with representatives of 

BONATRANS GROUP a.s and the requirements of their customers. 

3.2 Residual fatigue lifetime of the railway axle with the crack 
One of the last customer’s requirements is extending the axle’s inspection interval from about 

30 000km [41] up to 500 000 km [57] or up to 1 000 000 km [58]. Such improvement means high 

economic savings in terms of operating costs. Therefore, customers are looking forward to extending 

the inspection interval length. 

3.2.1 Investigation of the railway axle with the crack 

Figure 13 shows typical positions of the crack on the railway axle surface. Fatigue crack can initiate 

under the press-fit area from fretting corrosion pits, from corrosion pits at the shaft area or near the 

T-notch geometrical stress concentrator. Crack initiation at the U or V-notch is typically associated 

with an overheating of bearings. Most of the cracks are initiated on the free surface of the axle [45], 

[59]. Presented work deals with fatigue cracks initiated from geometrical stress concentrators. 

The SIF for railway axles is typically obtained by the numerical simulation of the undamaged axle 

in combination with the simplified analytical model (developed by Wang and Lambert [60], [61]) 

for the semi-elliptical surface crack in the plate [62], [63]. Figure 14 shows how far is this simplified 

analytical model from the real axle geometry. Therefore, this kind of solution can be used in limited 

conditions, even with the inevitable inaccuracies. Limiting conditions are short crack lengths 

(the stress field in the axle has to be similar to the bent plate), and the crack has to grow from 

the axle surface. Fatigue crack initiation and growth from the axle surface is the basic assumption 

in the standard axle design. However, with the effort for the compressive residual stress field 

at the axle surface, there is a possibility for the sub-surface crack growth. Therefore, the simplified 

plate analytical model is not relevant enough, and further investigation is necessary. Another option 

for RFL estimation is using the specialised software INARA for the surface semi-elliptical crack growth 

in railway axle, developed in the framework of the research project EBFW 3, where the SIF is 

obtained by analytical solution with improved weight function [64]–[67]. However, analytical 

procedures assume surface crack growth as well. 
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Figure 13 Typical fatigue crack locations for the railway axle [45], [59] 

 
Figure 14 Scheme of a crack in bent plate. The basic model for SIF estimation [61] 

A numerical investigation of the railway axle with surface crack was performed by several authors 

[68]–[75]. Madia et al. [62] provided a collection of SIF solutions for different surface crack positions. 

The numerical model for the axle is generally modelled with the press-fitted wheel. However, 

the application of boundary conditions differs due to simulated loading. Press-fit loading can be 

simulated by the wheel and axle geometrical overlap or by the theoretical overlap applied 

in the software. The bending load can be applied in two ways. The first is applying the force in journal 

positions and restricting the degrees of freedom at the wheel (where the wheel and railway are 

in contact). The second is applying the moment loading condition at the one end of the axle 

and restricting the degrees of freedom at the other end of the axle. Both methods, for press-fit 

and bending load, are interchangeable and provide similar results. 

3.2.2 Stress Intensity Factor Determination for the Railway Axle with a Crack 

Another critical part of railway axle numerical investigation is an estimation of the SIF. There are 

several possibilities for the SIF determination by FEM. For example: the stress or the displacement 

correlation, global energy or compliance, domain (volume) integral, interaction integral or crack tip 

singular elements [3], [12], [76], [77]. Further in the text are described methods used in presented 

work only. 



22 
 

Stress correlation (also called the “direct method”) is one of the basic methods to determine the SIF 

from the finite element (FE) analysis. SIF can be determined from the stress field near the crack tip. 

Therefore, we can use the (1) formula, and for angle 𝜃 = 0 and mode I we obtain: 

𝐾𝐼 = lim
𝑟→0

𝜎𝑦𝑦√2𝜋𝑟, (6) 

where σyy is the opening stress (for θ = 0; 𝜎𝑦𝑦 = 𝜎𝜃𝜃), r is the distance from the crack tip, see 

Figure 15. By FEM simulation, one obtains the stress field near the crack tip and calculates the SIF 

for certain stress positions, as shown in Figure 15. Finally, by the linear extrapolation to the 𝑟 = 0 

one obtains the SIF for a given crack length. The SIF for modes II and III can be estimated similarly. It 

is necessary to change the opening stress for the shear stress σxy or σzy for mode II or III, respectively. 

 
Figure 15 SIF ahead of the crack tip with extrapolation value for estimation of SIF at the crack tip [12] 

The advantages of this method are simplicity, no unique elements are needed, only one analysis is 

performed, and only simple post-processing is required. However, the main advantage of this 

method is that it provides information about the quality of the solution. Compared to other methods, 

this method does not require the definition of plane strain or plane stress condition. Therefore, it can 

be easily used for 2D and 3D determination. The disadvantage is that fine mesh is required 

for an accurate result. This procedure is not implemented in the commercial FEM software; 

therefore, the own post-processing is needed. 

The interaction (energy) contour integral method is derived from the standard J-integral method [78]. 

Integral is path independent for elastic materials. For the homogenous material it has the form: 

𝐽 = ∮ (𝑊𝑑𝑦 − 𝑇𝑖

𝜕𝑢𝑖

𝜕𝑥
) 𝑑Г

Г

, (7) 

where Г is the integration path shown in Figure 16, W is a strain energy density, ui is a vector of 

displacements, and Ti are components of the line load acting perpendicular to the integration path Г. 

Strain energy density W can be expressed as: 

𝑊 = ∫ 𝜎𝑖𝑗𝑑𝜀𝑖𝑗 . (8) 

The line load components T can be expressed as: 

𝑇𝑖 = 𝜎𝑖𝑗𝑛𝑗, (9) 

where dε are strain components and n are the outward unit vector components normal 

to an arbitrary contour enclosing the crack tip. 
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Figure 16 Integration path used for the calculation [79], [80] 

The energy release rate G and the J-integral value are equal for the linear elastic material. Therefore, 

the SIF can be determined by (2) substituting the J value for the G value. The SIF is typically evaluated 

for several contours to exclude numerical errors, and the final SIF determination is made 

as the mode value of those values. 

Advantages of this method are that it is often implemented in commercial software, has high 

accuracy for the coarser mesh, and can evaluate fracture parameters for plastic materials as well. 

The disadvantage is that the mesh is sensitive to the shape and quality near the crack tip area. 

Crack tip singular elements. Numerical SIF determination is based on the stress field around the crack 

tip. However, the crack tip causes singular stress in the elastic material. Therefore, using the special 

singular elements to describe such singularity is recommended. Quarter-point singular elements are 

derived from standard elements. There are more possibilities for how it is done, for example, see 

[81], [82]. Generally, the mid-size node is moved from 1/2 to 1/4 distance of the element size, closer 

to the crack tip, as shown in Figure 17. Node movement helps to obtain 1/√𝑟 singularity. 

 
Figure 17 2D and 3D singular element [81]–[84] 
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With singular elements, fewer elements are required near the crack tip region for obtaining 

the appropriate stress field required for the different SIF evaluation methods. Singular elements 

allow us to evaluate the SIF directly from node displacements on these elements. Necessary 

equations are described in [83], [84]. 

The disadvantage of using singular elements lies in its generation for 3D geometries. However, this 

may vary for the used software. 

3.3 Residual Fatigue Lifetime Determination for the Railway Axle 
As was mentioned in the previous sections, the damage-tolerant approach considers the crack 

in critical locations. With a defect in a critical position, the RFL for the component can be estimated 

for some initial crack length. Estimation is determined by integrating the crack growth curve. 

Figure 18 shows a typical crack growth rate v curve vs the SIF range ΔK, also called the v-K curve. This 

curve can be divided into three regions: 

1. I – threshold region – the crack growth rate is near the threshold value of the SIF. If the SIF 

values are below the threshold, the crack is not propagating.  

2. II – linear crack growth region or Paris-Erdogan region [25] – the crack growth rate in this 

region is stable. In the logarithmic scale, da/dN vs ΔK looks like a straight line.  

The Paris-Erdogan formula describes this region, as: 

𝑣 =
𝑑𝑎

𝑑𝑁
= 𝐴(∆𝐾)𝑚, (10) 

where da/dN is the crack extension in a single cycle (crack propagation rate), and A and m 

are material constants measured experimentally. 

3. III – stable-tearing crack growth region – the crack growth rate in the stable-tearing crack 

growth region is high. Values of the SIF are getting close to the critical value Kc, and the crack 

starts to grow unstable, which leads to the final break. 

RFL is typically estimated by integrating the formula approximating the v-K curve like (10). The crack 

growth rate can be replaced by the effective SIF Keff in this formula. Keff considers the effect 

of the crack closure like the plastic zone around the crack tip [85]: 

𝑣 =
𝑑𝑎

𝑑𝑁
= 𝐴∗(∆𝐾𝑒𝑓𝑓)

𝑚
, (11) 

where material constant 𝐴∗ ≠ 𝐴. 

However, the Paris-Erdogan formula describes only region II of the v-K curve. It means that regions I 

and III are not described. This lack was removed in the NASGRO approach, where terms describing 

the curvature of the v-K curve were added [86], [87]: 

𝑣 =
𝑑𝑎

𝑑𝑁
= 𝐶 ((

1 − 𝑓

1 − 𝑅
) ∆𝐾)

𝑛
(1 −

∆𝐾𝑡ℎ
∆𝐾 )

𝑝

(1 −
𝐾𝑚𝑎𝑥

𝐾𝑐
)

𝑞 , (12) 

where C, n, p, q are material constants. Constant p corresponds to the degree of curvature 

in the I region (threshold region) of the v-K curve. Constant q corresponds to the degree of curvature 
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in the III region (stable-tearing crack growth region) of the v-K curve. R is the stress ratio of the cycle 

(see Figure 19 for different ratios), and f corresponds to crack closure effects in the vicinity 

of the crack tip. 

NASGRO approach was developed in the aircraft industry. However, for its complexity has become 

popular for determining the RFL of engineering structures in different engineering areas as well [59]. 

Other used formulas for the description of the v-K curve are Forman [88], Priddle [89], Walker [90], 

Klesnil and Lukáš [91], etc. 

  
Figure 18 Three regions of a crack growth rate 

as a function of ΔK 
Figure 19 Description of the loading cycle 

3.3.1 Influence of Residual Stress on Residual Fatigue Lifetime 

It is known that the tensile residual stress contributes to the crack propagation and the compressive 

residual stress reduces the magnitude of the loading stress [20], [33], [92]–[96]. The residual stress 

can be considered in a given spot as local static loading. The mean SIF influences the opening 

and closing state in terms of the loading cycle (Figure 19). Residual stress affects the component 

of the mean SIF value Km.  

𝐾𝑚 =
𝐾𝑚𝑎𝑥 + 𝐾 𝑚𝑖𝑛

2
, (13) 

where 𝐾 𝑚𝑎𝑥 and 𝐾 𝑚𝑖𝑛 are the maximum and minimum SIF in a given stress cycle, respectively. 

In other words, residual stress affects the SIF ratio R: 

𝑅 =
𝐾 𝑚𝑖𝑛

𝐾 𝑚𝑎𝑥
. 

(14) 

Hutař [97], Schindler [98] and Pokorný [99] showed that a relatively small compressive residual stress 

can substantially impact RFL. Therefore, further study of the residual stress effect on the RFL is 

essential for a deeper understanding of fatigue damage of structures. 

3.4 Residual Stress – Review 
The following section describes the theoretical background of the residual stress, and the next one 

reviews common methods for the investigation of residual stress in engineering components. 

3.4.1 Background and Definition of Residual Stress 

Residual stress is “locked-in” stress that exists in material, whether metallic or not (polymer, glass, 

ceramic, wood, etc.), independent of the presence of any external loads. Residual stress is difficult 

to assess because it is self-equilibrating. So, unlike applied stress, it cannot be calculated from 

the forces, impulses, and couples experienced by a material, component, or assembly [1], [100]–

[107]. 
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3.4.2 Production of Residual Stress 

Almost all manufacturing processes create residual stress. Further, stress can also develop during 

the service life of the manufactured component. Such stress develops as an elastic response 

to incompatible local strains within the component, for example, due to non-uniform plastic 

deformation. The surrounding material must then deform elastically to preserve dimensional 

continuity, creating residual stress. The mechanisms for creating residual stress include [104], [108]: 

1. Non-uniform plastic deformation – manufacturing processes that change the shape 

of the material, including forging [109], rolling [110], bending [111], drawing and extrusion 

[112], and in-service during surface deformation, as in ball bearings and railway rails. 

2. Surface modification – manufacture during machining [113], grinding [114], plating [115], 

peening [116], [117], and carburizing [118], and in service by corrosion. 

3. Material phase, often in the presence of significant thermal gradients –  manufacture during 

additive manufacturing [119], welding [120], casting [121], quenching [122], phase 

transformation in metals and ceramics, precipitation hardening in alloys, and polymerisation 

in plastics, as well as in service from radiation damage in nuclear reactor components 

and moisture changes in wood.  

3.4.3 Effect of Residual Stress 

It has been proven that compressive residual stress has a beneficial effect on the fatigue life, crack 

propagation, and stress corrosion of materials. In contrast, tensile residual stress reduces material 

performance capacity. For many applications, the properties of a part's surface are dominant 

for the functional behaviour of the whole component. James and Lu [108] stated that the residual 

stress can be added as a static load. While the residual stress is maintained in the elastic region 

of the material's loading capability, the principle of superposition of different types of stresses 

applies. It means that as a result of surface treatment is the compressive residual stress, and if there 

is applied tensile stress, the actual stress which acts in the material is less than typically. It can thus 

be seen that the residual stress acts as mean stress and can affect the mechanical behaviour 

of materials. The residual stress can affect friction, chemical resistance, magnetisation, optical, 

acoustic, or thermal properties of components [100], [103]. 

3.4.4 Residual Stress Length Scales 

Figure 20 illustrates how the different types of stress equilibrate over the different length scales. 

The macro-stress is continuous across phases for a two-phase material, but the type II and III stresses 

are not. As a result, even when the sampling area is greater than the characteristic areas for type II 

and type III, non-zero phase-average micro-stresses 〈𝜎1〉𝐴
𝐼𝐼,𝐼𝐼𝐼 and 〈𝜎2〉𝐴

𝐼𝐼,𝐼𝐼𝐼  can be recorded. 

Considering the stresses in the Z direction: 

0 = ∫ 𝜎𝑧𝑧{𝑥, 𝑦}𝑑𝐴𝑧
𝐴

= ∫ 𝜎𝑧𝑧{𝑥, 𝑦}𝐼𝐼𝑑𝐴𝑧
𝐴1

+ ∫ 𝜎𝑧𝑧{𝑥, 𝑦}𝐼𝐼𝑑𝐴𝑧
𝐴2

, (15) 

0 = 𝑓𝐴〈𝜎1〉𝐴
𝐼𝐼 + (1 − 𝑓𝐴)〈𝜎2〉𝐴

𝐼𝐼 , (16) 

where 𝑓𝐴 and (1 − 𝑓𝐴) are the area fractions 𝐴1/𝐴 and 𝐴2/𝐴 respectively. Extending the analysis 

to three dimensions by integrating over the sampling volume, the type II volume average phase 

stresses (〈𝜎1〉𝐼𝐼 and 〈𝜎2〉𝐼𝐼) must obey 
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0 = 𝑓〈𝜎1〉𝐼𝐼 + (1 − 𝑓)〈𝜎2〉𝐼𝐼 . (17) 

Suppose the sampling volume is larger than the characteristic volume for type II. In other words, 

while the type II and type III stresses must balance over the appropriate small distance, there may be 

a phase-dependent residual effect over large distances; this leads to mean background stress in each 

phase [1], [123]. 

To summarise, residual stresses can be classified as:  

1. Type I – macro residual stress develops in the body of the component on a scale larger than 

the grain size of the material. 

2. Type II – micro residual stress that varies on the scale of the individual grain. Such stresses 

may be expected to exist in single-phase materials because of anisotropy in the behaviour 

of each grain. They may also develop in multi-phase materials because of the different 

properties of the different phases. 

3. Type III – micro residual stress exists within a grain, essentially due to the presence 

of dislocations and other crystalline defects. Types II and III are often grouped as micro-

stresses. 

 
Figure 20 Residual stress distribution over several grains of a two-phase material showing the three kinds 

of residual stresses [1], [101], [107]  

3.5 Overview of Residual Stress Measurement Methods 
The residual stress cannot be directly measured, which is rather unfortunate. There are no simple 

techniques for measuring this stress. All techniques measure some other entity. For destructive 

techniques, strain or deflection is often measured, and residual stress is calculated based on known 

relations to stress.  

This section summarises residual stress measurement techniques that can investigate the residual 

stress across the whole cross-section of the actual components. Due to ongoing projects, 

the requirement is to measure residual stress through the whole cross-section of the railway axle 

(diameter of more than 150 mm). It is necessary to employ the technique capable of penetrating 

a great depth, is repeatable in real-time, and is affordable.  
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Detailed descriptions for the commonly used residual stress measurement technique can be found 

in [1], [107], [124]–[126]. In general, residual stress measurement techniques are sorted by the level 

of destruction of the measured sample, possible penetration depth, and technique resolution. Other 

factors for choosing the appropriate measurement technique are material issues, precision, difficulty 

of measurement, available equipment, and cost. 

Figure 21 shows a comparison of these techniques in terms of penetration depth. As one can see, 

only a few techniques are possible for the deeper measurement of the residual stress. In terms 

of destruction, there seem to be only two possibilities. Therefore, next will be briefly described only 

techniques with the potential of measuring the whole cross-section of the railway axle. And X-ray 

diffraction, which is the most common technique for residual stress investigation. 

 
Figure 21 Comparison of different residual stress measurement techniques [107], [111], [125] 

3.5.1 Ultrasonic 

The ultrasonic stress measurement technique is based on the acoustic-elasticity effect, according 

to which the velocity of elastic wave propagation in solids is dependent on the mechanical stress. 

