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Vzpomı́nkové odpoledne a seminář

Metoda konečných prvk̊u dnes

ke 100. výroč́ı narozeńı profesora

Miloše Zlámala

Memorial Afternoon and Seminar

Finite Element Method today

to the 100th anniversary of Professor

Miloš Zlámal

Brno, January 15, 2025



Busta profesora Miloše Zlámala

od podzimu 2025 ve foyer auly Centra VUT.

Z podnětu rektora Ladislava Jańıčka

vytvořil MgA. Tomáš Pavlacký (VUT).



Před sto lety 28. prosince 1924 se narodil Miloš Zlámal, profesor Vysokého učeńı technického
v Brně, zakladatel matematické teorie Metody konečných prvk̊u. Před 20 lety, 12. ledna 2005 se
v Centru Vysokého učeńı technického v Brně konalo Vzpomı́nkové odpoledne k nedožitým osm-
desátinám profesora Zlámala. Akci zahájil rektor VUT, prof. Jan Vrbka. Následovaly př́ıspěvky:
prof. Alexander Žeńı̌sek (FSI VUT v Brně): Profesor Zlámal a metoda konečných prvk̊u, prof.
Michal Kř́ıžek (MÚ AV ČR Praha): Superkonvergenčńı jevy v metodě konečných prvk̊u, prof.
Jǐŕı Kratochv́ıl (FAST VUT v Brně): O spolupráci inženýra s matematikem, Ing. Libor Holuša
(FI MU Brno): O spolupráci programátora s matematikem, prof. Ivo Marek (FSv ČVUT Praha):
Prof. Zlámal, světový pr̊ukopńık matematické teorie metody konečných prvk̊u.

Jednotlivé přednášky v slavnostńım prostřed́ı barokńı auly byly odděleny varhanńımi předě-
ly v podáńı prof. Ing. Jǐŕıho Jana z FEKT VUT. V předsáĺı bylo možno si prohlédnout výstavku
dokument̊u a fotografíı prof. Zlámala včetně jeho článku, kterým zahájil matematickou teorii
MKP. Vzpomı́nkové odpoledne bylo zakončeno př́ıpitkem s občerstveńım v dvoraně Centra
VUT. Jednotlivé př́ıspěvky i materiály výstavky lze naj́ıt v brožurce Miloš Zlámal zakladatel
matematické teorie metody konečných prvk̊u vydané nakladatelstv́ım VUTIUM v roce 2006.
Rozš́ı̌rená brožurka je dostupná na https://hdl.handle.net/11012/255748.

Před 10 lety jsme si připomněli nedožité devadesátiny profesora Zlámala 14. ledna 2015.
Vzpomı́nkové odpoledne zahájil rektor VUT, prof. Petr Štěpánek. Následovaly př́ıspěvky: prof.
Michal Kř́ıžek (MÚ AV ČR, Praha): Podmı́nka minimálńıho úhlu, prof. Miloslav Feistauer (MFF
UK, Praha): Metoda konečných prvk̊u pro řešeńı parciálńıch diferenciálńıch rovnic s hraničńımi
singularitami, prof. Jozef Kačúr (FMFI UK, Bratislava): Riešenia priamych a inverzných úloh
transportu v pórovitom prostred́ı, prof. Alexander Žeńı̌sek (FSI VUT, Brno): Profesor Zlámal
a já, Ing. Libor Holuša (Brno): Pracovǐstě s poč́ıtači pod vedeńım profesora Zlámala, Prof. Ivo
Marek (MFF UK a FSv ČVUT, Praha): Několik slov o prvńım článku světového ṕısemnictv́ı
věnovanému metodě konečných prvk̊u.

V této tradici pokračuje i Vzpomı́nkové odpoledne 15. ledna 2025. Protože z přednášej́ıćıch
předchoźıch odpoledńı (kromě M. Feistauera, J. Kačúra a M. Kř́ıžka) již nikdo neńı mezi námi,
přednášky se zaměřily na metodu konečných prvk̊u dnes. O problémech řešených současnou
teoríı metody konečných prvk̊u, jej́ıch aplikaćıch a výpočetńıch systémech promluvili odborńıci
z Prahy, Ostravy, Plzně, Bratislavy a VUT.

Seminář zakončil společný slavnostńı př́ıpitek Akademickým v́ınem VUT 2023 v přilehlém
foyer, kde bylo možno si na sedmi panelech prohlédnout dokumenty a fotografie ze života
Zlámala, počátk̊u poč́ıtač̊u v Brně včetně vzpomı́nek absolventa VUT Antońına Aujeského
(1940-2024) žij́ıćıho v Austrálii (zachoval jsem jeho osobitý styl), i z předchoźıch vzpomı́nkových
odpoledńı. Odborné přednášky jsou v anglické části sborńıku, bohužel prof. Mikula z rodinných
zdravotńıch d̊uvod̊u sv̊uj př́ıspěvek nedodal. Úplný seznam Zlámalových publikaćı poskytla
knihovna MÚ AV ČR.