Within the elastic limit, this correlation is known as the acoustoelastic effect. The acoustoelastic 

effect means that the flight time of the ultrasonic wave changes with the stress. In 1967, 

Crecraft [127] showed that the acoustoelastic law could be employed for stress measurement 

in engineering materials. Different types of ultrasonic testing methods have been developed, 

such as the ultrasonic longitudinal wave [128], ultrasonic shear wave [129], a combination of shear 

wave and longitudinal wave [130], ultrasonic surface wave [131], ultrasonic guided wave, nonlinear 

ultrasonic [132], and ultrasonic critically refracted longitudinal wave (LCR) [133] methods. 
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Figure 22 Schematic view of ultrasonic measurement configurations: a) through-thickness with one 
transducer, b) through-thickness with two transducers, and c) surface with two transducers [134] 

In Figure 22, one can see different experimental configurations that can be used for residual stress 

measurements. In each case, waves are launched by a transmitting transducer, propagate through 

a material region, and are detected by a receiving transducer. Thus, the configurations shown 

in Figure 22 a) and Figure 22 b) through-thickness average of the stress is sensed. In the configuration 

shown in Figure 22 c), the stress in a surface layer is sensed. The depth of this layer is related 

to the ultrasonic wavelength. Figure 23 shows the accessible depth function of transmitted frequency 

published in [135]. 

 
Figure 23 Function of penetration depth on ultrasonic frequency [135] 

3.5.2 Deep Hole Drilling Method 

The Deep Hole Drilling (DHD) method belongs to the class of mechanical strain relaxation techniques 

designed to measure the stress and residual stress in the material. Its origins as a technique rise from 

its use in rock mechanics [136]–[139]. The term “Deep Hole Drilling” has been adopted to describe 

the method to distinguish it from near-surface residual stress measurement methods such as centre 

hole drilling. DHD procedure is schematically described in Figure 24. Figure 25 is the FEM simulation 

of DHD to understand better what is going on during the drilling of the reference hole and trepanning 

the ring core. The DHD method estimates the through-thickness residual stress distribution 

in a component by measuring the change in diameter of the reference hole that occurs when a core 

of the material is removed from the component by trepanning. The difference in the reference hole 

diameter, ∆𝑑(𝜃, 𝑧), is calculated according to 

∆𝑑(𝜃, 𝑧) =  𝑑′(𝜃, 𝑧) − 𝑑(𝜃, 𝑧), (18) 

where d and d’ are the reference hole diameters before and after trepanning, respectively, each 

function of the angular orientation around the hole, 𝜃, and depth through the core thickness, z. 

The changes in reference hole diameter are then converted to strain using 
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𝜀̃ (𝜃, 𝑧) =
∆𝑑(𝜃, 𝑧)

𝑑0
 , (19) 

where do is the nominal reference hole diameter (and is independent of z). The reference hole strains 

𝜀̃ (𝜃, 𝑧) are related to the reference hole axis, 𝜎𝑥𝑥(𝑧), 𝜎𝑦𝑦(𝑧) and 𝜎𝑥𝑦(𝑧), through an elastic 

analysis [140]–[143]. 

 
Figure 24 schematic illustration of DHD technique a) attachment of reference bushes and gun-drilling 

reference hole, b) measurement of the diameter of reference hole through the depth of hole c) trepanning 
of material around the hole (core) often by electro-discharge machining, d) final diameter measurement 

of residual stress-free reference hole [140] 

 
Figure 25 FEM simulation of the DHD method a) original specimen b) specimen with gun-drilled hole c) 

specimen with a trepanned cylinder around hole [144] 

Many developments have been made over recent years [145]–[147]. The aim was to increase 

the accuracy and applicability of the DHD method to a range of engineering materials 

and components. The last development of the DHD technique and summarised state of the art is 

done by Brermann [148]. 

3.5.3 Slitting (Crack Compliance) Method 

The slitting method, also known as the crack compliance method, is one of the relaxation methods. 

The slitting method (see Figure 26) uses a cut of incrementally increasing depth to release 

the residual stress on a plane perpendicular to the cutting plane. At the same time, the deformation 

is recorded. From the change of geometry, the residual stress component can be determined. 

Obtained stress results are averaged through the whole cut increment. The method initially 

developed by Finnie and co-workers [149]–[154] has been reviewed in detail by Prime [155]. Further 

findings are published in [156]–[159]. 
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After the successful experiment and component deformation recording, the residual stress 

is determined. Stress computation assumed a polynomial basis for the stress versus depth profile, 

elastic superposition, and a linear system developed using finite element analysis. The residual stress 

as a function of depth σyy(x) was assumed to be described by a polynomial expansion of order m  

𝜎𝑦𝑦(𝑥) = ∑ 𝐴𝑗𝑃𝑗(𝑥)

𝑚

𝑗=2

= [𝑃]{𝐴}, (20) 

where Pj(x) are Legendre basis interpolation functions and Aj are a set of coefficients to fit 

the measured data. Then, by measuring strain ε corresponding to different crack depths, 

the flexibility function C is obtained by 

𝜀(𝑎) = ∑ 𝐴𝑗𝐶(𝑎, 𝑃𝑗)

𝑚

𝑗=2

= [𝐶]{𝐴}. (21) 

Therefore, the undetermined coefficient matrix A is obtained according to 

{𝐴} = ([𝐶]𝑇[𝐶])−1[𝐶]𝑇{𝜀𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑}, (22) 

furthermore, the residual stress value along the depth distribution is obtained. 

For investigation of residual stress influence on fatigue crack growth, it is possible to directly 

determine the SIF induced by residual stress [98], [160]–[163] by:  

𝐾𝐼,𝑅𝑆(𝑎) =
𝐸′

𝑍(𝑎)
∙

𝑑𝜀(𝑎)

𝑑𝑎
, (23) 

where E’ is equal to E in plane stress and E/(1 − ν2) in plane strain, Z(a) is the influence function given 

by specific geometry and strain gage location, and ε(a) is the measured strain. 

 
Figure 26 Illustration of slitting measurement 

3.5.4 Contour Method 

The contour method is one of the youngest methods. Firstly was proposed by Prime and Gonzales in 

a conference paper in 2000 [164] and journal publication in 2001 [165]. The contour method theory 

is a variation of Bueckner’s superposition principle (see Figure 27). Bueckner presented the relevant 

theory in 1958 [166] and discussed it further in later publications [167], [168]. A similar principle was 

discoursed by Paris in 1957 [169] and Eshelby in 1957 [170]. 
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The component with the residual stress is cut along the section where the residual stress needs to be 

measured. A cutting surface is assumed to be an ideal plane, and there is an unknown residual stress 

distribution in the component. Due to the stress relaxation and redistribution, the contour 

of the cutting surface is deformed. The cutting procedure is generally processed by the electrical 

discharge machining (EDM, wire cut) with low processing stress. Then, the deformation profile data 

are collected by the high accuracy displacement sensor (mechanical or laser). The measured profile 

is inserted into the stress-free finite element model in the opposite direction. External stress must be 

applied to the interface to restore the deformed cut surface to the plane state before cutting. Then 

the stress distribution on the cut section is finally obtained. However, only residual stress 

perpendicular to the cross-section can be measured for a single cut. 

 
Figure 27 Superposition principle is used to determine the original residual stress from the measurement 

of surface contour after cutting a part in two [164] 

The accuracy of the method has been discussed, and further development has been done. Toparli et 

al. [171] proposed a new criterion for determining the optimal smoothing parameters to obtain 

additional details. Li et al. [172] used the cubic spline interpolation processing to reduce the error 

effectively. Sun et al. [173] considered the cut-induced plasticity error. Olson et al. [174], [175] 

considered other factors such as displacement noise and surface smoothing errors. Hosseinzadeh 

and Bouchard [176] showed different approaches for measuring surface topography. How to perform 

measurement itself can be found in [177], [178]. 

3.5.5 Layer Removal Method  

The layer removal method (also called the curvature method) is one of the oldest methods 

for the determination of residual stress [1], [179]–[181]. The layer removal method is 

a generalisation of Stoney’s method [182]. The main principle of this method is to disrupt the static 

equilibrium of the residual stress, which leads to bending and deflection of the whole component. 

Figure 28 illustrates the layer removal method for the cylindrical and flat specimens. This 

deformation is measured in the form of strain or displacement. Then, removed stress is determined 

by the theory of elasticity. Layers are typically removed mechanically or chemically. Mechanical 

machining has the disadvantage of the addition of undesirable residual stress. The method is suited 

to a flat plate and cylindrical specimens where the residual stress varies with the depth from 

the surface. Stress has to be uniformly parallel to the surface. The method is suitable for different 

materials too [183]–[185]. When applied to the cylindrical component, the layer removal method is 

commonly called Sachs or Sachs boring method [186]–[189].  

The described method has been used many times through the years [190]–[196] and obtained some 

refinements and modifications [197]–[199]. The interesting one is the modification described 

by Moore and Evans [198].  

- 
+ 
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Figure 28 Layer removal method for cylinder and flat plate 

3.5.6 Sectioning Method 

The sectioning method [200] is one of the oldest methods for determining residual stress. In 1888, 

Kalakoutsky [201] reported a method of determining the longitudinal stress in bars by slitting 

the longitudinal strips from the bar and measuring their change in length. This method principle is 

that residual stress is relieved by the component cutting into many strips of the smaller cross-section 

[202]. 

In principle, the sectioning method is similar to the layer removal method. It is a relaxation method, 

and residual stress is determined by the deflection and/or strain measurement caused due 

to the disruption of the equilibrium state of residual stress in the component. The sectioning method 

often combines other evaluating methods to measure released residual stress, like strain gauge 

measurements or diffraction methods. For the original three-dimensional residual stress 

determination, the stress distribution acting on the newly created surfaces of the specimen before 

the sectioning is estimated from relaxed strains observed on the surface during sectioning. 

The sectioning is applied repeatedly to the sectioned pieces until no deflection and/or strain is 

relaxed. In this procedure, the stress in the section plane is dealt as a parameter for measurement. 

 
Figure 29 Welded joint of thick plate sectioned to specimens T and Li [203] 

Through the years method has passed numerous modifications due to its different applications 

[202]–[205]. Ueda et al. [205] updated the three-dimensional residual stress determination method 

using inherent strains. However, this methodology requires strain recording while cutting out 

specimens from the original component. Figure 29 shows partial sectioning for the welded joint 

investigated by Ueda and Fukuda [203]. 

3.5.7 Diffraction methods  

The diffraction methods provide non-destructive strain measurement. The diffraction methods 

effectively measure crystal or polycrystalline inter-planar dimensions. This dimension can be related 

to the magnitude and direction of the stress state existing within the material through the linear 

relation. These measurements are independent of whether the stress is residual or applied. 
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Diffraction of electromagnetic radiation occurs when the radiation interacts with atoms or crystallites 

arranged in a regular array. The radiation is absorbed and then reradiated with the same frequency 

such that strong emissions occur at certain orientations and minimal emissions at other orientations. 

Bragg’s Law describes the angles at which the strong emissions occur: 

𝑛𝜆 = 2𝑑 sin 𝜃, (24) 

where n is an integer, λ is the wavelength of the electromagnetic radiation, d is the distance between 

the diffracting planes (inter-atomic lattice spacing, Figure 30), and 𝜃 is the Bragg angle. 

 

 
Figure 30 Diffraction ratio within the crystal structure Figure 31 Principle of diffraction measurement 

For the stress measurement using X-ray and neutron diffraction, a range of 𝜃 angles are scanned, 

and the angle at which the most intense radiation is detected is established as the Bragg angle. Small 

changes in the corresponding d-spacing (Figure 31) that tend to broaden the diffracted peak reflect 

Type II and Type III stresses (section 3.4.4). The measured lattice strains are “absolute” quantities, 

that is, relative to a zero-strain state. This is a significant feature of diffraction methods because it 

allows the measurement of the residual stress as well as applied stress. Knowing the stress-free 

lattice spacing 𝑑0
ℎ𝑘𝑙, the lattice strain 𝜀𝑥𝑥

ℎ𝑘𝑙 in x direction can be calculated according to 

𝜀𝑥𝑥
ℎ𝑘𝑙 =

∆𝑑𝑥𝑥
ℎ𝑘𝑙

𝑑0
ℎ𝑘𝑙 . (25) 

To determine the stress tensor components, Hooke’s law is employed [206]–[212]. 

3.5.8 Method Selection Summary 

As shown in Figure 21 and based on previous sections, there were only two non-destructive 

techniques, the ultrasonic method and the neutron diffraction method, capable of measuring 

residual stress deeper than a few millimetres. However, the ultrasonic method can measure only 

averaged residual stress through the thickness measurement. Neutron diffraction looks like 

an appropriate measurement method for the crystalline material's residual stress determination. 

However, this kind of measurement is strictly laboratory-based. In Europe, there are only a few 

facilities (see Figure 32) capable of neutron diffraction measurement.  

From destructive methods, two ‘new age’ methods, deep hole drilling and contour method look 

promising. However, primary costs and no experience with the necessary equipment for both 
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measurement techniques lead to choosing a more ‘traditional’ measurement technique. 

Nevertheless, EDM cutting of the whole railway axle in half to obtain a smooth cut for the contour 

method is unfeasible.  

Therefore, there are three capable measurement techniques for further application. The Slitting 

method, the layer removal method, and the sectioning method combined with X-ray diffraction 

measurement. These three measurement techniques will be further discussed. 

 
Figure 32 Map of neutron scattering facilities in Europe [213] 
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4 Aims of Thesis 

The aims of the thesis can be summarised as follow: 

1. Review of literature for estimation of residual fatigue lifetime. 

A deep review of available literature for procedures of residual fatigue lifetime estimation.  

2. Review of literature for determination of residual stress in engineering components. 

A deep review of available literature for procedures and residual stress state determination 

approaches in general engineering components. 

3. Finding of methodology and procedures for determination of residual stress in sizeable 

components. 

Based on the literature review, finding suitable procedures for residual stress determination 

in sizeable components through the whole cross-section of the component. Search 

for methods determining residual stresses in greater depths (tents of mm and more) under 

the surface of bodies. 

4. Creation or modification of existing methodology for determination of residual stress 

in sizeable components. 

Development of suitable and reliable methodology for residual stress state determination 

in sizeable components. An existing experimental data valid for near-surface areas will be 

extended by own developed numerical procedure for greater depths. This procedure will make 

it possible to obtain reliable information about residual stress distribution in sizeable bodies 

in depths where experimental methods cannot be applied. Develop a simplified version 

of the proposed helpful methodology for fast engineering applications.  

5. Verification of proposed methodology for determination of residual stress on testing sample. 

Verify the proposed methodology for the residual stress determination with other available 

methods using the testing sample. 

6. Implementation of residual stress influence into procedures for estimation of residual fatigue 

lifetime of engineering structures. 

An implementation of residual stress influence into formerly developed procedures 

for residual fatigue lifetime estimation. 

7. Application of proposed methodologies of the determination of residual stress on real 

engineering components and estimation of residual fatigue lifetime. 

An application of proposed methodologies onto railway axle. The railway axle residual stress 

determination. An estimation of the railway axle residual fatigue lifetime. Determination 

of an influence of residual stresses on the estimated residual fatigue lifetime of railway axle. 

(This task will be done in cooperation with BONATRANS GROUP a.s.)  

8. Dissemination of obtained results. 

Publication of developed procedures, general conclusions, and selected results 

(with permission of BONATRANS GROUP a.s) in quality impacted journals. 
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5 Railway axle design process 

Previous sections described the literature review for the fracture mechanics, state of the art 

for railway axle design process, and available residual stress measurement methods. The following 

text mainly describes the author’s work and work performed in cooperation with colleagues 

at the IPM CAS. The railway axles investigation has been performed at the IPM CAS for many years. 

Presented work is made as a further step in order to improve the axle investigation process. 

The following sections describe a developed methodology for residual stress determination, which 

has been implemented in BONATRANS GROUP a.s. For methodology description purposes, one 

typical railway axle (see, Figure 33 (a)) will be shown for the residual stress determination. 

The neutron diffraction technique for residual stress determination was also applied on this axle. 

Therefore, it is possible to compare the results of different techniques for residual stress 

determination. The other axle type (see, Figure 33 (b)) will be shown for the RFL estimation 

and experimental validation of the estimated RFL. This axle was experimentally tested in full-scale 

tests and compared with numerically simulated lifetimes. 

Railway axles (see Figure 33) investigated in this work are manufactured by the BONATRANS 

GROUP a.s. The axle material is the EA4T steel grade (25CrMo4; see Table 1 for chemical 

composition, Table 2 for mechanical properties, and Figure 34 for the microstructure). Both 

investigated axles were forged, machined, and then surface treated (e.g., quenching or induction 

hardening), followed by final turning to precise dimensions. 

  
Figure 33 Considered railway axles 

Table 1 Chemical composition of the EA4T steel [214] 

Component C Si Mn P S Cr Cu Mo Ni V 

Min (%) 0.220 0.150 0.500 0.000 0.000 0.900 0.000 0.000 0.000 0.000 

Max (%) 0.290 0.400 0.800 0.020 0.015 1.200 0.300 0.300 0.300 0.060 

 
Table 2 Mechanical properties of the EA4T steel [215]–[218] 

Mechanical property Mark Value Units 

Young's modulus E 204.0 GPa 

Poisson's ratio ν 0.3 - 

Yield Stress σy 609.0 MPa 

Ultimate tensile stress σu 727.0 MPa 

Cyclic yield stress σy, c 420.0 MPa 

Flow stress σ0 668.0 MPa 

Strain at failure A5 22.5 % 
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Figure 34 Typical bainitic microstructure of the EA4T steel of conventionally treated axle [216] 

Knowledge of the loading conditions for the railway axle seems to be simple to specify. Standards 

define three types of variable loadings (weight, braking, and traction load) and one static load  

(press-fit) acting on the axle. However, in reality, the railway axle is exposed to another significant 

static loading – residual stress. 

Numerical simulations can determine the bending and press-fit stress fields. However, the residual 

stress field determination only by numerical simulations (simulation of the induction hardening 

process for the whole railway axle) requires comprehensive material data knowledge as well as 

the verification and validation process where the experimental work is inevitable. Therefore, 

a procedure that combines the experimental residual stress measurement and the numerical 

simulation for the residual stress field evaluation was developed. 

5.1 Bending and Press-fit Stress Field Determination  
As was mentioned in the previous 2.3 section, estimation of the critical position of the component is 

necessary for a damage-tolerant approach. The critical position is mainly influenced by the variable 

bending load stress concentrators. Critical position can be affected by additional load due to press-fit 

[59]. The bending load varies during the train operation. The load amplitudes are obtained 

experimentally during the train operation at the different railroads [219]–[221]. Load amplitudes are 

then sorted by the Rainflow method into the different load levels, see Figure 35. Representatives 

of BONATRANS GROUP a.s provided the load spectrum used in this work. Spectrum was sorted into 

the 36 load block levels. The most common load amplitude is set as the static load (load caused 

by the train's weight), and other amplitudes are then considered as the multiplication of the “static 

load”. For the multiplication of the static load, dynamic coefficient k is used. The highest load level is 

k = 2.88 in the provided spectrum. For the fatigue crack growth in the early stages (1 or 2 mm), 

the highest load levels are mainly responsible. Therefore, the critical position is estimated according 

to the highest load block and press-fit loading conditions by the numerical simulations. 
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Figure 35 Histogram of used spectrum, sorted into 36 loading levels, which represents 1000 km of service 

operation 

The numerical model of the railway wheelset consists of 293000 hexahedral quadratic elements. 