Editor
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Adaptivní zjemňování sítě a aposteriorní odhady chyby  
 

14:40  Prof. RNDr. Vít Dolejší, Ph.D., DSc. 

hp-metody konečných prvků pro parciální diferenciální 
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17:00  Prof. RNDr. Karol Mikula, DrSc. 

MKP v spracovaní obrazu 
 

17:20  Prof. Ing. Jindřich Petruška, CSc. 
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VUT v Brně 
 

17:40  Zakončení 
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Varhanní přechody – Prof. Ing. Jiří Jan, CSc. 
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Přednášej́ıćı a anotace přednášek

Foto Václav Końıček

Doc. Ing. Ladislav Jańıček, Ph.D.
(Rektor Vysokého učeńı technického)

Úvodńı slovo rektora

Doc. Mgr. Petr Vaš́ık, Ph. D.
(Ředitel Ústavu matematiky FSI VUT)

Prof. Zlámal a Ústav matematiky

Prof. RNDr. Michal Kř́ıžek, DrSc.
(Matematický ústav, Akademie věd ČR, Praha)

Profesor Miloš Zlámal - život a d́ılo
Anotace: V úvodu přednášky si promı́tneme krátké video

z části přednášky, kterou měl prof. Miloš Zlámal (1924-1997) na

University of Jyväskylä ve Finsku v roce 1993 a připomeneme

si stručný životopis prof. Zlámala. Poté se soustřed́ıme na

nejd̊uležitěǰśı matematické problémy, kterými se zabýval, jako

např́ıklad numerické řešeńı polovodičových rovnic, křivočaré

konečné prvky či superkonvergenci metody konečných prvk̊u.

Prof. Zlámal byl také jedńım z prvńıch numerických matema-

tik̊u, kteř́ı vyvinuli takzvané přechodové konečné prvky.

Doc. RNDr. Václav Kučera, Ph.D.
(Katedra numerické matematiky, Matematicko-
fyzikálńı fakulta UK, Praha)

Geometrické podmı́nky v MKP
Anotace: Uplynulo již v́ıce než p̊ul stolet́ı od chv́ıle, kdy Miloš

Zlámal položil základy matematické teorii konvergence me-

tody konečných prvk̊u. Přesto základńı Zlámalova otázka – kdy

vlastně MKP konverguje – z̊ustává stále nezodpovězena i v nej-

jednodušš́ım př́ıpadě. V tomto krátkém př́ıspěvku si pov́ıme

o post-Zlámalovských snahách naj́ıt geometrické podmı́nky na

výpočetńı śıtě zaručuj́ıćıch konvergenci MKP, jaká jsou s t́ım

spojená překvapeńı a úskaĺı a zkuśıme nahlédnout i do bu-

doucnosti MKP.
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Přednášej́ıćı a anotace přednášek

Doc. RNDr. Tomáš Vejchodský, Ph.D.
(Matematický ústav, Akademie věd ČR, Praha)

Adaptivńı zjemňováńı śıtě a aposteriorńı
odhady chyby
Anotace: Adaptivńı algoritmus umožňuje optimalizovat śıt’

konečných prvk̊u v pr̊uběhu výpočtu a t́ım dosáhnout

požadované přesnosti řešeńı pokud možno co nejrychleji.

Kĺıčovou roli v tomto algoritmu hraj́ı aposteriorńı odhady

chyby, které umožńı identifikovat části výpočetńı oblasti, kde

je velká chyba a kde je nutné zjemnit śıt’. Nav́ıc dávaj́ı kvan-

titativńı informaci o velikosti chyby a umožňuj́ı tak zastavit

výpočet v okamžiku, kdy je dosažena požadovaná přesnost.

Prof. RNDr. Vı́t Doleǰśı, Ph.D., DSc.
(Katedra numerické matematiky, Matematicko-
fyzikálńı fakulta UK, Praha)

hp-metody konečných prvk̊u pro parciálńı
diferenciálńı rovnice
Anotace: Nespojitá Galerkinova metoda jako zobecněńı kla-

sických MKP, adaptivita a aplikace pro problémy mechaniky

tekutin: obtékáńı profil̊u v aerodynamice, prouděńı v atmosféře

a prouděńı v porézńıch prostřed́ıch.