The material model of the railway wheelset was linear elastic isotropic, defined by Young’s modulus 

of 204 GPa and Poisson’s ratio of 0.3. Figure 36 shows boundary conditions used in numerical 

simulations. The advantage of two symmetry planes was used. One symmetry plane was defined 

in the middle of the wheelset in a longitudinal way, and the second symmetry plane was defined 

in the middle in a transversal way. The vertical degree of freedom was restricted in the node where 

the wheel-rail contact should occur. Force loading was applied near the free end of the axle, where 

bearings are mounted. The nonlinear frictional contact with the friction coefficient of 0.6 (based 

on previous studies performed by Náhlík et al. [222]) was defined between the axle and the wheel. 

A geometric overlap of 0.3 mm was used as the press-fit loading condition. 

 
Figure 36 Boundary conditions of the used model for the critical position determination 

Results are shown in Figure 37, where axial stress is plotted near the critical position at the T-notch 

stress concentrator. One can see that the highest axial stress is 29.3 mm far from the wheel seat 

corner. This position is used as a critical position in further investigation. 



40 
 

 
Figure 37 Axial stress behaviour near the critical position at the axle 

5.2 Residual Stress Field Determination 
The literature review showed that residual stress determination in large depths of the sizable 

component like railway axle is challenging. Therefore, a new affordable methodology has been 

developed. Figure 38 shows the scheme of this methodology which combines the experimental 

residual stress measurement at the surface with the numerical simulations. First, the functionality 

of this methodology is verified by the application in a known manner. The layer removal method 

described by Moore and Evans [198] is used. Results from the layer removal method will be 

evaluated by the known formula as well as by the numerical simulations. Then new, less  

time-consuming method will be described. 

For the residual stress determination explanation, the railway axle with the total length 

of the investigated railway axle was 2180 mm. The outer diameter in the investigated area was 

168 mm. The hole inside the axle had a diameter of 70 mm (see Figure 39). 

Two methods for residual stress determination were applied on one railway axle: the layer-removal-

based method (LRBM) and the sectioning-based method (SBM). Both follow the same general 

methodology, schematically illustrated by a diagram in Figure 38. The first step is the design 

of the method, followed by destructive specimen preparation and X-ray diffraction measurement 

of residual stress on the surface of the specimen. An integral part of both methods is also a numerical 

simulation of the experiments by FEM that corrects the measured values and thus provides the true, 

original residual stress distribution in the component before any machining. The principles 

and details of the methods are described in the following sections.  
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Figure 38 Scheme of the developed optimization process of residual stresses determination in sizeable 

components 

 
Figure 39 Scheme of considered railway axle with highlighted segments for residual stress measurements 

6 Developed Methodology for Residual Stress Determination 

The X-ray diffraction (XRD) itself was not listed among the methods suitable for residual stress 

determination in large depths. However, despite its low penetration depth, it can be used 

for the railway axle when combined with appropriate specimen preparation and, more importantly, 

the essential numerical procedure for analyzing and correcting the measured data see Figure 38. 
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XRD was used to measure residual stress at the surface of the railway axle when performing both 

the LRBM and the SBM –the step 2 in Figure 38. The setting of the method follows. The Stresstech 

Xstress 3000 robot with Chromium (Cr) radiation, current of 9 mA, and voltage of 30 kV was used 

for X-ray diffraction. The X-Ray beam was collimated to a diameter of 2 mm. The measurements 

were carried out using a 30° detector with four inclinations between ± 40°. Diffraction peak 

from {211} planes at 2θ = 156.4° was used for the measurements. Young's modulus E = 204 GPa 

and Poisson ratio ν = 0.3 were used for stress calculation. Surfaces were cleaned and electrolytically 

etched by KRISTALL 650 machine before every measurement to remove residual stress introduced 

by machining. 

 
Figure 40 Measured residual stress versus the etched depth for different circumferential positions 

determined on the original outer surface 

Prior to the actual measurement of stress by XRD, the surface has to be prepared by etching. It is 

desirable to etch such an amount of material to get rid of subsurface residual stress caused 

by machining. Different etching depths were tested on the studied axle. In Figure 40, residual stress 

values obtained by XRD for different etched depths are plotted. Machining still influences 

the residual stress results after etching 0.1 mm of the material. With 0.2 mm of the etched depth, 

there is still some observable influence in the axial residual stress values. For depths of 0.3 and 

0.4 mm, most of the results fall within the uncertainty range of the method. Therefore, the etching 

depth was set to 0.3 mm for all the measurements.  

As shown in Figure 40, the residual stress components determined at the three predefined positions 

around the segment circumference are almost the same. Such regular distribution of residual stress 

around the railway axle segment was found for all the etched depths. Therefore, axisymmetric 

residual stress distribution can be assumed, so using the average of the three measured values 

as the residual stress magnitude for a given depth can be used. 

6.1 The Layer-Removal-Based Method 
The LRBM consists of two main parts, as outlined in Figure 38. The first part is the actual experiment 

(corresponding to the first two steps in Figure 38) that involves the design of the experimental 

setting (dimensions of specimens, number of layers, etc.) and measurements by XRD. The second 

part (corresponding to steps 3 to 10 in Figure 38) is a set of numerical simulations that finally lead 

to the corrected residual stress distribution in the whole railway axle.  
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The specimen for the LRBM is a full segment of the axle (see Figure 39 and detail in Figure 41). 

The specimen dimensions were chosen, bearing in mind that the manipulation with the whole axle 

is complicated. Therefore, the influence of the free surface on the stress state was studied to avoid 

the necessity to use the whole axle for experiments. It was then decided that a symmetrical 433 mm 

long part (shown in Figure 39) is compact enough. At the same time, the investigated cross-section 

in the middle of such a segment stays free from the effects of the free surfaces, according  

to Saint-Venant's principle [223]. The residual stress state is preserved in its original form in the 

whole axle. 

 
Figure 41 The measuring points' position for the LRBM 

The number of layers for subsequent machining (lathe turning) away was designed to be 17 

(the layers did not have uniform thickness). The first residual stress measurement was carried out 

on the original surface of the axle before cutting the 433 mm long segment out. Then, another 

measurement was performed on the original surface after the specimen was cut out of the axle. 

These measurements would reveal the potential influence of free surfaces of segment cut from 

the axle. After that, three measurements for three removed layers with the thickness of 5 mm were 

performed (to remove the remaining pairs of wheel seats), followed by 11 measurements and 11 

removed layers with the step of 2 mm and the last four measurements and four removed layers were 

carried out with the step of 5 mm. 

The measurements were always carried out at the same spots spaced by 120° on the circumference 

in the middle of the segment, see Figure 41. The total number of measurements was 20 x 3 = 60. XRD 

was employed for all the measurements. Axial and tangential stress components were recorded 

in each of the three spots on the surface. 

Note that measured residual stress values cannot be considered as the original residual stress state 

in the axle due to removed layers of material with residual stress. Therefore, there is a redistribution 

of residual stress in the machined segment. Hence, after the measurements, the residual stress 

values must be corrected. For this, Moore and Evans provided an analytical solution based 

on the theory of elasticity. In this work, numerical simulations and own analytical procedure were 

used instead. 

Finite element models of the specimens used in the experiments are created. The discretization was 

made very fine to be able to describe the residual stress gradient. The biggest model contained about 

21 000 quadratic, quadrilateral 2D elements. The material model of the segments was linear elastic 

isotropic, defined by Young’s modulus of 204 GPa and Poisson’s ratio of 0.3. The model's initial state 

was defined using the INISTATE function available in the ANSYS [224]. 
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A 2D axisymmetric representation (see examples of the geometry in Figure 42 (a)) for each measured 

geometry was created (one measured depth point corresponds to one FEM model). In the next step, 

the same input residual stress was defined in the model – this state is illustrated in Figure 42 (b). 

Note that the distribution is defined always starting at the original outer surface of the axle and 

removing a layer thus means, removing the corresponding part of the stress distribution. After 

solving the models, the residual stress (which initially is not in equilibrium) redistributes, resulting 

in the equilibrium distribution in Figure 42 (c). These values are then compared to the measured 

values on corresponding surfaces. The input stress is then changed based on the obtained difference. 

The input data are changed and again used as the initial state in the next round of calculations. 

 
Figure 42 Illustration of LRBM (a) segment models; (b) defined initial stress state; (c) redistributed 

equilibrium stress state 

Figure 43 shows the evolution of input residual stress (green lines) for the measured data (black 

crosses). The goal is to find such input stress (green line) that, after redistributing and achieving 

equilibrium, the resultant stress (red line) corresponds to the measured data. Residual stresses 

in the last two measured depths are close to zero. There is a small region between the depths 

of 42 mm to 49 mm marked as “estimated” in Figure 44, where the residual stress values are 

estimated by extrapolation of a constant value. 
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Figure 43 Schematic evolution of first two iterations of initial state input data for measured axial residual 

stress 

After several iterations, compliance between numerically and experimentally determined residual 

stress values was found. Figure 44 shows the measured data points (black crosses) compared 

to the axial residual stress equilibrium state in each FEM model of the corresponding segment. It can 

be seen that the measured residual stress obtained on the surface of each segment corresponds 

to the simulation result at the surface, while the same initial stress state data were used for each 

of the models – that means this initial stress distribution can be taken for the original stress state 

in the specimen. 

 
Figure 44 Optimized solution for simulated segments 

Figure 45 shows the results of axial, tangential, and radial residual stress components. These data 

correspond to real residual stress distribution in the axle. In the following, they were used as input 

values for a numerical model of the whole axle.  
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Figure 45 Results of residual stresses determined by LRBM 

The residual stress state in the whole axle can be estimated after loading the model of the whole axle 

by the residual stress distribution obtained in the previous FEM analysis. It is important to note here 

that the residual stress in the whole axle corresponds to the measured values in the parts that were 

cut out and measured. However, the residual stress distribution differs in other parts of the axle 

(e.g., the ends or the rounded transitions) because it assumes the most suitable equilibrium there. 

Figure 46 shows the resultant distribution of residual stress in the whole axle. 

 
Figure 46 Final residual stress distribution in the whole axle 

6.1.1 Analytical Iterative Evaluation of the Original Residual Stress State  

After the successful numerical determination of the original residual stress state, another procedure 

was developed. This quasi-analytical iterative procedure developed in the MATLAB software uses 

the force equilibrium conditions and the iterative procedure. Evaluation in MATLAB is faster than 

the numerical evaluation. However, it is applicable only for cylindrical specimens. 
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Figure 47 Scheme of the iterative evaluation method for the correction of residual stress values measured by 

X-ray diffraction 

After the experiment, a set of residual stress values (axial and tangential) were measured in certain 

positions in the axle segment (defined by radius r). The correction procedure is described 

at the showcase with three removed layers in order to show the principle and keep the text 

and figures clear. Experimental data are then evaluated at the end of this section. 

The iterative procedure is based on repeatedly calculated values of an unbalance U and searching 

for such values of residual stress σ that will produce the value of U close to 0 for the whole specimen. 
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Therefore, we are looking for the inner equilibrium state of the body. The measured values are used 

as starting points for the iterative process. The unbalance is calculated as  

𝑈 =
∑ 𝐹𝑑𝑖𝑟,𝑖

𝑛
𝑖=1

𝑆𝑑𝑖𝑟,𝑡𝑜𝑡
=

∑ 𝑆𝑑𝑖𝑟,𝑖𝜎𝑑𝑖𝑟,𝑖
𝑛
𝑖=1

𝑆𝑑𝑖𝑟,𝑡𝑜𝑡
, (26) 

where F is reaction force, S is corresponding area, σ is stress, n is a number of measured depth 

points + 1, the dir subscript corresponds to the evaluated direction (dir = ax for axial and dir = tg 

for tangential), and the i subscript corresponds to the radius of the evaluated surface (i = rin 

corresponds to the inner surface, rou is the outer surface radius and r1 to rn are the radii in between). 

Two assumptions are made at the beginning of the determination process: 

1. A theoretical value of 0 MPa is added to the measured values for the inner radius, assuming 

that after removing all material (which is physically impossible), 0 MPa, would be measured. 

This value is added to estimate residual stress in the region, followed by the final physically 

possible measurement. If there is no hole in the cylinder (solid cylinder), 0 MPa value 

corresponds to radius rin = 0 mm. 

2. The linear residual stress distribution is assumed between each measured point. 

The whole procedure was programmed as a MATLAB function. Figure 47 shows the scheme 

of the procedure.  

The determination process itself runs in two nested cycles. The outer cycle determines the portion 

of layers for the inner cycle to work on, starting from the innermost layer and adding one layer 

in each step. The inner cycle evaluates the force equilibrium condition for the current portion 

of layers. It is important to note that the layers must correspond precisely to the removed layers 

when performing the measurements. 

Figure 48 illustrates the evaluation process. The blue points in the figure stand for the measured 

values. The black X point is the additional theoretical value of 0 MPa. The iterations run as follows: 

1st iteration 

The determination starts from the innermost layer (the interval from rin to r3), in which the 0 MPa 

bounds at rin and the last measured point at r3. Then, the inner circle works on this interval only. 

It calculates the value of unbalance U, and then shifts the values of stress by the calculated 

unbalance and calculates the unbalance again until it reaches the point when the U < 0.1% (chosen 

calculation error) of the first unbalance (this condition is referred to as the equilibrium condition 

in further text). However, the measured value at r3 cannot be changed at this point. It is regarded 

as the boundary condition. The only value that can be shifted is the value of 0 MPa. The equilibrium 

equation for the first iteration in the case of axial residual stress evaluation is: 

𝑈 =
∑ 𝐹𝑑𝑖𝑟,𝑖

𝑛=2
𝑖=1

𝑆𝑑𝑖𝑟,𝑡𝑜𝑡
=

𝜋 (𝑟3
2 − (𝑟𝑖𝑛 +

𝑟3−𝑟𝑖𝑛
2 )

2
) 𝜎𝑎𝑥,𝑟3

+ 𝜋 ((𝑟𝑖𝑛 +
𝑟3−𝑟𝑖𝑛

2 )
2

− 𝑟𝑖𝑛
2 ) 𝜎𝑎𝑥,𝑟𝑖𝑛

𝜋(𝑟3
2 − 𝑟𝑖𝑛

2 )
 (27) 

where r3 is the radius of the last measured point and rin is zero for the solid cylinder and inner radius 

for the hollow cylinder.  
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Figure 48 Schematic illustration of the analytical residual stress determination process 
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To consider the linear stress distribution between the measured points, the area corresponding 

to the evaluated point must be equal to half of the current layer thickness. Figure 49 shows 

corresponding areas for the schematic case shown in Figure 48. 

The next iteration starts when the equilibrium condition is fulfilled.  

 
Figure 49 Corresponding area functions behaviour 

2nd iteration 

The next layer is added to the innermost layer to form the next interval for the equilibrium search. 

In the 2nd iteration, the interval is from rin to r2. Now, the measured value at r2 is the boundary 

condition that cannot be changed. The previous values at r3 and rin must be changed now to find 

the equilibrium state. This is done again by shifting the values by the newly calculated value 

of unbalance until the equilibrium condition is met (U < 0.1% of the first calculated unbalance). 

nth iteration  

In every following iteration, the process of adding the next layer and searching for the equilibrium 

by shifting the previously calculated values is repeated until every measured depth is used 

and the final equilibrium state is obtained. 

 
Figure 50 Comparison of axial residual stress evaluated by numerical simulations and developed solution in 

MATLAB from the same measured data with (a) fine depth sampling and (b) coarse depth sampling 

Figure 50 shows that previously proposed numerical and MATLAB iterative evaluations give the same 

results for the original residual stress state even though fewer measured points are used 

for the determination. 
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Residual stress determination by the LRBM shows axisymmetrical stress distribution for the induction 

hardened railway axle. The results further revealed a gradient through the axle cross-section. High 

compressive (negative) stress near the outer surface occurs for axial and tangential stress 

components. Then, both components increase up to 26 and 33 mm depth for axial and tangential 

components, respectively. After reaching the maximum value, both components slightly decrease 

and keep constant value through the rest of the axle cross-section. Developed numerical 

and analytical solutions show the same results. The advantage of LRBM lies in using one measuring 

segment and the possibility of measuring non-uniformly distributed residual stress around the axis. 

The main disadvantage of the method is repeated manufacturing which is time-consuming. 

6.2 The Sectioning-Based Method 
The SBM is basically a new method designed to need just two sections from the railway axle. On 

those, residual stress is measured by the XRD without further machining. 

The SBM requires two different specimens manufactured from the studied railway axle (see 

Figure 39 and detail in Figure 51). One for the axial stress measurement (segment A; an example 

of the segment A like specimen is shown in Figure 52) and the other for the radial and tangential 

stress measurements (segment R). The segment A is an exact half of an axle segment cut along 

the longitudinal axis. The length of the segment is 433 mm, the same as for LRBM. The segment R is 

a 10 mm thick ring – a lower thickness was chosen to ensure axial residual stress is relaxed and keep 

the tangential and radial residual stress in the ring. 

 
Figure 51 Measuring paths positions for segment A and segment R for SBM 

 
Figure 52 Example of the experimental segment A like specimen manufactured from a different axle 
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As shown in Figure 51, the measurement location was considered a path connecting the outer 

surface with the inner surface for both segments. The path in segment A was located precisely 

in the middle of the segment. The number of measured points was set to 21. The spacing 

of the points is the following: from the outer diameter to the depth of 6 mm by the step of 1 mm; 

from 6 mm to the depth of 26 mm by the step of 2 mm, and from 26 to 46 mm (inner surface) 

by step of 5 mm. Preparation of the surface before measurement and residual stress measurement 

as described in section 5.2 followed. 