← Foto Václav Końıček

Prof. Ing. Tomáš Kozubek, Ph.D.
(IT4Innovations, VŠB Technická univerzita Ostrava)

Vývoj HPC systémů pro řešeńı inženýr-
ských úloh
Anotace: Vysokovýkonné výpočetńı systémy (HPC)

představuj́ı zásadńı nástroj pro řešeńı komplexńıch

inženýrských úloh, které vyžaduj́ı mimořádný výpočetńı

výkon a rozsáhlé pamět’ové a diskové kapacity. Tento př́ıspěvek

se zaměřuje na nejnověǰśı pokroky a trendy ve vývoji HPC

systémů, s d̊urazem na jejich aplikaci v r̊uzných oblastech

inženýrstv́ı. Př́ıspěvek rovněž poskytne podrobný přehled

o současných možnostech využit́ı superpoč́ıtač̊u v České repub-

lice i v rámci Evropské unie, včetně konkrétńıch př́ıpadových

studíı, které demonstruj́ı praktické př́ınosy těchto technologíı

pro inženýrskou praxi.
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Přednášej́ıćı a anotace přednášek

Prof. RNDr. Zdeněk Dostál, DSc.
(Fakulta elektrotechniky a informatiky, VŠB Tech-
nická univerzita Ostrava)

Hybridńı FETI pro řešeńı velkých soustav
problémů diskretizovaných MKP
Anotace: V úvodu připomeneme metody řešeńı MKP soustav

v době prof. Zlámala a jejich reálnou efektivnost. Stručně pro-

jdeme nástup iteračńıch metod a budeme se věnovat masivně

paralelńım metodám rozložeńı oblasti, zejména hybridńım

FETI (BETI) metodám, které použ́ıvaj́ı hrubou śıt’ rozloženou

mezi primárńı a duálńı proměnné. Jejich efektivnost bude de-

monstrována na řešeńı soustav s miliardami neznámých.

Pro nemoc autora se přednáška nekonala, foto z roku 2019

Ing. Jakub Š́ıstek, Ph.D.
(Matematický ústav, Akademie věd ČR, Praha)

Paralelńı implementace adaptivńı MKP s vnořenou
hranićı aneb jak se vyhnout śıt’ováńı v metodě na
śıti založené

Anotace: Metoda konečných prvk̊u s vnořenou hranićı

představuje atraktivńı př́ıstup k simulaćım, který se vyhýbá

diskretizaci geometrie. To muže být náročné a zdlouhavé pro

složité geometrie, ale i pro velké adaptivně zjemňované śıtě

rozdělené na mnoho část́ı na paralelńım poč́ıtači. Budu pre-

zentovat náš př́ıstup k implementaci a paralelizaci jedné ta-

kové metody, která kombinuje popis oblasti pomoćı levelse-

tové funkce, adaptivńı zjemněńı śıtě a řešeńı výsledné soustavy

rovnic pomoćı v́ıceúrovňové metody rozkladu oblasti. Ukážu

výsledky testu pro řešeńı benchmarkových, ale i inženýrských

úloh s několika tiśıci subdoménami.

Doc. Ing. Marek Brandner, Ph.D.
(Katedra matematiky, Fakulta aplikovaných věd
ZČU, Plzeň)

Spojité a nespojité aproximace řešeńı v nume-
rických metodách pro zákony zachováńı

Anotace: V současné době době existuje velmi velké množstv́ı

numerických př́ıstup̊u pro řešeńı úloh pro zákony zachováńı

(od metody konečných diferenćı, přes r̊uzné verze metody

konečných prvk̊u až po spektrálńı metody). V př́ıspěvku se bu-

deme stručně věnovat jedné z občas diskutovaných otázek: je

vhodněǰśı aproximovat řešeńı spojitou nebo nespojitou funkćı?
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Přednášej́ıćı a anotace přednášek

Prof. RNDr. Karol Mikula, DrSc.
(Katedra matematiky a deskript́ıvnej geometrie
Stavebná fakulta STU v Bratislave)

MKP v spracovańı obrazu
Anotácia: V prednáške ukážeme využitie metódy konečných

prvkov a z nej odvodených numerických algoritmov na riešenie

nelineárnych difúznych rovńıc v analýze statického a dyna-

mického obrazu. Metódy budú zahŕňat’ biologické a environ-

mentálne aplikácie, spracovanie a analýzu vidéı z konfokálnych

mikroskopov, zachytávajúcich vývoj bunkového rodostromu pri

embryogenéze, ako aj automatickú klasifikáciu chránených bi-

otopov Natura 2000 na báze satelitných optických dát.

Prof. Ing. Jindřich Petruška, CSc.
(Ústav mechaniky těles, mechatroniky a biomecha-
niky Fakulta strojńıho inženýrstv́ı VUT v Brně)
MKP a rozvoj poč́ıtačové mechaniky na
strojńı fakultě VUT v Brně
Anotace: V př́ıspěvku uvedeme hlavńı etapy začleněńı MKP

do odborné a pedagogické práce ústavu mechaniky těles FSI

VUT v Brně. Ukážeme typické problémy, řešené v uply-nulých

desetilet́ıch i techniku, se kterou jsme v té době pracovali.

Zmı́ńıme i postupné začleněńı MKP a poč́ıtač̊u do výuky

základńıch kurz̊u mechaniky na strojńı fakultě. Připomeneme

tak vývoj, kterým v souvislosti s nástupem poč́ıtačové tech-

niky a MKP prošla všechna obdobná vysokoškolská pracovǐstě

od šedesátých let 20. stolet́ı do současnosti.

Přednášej́ıćı zleva: Jakub Š́ıstek, Michal Kř́ıžek, Vı́t Doleǰśı, Marek Brandner, Václav Kučera,

Tomáš Kozubek, Tomáš Vejchodský, Karol Mikula a Jindřich Petruška.
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Foto ze Vzpomı́nkového odpoledne

Ivo Zlámal (JF)
syn prof. Zlámala

Aleš Zlámal
synovec prof. Zlámala

Jan Franc̊u
organizátor a moderátor

Jǐŕı Jan (JF)
hrál varhanńı předěly

Michal Kř́ıžek atmosféra neobarokńıho sálu s varhany Tomáš Vejchodský

Přednášky v neobarokńım sále

Foto Václav Końıček a Jan Franc̊u (JF)
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Foto ze Vzpomı́nkového odpoledne

Tomáš Vejchodský, Zuzana Došlá (JF)

Vladislav Kozák, Mojmı́r Šob Petra Rozehnalová, Pavel Štarha Jan Čermák, Bohumil Maroš

Přestávka s kávou a výstavkou

Foto Václav Końıček a Jan Franc̊u (JF)
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Foto ze Vzpomı́nkového odpoledne

Ivan Dı́rer, Jǐŕı Vala, Marcela Benešová

Pavel Vařejka, Karol Mikula Vı́tězslav Veselý, Jǐŕı Vala

Ivan Dı́rer, Libor Čermák, Marcela Benešová,
Antońın Dvořák, Michal Kř́ıžek

Př́ıpitek v́ınem VUT 2023

Foto Jan Franc̊u
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Úvodńı slovo rektora

Ladislav Jańıček

Vážené dámy, vážeńı pánové,

Je mi velkým potěšeńım, že tu mohu být s Vámi na vzpomı́nkovém setkáńı při př́ıležitosti
100. výroč́ı narozeńı pana profesora Miloše Zlámala. Je úžasné vidět na tomto setkáńı tolik
osobnost́ı nejen naš́ı univerzity, ale i předńıch univerzit z České republiky, Slovenska i ze za-
hranič́ı. Je to svědectv́ım toho, že jméno pana profesora Zlámala je stále živé v mysĺıch těch,
kdo jej znali i těch, kteř́ı poznali jeho odkaz.

Vystudoval jsem na Vysokém učeńı technickém v Brně obor stavba letadel na tehdeǰśı
Katedře letadel (dnes Leteckém ústavu) Fakulty strojńıho inženýrstv́ı. Po absolvováńı studia
jsem měl velké štěst́ı, nebot’ d́ıky panu Ing. Antońınu Ṕı̌st’kovi, pozděǰśım profesorovi a řediteli
Leteckého ústavu, se kterým jsem se setkal u státńı závěrečné zkoušky, se mi dostalo úžasné
př́ıležitosti j́ıt pracovat do jednoho z největš́ıch leteckých podnik̊u v zemi, do státńıho podniku
LET Kunovice.

Nastupoval jsem tehdy do toho snad nejprestižněǰśıho odděleńı, o kterém si snad do leta-
del nadšený mladý inženýr mohl tehdy nechat pouze sńıt — do odděleńı statických výpočt̊u
leteckých konstrukćı a jeho skupiny vývoje pevnostńıch výpočtových metod. Vedoućım celého
odděleńı byl tehdy právě pan Antońın Ṕı̌stěk.

LET Kunovice (dnes Aircraft Industries) byl v té době naprosto jedinečným špičkovým
výpočtovým centrem a centrem vývoje pokročilých výpočtových metod v leteckém pr̊umyslu
v celém tehdeǰśım Československu. Byl tu vyvinut mimo jiné systém SAVLE pro výpočty ae-
rodynamického zat́ıžeńı letadel a předevš́ım systém SOFEM pro pevnostńı výpočty leteckých
konstrukćı metodou konečných prvk̊u. Hlavńımi autory systému SOFEM byli právě pan Ing.
Antońın Ṕı̌stěk, CSc., a jeho kolega, pan Ing. Rudolf Böhm, můj prvńı př́ımý nadř́ızený.

Vše tehdy bylo programováno v jazyce FORTRAN. Psal se rok 1989 a v tu dobu začaly
nastupovat UNIXové systémy a také jazyk C. A tak jsem dostával svoje prvńı úkoly programo-
vat pevnostńı výpočtové aplikace v jazyce C a transformovat a propojovat některé fortranovské
moduly systému SOFEM v tomto programovaćım jazyce.