One residual stress measurement of the original axle surface was also performed before cutting 

the segments A and R out of the axle for later verification of the surface values. Due to the probe 

dimensions, the residual stress near the original outer and inner diameter (close to the edges 

of the specimens) cannot be reliably measured by the given method. Therefore, the first point 

I  measured at a depth of 2 mm under the outer surface and the last 2 mm before reaching the inner 

surface. Missing input data from the original outer and inner surfaces were estimated by constant 

extrapolation of the closest available value. 

Like in the case of the LRBM, the measured values must be corrected to obtain the original residual 

stress distribution. In the case of the SBM, a numerical simulation is the only possible choice for 

the calculation because no analytical solution is possible for the specimen shapes. Therefore, 

the numerical procedure for determining the original residual stress field was performed. 

The procedure was similar to the case of LRBM – repeated cycles of initial state definition, followed 

by equilibrium state determination and comparison to measured stress values. Instead of simulating 

16 different specimens, just the two segments, A and R, were modelled. In this case, 3D models 

of the specimens were used because segment A is not axisymmetrical and, therefore, not suitable 

for 2D modelling. Segments A and R discretization were done by 57000 and 2300 quadratic, 

hexahedral 3D elements, respectively. The material model of the segments was linear elastic 

isotropic, defined by Young’s modulus of 204 GPa and Poisson’s ratio of 0.3 as well as for LRBM. 

 
Figure 53 Illustration of SBM (a), (b), (c) segment A - axial cut; (d), (e), (f) segment R - radial cut; 

(a), (d) models for measurement; (b), (e) distribution of input stress; (c), (f) redistributed stress after 
numerical calculation 

Figure 53 (a) and (d) show the model’s geometry. The initial state of the models before solving 

for the equilibrium is shown in Figure 53 (b) and (e). Figure 53 (c) and (f) then demonstrate the same 

model after achieving equilibrium. This state corresponded to the state of the actual specimens 

when the XRD measured residual stress. As soon as the measured state and the determined 
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equilibrium agree with a sufficiently slight deviation, the initial state of stress that caused this 

equilibrium is used for the full-scale axle where the original residual stress is obtained. 

The measured data (points) correlation with the calculated equilibrium for segments A and R (solid 

lines) is plotted in Figure 54 and Figure 55, respectively. 

 
Figure 54 Optimized stress components for segment A (axial cut) 

 
Figure 55 Optimized stress components for segment R (radial cut) 

 
Figure 56 Results of residual stress measurement by SBM 
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LRBM results show small values of radial stress in comparison with axial and tangential stress. 

Therefore, radial stress was neglected for the other optimization process, and presented results 

of radial stress are obtained as a side effect of the equilibrium stress state. 

Figure 56 shows the already corrected, original axial, tangential, and radial residual stress 

distributions determined by the SBM. 

The main advantages of the SBM are that it requires fewer measurements than the LRBM and much 

less time, as no additional manufacturing of the measured segments is needed between 

the measurements. The disadvantage is that the information of residual stress distribution 

is determined just in one or two paths (180° rotated to each other) across the cross-section. 

Therefore, SBM accuracy can be lower than in the LRBM case, where every stress value is determined 

as the three values average on the circumference. 

6.3 Discussion and Validation 
Two different methods for determining residual stress through the cross-section of railway axles 

were performed that combine well-established experimental procedures with numerical simulations. 

Experimental specimens for both methods were manufactured from the same axle. 

The axial residual stress distributions obtained from both methods are plotted in Figure 57. There is 

good agreement between these two methods. The most important residual stress component 

is the axial component. The most dangerous cracks grow in the radial direction with tensile (positive) 

axial stress acting as the opening force (the compressive residual stress acts against the opening, thus 

preventing cracks from growing). For investigated commercially manufactured axle with induction 

hardening treatment, the compressive (negative) axial residual stress of about −600 MPa was found 

up to the depth of 8 mm below the axle surface. Then, the axial residual stress rises in the interval 

from 10 mm to 24 – 27 mm, where it reaches its maximum of 490 MPa. It is essential to note here 

that the effort to induce a high compressive residual stress close to the surface of the axle 

also induces high positive stress deeper in the cross-section. 

 
Figure 57 Comparison of axial residual stress measured by different methods 

The distributions of the other two components of stress, tangential and radial, are shown 

in Figure 45 and Figure 56 for LRBM and SBM, respectively. 

There is a cross in Figure 57 marking the residual stress measurement on the segment A surface 

before it was cut in half and processed by the SBM. This point could be used as the stress value 
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in the region on edge, where it was not possible to be measured, instead of using the extrapolated 

value. However, even with the extrapolations, the residual stress distribution determined by the SBM 

is sufficiently accurate. 

The railway axle's axial and tangential stress were measured precisely, with a relatively low scatter 

in the values. Thanks to the SBM specimen's shape, it was possible to measure also the radial 

components (this is impossible in the LRBM). There is a noticeable scatter in the values of radial 

stress (see Figure 54 and Figure 55). However, radial stress is not very important regarding crack 

propagation. In a model of the whole axle, the radial component is usually calculated automatically 

to match the state of the other two components, which are also much more significant in magnitude. 

Both presented methods are destructive, so it is impossible to repeat the measurements 

I  production very frequently. That is their biggest drawback. However, it is expected that 

the measured axle represents the whole series of manufactured axles (with the same technological 

processes and parameters), which will have similar residual stress distribution. Therefore, sacrificing 

one axle to be destroyed by the experimental procedure is acceptable.  

The advantage of the LRBM, in particular, lies in need for one specimen only. Also, if using FEM 

is not possible for some reason, there is the possibility of using the developed iterative procedure 

to evaluate the experimental data. The Moore and Evans formula was also applied to the data 

measured here, and the residual stress distribution was compared to the numerically obtained 

distribution. The comparison is plotted in Figure 58 (a) – the obtained distributions are practically 

identical. However, suppose only some measured values are used for the evaluation, simulating 

a coarser sampling. In that case, the numerical procedure can produce results closer to reality, see 

Figure 58 (b). This enhancement gives the proposed LRBM a slight advantage over the original layer 

removal method with the analytical evaluation. 

 
Figure 58 Comparison of axial residual stress evaluated by different methodologies from the same measured 

data with (a) fine depth sampling and (b) coarse depth sampling 

Should the residual stress be non-uniformly distributed around the axis (not axisymmetric)? 

The LRBM can show the circumference because of the measurements in 3 places (it could be even 

more). The main disadvantage is the repeated time-consuming machining.  

The main advantage of the SBM is that no additional machining of the specimens is needed once 

they are cut out of the axle, which saves a considerable amount of time and costs. A FEM software is 

necessary for the final residual stress evaluation, but such equipment is relatively standard in more 
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prominent industrial manufacturers like railway axle producers. Another minor disadvantage is that 

measuring residual stress by XRD near original outer and inner surfaces is practically impossible. 

However, an additional measurement performed before the cutting can reduce this problem 

for the outer surface.  

Successful application of the methods described above shows that the XRD applied to an appropriate 

specimen can provide information about the residual stress distribution not only close to the body 

surface (ca 10 µm, see Figure 21 – X-ray diffraction method) but also in the whole cross-section, 

provided that a numerical FEM simulation is applied to obtain the correct results. The LRBM 

and the SBM require standard tools available in industrial companies, i.e., a set of XRD equipment 

and FEM software. 

The described methods both rely on the use of the same procedure of residual stress  

measurement – the XRD. Although their compliance is acceptable, and an analytical calculation 

verified the evaluation procedure, this alone cannot be taken for sufficient validation. Therefore, 

additional experiments using different techniques were carried out to validate the obtained results.  

In order to perform the referential measurements, preferably on the same geometry used by one 

of the two methods above (for the necessity of transporting the specimens), the shape of a ring 

specimen (the same as the segment R for the SBM) was chosen, see Figure 59 (b). The ring specimens 

were manufactured from a different axle of the same type as the one studied in this work. 

The following methods measured tangential residual stress distribution in these specimens: 

1. neutron diffraction – performed by the Nuclear Physics Institute of the Czech Academy 
of Sciences, Řež, Czech Republic  

2. slit ring method – performed at the Institute of Physics of Materials of the Czech Academy 
of Sciences by the authors of this work; this experiment was already published by Dlhý et al. 
[225], where the detailed description can be found 

3. X-ray diffraction – additional XRD measurement performed by the Research Centre 
of the University of Žilina, Žilina, Slovakia. 

The comparison of tangential residual stress obtained by these methods is shown in Figure 59 (a). 

The solid lines in Figure 59 (a) stand for the referential results from specimens manufactured from 

a different railway axle. The red points represent the results obtained by the SBM on the segment R, 

already presented previously. All the methods show similar results up to the depth of 18 mm, where 

most of the methods show crossing from compression to tensile residual stress distribution. 

After 18 mm, only tensile residual stress is present in the following depth. Here some differences 

begin to appear. Only the X-ray measurement of the segment R shows decreasing in the residual 

stress after 30 mm depth. Other methods show constant value after 30 mm depth. Neutron 

diffraction shows 100 MPa as the maximum tensile vale. Other methods show a maximum tensile 

value of 200 MPa or higher. As was mentioned above, specimens for different measurements were 

extracted from different axles after induction hardening. The tensile residual stress is caused 

in response to the compressive residual stress generated after surface cooling. Therefore, tensile 

residual stress may vary for different axles and different axle parts. The most important for crack 

propagation is surface area. In this area, all methods show similar compressive residual stress. 
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Figure 59 (a) Comparison of tangential residual stresses measured by different methods on (b) ring 

specimens 

To validate the residual stress estimation for the whole railway axle, the comparison of FEM results 

and XRD measurement on the surface of the original axle was performed. XRD measurement was 

performed before any cut-out operation of the specimens for the residual stress measurement. 

Figure 60 shows the schematic illustration of the measured positions with the FEM data estimation 

with the measurement data in those positions. Data from positions D and F are directly used 

in residual stress determination by LRBM and SBM. Other data points are the comparison of FEM 

estimation on the rest of the railway axle with the measured data. Differences between different 

positions may be caused by imperfections in the technological procedure and imperfections in FEM 

estimation. The difference between the axle body and the wheel seat positions is caused by the fact 

that the diameters in these positions are not identical. Therefore, residual stress is equilibrating 

in the different volume sizes. Positions B and H on the axle body show the largest difference against 

FEM estimation. This can be caused by a complicated axle shape where the induction hardening 

parameters should be improved to get a perfect residual stress profile. G, H and I positions on one 

side of the axle show a larger difference against A, B and C points on the other side. This suggests 

some influence of the induction hardening direction. Although with some imperfections, the overall 

FEM estimate is accurate enough for the SIF determination and following RFL estimation. 

 
Figure 60 Axial surface residual stress at the investigated railway axle 
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6.3.1 Additional Hardness and Microstructure Analysis 

After the residual stress measurement, hardness measurement and microstructure analyses were 

performed. Hardness was measured with ZHV30 Vickers ZwickRoell at a load of 1kg applied according 

to the ASTM E384 standard. Measurement was performed on the segment R specimen used for 

the SBM residual stress measurement. Three different paths from the original outer axle surface 

up to the depth of 20 mm were measured with spacing 120° to each other. Figure 61 shows obtained 

hardness. Hardness is more or less constant from the surface (0 mm depth) up to the 8 mm under 

the surface, around 530 HV1. Then, hardness values decreased up to the 16 mm depth, where 

constant hardness distribution, around 225 HV1, is observed again. 

In order to observe the microstructure of the axle cross-section, five metallographic samples were 

manufactured from the segment R for the SBM residual stress measurement. Samples were 

extracted from 2 mm, 5 mm, 10 mm, 15 mm, and 20 mm of the axle depth. Samples were polished 

and etched in a Nital Etchant. The microstructure was documented by the light microscope Olympus 

DSX1000. Figure 62 shows the resultant microstructure of the axle after the induction hardening 

for different depths. Due to the induction hardening, martensite was observed on the surface. 

The martensitic structure was present to the depth of 7.5 mm, where a transition area containing 

bainite occurred. The volume fraction of the bainite was increasing with increasing depth. 

The transition zone was observed up to 16.2 mm, while also a small amount of ferrite from the depth 

of 13.6 mm appeared. Above 16.2 mm of the axle depth, sorbit was also detected. Table 3 

summarizes the documented microstructure behaviour. 

The change in microstructure corresponds to the measured hardness and previously measured 

residual stress distribution. 

 
Figure 61 Induction hardened axle hardness 
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Table 3 Microstructure summary after the induction hardening 

Depth (mm)   Microstructure 

  0.0   -    7.5   Martensite 

  7.5   -  10.7   Martensite + Bainite 

10.7   -  13.6   Bainite + Martensite + little Ferrite 

13.6   -  16.2   Bainite + Ferrite + little Martensite 

16.2   +   Bainite + Ferrite + Sorbit (as before IH) 

 

 
Figure 62 Microstructure of the induction hardening axle. Samples were extracted from different axle depths 

The correctness of the numerical evaluation was verified by comparison with a previously published 

analytical solution for layer-removal residual stress measurement for the axial residual stress 

component. Then a completely new measurement procedure, SBM, which combines XRD 

and numerical evaluation, was performed. Both procedures, LRBM and SBM, achieved practically 

identical results. Additional verification was performed by measuring the tangential residual stress 

using conventional residual stress measurement methods on ring specimens manufactured 

from the axle. Obtained tangential results are very similar. Lately, axial residual stress results were 

compared with externally performed slitting method measurement. The comparison showed 

the same trend. 
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7 Stress Intensity Factor Determination 

The previous text described the stress field determination caused by different loading conditions 

(bending load, press-fit, and residual stress) and estimated the critical position for the investigated 

railway axle. In the next section, SIF determination by the numerical simulation is described in detail. 

Different methods and their accuracy will be discussed. First, SIF determination for the rolling bearing 

cylinder with the internal crack, then SIF determination for the investigated railway axle will be 

presented.  

The SIF determination is not a trivial process. It is necessary to perform a detailed analysis of the 

component with the crack. Determined SIFs are typically used in RFL estimation, where the precision 

of the SIF determination influences the final RFL estimation. Different loading conditions may cause 

different SIF modes. Therefore, proper investigation of the complex loading condition and precise SIF 

determination is critical for the correct RFL estimation. During the PhD study, SIF determination 

for the different project was necessary. Complex analysis and RFL determination of the bearing 

element with internal crack was performed before the railway axle SIF determination. 

7.1 Compression Loaded Central Cracked Cylinder 
One atypical mechanism of failure of the bearing elements is that the crack propagates 

from an internal defect until it reaches a critical length and the bearing element breaks. This 

mechanism is essential for thermoplastic bearing elements, especially cylinders. Thermoplastic 

cylindrical bearing elements are typically manufactured by injection moulding. However, internal 

defects occur in the cylinders due to significant shrinkage from the molten polymer solidification 

in the mould after the injection [226]. When a defected cylinder is installed in a bearing and starts 

rolling under load, a crack can initiate from the shrinkage defect and start propagating. This process 

eventually results in the failure of the cylinder. The crack grows under mixed-mode conditions 

caused by the ever-changing orientation of the crack to the load acting during rolling. 

As the production defects are complicated to eliminate [226], it is crucial to describe the process that 

leads to failure and thus enables a reasonable lifetime estimation of these parts. 

The frequent presence of mixed-mode conditions in fracture mechanics problems concerning parts 

such as bearing elements or gears made of thermoplastics such as POM, PEEK, and others, fuel 

recent interest in obtaining the crack growth conditions in these materials in mixed-mode conditions. 

It was found that mixed-mode loading conditions lead to an apparent lifetime reduction in the case 

of mode I/mode III loading [227]. Additionally, during fatigue testing in mixed-mode conditions, 

a temperature increase caused by friction between crack flanks was observed. This temperature 

increase depends on the loading frequency and can significantly deteriorate the mechanical 

properties of the polymer. Therefore, any lifetime prediction for polymeric material that neglects 

the effect of the mixed-mode conditions leads to strongly non-conservative results. 

The detailed knowledge of the mode mixity and accurate estimation of the SIFs during crack 

propagation is necessary for further lifetime prediction of the component. A thorough FEM 

simulation of an actual component where crack propagates in mixed-mode conditions is also 

essential for further practical application of previous research findings on the mixed-mode crack 

propagation in thermoplastics [227]–[229]. 
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Detailed FEM simulation of the crack propagation in cylindrical bearing elements made of POM 

during rolling is described in the following section. This study was supported by project PCCL-K1  

“K1-Center in Polymer Engineering and Science”, and is a direct follow-up to the work of Berer et al. 

[226], but it takes into account the presence of the mixed-mode conditions at the crack front. 

The SIFs for mode I (tensile crack opening), mode II (in-plane shear crack opening), and mode III  

(out-of-plane shear crack opening) were determined, and their mutual relationship was assessed. 

Different conditions of the crack propagation were considered in the simulation. 

A parametrical numerical model was developed to simulate a growing crack inside a rolling cylinder 

under different conditions and determine fracture mechanics parameters – the SIFs.  

Three different modifications of the model that differ in some features influencing the crack growth 

were created: 

1. The model with a flat crack – a model of a cylinder compressed between two steel plates that 

contains one circular flat crack in the middle. Although the faces of the crack can come 

in contact, no friction is considered between the faces. Different combinations of dimensions 

were considered. 

2. The model with a void – the crack in this model is not flat from the start, but it starts 

from a three-dimensional void in the middle of the cylinder. Although it starts from the void, 

the crack is still flat and circular. 

3. The model with a void and friction – the same as the model with a void, but friction 

is considered between the crack faces. 

The details of the first model only are described and discussed further in work. Results compare 

different SIF evaluation methods and general equations that assess SIFs for the cylinder's wide range 

of dimensions. The details of the other two models are shown in the paper by Dlhý et al. [230]. 

 
Figure 63 The situation of the bearing cylinder with an internal defect, compressed between two steel plates 

and rolling. 

The most important part of the model is a cylinder with a flat circular crack in the middle (the crack 

is modelled directly as a part of the geometry, refer to ANSYS APDL Help for more details about crack 

analysis [224]). Apart from the cylinder, two steel plates, one at the top and one at the bottom, 
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compressing the cylinder, were added to model the case of a cylinder installed between rails 

or bearing rings. The main dimensions of the basic model cylinder are denoted D (diameter) and L 

(length). The crack length is denoted as a. The model is parametric, which means it is possible 

to simulate almost any set of dimensions and the change in orientation of the crack during 

the rotation of the cylinder. See the modelled situation in Figure 63. 