Právě tehdy jsem často slýchával jméno pana profesora Miloše Zlámala, ale také jeho spolu-
pracovńık̊u, pán̊u Jǐŕıho Kratochv́ıla a Alexandra Žeńı̌ska, později také profesor̊u. A posledńıho
z jmenovaných jsem měl možnost i osobně poznat, mimochodem u přij́ımaćı zkoušky na dok-
torské studium. Po necelých dvou letech v LET Kunovice jsem se totiž vrátil zpět na Vysoké
učeńı technické v Brně na Katedru letadel a stal jsem se odborným asistentem pro stavebńı
mechaniku leteckých konstrukćı a konstrukci a pevnost letadel.

To už jsem ovšem o MKP a jeho historii věděl mnohem v́ıce a profesor Zlámal byl pro
mne legendou a obdivovanou odbornou autoritou. Když mne pan profesor Miroslav Doupovec,
prorektor pro studium, zprostředkoval setkáńı s panem profesorem Janem Franc̊u, který přǐsel
s návrhem na tento vzpomı́nkový akt na profesora Zlámala, v̊ubec jsem nezaváhal.

Jsem přesvědčen, že VUT nesmı́ zapomı́nat na svoje osobnosti a u pana profesora Zlámala
to plat́ı násobně. Inicioval jsem také vznik galerie nejvýznamněǰśıch osobnost́ı naš́ı univerzity,
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kterou ozdob́ıme naše univerzitńı prostory a s umělci naš́ı Fakulty výtvarných uměńı právě
pracujeme na bustě pana profesora Zlámala, kterou věř́ım, že v brzké době odhaĺıme.

Současně jsem požádal pana prof. Doupovce zvážeńı možnosti př́ıpravy publikace o dob-
rodružstv́ı, kterým prošel vývoj metod konečných prvk̊u, a kterak se z p̊uvodně intuitivńı
inženýrské metody zrodil dnes v nejr̊uzněǰśıch variantách konečných prvk̊u či konečných objemů
nezastupitelný výpočtový nástroj pevnostńımi výpočty poč́ınaje a aerodynamickými nekonče.

Skutečnost, že k rozvoji těchto metod významně přispěla naše univerzita je naprosto unikátńı.
S úctou a hrdost́ı vzhĺıž́ım k osobnosti pana profesora Zlámala a vyjadřuji k jeho odkazu hlu-
boký obdiv. Učińım vše, abychom jeho odkaz i jméno spolu s odkazem a jmény jeho spolupra-
covńık̊u, pán̊u profesor̊u Jǐŕıho Kratochv́ıla a Alexandra Žeńı̌ska na naš́ı univerzitě, a nejen na
ńı, patřičně připomı́nali, ale také abychom je učinili vzorem pro tv̊urč́ı práci daľśıch generaćı
našich akademických a výzkumných pracovńık̊u.
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Profesor Zlámal a Ústav matematiky

Petr Vaš́ık

Vážený pane rektore, vážeńı hosté,

jen velmi krátce přednesu zdravici za Ústav matematiky. Jsem ředitel Ústavu matema-
tiky Fakulty strojńıho inženýrstv́ı, kde profesor Zlámal p̊usobil, ale i když to tak možná ne-
vypadá, já jsem ho osobně z časových d̊uvod̊u nezažil. Jeho jméno ale bylo vždy na ústavu
patrné a zmiňované. Jeho p̊usobeńı na katedře matematiky začalo v roce 1990, kdy profesor
Zlámal přešel s vědeckou skupinou profesorem Žeńı̌skem, docentem Nedomou, docentem Li-
borem Čermákem, Janem Franc̊u a daľśımi z Oblastńıho výpočetńıho centra VUT (dř́ıvěǰśı
Laboratoře poč́ıtačových stroj̊u) na tehdeǰśı katedru matematiky fakulty strojńı. Zahájil vstup
ústavu matematiky, tenkrát ještě katedry, mezi uznávaná etablovaná matematická pracovǐstě.

Pro nás v současné době, kromě samozřejmě toho, že u nás byla zavedena metoda konečných
prvku, je zásadńı to, že vědecká váha profesora Zlámala přispěla k akreditaci studijńıho pro-
gramu Matematické inženýrstv́ı, který nadále předává matematické dovednosti daľśım gene-
raćım. Studijńı program je pořád prestižńım oborem, jakým byl v době svého založeńı. Dá se to
demonstrovat např́ıklad na tom, že prvńım předsedou státnicové komise byl profesor Jaroslav
Kurzweil.

Jméno profesora Zlámala nese dodnes pořádaný seminář, který profesor Zlámal založil v 60.
letech pod názvem Seminář z numerických metod a na jehož udržeńı má obrovskou zásluhu
právě profesor Franc̊u, který seminář spravuje dodnes.

Na závěr bych jen dodal, že odkaz profesora Zlámala se snaž́ıme udržovat i nadále už jenom
t́ım, že stejně jako např́ıklad mı́ předch̊udci, profesor Žeńı̌sek nebo profesor Šlapal, dbáme na
vysokou vědeckou úroveň a předáváme mladým lidem poznatky z kvalitńı matematiky.

Děkuji za pozornost.
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Profesor Miloš Zlámal – život a d́ılo

Jan Franc̊u a Michal Kř́ıžek

Stručný životopis

Miloš Zlámal se narodil 30. prosince 1924 ve Zborovićıch na Kroměř́ıžsku. Jeho otec ing.
Frantǐsek Zlámal byl ze statkářské rodiny a matka rozená Zbořilová ze selské. Rodina ještě
před narozeńım jeho mladš́ıho bratra Jaromı́ra (1926–2010) se přestěhovala do Brna. V letech
1936–1945 Miloš studoval na 3. reálném gymnáziu v Brně. Studium musel ovšem přerušit,
protože v letech 1944–1945 byl totálně nasazen ve Vratislavi.

Dne 6. 2. 1946 se zapsal na Př́ırodovědeckou fakultu Masarykovy univerzity. Studium ukončil
10. 2. 1949 a źıskal titul RNDr. V obdob́ı 1950–1951 byl aspirantem v Matematickém ústavu
Československé akademie věd (ČSAV) v Praze. V letech 1951–1952 absolvoval základńı vojen-
skou službu, během ńıž se 19. 1. 1952 oženil s Ludmilou rozenou Vichrovou. Měli spolu dva syny
Iva (*1954) a Martina (*1963).

V roce 1955 źıskal v Matematickém ústavu ČSAV vědeckou hodnost kandidáta věd CSc.
obhájeńım práce: Studium oscilačńıch a asymptotických vlastnost́ı řešeńı diferenciálńıch rovnic
pod vedeńım prof. Otakara Bor̊uvky. Docentem byl jmenován 1. 6. 1956 na Př́ırodovědecké
fakultě v Brně.

V roce 1956 se stal zakládaj́ıćım členem redakčńı rady nově vzniklého časopisu Aplikace
matematiky (později přejmenovaného na Applications of Mathematics), který dodnes vydává
Matematický ústav Akademie věd. V redakčńı radě p̊usobil až do roku 1992.

Dne 1. 9. 1961 přestoupil na Fakultu strojńı VUT v Brně, stal se vedoućım nově založené
Laboratoře poč́ıtaćıch stroj̊u a od roku 1963 do 1990 byl jej́ım ředitelem. ČSAV mu 17. 3. 1963
udělila vědeckou hodnost doktora věd DrSc. a 28. 5. 1965 byl jmenován profesorem matematiky.
Dne 16. 3. 1981 byl zvolen členem korespondentem ČSAV.

O jeho výjimečnosti svědč́ı také skutečnost, že ač nestrańık funkci ředitele zastával 27 let
a v letech 1983–1992 byl předsedou vědeckého kolegia pro matematiku ČSAV. V době nor-
malizace měl odvahu přijmout do své laboratoře i pracovńıky, kteř́ı byli režimu nepohodlńı.
Pod jeho vedeńım se Laboratoř poč́ıtaćıch stroj̊u (později Oblastńı výpočetńı centrum) stala
nejvýznamněǰśım ústavem tohoto typu v zemi a sehrála kĺıčovou roli při zaváděńı výpočetńıch
metod a poč́ıtač̊u do praxe nejen v rámci VUT, ale i do výzkumných ústav̊u a výrobńıch závod̊u.

Foto svatebńı Foto okolo r. 1955 Foto okolo r. 1970 1990 foto archiv rodiny
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V letech 1964 a 1981 přednášel v USA, v letech 1976/77 v Novosibirsku a v roce 1986
v Pekingu, v roce 1972 v Londýně, 1973 v Dundee, v roce 1975 v Claustalu (Německo) a Ř́ımě.
Zúčastnil se řady tuzemských i zahraničńıch vědeckých konferenćı, udržoval styky s předńımi
matematickými pracovǐsti ve světě.

V roce 1990 přestoupil na Katedru matematiky Fakulty strojńı VUT. Svoj́ı vahou podpořil
vznik nového studijńıho programu Matematické inženýrstv́ı. V roce 1995 odešel do d̊uchodu.
Profesor Zlámal náhle zemřel v Brně dne 22. 6. 1997.