Only one-half of the cylinder was modelled to take advantage of the symmetry and reduce 

the number of elements and computing time. Further reduction of the model was not possible 

because other planes of symmetry are disrupted by the rotation of the crack inside the cylinder. 

Quadratic tetrahedral elements were used to mesh most of the model. The mesh was made very fine 

and a little more regular around the crack front. The quadratic brick mesh was used in the area 

surrounding the crack front with special quarter-point elements directly at the crack front (see 

the mesh of the model with a detailed view of the crack front in Figure 64). The material model 

of the cylinder was a linear elastic, isotropic solid defined by Young's modulus of 3.6 GPa 

and Poisson's ratio of 0.45. These values are typical for the POM used to make bearing elements. 

 
Figure 64 The mesh of the whole symmetrical FEM model of the bearing cylinder. The refined area in 

the vicinity of the crack tip is pictured in the detailed view (note the special crack tip elements in the middle). 

The steel plates compressing the cylinder at the top and the bottom were meshed by regular 

quadratic bricks. The material model of these parts was linear elastic isotropic, with Young's modulus 

of 210 GPa and Poisson's ratio of 0.3. Mutual contact was defined between the steel plates 

and the cylinder. 

Boundary conditions were defined for the whole model. Symmetrical boundary conditions were 

defined on the plane of symmetry. Fixed support was defined at the bottom of the lower steel plate. 

The upper steel plate was loaded by the force of 350 N. The boundary conditions and loads 

are schematically depicted in Figure 64. 

The same basic set of 7 combinations of dimensions D × L as in Berer et al.'s previous work [226] was 

chosen to be modelled (dimensions are in mm): 3 × 3, 4 × 4, 5 × 5, 6 × 6, 6 × 3, 6 × 9, 6 × 12. Nine 

more combinations were added to make the set more robust for the intended parametric study:  

3 × 4, 3 × 5, 3 × 6, 3 × 9, 3 × 12, 4 × 5, 4 × 6, 5 × 4, and 6 × 4. 
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The crack growth inside the cylinder was simulated by modelling the cylinder with the crack length a 

going from 0.25 mm up to 1.75 mm by the steps of 0.50 mm. The addition of two extra crack lengths 

of 0.85 mm and 1.00 mm is done to better compare the models with and without a void inside. Note 

that, in this case, the crack is circular, and the crack length a is its radius (as shown in Figure 63). 

The SIFs KI, KII, and KIII were determined along the whole crack front for every crack length. 

The position on the crack front is defined by the angle γ that goes from +90° across 0° to -90° (see 

Figure 63 for illustration). 

The cylinder was considered rolling between the two compressing steel plates to simulate 

the operation of a bearing element. The rolling was achieved by changing the orientation of the crack 

in the model. It is important to remark that contact was also defined between the crack faces 

because they would be pressed against each other in some positions. The crack orientation is defined 

by the angle ρ between the crack plane and the model vertical axis (or the direction of forces acting 

on the steel plates, see Figure 65). The angle ρ goes from 0° up to 180° by the steps of 15°. 

For a better description of the change in the values during rolling, eight steps of the angle ρ were 

added – 3.8°, 7.5°, 11.2°, and 22.5°, as well as 157.5°, 168.8°, 172.5° and 176.2. The range 0° – 180° 

simulates only a half-turn of the cylinder, but the remaining part of the turn would be symmetrical. 

The crack growth from 0.25 to 1.75 mm, and the SIF determination was carried out in every rolling 

step. More than 400 simulations in total were carried out. 

 
Figure 65 Schematic illustration of the changing orientation of the crack during rolling and the angle ρ that 

describes the rolling position. 

In every step of the crack propagation (and in every version of the model), the SIFs were evaluated 

using three different methods. The first method was the domain integral [231], fully integrated into 

the software ANSYS. The second method was the determination of SIFs directly 

from the deformation of the nodes of the special crack tip elements [232]. The third method 

was the direct method of SIFs determination from the stress field around the crack tip. 

At first, the SIFs determined by the model with a flat crack were compared to values published 

by Berer et al. in [226] to validate the functionality of the new model described previously. 

The numerical model by Berer et al. represents one-eighth of the bearing cylinder. It was not used 

to determine the values of SIFs KII and KIII; only KI was evaluated. The values for the case 

of the cylinder with D × L = 6 × 6 mm in the rolling position ρ = 0° were taken from the paper 

and compared to the results that the model produced described here. The comparison is plotted 

in Figure 66. KI values are plotted as a function of the position on the crack front described 

by the angle γ. The discrepancy between the results of the two models is negligible. Figure 67 

compares results produced by these methods for a crack length of 1.25 mm. All methods are 

in the range +-1% with Berer's values. All the values presented further in this paper were obtained 
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by the domain integral method. Note that Berer et al.'s values are in the range of 0° – 90° because 

the one-eighth type of symmetry was used in their model. It was possible because the values of KI 

are symmetrical, as shown by the newer results. However, it would not be possible to use this type 

of symmetry to evaluate KII and KIII. 

 
Figure 66 Comparison of KI values for different crack lengths from Berer et al. [226] and the newer model 

described here. 

 
Figure 67 Difference between determined KI values for different methods and from Berer et al. [226] 

for crack length 1.25 mm 

7.1.1 The Model with a Flat Crack – Results and Discussion 

It was mentioned above that the crack orientation to the acting load changes due to the cylinder 

rolling. The pure mode I appears only in a few instances during the turn. There is always 

a combination of modes I, II, and III. The modes and their ratios change depending on the position 

of the cylinder (angle ρ), and they are also different for different positions on the crack front (given 

by the angle γ). 
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Figure 68 3D plot of KI as a function of both, the circumferential position on the crack front γ and the rolling 
orientation of the crack ρ, crack length a = 1.25 mm. The upper surface reflects contact between crack faces 

(highlighted by the solid red line). The lower surface is negative theoretical values of KI acquired 
from a model where no contact was defined between crack faces (highlighted by the dashed red line). 

 
Figure 69 3D plot of KII as a function of both, the circumferential position on the crack front γ and the rolling 

orientation of the crack ρ, crack length a = 1.25 mm. 

 
Figure 70 3D plot of KIII as a function of both, the circumferential position on the crack front γ and the rolling 

orientation of the crack ρ, crack length a = 1.25 mm. 
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Figure 71 Course of stress intensity factors during rotation in the cylinder D × L = 6 × 6 mm, load F = 350 N, 

a = 0.25 mm, position on the crack front; (a) γ = 0°; (b) γ = -90°. 

 
Figure 72 Course of stress intensity factors during rotation in the cylinder D × L = 6 × 6 mm, load F = 350 N, 

a = 0.75 mm, position on the crack front; (a) γ = 0°; (b) γ = -90°. 

 
Figure 73 Course of stress intensity factors during rotation in the cylinder D × L = 6 × 6 mm, load F = 350 N, 

a = 0.85 mm, position on the crack front; (a) γ = 0°; (b) γ = -90°. 
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Figure 74 Course of stress intensity factors during rotation in the cylinder D × L = 6 × 6 mm, load F = 350 N, 

a = 1.00 mm, position on the crack front; (a) γ = 0°; (b) γ = -90°. 

 
Figure 75 Course of stress intensity factors during rotation in the cylinder D × L = 6 × 6 mm, load F = 350 N, 

a = 1.25 mm, position on the crack front; (a) γ = 0°; (b) γ = -90°. 

 
Figure 76 Course of stress intensity factors during rotation in the cylinder D × L = 6 × 6 mm, load F = 350 N, 

a = 1.75 mm, position on the crack front; (a) γ = 0°; (b) γ = -90°. 
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The results of the basic model with a flat crack provide an idea of how the modes change during one 

turn of the cylinder. The presented figures contain plotted results for the cylinder 

with the dimensions of D × L = 6 × 6 mm and loading force F = 350 N unless stated otherwise. 

The results are plotted in Figure 68 (KI), Figure 69(KII), and Figure 70 (KIII) for the one simulated crack 

length – 1.25 mm. 3D plots were chosen to visualize the overall behaviour of the SIF depending 

on the position on the crack front γ and the rolling orientation ρ of the crack. The results were also 

plotted in 2D plots (from Figure 71 to Figure 76), where the crack length a and the crack front 

position γ were fixed, and the SIFs were plotted as a rolling orientation function (angle ρ). 

Only the most interesting 2D plots are included in the work. 

The 3D plot of KI (Figure 68) shows that the KI values reach their maximum at the beginning 

and the end of the cylinder turn. During the turn from 0° towards 180°, the values decrease up 

to the point when the two crack faces come into contact. The crack stays closed until the cylinder 

comes into a position where the opening stress starts acting on the crack again. The KI values 

are zero when the model's crack faces are in contact. If no contact is defined between the crack 

faces, the KI values become negative in the part of the cycle where the crack is closed (the negative 

values are also plotted in Figure 68). Negative values of KI cannot occur in reality. However, this kind 

of simulation helps evaluate the cycle of KI and its asymmetry. 

The values of SIFs for the shear modes, the KII and KIII, are higher in magnitude than the KI in terms 

of maximum values. At the beginning of the turn, both KII and KIII are zero along the whole crack 

front, as the crack is not subjected to shear loading at all. However, the conditions change 

with the turning. The middle of the crack (γ = 0°) is subjected to mode III type of loading, and mode II 

does not appear here at all during the turn. In contrast, the crack front “ends” (γ = 90° and -90°) 

develop mutually opposite values of KII during the cycle, and KIII remains equal to zero. In between 

these positions, the KII and KIII values follow different sine patterns. As the crack becomes 

perpendicular to the direction of loading (ρ = 90°), both shear modes disappear again. Then, 

in the following part of the turn, the values of KII and KIII appear again in the same places on the crack 

front but with opposite signs – see Figure 69 and Figure 70.  

The crack tip mixed-mode loading has a completely out-of-phase character. When the KI reaches 

the maximum values, both KII and KIII are zero. When the KII and KIII reach their maxima, the crack 

is closed (KI is zero). This means that the crack faces are being forced against each other and into one 

of the shear modes simultaneously.  

The instant values of K are not very practical for describing the crack growth kinetics 

in the investigated situation. Using the maximum SIF Kmax to describe the whole cycle is more 

practical. In Figure 77, these values are plotted as a function of the normalized crack length a/W 

(where a is the crack length, and W corresponds to the radius or half of the length of the whole 

cylinder depending on position γ = 90° (-90°) or γ = 0°, respectively (see Figure 63). It is important 

to note here that the rolling position ρ, at which the maxima and minima of KI and KIII are reached, 

are constant with the growing crack length a. The maximum of KI can always be found at ρ = 0° 

and ρ = 180°, and the (theoretical) minimum at ρ = 90°. The maximum of KIII stays at ρ = 135° 

and the minimum at ρ = 45°. However, the position where the KII reaches its extreme (minimum 

or maximum depending on the position, if γ = 90° or -90°) gradually shifts from 45° towards lower 

values of ρ with the crack length increasing and similarly the position of the other extreme shifts 
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from 135° towards higher values. The shift can be observed in Figure 71 – Figure 76. The cause of this 

is most likely that the crack becomes more influenced by a complicated stress state in the vicinity 

of the contact with the loading plates, which manifests itself the most at the positions γ = 90° and  

-90°, where KII reaches its maxima and minima. This shift in the position does not influence 

the characterization of the SIF cycles using the Kmax values, though. 

 
Figure 77 Maximum stress intensity factors in the rolling cycle for different crack tip positions γ depending 

on the normalized crack length. The indices 0° and 90° indicate the position γ at the crack front. 

However, the magnitude of the SIF itself does not provide information about the character 

of the cycle. For the loading cycle accurate description, it is necessary to specify also the asymmetry 

of the cycle in terms of R-ratio. The R-ratio is the ratio of the minimum value Kmin to the maximum 

value Kmax of the cycle. 

In the investigated case, the R-ratio depends on the position at the crack front and the current crack 

length. The dependency is plotted in Figure 78. In the case of mode I, the R-ratio is negative. 

The ratios of KI in all the positions are rising with the growing crack. Additionally, the difference 

between the positions becomes more pronounced with the crack growing larger. The reason 

probably is that the position of γ = 90° (-90°) starts to be more influenced by the stress distribution 

caused by the contact zone of the bearing element and steel plates when the crack length grows 

larger. In the mode II case, the R-ratio of -1 (this denotes an asymmetrical cycle) is the same for every 

crack front position, apart from 0°, where the KII is 0. Analogically to mode II, the R-ratio for mode III 

is equal to -1, apart from the 90°and -90° positions. 

 
Figure 78 The R-ratio for different loading modes at different positions on the crack front during crack 

growth (left) with a schematic illustration of loading cycles with different R-ratios (right). The indices 0° 
and 90° indicate the position γ at the crack front 

The Kmax values were determined for more combinations of dimensions D × L. The considered 

diameters D were 3, 4, 5, 6 mm, and the considered lengths L were 3, 4, 5, 6, 9, and 12 mm. 
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The entire range of crack lengths, as it is specified previously, was considered for the 6 × 6 mm type 

of cylinder only. Only some crack lengths were considered for the other combinations of length 

and diameter. These crack lengths were chosen concerning the articular combination dimensions 

because some of the lengths did not fit in the particular combination. 

The obtained values of Kmax were then fitted with parametric functions that define the dependency 

of the SIFs on the crack length and are generalized concerning the loading force and dimensions 

of the cylinder. The fits were carried out for every crack face point, where the SIF reaches its 

maximum during the turn. This means there is one fit for the KIImax in the γ = 90° position and one 

for the KIIImax in the γ = 0° position. Two fits for the KImax were made, one for the 90° position 

and another for the 0° position, because the difference between the maxima in these two positions 

is not very pronounced. However, technically, the global maximum is reached only in the 0° position.  

The functions are slightly different for every type of SIF. However, they always feature the loading 

force F, the square route of the crack length a, one of the dimensions of the cylinder (either 

the diameter D or the length L), and a dimensionless shape function Y that was found by curve fitting. 

 
Figure 79 a) Parametric functions fitting the values of YImax 90°; (b) Parametric functions fitting the values 

of YImax 0° 

The shape function curve fits for the KImax 90°, and KImax 0° are plotted in Figure 79 (a), (b), respectively. 

The equation describing the dependencies are the following: 

𝐾𝐼𝑚𝑎𝑥 90° =
𝐹 

√103√𝑎 L
𝑌𝐼𝑚𝑎𝑥 90° (

2𝑎

𝐷
), (28) 

𝐾𝐼𝑚𝑎𝑥 0° =
𝐹 

√103√𝑎 𝐷
𝑌𝐼𝑚𝑎𝑥 0° (

2𝑎

𝐿
) , (29) 

where F is the loading force in N, a is the crack length in mm, D is the cylinder diameter in mm, 

L is the cylinder length in mm and YI 90°, and YI 0° are the dimensionless shape functions that have 

been found in the following form: 

𝑌𝐼𝑚𝑎𝑥 90° (
2𝑎

𝐷
) = 0,389 (

2𝑎

𝐷
) − 0,014, (30) 
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𝑌𝐼𝑚𝑎𝑥 0° (
2𝑎

𝐿
) = 0,354 (

2𝑎

𝐿
) − 0,004. (31) 

Even though the dimensions are in mm, the resultant unit of the SIFs calculated using Equations (28) 

and (29) is in MPa·m1/2, which is the typical unit used for the SIFs. This is ensured by the factor 

of √103 in the denominator of both equations. 

The points scattered around the line in Figure 79 determine the level of generalization achieved 

by the fit, and the difference between the parametric functions and the actual determined values. 

For YImax 0° and YImax 90°, the difference is usually not more than 6%. However, for some combinations, 

it goes up to 30% (especially when there is a more significant difference between D and L 

of the cylinder). 

 
Figure 80 (a) Parametric functions fitting the values of YImin 90°; (b) Parametric functions fitting the values 

of YImin 0°. 

To describe the cycle of KI properly, the KImin values are also needed because the R-ratio does not stay 

constant for the KI cycle during the crack propagation (as illustrated in Figure 78). Even though 

the KImin values are only theoretical because, in practice, the crack is closed, and the SIF is equal 

to zero, knowing these values makes it possible to describe the whole cycle in detail and, most 

importantly, to determine the precise moments of the crack closing and opening. The KImin functions 

were created in the same manner as the KImax functions above. The shape function fits are plotted 

in Figure 80 (a) and (b). The equations follow: 

𝐾𝐼𝑚𝑖𝑛 90° =
𝐹 

√103√𝑎 L
𝑌𝐼𝑚𝑖𝑛 90° (

2𝑎

𝐷
), (32) 

𝐾𝐼𝑚𝑖𝑛 0° =
𝐹 

√103√𝑎 𝐷
𝑌𝐼𝑚𝑖𝑛 0° (

2𝑎

𝐿
) . (33) 

The YImin 90° and YImin 0° are the dimensionless shape functions that have been found in the following 

form: 

𝑌𝐼𝑚𝑖𝑛 90° (
2𝑎

𝐷
) = −0,714 (

2𝑎

𝐷
) − 0,053, (34) 
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𝑌𝐼𝑚𝑖𝑛 0° (
2𝑎

𝐿
) = −1,106 (

2𝑎

𝐿
) + 0,008. (35) 

The parametric functions were also found for the KIImax 90° and KIIImax 0° values. The fits for these values 

are plotted in Figure 81 (a), (b), respectively. The generalized KIImax and KIIImax are much less scattered, 

which means that the parametric function perfectly estimates the actual SIF values. The parametric 

functions have a similar form to the previous functions of KImax. The equations are the following: 

𝐾𝐼𝐼𝑚𝑎𝑥 90° =
𝐹 

√103√𝑎 L
𝑌𝐼𝐼𝑚𝑎𝑥 90° (

2𝑎

𝐷
), (36) 

𝐾𝐼𝐼𝐼𝑚𝑎𝑥 0° =
𝐹 

√103√𝑎 𝐷
𝑌𝐼𝐼𝐼𝑚𝑎𝑥 0° (

2𝑎

𝐿
) , (37) 

The equations describing functions YII 90° and YIII 0° were found to be the following: 

𝑌𝐼𝐼𝑚𝑎𝑥 90° (
2𝑎

𝐷
) = 0,884 (

2𝑎

𝐷
) − 0,012, (38) 

𝑌𝐼𝐼𝐼𝑚𝑎𝑥 0° (
2𝑎

𝐿
) = 0,512 (

2𝑎

𝐿
) − 0,002. (39) 

Again, all the input dimensions in Equations (5) – (8) are in mm, and the load F in N. The resultant 

unit of the SIF is MPa·m1/2. 