Připomeňme si některá jeho významná oceněńı. V roce 1969 źıskal Bronzovou pamětńı
medaili VUT a v roce 1974 mu prezident ČSSR udělil Státńı cenu Klementa Gottwalda za
vypracováńı a rozvinut́ı matematické teorie metody konečných prvk̊u a jej́ı aplikace. V roce
1979 mu Prezidium ČSAV udělilo Stř́ıbrnou plaketu Bernarda Bolzana za zásluhy o rozvoj
matematických věd a v roce 1984 źıskal ještě Zlatou plaketu Bernarda Bolzana. Mezi jeho
největš́ı vědecká uznáńı nepochybně patř́ı uděleńı čestného doktorátu na Technische Universität
v Drážd’anech v roce 1984. V témže roce byl oceněn i Zlatou pamětńı medaiĺı VUT v Brně.
V roce 1987 byl zvolen čestným členem Jednoty československých matematik̊u a fyzik̊u. V roce
1992 obdržel Pamětńı medaili Univerzity Karlovy za významný př́ıspěvek k rozvoji a aplikaci
metody konečných prvk̊u. Daľśı jeho oceněńı jsou uvedena v brožurce [2, str. 47].

Dı́lo

Uved’me nejd̊uležitěǰśı matematické problémy, kterými se profesor Miloš Zlámal zabýval. V pa-
desátých a šedesátých letech se věnoval předevš́ım studiu vlastnost́ı analytických řešeńı obyčej-
ných a parciálńıch diferenciálńıch rovnic. Pak se postupně č́ım dále, t́ım v́ıce koncentroval na
jejich numerická řešeńı. Šlo zejména o numerickou integraci a metodu konečných diferenćı.

V roce 1967 se prostřednictv́ım inženýra Jǐŕıho Kratochv́ıla seznámil s poměrně novou empi-
rickou inženýrskou metodou zvanou metoda konečných prvk̊u, která se výborně hodila pro řešeńı
problémů mechaniky kontinua. Tato metoda umožňovala numericky poč́ıtat např. mechanická
napět́ı a posunut́ı rámových konstrukćı, viz [2, str. 12–18]. Zlámalovi se metoda tak zaĺıbila, že
již v roce 1968 publikoval jako prvńı na světě článek o matematické teorii metody konečných
prvk̊u, viz [7]. V něm dokázal jej́ı konvergenci za podmı́nky, že všechny úhly v triangulaci
vyšetřované oblasti jsou zdola ohraničeny jednou pevnou kladnou konstantou. Tento článek je
dodnes hojně citován a významně ovlivnil rozvoj numerických metod v tomto i minulém stolet́ı.

Zlatou plaketu B. Bolzana předává akademik Ryš Čestný doktorát Technické Univerzity Drážd’any
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Daľśı stěžejńı práce Miloše Zlámala [9] se týkala aproximace křivočaré hranice vyšetřované
oblasti pomoćı tzv. křivočarých prvk̊u. Podle americké databáze MathSciNet je to jedna z nejci-
tovaněǰśıch Zlámalových praćı. V ńı je zaveden ideálńı konečný prvek, který umožňuje dokonalé
rozděleńı vyšetřované oblasti na prvky.

Prof. Zlámal byl také jedńım z prvńıch numerických matematik̊u, kteř́ı vyvinuli takzvané
přechodové konečné prvky. Ty se použ́ıvaj́ı tam, kde jedna část vyšetřovaná oblasti je po-
kryta jiným typem konečných prvk̊u než jiná část. Jde kupř́ıkladu o přechodové konečné prvky
umožňuj́ıćı spojité napojeńı lineárńıch prvk̊u na prvky kubické, viz [8].

Velkých úspěch̊u dosáhl prof. Zlámal v oblasti superkonvergence metody konečných prvk̊u,
viz série článk̊u [3, 10, 11]. Dále se zabýval metodou konečných prvk̊u pro numerické řešeńı
rovnice vedeńı tepla, pro výpočet magnetického pole, pro přibližné řešeńı polovodičových rovnic
aj., viz [6, 12, 13, 14, 15, 16].

Prof. Miloš Zlámal naprosto jednoznačně patř́ı ke špičkovým světově uznávaným nume-
rickým matematik̊um. Své teoretické výsledky dokládal numerickými výsledky, které mu poč́ıtal
Libor Holuša. Byl jedńım ze zakladatel̊u slavné brněnské školy metody konečných prvk̊u, viz
např. [1, 4, 5, 6, 17, 18]. Kromě Zlámala jej́ı jádro tvořili zejména Libor Čermák, Libor Holuša,
Vladimı́r Kolář, Stanislav Koukal, Jǐŕı Kratochv́ıl, Frantǐsek Leitner, Frantǐsek Melkes, Josef
Nedoma, Alexander Žeńı̌sek a daľśı. Zlámalovo rozsáhlé d́ılo výrazně přispělo k efektivńımu
numerickému řešeńı problémů matematické fyziky.