 
Figure 81 (a) Parametric functions fitting the values of YIImax 90°; (b) Parametric functions fitting the values of 

YIIImax 0°. 

All of the above stated equations are valid only in the range of 0 < 2a/D < 0.6 and 0 < 2a/L < 0.6, 

respectively, because the SIFs were not evaluated outside this range. Care must also be taken if using 

the equations for a similar situation with different material parameters. Although the material 

parameters do not influence the SIFs directly, they can influence the contact zone. This means 

that SIF values for larger crack lengths a may be influenced by the material parameters. However, the 

rest of the cases will not be influenced by changes in material parameters because the SIFs only 

depend on the loading force and cylinder dimensions. 
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7.2 The Investigated Railway Axle 
The previous section demonstrated how to determine SIFs values for different crack opening modes, 

different SIF evaluation methods compared to each other, and how one can estimate the function 

for SIF evaluation with comprehensive numerical analyses. 

In this section, the railway axle is investigated again. The development of parametrical numerical 

models of the railway axles (wheel sets) is described to simulate crack growth in the critical position 

under the different loading conditions (bending, press-fit, residual stress) and to determine fracture 

mechanics parameters—the SIFs. The previously determined surface position of the defect 

is considered first. Then another defect position under the surface is considered for the crack growth. 

In total, six different modifications of the railway wheelset model with a crack have been developed, 

which differ in loading condition and crack positions: 

1. The wheelset model with the surface crack loaded only by the bending — model 

of the investigated railway axle with the mounted wheels, where the crack growth 

is assumed from the outer surface in the critical position determined previously 

in section 5.1. 

2. The wheelset model with the surface crack loaded only by the press-fit — the same 

as the previous model without considering the bending load but with nonlinear contact 

definition for accurate press-fit load stress field. 

3. The railway axle model with the surface crack loaded only by the residual stress — the partial 

model of the investigated railway axle with surface crack, without modelling the wheels, 

loaded by the determinate residual stress field. 

4. The wheelset model with the internal crack loaded only by the bending — the same 

as the first model, however, considering the internal crack. 

5. The wheelset model with the internal crack loaded only by the press-fit — the same 

as the second model, however, considering the internal crack. 

6. The railway axle model with the internal crack loaded only by the residual stress — the same 

as the third model, however, considering the internal crack. 

The details of models with surface crack and obtained results are described further in the following 

text. Then, models with internal crack and their results are described. 

7.2.1 The Investigated Railway Axle with the Surface Crack 

Typical fatigue crack can initiate from the surface of the axle, see section 3.1. FEM investigation 

of the railway axle in section 5 shows the critical position where axial (critical) stress reaches 

its maximum value. In order to perform the RFL estimation in the damage-tolerant approach, total 

SIF (as well as static and dynamic components) as a function of the crack length needs to be known. 

Therefore, an investigation of the railway axle with a surface crack was performed while different 

loading conditions were considered. The whole railway wheelset is considered in FEM simulations 

as well as in section 5. 

The railway wheelset model consists of the investigated railway axle and two corresponding railway 

wheels, one on the left side and one on the right side. The total length of investigated railway axle 

was 2180 mm, and the outer diameter of the axle body area and the wheel seat area were 168 mm 

and 200 mm, respectively. The hole inside the axle had a diameter of 70 mm. The crack is modelled 

directly as a part of the geometry [224]. The crack is situated at the surface in the critical position 
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near the wheel seat. As expected from the real axle failures, the crack growth direction 

is in the radial direction. The crack is modelled parametrically onto the externally imported model 

(created in the 3D modelling software based on the documentation provided by representatives 

of BONATRANS GROUP a.s.) of the railway wheelset, which means the crack distance from the wheel 

seat can be changed as well as the crack length and width. Different crack lengths from 1 mm 

up to 25 mm were initially considered. 

 
Figure 82 Schematic geometry of the surface (a) and the internal (b) cracks 

The semi-elliptical crack shape was considered in the model, see Figure 82 (a). The minor ellipse axis 

(crack width) is determined according to the shape formula proposed by Náhlík et al. [222]. The crack 

growth was simulated by modelling the different crack lengths. For every crack length and every 

presented model, the SIFs KI were determined along the whole crack front using the methods 

described in section 3.2.2. Only the one value of the SIF for the one crack length will be presented 

in the further text. One value is sufficient due to the optimized crack tip shape and due to practically 

identical results from the different SIF determination methods (see Figure 67 for method 

comparison). Optimized crack tip shape shows the constant value of the SIF for most of the crack tip 

length. 

 
Figure 83 Schematic illustration of the boundary conditions 

Figure 83 shows a summary of the boundary conditions. The advantage of the one possible symmetry 

was taken into account. Therefore, only one-half of the wheelset was modelled. Other symmetry 

planes are excluded due to the presence of the crack. The symmetrical boundary condition 

(Y direction) was defined on the plane of symmetry. Two nodes were used for the vertical 
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(X direction) degree of freedom restriction. Nodes are located at the outer diameter of the wheels 

at the symmetry plane. They are 1500 mm (rail spacing) far from each other, selected symmetrically 

in the axial direction (750 mm from the middle of the axle). For the axial (Z direction) degree 

of freedom restriction, the node where the vertical degree of freedom was restricted and is far from 

the crack position was used. For the axle loading, two nodes were used. Nodes are located 

at the axle's outer diameter at the symmetry plane. They are 2000 mm (bearing spacing) far 

from each other, selected symmetrically in the axial direction (1000 mm from the middle of the axle). 

The total applied force corresponds to the static load (dynamic coefficient k = 1) from the loading 

spectrum. 

Quadratic hexahedral elements were used to discretize most of the axle. Hexahedral elements were 

used in the vicinity of the crack too. The rest of the axle (the transition area between hexahedral 

elements around the crack and elements in the rest of the model) was discretized by the quadratic 

tetrahedra elements. Most of the elements were located near the crack due to the fine and regular 

mesh around the crack. The number of nodes moves from 1 500 000 up to 1 820 000 in dependence 

on the modelled crack length. The material for the axle was used as a linear elastic, isotropic defined 

by Young's modulus of 204 GPa and Poisson's ratio of 0.3. These values correspond to EA4T steel. 

Quadratic hexahedral elements only discretized the wheels. The material model of these parts was 

identical to axle material. 

 
Figure 84 Residual stress profile after induction hardening used for the SIF determination; (a) tangential 

stress, (b) axial stress 

 
Figure 85 Residual stress profile after quenching used for the SIF determination; (a) tangential stress, (b) axial 

stress 



76 
 

Linear contacts were defined between each wheel and the axle. This type of contact excludes any 

geometrical overlap between the axle and wheels. Therefore, it was used only for modelling bending 

load conditions. For the press-fit loading condition, force application was excluded, and the nonlinear 

frictional contact replaced linear contact with a friction coefficient of 0.6. The press-fit load was 

applied as the geometrical overlap of 0.3 mm between the axle and wheels. 

The third loading condition for the investigated railway axle is residual stress. 

Due to the superposition principle, the effect of the residual stress on the crack growth can 

be determined by the separated model as well. As the residual stress determination process showed 

(see section 5.2), the discretization mesh must cover the stress gradient. Therefore, mesh 

requirements for the simulation of the residual stress field around the crack tip are high.  

 

 

 
Figure 86 Axial stress results in different models with the surface crack 
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Figure 87 Possible stress intensity factor range corresponding to different bending load amplitudes  

In order to preserve fine mesh around the crack tip and fine mesh for the residual stress field 

description, only shortened model of the axle without wheels was developed. The advantage 

of the one possible symmetry was retaken into account. The symmetry boundary condition 

(Y direction) was defined on the plane of symmetry. At the shortened end of the axle, the restriction 

of the axial degree of freedom (Z direction) was used. To prevent rigid body motion, at least one 

node in the vertical direction (X direction) must be restricted. Therefore, one node at the shortened 

end of the axle in the perpendicular plane to the symmetry plane was selected and used 

for the vertical degree of freedom restriction. 

Quadratic hexahedral elements were used in the vicinity of the crack and in most of the model. 

Again, the quadratic tetrahedral elements were used to transition between the crack tip mesh 

and the rest of the mesh. The number of nodes moves near 2 500 000. EA4T steel material described 

above was used. 

Loading of the axle by INISTATE command was executed. The residual stress profile was considered 

axisymmetrical and homogenous along the axial direction. Two residual stress profiles were 

considered in simulations. The First residual stress profile, see Figure 84, corresponds 

to the induction hardening surface treatment. The residual stress determination was shown 

in section 6. The second residual stress profile, see Figure 85, corresponds to the classic quenching 

surface treatment. Residual stress determination was performed in a similar way as for induction 

hardening. The semi-elliptical crack shape and different crack lengths were considered again. Crack 

lengths ranging from 1 mm up to 25 mm were considered again. 

Figure 86 shows axial stress results due to the different loading conditions for one crack length. 

The assumption of LEFM allowed the use of the superposition principle. The separation of the three 

types of load led to the expression (40) of the total SIF Kmax in the form: 

𝐾𝑚𝑎𝑥(𝑎, 𝑡) = 𝐾𝐵𝐿,𝑑(𝑎, 𝑡) + 𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎), (40) 

where KBL,d is the SIF due to dynamic bending load (depending on crack length a and load spectrum), 

KPF is the SIF due to press-fit load, and KRS is the SIF corresponding to the residual stress load. A load 

spectrum describes the variable-amplitude loading caused by the train movement. Figure 87 shows 

the possible range of the KBL,d due to the loading spectrum. The so-called dynamic coefficient k 

corresponds to the static load multiplication KBL,s (due to the nominal vehicle weight). The dynamic 

bending load KBL,d is given by: 
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𝐾𝐵𝐿,𝑑(𝑎, 𝑡) = 𝑘(𝑡) ∙ 𝐾𝐵𝐿,𝑠(𝑎), (41) 

where k is the dynamic coefficient and KB,s is the SIF corresponding to the static bending load 

determined from the simulations.  

 
Figure 88 Stress intensity factor results for the considered surface crack lengths for different loading types  

Figure 88 shows determined SIF values for different crack lengths. Values corresponding 

to the bending load are shown for the maximum dynamic coefficient. SIF values from the bending 

load change during the train operation, influencing the amplitude of the SIF cycle. SIF values from 

the press-fit and residual stress act as a static loading during the train operation, influencing 

the mean value of the SIF cycle.  

7.2.2 The Investigated Railway Axle with the Internal Crack 

The SIF from induction hardening residual stress showed negative values in the whole range 

of the simulated crack lengths. From 1 up to the 10 mm crack length, the SIF decreases from -32 up 

to -88 MPa m1/2. After 10 mm crack length, the SIF increases up to -2 MPa m1/2. This means that the 

total SIF (summation of all three loading conditions; bending + press-fit + residual stress) is negative 

for most of the crack depths, and the crack should not propagate. Based on this result, a new critical 

position should be determined for the investigated railway axle. Determining residual stress after 

induction hardening shows a tensile peak deeper in the axle cross-section. Such tensile stress 

(residual stress influences the mean value of the loading stress) helps to initiate the crack 

from defects like inclusions. Therefore, the other three models with the internal crack (see 

Figure 82 (b)) were developed. The models with the surface crack were redesigned, and the internal 

crack was introduced in new models. 

Material properties, discretization process, and boundary conditions were the same for each model 

(based on loading conditions) as before for the models with surface cracks. A circular crack shape 

was considered for the internal crack due to a lack of information about the actual crack shape. 

The crack length parameter a is equal to the crack diameter. The crack axial position was considered 

the same as the surface crack, 29.3 mm from the wheel seat. The depth of the crack was included 

as a variable to identify the critical position. The crack depth varies from 5 mm up to 35 mm 

with steps of 5 mm. An additional 22 mm crack depth was considered. First, only 1 mm crack length 

was considered. Then, a critical position was found, and different crack lengths from 1 mm 

up to 15 mm (diameters of cracks are 1 mm up to 15mm) were modelled. The SIF is not constant 
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through the crack front in this configuration. Therefore, values from the bottom and top positions 

will be presented. 

Again, determination of the SIF for all three types of loading was performed. Figure 89 shows 

the results of the SIF for different loading conditions and different crack depths. The SIF caused 

by the bending load is getting low with the increasing crack depth, which corresponds to the stress 

field caused by the bending load, where the maximum stress occurs at the maximum radii. SIF also 

varies with crack tip position. Therefore, the results of the SIF caused by the bending load 

at the bottom position of the crack tip (see Figure 82) always show lower values than at the top 

position. A similar trend can be seen for the SIF results caused by press-fit loading. The press-fit load 

has a more substantial influence near the axle surface, and with increasing depth, its effect quickly 

vanishes. Therefore, SIF results move to near-zero values, and its effect is neglectable. 

 

 

 
Figure 89 Stress intensity factors for different crack depths for crack length 1 mm 
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SIF values caused by residual stress loading vary enormously with increasing depth, corresponding 

to the residual stress distribution and gradients under the axle surface. Also, the results vary 

for different crack tip positions. However, in depth around 22 mm for 1 mm crack length, 

the maximum SIF position changes from the bottom to the top. Maximum values appear in the depth 

of 25 mm for both positions. 

 
Figure 90 Crack propagation estimation for the dynamic coefficient (a) k = 1 (b) k = 2.88 (c) k = 1.8  

The critical position was estimated as a depth where maximum SIF Kmax exceeds the threshold value 

first. Figure 90 compares the maximum SIF and the threshold values obtained for different crack 

depths for different dynamic coefficients. Figure 90 (a) (k = 1 corresponds to the static load 

from the loading spectrum) shows that a crack 1 mm long will not propagate for any crack depth. 

However, Figure 90 (b) shows that the crack can propagate in multiple positions for the maximum 

load from the loading spectrum. Therefore, the crack depth where Kmax for the lowest possible 

dynamic coefficient reaches the threshold is estimated as a critical position. The most significant 

number of loading cycles are counted as damaging cycles in this position. Figure 90 (c) shows Kmax 

for the dynamic coefficient k = 1.8, where Kmax just reaches threshold values. Critical depths 

are considered from 20 mm up to 25 mm range. The 20 mm crack depth is considered the most 

critical position due to the highest SIF range and is used in further internal crack simulations. 

Figure 91 shows an example of the experimentally tested axles while observed internal crack growth. 

The critical crack depth estimation is in accordance with the experimentally obtained internal crack. 

After the critical crack depth estimation, the SIF for the different crack lengths in the critical position 

was performed. Figure 92 shows determined SIFs for all three different loading types for different 

crack lengths of the internal crack in critical depth. The difference between the bottom and top 

positions increases with increasing crack length. For the bending load, SIF values have a similar trend 

as for the surface crack, with increasing crack length values increasing too. How much depends 

on the crack tip position (2 % up to 22 % for the crack lengths 1 mm and 15 mm, respectively). 
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SIF values caused by the press-fit load are moving around zero. Therefore, less crack length spacing 

was considered. Again, SIF varies with the crack tip position (25 % up to 238 % for the crack lengths 

1 mm and 15 mm, respectively). In most cases, the top crack tip position shows positive SIF values, 

while the bottom crack tip position shows negative values.  

 

 
Figure 91 Different railway axles fractured by the internal fatigue crack growth. 

SIF values caused by the residual stress load show different trends for the bottom and top positions 

(difference from 10 % up to 107 % for the crack lengths 1 mm and 15 mm, respectively). The bottom 

position values are increasing with increasing crack length. However, values are slightly increasing 

at the beginning for the top position, then after 5 mm of crack length, values decrease. 

This behaviour corresponds to the residual stress field. The bottom position is closer to the inner 

surface, where tensile residual stress occurs. The top position is closer to the compressive residual 



82 
 

stress; therefore, SIF values decrease for the longer cracks. Another important effect 

of the significant residual stress is the influence on the mean stress. A wide range of the residual 

stress (from -600 up to +400 MPa) causes a wide range in the asymmetry of the cycle R 

(from negative up to close to one) for both the surface crack and internal crack. This means a wide 

range of material data requirements. 

 

 

 
Figure 92 Stress intensity factors for different crack lengths 

SIF determination for rolling bearing element and railway axle with residual stress were performed. 

For an internal crack in the bearing element, different SIF evaluation methods were compared 

to each other. SIFs behaviour during the loading cycle was described. SIFs determination functions 

were determined for all three loading modes while dimensions of the element and different crack 

lengths were considered. Different loading conditions were considered for the investigated railway 

axle. Bending load, press-fit and residual stress after the induction hardening and quenching 
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were considered. It was found that surface crack should not propagate. The summation of the SIFs 

shows negative values up to 15 mm crack length. Therefore, a new internal critical position 

was investigated. The critical position inside of the axle is influenced by the complicated stress field 

in the loaded axle. It was found that 20-25 mm crack (defect) depth is the most critical.   
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8 Material Data Determination 

In order to perform the RFL estimation, the EA4T material data (v-K curve) is still missing. Therefore, 

correct v-K curve measurement is critical for the RFL estimation. The v-K curve is estimated 

as a fit of the v-K data points from measurement. The curve can be expressed in a different SIF 

form (e.g. ΔK or Kmax).  

The railway axle subjected to bending load only is subjected to the load ratio R = -1. However, 

with wheel press-fit and residual stress, which are not constant through the axle cross-section, 

the total load ratio R changes with the crack growth and load amplitude. Pokorný et al. [233] showed 

the effect of the press-fit load on the total load ratio R, where load ratio R can vary from R = 0.18 

for short crack lengths back to the R = -1 for long crack lengths. The mean stress value (and load 

ratio R) changes even more significant considering the residual stress load. Therefore, crack 

propagation tests must be carried out on multiple load ratios for the relevant v-K curve.  

 
Figure 93 CCT specimen geometry and scheme of the cut-out area from cylindrical part of railway axle 

(a) standard heat-treated; (b) induction hardened 

For conservative estimation of RFL, it is worth considering v-K curve, which were measured 

on the specimen with a lower in-plane constraint factor than the railway axle exhibits [234]. 

This requirement is fulfilled using the centre-crack tension (CCT) specimen, see Figure 93.  

 
Figure 94 Fatigue crack growth curves (a) v-ΔK (b) v-Kmax 
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The crack growth rate measurement took place in laboratory conditions with a temperature of 23 °C 

and relative humidity of 50%. The experiments were performed using the resonant testing machine 

Schenck with the maximal mean force of 30 kN and the maximal force range of ±30 kN. The testing 

frequency typically was in the range of 40–65 Hz, depending on the crack length, stress ratio, 

and load level. The v-K data were determined according to the ASTM E647 standard. The fatigue 

cracks were initiated from sharp notches (two sides) of a total length of 7 mm, which were 

manufactured by the electro-discharge method. The force amplitude Fa = 23 kN and the load ratio 

R = −1 were applied for the crack initiation. After the crack length reached 1 mm at each side,  

a step-wise load shedding (ΔK-decreasing) procedure was applied. Load reduction by 2.5–5% 

was done after every crack increment of 0.1–0.2 mm until the crack was arrested (propagation rate 

was lower than 10−7 mm/cycle). The crack increments (lengths) were measured optically using two 

CCD cameras, uEye UI-2280SE-M-GL with objectives Lensagon CMFA2520ND with analogue output. 

The position of the cameras was measured by universal digital gauges Sylvac CO MFPM 25 

with an accuracy of 0.01 mm. Typically, four specimens were tested for one load ratio R. 

 
Figure 95 Comparison of v-Kmax curves for the classic EA4T material and the induction hardened material 

 
Figure 96 Kmax, th values for different load ratio R 
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In order to determine corresponding v-K data, the specimens manufacturing was considered 

according to Figure 93. Specimens were manufactured from the surface area of the standard axle. 

Due to specimen geometry and orientation, the unwanted release of the residual stress is expected. 

Figure 94 a) shows v-ΔK curves for different load ratios R. Náhlik et al. [222] and Pokorný et al. [233] 

showed that the Kmax parameter could be effectively used for v-Kmax data description. Note that 

the Kmax parameter was previously used in [235] and is commonly used for RFL estimation performed 

by the IPM CAS. Figure 94 b) shows the effect of the using Kmax parameter for v dependence. Crack 

growth rates for different load ratios R overlap as the one. The threshold values are nearly constant 

in this range. This is a massive benefit for the further experimental determination of crack growth 

rate curves.  

Specimens manufactured from the induction hardened axle (see Figure 93 b)) were smaller 

in order to manufacture specimens from the affected surface area of the railway axle. The width 

and thickness of the specimen were 30 mm and 4 mm, respectively. Figure 95 compares the standard 

EA4T v-Kmax curve with the induction hardened v-Kmax curve. Both were determined for the load 

ration R = -1. Induction hardened material shows a smaller threshold value Kmax,th = 4.6 MPa*m1/2 

against the threshold value of Kmax,th = 6.8 MPa*m1/2 for the standard material. Both materials show 

very similar crack growth behaviour in the Paris region(region II in Figure 18). 

Figure 96 shows the dependence of the threshold value Kmax,th on different load ration R. In the case 

of the compressive residual stress, correct Kmax,th is critical as a parameter that decides whether 

a given load amplitude will be contributing to crack growth or not. Kmax,th parameter was also used 

in critical crack depth estimation for the internal crack. 
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9 Residual Fatigue Lifetime Estimation 

After the necessary data determination in previous sections, this section finally shows the RFL 

estimation procedure considering the residual stress in the railway axle. As was mentioned 

previously, residual stress influences the mean value of the loading cycle. Therefore, some 

parameters still need to be defined to describe SIF functions fully. Each component of SIF 

is a function of the crack length a. The sum of press-fit and residual stress loads represents the mean 

SIF Km:  

𝐾𝑚(𝑎) = 𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎). (42) 

The amplitude of the total SIF is represented by the dynamic bending load KB,d: 

𝐾𝑎(𝑎, 𝑡) = 𝐾𝐵,𝑑(𝑎, 𝑡). (43) 

The maximum SIF was already defined by (40). The following equation gives the minimum during 

the load cycle: 

𝐾𝑚𝑖𝑛(𝑎, 𝑡) = 𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎) − 𝐾𝐵,𝑑(𝑎, 𝑡), (44) 

Due to variable bending load and non-zero mean load, the load ratio is also variable. The load ratio R 

is expressed as: 

𝑅(𝑎, 𝑡) =
𝐾𝑚𝑖𝑛(𝑎, 𝑡)

𝐾𝑚𝑎𝑥(𝑎, 𝑡)
=

𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎) − 𝐾𝐵,𝑑(𝑎, 𝑡)

𝐾𝑃𝐹(𝑎) + 𝐾𝑅𝑆(𝑎) + 𝐾𝐵,𝑑(𝑎, 𝑡)
. (45) 

The modified NASGRO equation describes the experimental data, depicted in Figure 94 (b) 

and Figure 95: 

𝑑𝑎

𝑑𝑁
≅

∆𝑎

∆𝑁
= 𝐶∗(𝐾𝑚𝑎𝑥)𝑛∗

(1 −
𝐾𝑚𝑎𝑥,𝑡ℎ

𝐾𝑚𝑎𝑥
)

𝑝∗

, (46) 

where C*, n*, and p* are material constants with the same meaning as the classic NASGRO approach; 

however, their values are generally different. Kmax as a controlling parameter is suitable where low 

load ratios occur. Because the crack closure values are very similar in this range of load ratios. 

The used material constants for NASGRO fit of the EA4T steel were according to Table 4.  

Table 4 NASGRO fitting constants summary 

Material C* n* p* Kmax,th 

Standard EA4T 1.8 × 10–11 2.6 0.25 6.8 

Induction hardened EA4T 1.8 × 10–11 2.7 0.35 4.6 

 
The RFL estimation was calculated for initial crack length a0 up to the critical length af. The increment 

of the crack length is calculated step by step by the equation: 
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∆𝑎 = 𝐶∗(𝐾𝑚𝑎𝑥)𝑛∗
(1 −

𝐾𝑚𝑎𝑥,𝑡ℎ

𝐾𝑚𝑎𝑥
)

𝑝∗

∆𝑁. (47) 

The crack increment is zero for the loading cycles where Kmax ≤ Kmax,th. Calculation runs until the total 

calculated crack length reaches critical value atot > af. Then the total number of cycles is estimated. 

In this case, the calculation runs in loops, where one loop corresponds to1000 km of train operation, 

see representative load spectrum in Figure 35. The final number of loops equals the kilometres 

in service times 1000. The loop starts with the highest load amplitudes up to the lowest ones. Note 

that this kind of calculation does not consider any additional effects like the overload cycles 

influence. This simplification makes the estimation conservative. 

The other type of axle (as presented in previous sections for the critical position and SIF 

determination) was considered for the RFL estimation. This other axle was also tested in a full-scale 

fatigue test, see the next section 9.1. 

The RFL was considered as crack growth from initial crack length up to the crack length af 25 mm. 

Propagation of the cracks longer than 25 mm is very fast, and therefore, it has minimal impact 

on the estimated RFL [222]. Multiple initial crack lengths a0 2 mm, 3 mm, 5 mm, and 10 mm were 

considered to evaluate their impact on RFL. Four different loading combinations were considered for 

the estimation:  

1. Loading only by the bending load without press-fit and residual stress load (BL only) – loading 

conditions considers only load ratio R = -1 with variable load amplitudes (defined by loading 

spectrum, see Figure 35). 

2. Loading by the bending and press-fit load without residual stress load (no RS) – loading 

by variable load amplitudes with non-zero mean stress due to press-fit. It means variable 

load ratio R. 

3. Loading by the bending and press-fit load considering residual stress load caused 

by quenching corresponding to the standard state of EA4T steel (RS – quench.) – loading 

by variable load amplitudes with variable load ratio. Mean load is the superposition  

of press-fit load and residual stress load. 

4. Loading by the bending and press-fit load considering residual stress load caused by induction 

hardening (RS – ind. hard.) – loading by variable load amplitudes with variable load ratio. 

Mean load is the superposition of press-fit load and residual stress load. 

The first case, loading only by the bending load, is, in reality, impossible. However, it is necessary 

to demonstrate the mean stress effect of the RFL estimation.  

Table 5 Estimated residual fatigue lifetime in thousands of kilometres (kkm) for the crack growth from a0 up 
to 25 mm (DNP - do not propagate) 

Loading conditions 
Initial crack length a0  

2 mm 3 mm 5 mm 10 mm 

BL only 17 444 506 138 52 

no RS 85 35 16 10 

RS - quench. 32 451 154 33 13 

RS - ind. hard. DNP DNP DNP DNP 
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Table 5 shows estimated RFL in kilometres for different loading conditions and initial crack lengths. 

As expected, the lowest RFL (85 000 km for a0 = 2 mm) was estimated for the second case 

considering the positive mean stress due to the press-fit load only. The effect of the mean stress 

is more pronounced for the shortest considered initial crack lengths. Therefore, estimations 

for a0 = 10 mm for the first three cases (BL only, no RS and RS – quench.) are very similar to each 

other. On the other hand, a0 = 2 mm estimation shows a higher mileage difference. It is caused 

by the residual stress strong influence due to quenching. Quenching causes a compressive residual 

stress field in the vicinity of the surface; however, its effect fates after a few millimetres of the depth. 

RFL estimation for the induction hardened railway axle shows unlimited mileage. 

Due to the enormously high compressive residual stress, the crack does not propagate (DNP), 

not even from the longest considered initial crack lengths. 

9.1 Experimental Validation of the Estimated Residual Fatigue Lifetime 
The full-scale experiments were performed to validate the RFL estimation (considering the influence 

of the residual stress). Experiments were performed in BONATRANS GROUP a.s laboratories. 

Specimens according to the real axle were manufactured (see Figure 97). The spark erosion method 

manufactured a semi-elliptical artificial notch in the predicted critical position of the railway axle 

(the position considered for the SIF determination). The dimensions of the artificial notch were width 

(2bn) 3.75 mm and depth (an) 1.5 mm. The axle specimen was press-fitted into the clamped testing 

wheel. The load was applied by the operation of the unbalanced mass vibration generator. Fatigue 

pre-crack was initiated from the artificial notch by application of the highest load amplitude from 

the load spectrum. Crack width was measured optically at the surface of the axle (dimension b 

was measured). During the experiment, the crack length a was derived from the crack width b. 

It was considered that the ratio between a/b = 1.5/1.875 = 0.8 was constant during the whole 

experiment. After the final specimen break, the real crack shape was evaluated. 

 
Figure 97 Scheme of full-scale experiment 

Three axle specimens were tested after the axle's standard heat treatment (quenched 

and tempered). The pre-cracking process stopped after the total width reached approx. 6.25 mm 

(approx. 2.5 mm total depth/crack length). After pre-cracking, the load spectrum (with variable 

amplitude) was applied. The continuous decreasing sequence (the load amplitudes of the applied 

spectrum were gradually varied from the highest value to the lowest one) was considered because 

the resonant testing mechanism is highly limited with the step change in the loading. One 

experimental sequence of load amplitudes corresponded to 100 000 km. This sequence with load 

amplitudes in descending order was applied 12× to apply load cycling corresponding to 1 200 000 km 

of train operation.  
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Figure 98 Fracture surface after the experiment 

After applying such mileage, the axle specimen was cut to investigate the fracture surface 

and evaluate the crack front shape. Figure 98 shows the fracture surface with the marked artificial 

notch, crack front shape after the pre-cracking, and final crack front shape. Subscripts n, 0, and f 

refer to the notch dimensions, initial crack dimensions, and final crack dimensions, respectively.  

With known real crack lengths, real crack shapes and known applied mileage, experiments were 

modelled. RFL estimations for all three tested axles were performed. Table 6 summarizes results 

from the three tested axle specimens with estimated RFLs. The estimated RFL is compared 

for the cases considering residual stress and without residual stress consideration. There is a nice 

match between the estimated and applied mileage. Estimation is on the conservative side for every 

tested specimen. Such conservatism is expected and desired since several conservative 

considerations were made during the estimation (conservative envelope of the measured residual 

stress, conservative envelope of measured data, no crack retardation effects, etc.). Table 6 shows 

that without the residual stress consideration in the RFL estimation, the resultant mileage is lower 

by one order and even further from the applied mileage. Therefore, consideration of the residual 

stress is necessary to obtain meaningful RFL estimation. 

Table 6 Experimental and estimated residual fatigue lifetime [99] 

axle 
number 

initial crack 
length a0  

(mm) 

final crack 
length af  

(mm) 

tested 
distance  

(kkm) 

estimated 
distance  

(RS - quench.) 
(kkm) 

estimated 
distance  
(no RS)  
(kkm) 

1 2.28 3.05 1 200 185 26 

2 2.08 2.70 1 200 497 34 

3 2.20 3.00 1 200 217 31 

 

Some experiments focused on the induction-hardened axles as well. Experiments followed the same 

procedure, setup, and notch parameters described for the standard axles. Based on the gathered 

numerical results (see Table 5), it was expected that a higher load than the maximum load 

from the service load spectrum would be needed for the crack initiation and growth. Therefore, 

cyclic loading was applied with the value corresponding to the nominal stress amplitude of 200 MPa 

(the dynamic coefficient k = 5.2). This value is much higher than the maximum load in the load 

spectrum. Nevertheless, no crack propagation occurred after the application of 5 × 106 cycles. 

Therefore, the load amplitude was further increased to 280 MPa for 107 cycles and 300 MPa 
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for 107 cycles. Even a two-fold increase in the load amplitude did not lead to crack propagation 

from the initial notch. Finally, fatigue crack propagation was achieved after 1.1 × 106 cycles 

at the nominal stress level of 340 MPa. Such load level corresponds to the dynamic coefficient k = 8.8 

(i.e., 8.8 × higher than the static load case). The test was terminated due to the excessive load 

of the experimental stand. The experiment confirmed that applying the standard load spectrum leads 

to no fatigue crack initiation and propagation in the case of induction-hardened axles 

with considered surface cracks. 
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10 The Stochastic Residual Fatigue Lifetime Estimation  

Classic (deterministic) RFL estimation is the commonly used approach in the damage tolerant design 

approach. However, such an approach averages or fits many variables into one value. Such variables 

are then used in the RFL estimation. This kind of approach (deterministic) results in one value 

as a result of the RFL estimation.  

Many input variables are stochastic in their nature. Therefore, using the deterministic approach can 

be misleading (too conservative or not conservative at all) in some cases. The effort of the design 

engineers is to predict lifetime as accurately as possible and still be conservative. Therefore, 

stochastic RFL estimation can be helpful in order to predict the variability of the possible outcome. 

Some work has been done in stochastic railway axle RFL prediction in the past [72], [236]–[238].  

In this work, the procedure described in Figure 99 has been developed at the IPM CAS. 

The developed procedure uses Bayesian techniques [239] for variable parameters description. Input 

variables are generated within specified limits (limits are set manually at the very beginning) first. 

Limits are based on the measured range or in the form of some percentage error. Then, residual 

mileage is estimated as described in the previous 9. section. The various sources of uncertainty, 

including variations in material properties, loading, and geometry, should be considered. 

The considered sources of uncertainty in this work were:  

1. Material properties – the measured scattering of the obtained v-K curve. Source material 

data was obtained during the years at the IPM CAS. 

2. Loading conditions – the statistical nature of the loading condition fluctuations experienced 

during the actual working conditions of trains. Source data are based on blueprints 

of the railway wheelset (for press-fit) and scatter obtained during the residual stress 

measurement. 

3. Numerical uncertainty – inaccuracy of the used numerical SIF determination. The main point 

is obtained from Giannella [72], where the author performed the same SIF determination 

using different numerical methods. 

Table 7 Considered uncertainties 

 Uncertainty Distribution 
Probability 

density function 
Expected 

value 
Standard 
deviation 

Deterministic 
value 

Kmax, th (MPa*m˄1/2) Log-logistic 
 

6.8 1.029 6.8 

C* (m/cycle) 
General 
extreme 

value  
1.8e-11 0.790935e-12 1.8e-11 

p* (-) Rician 
 

0.25 0.0427 0.25 

Press-fit (mm) Normal 
 

0.258997 0.04556 0.3 

Axial residual stress – 
min. peak value (MPa) 

Uniform 
 

-55 10 -45 

Numerical (%) Normal 
 

100 0.01667 100 

 



93 
 

 
Figure 99 Flow chart of the stochastic lifetime estimation procedure 

 
Figure 100 v-K data used for lifetime estimation, experimental points, and generated curves 

Considered uncertainties with their distributions are summarised in Table 7. The first considered 

uncertainty was from the material data scatter. The v-Kmax curve is fully characterized by Kmax, th, C*, 

p* and n*. The distribution of Kmax, th, C*, and p* variables were fitted according to measured data 

scatter. The n* parameter was considered constant. This parameter corresponds to the tilt angle 

in the Paris region. Figure 100 shows generated curves in comparison with measured experimental 

data. One can see that generated curves are in experimental data scatter. 
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Figure 101 RFL estimation distribution for all three experimentally tested axles with consideration of all 

uncertainties; (a) axle 1, (b) axle 2, and (c) axle 3 
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The second considered uncertainty lies in loading conditions. Press-fit uncertainty is in the range 

of defined geometrical tolerances. The press-fit loading varies from the lowest possible to the highest 

possible overlap between the axle and wheel. The residual stress uncertainty lies 

in the measurement itself. This uncertainty considers the scattering of the residual stress measured 

points (see Figure 85). The residual stress is described as a function of the present residual stress 

against the axle depth under the surface. Therefore, the residual stress is generated in the form 

of a function characterized by a minimum peak value. The numerical SIF determination causes 

the third and last considered uncertainty. Numerical simulation results are generally influenced 

by the quality of the used mesh and the accuracy of the applied boundary conditions. Giannella [72] 

performed the same numerical simulation by different numerical methods and obtained different 

results. Therefore, some uncertainty in determined SIF is appropriate. Variability of ± 5% 

for the determined SIF is selected as appropriate for numerical uncertainty. 

In the previous section, three different axles were experimentally tested. These three axles were 

considered again, and stochastic RFL estimations were performed considering the mentioned 

uncertainties. For one axle, 10 000 RFL estimations were performed. Figure 101 shows a histogram 

of obtained RFL estimations. Obtained results show a wide range of the estimated mileage. Obtained 

mileages were sorted into 50 groups by 200 kkm range, except for three groups. The first group is 

in the range from minimum estimated mileage up to 199 kkm. The last group contains estimations 

where crack does not propagate (infinite mileage). Furthermore, the penultimate group contains 

estimations from 10 kkm up to the maximum obtained mileage (excluding infinite mileage). This 

group was formed because a wide range of mileages was achieved. In order to make the histogram 

readable, the higher mileage groups with low frequencies were merged into one group.  

Table 8 Summary of the deterministic and stochastic residual fatigue lifetime estimation 
with the experimentally tested mileage 

axle 
number 

tested 
mileage  
(kkm) 

deterministic 
estimated 

mileage  
(kkm) 

the most 
numerous 

group 
(kkm) 

frequency 
of the most 
numerous 

group 
(-) 

the second 
most 

numerous 
group 
(kkm) 

frequency of the 
second most 

numerous group 
(-) 

1 1 200 185 600 – 799 864 800-999 843 

2 1 200 497 800 – 999 529 600 – 799 424 

3 1 200 217 600 – 799 719 800 – 999 694 

 
Table 8 summarizes obtained results from the deterministic and stochastic RFL estimation. 

For all three axles, the mode value of estimated RFLs lies for non-propagating cracks (infinite mileage 

in Figure 101). If non-propagating cracks are excluded mode value of estimated RFL is higher than 

the deterministic RFL estimation for all three cases. This means that previous deterministic RFL 

estimations were performed conservatively. If the mode value of the estimated RFL is compared 

with experimentally applied mileage, the mode value is lower than the applied mileage for all three 

cases. This can mean that deterministic RFL estimation is not too conservative. However, one 

experiment for each axle is not enough to compare real experimental scatter. Therefore, more 

experimental data are needed to compare stochastic estimations with experimental data 

meaningfully. 

Even without more experiments, the mode value of stochastic RFL estimation can be considered 

conservative compared to the experiment. It is caused by not considering of the loading history 
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and retardation effects. Applying the cycles that do not contribute to the crack propagation, an oxidic 

layer is formed on the crack faces [240]. Such an oxidic layer raises the threshold value for further 

crack propagation. Therefore, for the short crack, where most loading cycles do not contribute 

to the crack growth, the threshold value is higher than the conventional one. Overloading cycles have 

a similar effect. After applying the overload cycle, the crack growth rate is affected, and the plastic 

zone around the crack tip becomes larger, slowing down the crack propagation. Omitting these 

effects results in a conservative RFL estimate. 
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11 Conclusions 

The presented work was focused on the determination of the residual fatigue life of components 

with residual stresses. A hardened railway axle was used as an example where the developed 

procedures find practical application. The work was created under the deep railway axle research 

ongoing at the Institute of Physics of Materials Cech Academy of Sciences in cooperation 

with BONATRANS GROUP a.s. company. The main part of the work deals with developing a new 

affordable methodology for the residual stress determination in sizable components like railway 

axles. The new methodology is applied twice on the same railway axle, and the influence 

of the determined residual stress is implemented into the residual fatigue lifetime estimation 

procedure developed at the IPM CAS. The work further discusses the other processes of the railway 

axle analysis to maintain the overall clarity and show the complete analysis's complexity. In addition 

to determining residual stress, the railway axle analysis includes critical position determination 

and stress intensity factor determination for the crack in the critical position. The finite element 

simulations provide both. Necessary material data for residual fatigue lifetime estimation 

were obtained experimentally. The experimental verification of residual fatigue lifetime estimation 

was performed with success. In order to show the effect of the scatter in loading and material data, 

the stochastic residual fatigue lifetime estimations were performed. 

Eight main aims have been set in the present work. The individual aims and their fulfilment 

are summarised in the following text. 

1. Review of literature for estimation of residual fatigue lifetime. 

The literature review showed the ability of fracture mechanics procedures to respond to the stated 

objectives. The basics of fracture mechanics are presented at the very beginning of the work. 

The linear elastic fracture mechanics was used in work. Two approaches can be used in terms of the 

linear elastic fracture mechanics: energy release rate or stress intensity factor approach. Work uses 

the stress intensity factor approach. Residual fatigue lifetime can be estimated by integrating the 

crack growth rate curve in terms of the stress intensity factor range. Different formulas can describe 

this dependence. A complex NASGRO approach was used in this doctoral thesis.  

In this work, the railway axle is used as representative of the sizable components.  

The damage-tolerant approach is widely used in the industry for railway axle design. However, 

the simplified model of the bent plate with the elliptical surface crack is typically used for the residual 

fatigue lifetime estimation of the railway axle. Another possibility used in the industry is the usage 

of specialized software. Implemented software procedures usually use analytical functions in order 

to perform residual fatigue lifetime estimation. The accuracy of the analytical solution can often be 

poor, and the fact that the error of the estimate provided is unknown is particularly dangerous. 

Note that this work used numerical modelling of the whole railway wheelset with the crack. 

2. Review of literature for determination of residual stress in engineering components. 

The literature review describes the origin and length scale characterization of the residual stress. 

During the surface treatment of the component, non-uniform plastic deformation or material phase 

change causes residual stress. Type I (macroscopic), Type II (microscopic on the scale of the grains), 

and Type III (microscopic on the scale of one grain) residual stress are generally present 
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in the component. Residual fatigue lifetime is mainly influenced by the Type I residual stress. 

The macroscopic residual stress is mostly measured by the relaxation or diffraction methods (some 

other methods exist like magnetic, ultrasonic, etc.). Relaxation methods are based 

on the measurement of deformation after the release of residual stress; therefore, they are 

destructive in general. Diffraction methods measure crystal inter-planar dimensions. They are  

non-destructive in general; however, their main disadvantage is the shallow depth at which they are 

able to detect residual stresses. 

3. Finding of methodology and procedures for determination of residual stress in sizeable 

components. 

Not many methods permit the residual stress measurement penetration of more than tens 

of millimetres (inside the sizable component). Diffraction methods are dependent on the source 

power and the radiation type used. Neutron diffraction can be used in order to penetrate higher 

depths; however, there are only several laboratories capable of such measurement. Measurements 

at greater depths or for bulkier and heavier bodies are not possible. From the relaxation methods, 

the layer-removing or sectioning method can penetrate through the depth. However, deformation 

must be recorded during stress relaxation, which is time-consuming and sometimes challenging to 

perform. The crack compliance method seems possible to use from the relaxation methods. 

However, its accuracy decreases with the increasing depth of the measurement. The contour method 

or deep-hole drilling can measure residual stress in higher depths from the new-age methods. 

However, both methods require specific adjusted equipment, which is expensive and requires 

specialist technician training. 

In conclusion of this part of the work, it can be stated that in the case of bulkier and heavier 

components, it is basically not possible to use any known experimental equipment, and it is 

necessary to develop new procedures that will combine experimental measurements with numerical 

estimates that will allow the determination of residual stresses even at greater depths in the case of 

sizeable and heavy components. 

4. Creation or modification of existing methodology for determination of residual stress in sizeable 

components. 

Because no suitable and affordable residual stress measurement method has been found, a new 

custom methodology was developed. This methodology uses the experimental measurement 

of the surface residual stress by X-ray diffraction in combination with numerical simulations. Both 

types of equipment are commonly used in industry. The developed methodology includes a suitable 

specimen design in order to maintain the residual stress in the specimen so that it can be measured 

at the surface. In the case of the railway axle, it means one cylindrical specimen or a combination 

of two specimens (one with axial cut and the second with radial cut). The methodology was applied 

twice on the one railway axle after the induction hardening surface treatment.  

A cylindrical specimen was used by the Layer-Removal-Based method. Measurement of the residual 

stress includes repeated layer removement from the surface of the cylinder specimen 

and measurement of the residual stress on the newly created surface. Layer removal 

and measurement are repeated until no residual stress is measured. However, this process is very 

time-consuming. Original residual stress determination is performed by numerical simulations. 
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For the cylindrical specimen, an analytical solution exists. Numerical results agree with the analytical 

solution within a 5% difference. A modified iterative analytical procedure was then developed, 

and exact numerical results were obtained. 

A combination of two specimens was used by the Sectioning-Based method. This method uses 

the full potential of the developed methodology where no analytical solution exists. No additional 

manufacturing is required; therefore, this method is not time-consuming. Residual stress is measured 

on the new accessed surfaces, and then the numerical determination of the original residual stress 

is performed. Obtained results are in agreement with previously obtained results  

by the Layer-Removal-Based method.  

As mentioned above, the necessary procedures combining experimental measurements using X-ray 

diffraction with numerical procedures using the finite element method have been developed. These 

procedures make it possible to obtain data on the distribution of residual stresses also at great 

depths, irrespective of the dimensions or weight of the component. 

This is one of the key milestones of the work, which will make it possible to determine 

the distribution of residual stresses across the cross-section of the component and to use the data 

obtained to determine the residual fatigue life of the component. 

5. Verification of proposed methodology for determination of residual stress on testing sample. 

Next, it was necessary to validate the proposed procedures. Thin ring testing samples manufactured 

directly from the railway axle were used to verify the developed methodology. Specimens were 

manufactured from different axles. Three different methods were used to obtain tangential residual 

stress in specimens. Neutron diffraction by the Nuclear Physics Institute of the Czech Academy 

of Sciences, X-ray diffraction by the Research Centre of the University of Žilina and Slit ring method 

by the Institute of Physics of Materials of the Czech Academy of Sciences were performed. Results 

showed the same results up to the depth of 18 mm. After such depth, results obtained by different 

methods vary in the obtained values; however, they show a similar trend. This difference 

may be caused by the difference between the particular axles and their specific processing.  

Thus, the validity of the proposed procedures was verified on relatively simple samples. 

6. Implementation of residual stress influence into procedures for estimation of residual fatigue 

lifetime of engineering structures. 

This part of the work consisted of a number of numerical procedures that allowed to determine 

the influence of all loading components on the body (in the studied case a railway axle) with a crack. 

The property of linear elastic fracture mechanics, which allows superposition of individual 

components of applied load, was used. The knowledge of the residual stress distribution, which even 

formed the dominant component of the load, proved to be quite crucial. A series of extensive 

numerical calculations allowed the distribution of residual stresses to be iteratively determined over 

the axle cross-section. Subsequently, further numerical calculations determined the necessary 

fracture parameters, which serve as inputs for subsequent analytical procedures to estimate 

the residual fatigue life. Previous extensive experimental works performed at IPM were used 

to determine the necessary material characteristics for fatigue crack propagation. All formerly 
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obtained parts were then subsequently used as inputs to the original procedure for estimating 

the residual fatigue lifetime of components. 

7. Application of proposed methodologies for determination of residual stress on real engineering 

component and estimation of residual fatigue lifetime. 

The railway axle was used as a suitable application for the proposed procedures. The residual fatigue 

lifetime estimation for the induction hardened railway axle showed no crack propagation 

for the considered surface crack. Therefore, the new critical position under the surface 

was estimated and experimentally validated. However, optic cameras cannot measure crack growth 

under the surface. Therefore, quenching surface treatment was considered. Residual stress 

was determined, and residual fatigue lifetime was estimated again. Improved residual fatigue 

lifetime estimation was applied at three experimentally tested full-scale axles (in co-operation 

with Bonatrans Group, a.s.). 

The inclusion of residual stresses in the procedure for estimating the residual fatigue life of a railway 

axle resulted in a considerable refinement of the calculation estimates and proved to be crucial 

in this case, since residual stresses constitute a significant part of a load of induction hardened train 

axle.  

The implementation of stochastic residual fatigue lifetime estimation was also performed. Several 

variable parameters need to be fit to estimate the residual fatigue lifetime. Therefore, taking their 

variability into account provides insight into the possible variance of the achieved residual lifetimes. 

The distribution of the residual fatigue lifetimes compared to the experimental data can help 

adequately adjust the inspection intervals. 

8. Dissemination of obtained results. 

Due attention was paid to the publication of the results obtained during the PhD studies. Five papers 

were published in scientific journals with impact factor (Theoretical and Applied Fracture 

Mechanics (IF = 4.374), Engineering Failure Analysis (IF = 3.634), Materials (IF = 3.748), Journal of the 

Mechanical Behavior of Biomedical Materials (IF = 4.042) and Additive Manufacturing (IF = 11.632). 

Some results were also published in four reviewed journals and conference proceedings 

(see Chapter 16 for details), and presented at international conferences and workshops. 

 

Note that the procedures proposed in this doctoral thesis are of a general nature and can also be 

used in other cases of sizable or heavy bodies or components.  

In conclusion, it can be stated that all the stated objectives of the thesis have been met. 
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13 List of Abbreviations 

2D two-dimensional 
3D three-dimensional 
a actual crack length 
a/W Normalised crack length 
a0 Initial crack length 
A material constant for Paris-Erdogan region definition 
A1 C35 steel 
A2 22MnCrV5 steel 
A3 C45 steel 
A4 25CrMo4 steel 
A5 42CrMo4 steel 
A5 strain at failure  
ac critical size of crack length 
af final crack length 
Aj set of coefficients 
an notched crack depth  
ASTM American Society for Testing and Materials 
At amplitude of tth term 
ax  axial 
b semi-major axis of the crack shape ellipse 
BL bending load 
bn notched crack width 
c fatigue ductility exponent 
C material constant for NASGRO approach definition 
C flexibility function 
C Carbon 
C* material constant for modified NASGRO approach definition 
CCD charge-coupled device 
CCT centre-crack tension 
CEN/TR European Committee for Standardization / technical report 
Cr Chromium 
Cu Copper 
d hole diameter after trepaning 
d distance between the diffracting planes 
D diameter dimension of the cylinder 
d‘ hole diameter before trepaning 
𝑑0 nominal reference hole diameter 
𝑑0ℎ𝑘𝑙 stress-free lattice spacing 
da/dN, v crack propagation (growth) rate 
DHD Deep Hole Drilling 
dir direction 
DNP do not propagate 
E Young's modulus 
EDM electrical discharge machining 
EN European Norm (standard) 
etc. Et cetera; and other things; and so on 
EU European Union 
F reaction force 
𝑓𝐴 area A fraction 
FE finite element 
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FEM finite element method 
G energy release rate 
GC critical value of energy release rate 
gij(t) shape function of tth term 
GPa gigapascal 
h crack depth 
HV Vickers Pyramid Number 
i subscript corresponds to the radius of the evaluated surface 
IH induction hardening 
IPM CAS Institute of Physics of Materials of the Czech Academy of Sciences  
J J-integral 
k constant which is related to the stress intensity factor 
k dynamic coefficient 
K* pseudo stress intensity factor 
Ka amplitude of the stress intensity factor 
KBL,d dynamic stress intensity factor caused by bending load 
KBL,s static stress intensity factor caused by bending load 
KC critical value of stress intensity factor 
Keff effective stress intensity factor 
KIc Kc fracture toughness 
KI stress intensity factor from mode I loading 
KI

(𝐴), KI
(𝐵), KI

(𝐶) stress intensity factor components corresponding to different loads 
KII stress intensity factor from mode II loading 
KIII stress intensity factor from mode III loading 
KI

total, Ktotal total stress intensity factor 
kkm thousands of kilometers 
km kilometers 
Km mean of the stress intensity factor 
km/h kilometers per hour 
Kmax maximum of the stress intensity factor 
Kmax,th maximum stress intensity factor threshold 
Kmin minimum stress intensity factor 
kN kilonewtons 
KPF stress intensity factor caused by press-fit  
KRS stress intensity factor caused by residual stress 
Kth stress intensity factor threshold 
kV kilovolts 
L length dimension of the cylinder 
l1, l2 finite element dimensions 
LCR ultrasonic critically refracted longitudinal wave 
LEFM linear elastic fracture mechanics 
LRBM layer-removal-based method 
mA milliampere 
m material constant for Paris-Erdogan region definition 
mm millimeters 
Mn Manganese 
Mo Molybdenum 
MPa megapascal 
MPa·m1/2 megapascal per meter 
MPa·mm1/2 megapascal per millimeter 
N normalised / tempered 
N number of cycles 
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n integer 
n number of measured depth points + 1 
N Newton 
n material constant for NASGRO approach definition 
n* material constant for modified NASGRO approach definition 
NDT non-destructive testing 
Nf number of cycles to the failure 
Ni Nickel 
nj outward unit vector 
NPI CAS Nuclear Physics Institute of the Czech Academy of Sciences  
P Phosphorus 
p material constant for NASGRO approach definition 
p* material constant for modified NASGRO approach definition 
PF press-fit load 
Pj(x) Legendre basis interpolation functions 
PoD probability of detection 
POM Polyoxymethylene 
q  material constant for NASGRO approach definition 
r radial polar coordinate 
R stress (or stress intensity factor) ratio of the cycle 
RFL residual fatigue lifetime 
rin inner surface radius 
rou outer surface radius 
RS residual stress 
RS UNIZA Research Centre of the University of Žilina  
S Sulphur 
S  corresponding area 
SBM sectioning-based method 
Si Silicon 
SIF, K stress intensity factor 
S-N stress – number of cycles to the failure 
T heat-treated 
tg tangential 
Ti  components of the line load acting perpendicular to the integration path Г 
U unbalance 
u, v, w displacement in cartesian coordinates 
ui vector of displacements, 
UIC International Union of Railways 
UK United Kingdom 
V Vanadium 
W strain energy density 
x, y, z cartesian coordinates 
X-ray Röntgen ray 
XRD X-ray diffraction 
Y𝑙(𝑎/𝑊) function corresponding to the component geometry 
z depth through the core thickness 
Z influence function 
〈𝜎1〉𝐴𝐼𝐼,𝐼𝐼𝐼 micro residual stresses of type II and III at A area 
〈𝜎1〉𝐼𝐼 micro residual stresses of type II 
〈𝜎2〉𝐴

𝐼𝐼,𝐼𝐼𝐼 micro residual stresses of type II and III at A area 
〈𝜎2〉𝐼𝐼 micro residual stresses of type II 
γ crack tip position angel 
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Δd hole diameter difference 
Δ𝐾 stress intensity factor range 
Δ𝑑𝑥𝑥ℎ𝑘𝑙 difference in lattice spacing 
λ wavelength of the electromagnetic radiation 
ν Poisson ratio 
ρ cylinder rotation angle 
σ far-field applied stress 
σ0 flow stress  
σij stress tensor 
σu ultimate tensile stress  
σy yield stress  
σy, c cyclic yield stress  
Г integration path 
𝜀𝑎𝑝 plastic strain amplitude   
𝜀f’ fatigue ductility coefficient 
𝜀𝑖𝑗 strain tensor 
𝜀𝑥𝑥ℎ𝑘𝑙 lattice strain in local x direction 
𝜃 angle polar coordinate; angular orientation 
𝜃 Bragg angle 

𝜋 Pi (mathematical constant) 

𝜎𝑥𝑦 shear stress component 
𝜎𝑦𝑦 opening stress 
𝜎𝑧𝑧 Stress in Z direction 
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