Podrobněǰśı popis vědeckých výsledk̊u profesora Zlámala je uveden v anglické části tohoto
sborńıku na stránkách 58 – 68. Seznam všech jeho vědeckých publikaćı je na konci sborńıku.
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[15] M. Zlámal: Finite element solution of the fundamental equations of semiconductor devices,
Part I. Math. Comp. 49 (1986), 27–43.
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MKP a rozvoj poč́ıtačové mechaniky

na strojńı fakultě VUT v Brně

Jindřich Petruška
Title: FEM and the development of computer mechanics at the Faculty of Mecha-

nical Engineering of the Brno University of Technology.

Abstract: In this contribution, we present the main stages of the integration of

FEM into the professional and pedagogical work of the Institute of Solid Mecha-

nics of the Faculty of Mechanical Engineering of the Brno University of Technology.

The gradual integration of FEM and computers into the teaching of basic courses

of mechanics at the Faculty of Mechanical Engineering will also be mentioned. We

will thus recall the characteristic development that all similar university workplaces

have undergone in connection with the advent of computer technology and FEM

from the 1960s to the present.

1. Úvodem

Jako počátek rozvoje a využ́ıváńı MKP bývá uváděna publikace článku [1] v roce 1956. Jej́ı
pronikáńı do tehdeǰśıho Československa a na VUT v Brně bylo poněkud komplikováno d́ıky
závislosti na rozvoji poč́ıtačové techniky, jej́ıž úroveň u nás bohužel za hospodářsky vyspělými
státy v té době zaostávala. Konkrétně na VUT jsou počátky poč́ıtačové techniky spojeny s La-
boratoř́ı poč́ıtaćıch stroj̊u, která byla založena v roce 1959 rozhodnut́ım rektora při katedře ma-
tematiky FS VUT v Brně, od roku 1961 pak jako samostatné pracovǐstě. Laboratoř využ́ıvala
při své práci nejdř́ıve poč́ıtače instalované v Praze, a to hlavně sovětský poč́ıtač URAL 1
na ministerstvu chemického pr̊umyslu. V roce 1961 byl v laboratoři uveden do provozu malý
samočinný poč́ıtač LGP–30 z USA, prvńı na celé Moravě.

Daľśım mezńıkem byl rok 1966, kdy zahájil zkušebńı provoz malý sovětský poč́ıtač MINSK
22 a zejména byl zakoupen švédský středńı poč́ıtač DATASAAB D 21. Na tomto stroji
byly již programovány algoritmy Metody konečných prvk̊u, jej́ımž pr̊ukopńıkem na VUT byl
Ing. Jǐŕı Kratochv́ıl, pozděǰśı profesor stavebńı fakulty VUT. Podle jeho vzpomı́nek bylo i
pro něj prvotńı inspiraćı právě studium článku [1]. Št’astné spojeńı inženýr̊u ve skupině prof.
Kratochv́ıla s tehdeǰśım ředitelem laboratoře, matematikem prof. Zlámalem, vedlo nejen k řešeńı
prvńıch praktických inženýrských problémů, ale i k celosvětově významnému vkladu do teorie
MKP. T́ım se stala publikace proslulého článku profesora Zlámala [2], která v roce 1968 položila
základy rigorózńı matematické teorie MKP se širokým mezinárodńım ohlasem.

Úspěch prof. Zlámala vynikne ještě v́ıce, pokud si připomeneme podmı́nky, kterým byly
věda a školstv́ı v tehdeǰśım Československu vystaveny. Nejlépe to dokumentuje citace z pro-
jevu poslance Slobody k projednávanému návrhu novely VŠ zákona na 10. sch̊uzi Národńıho
Shromážděńı ve středu 16.3.1966:

”
Domnievam sa, že krátkodobé cesty učitel’ov vysokých škôl

do zahraničia, ktorých účelom má byt’ vedecký výskum, treba úplne eliminovat’. Mám tu na
mysli krátkodobé

”
vedecké“ cesty, nejde mi pochopitel’ne o vzájomné návštevy učitel’ov vy-

sokých škôl v rámci družby a pod.“
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2. Poč́ıtače a MKP v problémech strojařské mechaniky

Obr. 1 Ondráček u poč́ıtače EMR 6070.

Ústav mechaniky, dř́ıve Katedra technické mechaniky,
pružnosti a pevnosti Strojńı fakulty, byl po Laboratoři
poč́ıtaćıch stroj̊u a Stavebńı fakultě daľśım z pracovǐst’,
kde se poč́ıtače a MKP začaly intenzivně využ́ıvat.
Hlavńı postavou tohoto procesu byl doc. Emanuel
Ondráček, pozděǰśı profesor a prvńı porevolučńı rektor
VUT. Hrál zde podobnou roli iniciátora a hlavńıho hy-
batele jako prof. Kratochv́ıl na FAST VUT.

Dobová fotografie z konce 70. let (Obr. 1) zachy-
cuje doc. Ondráčka u ř́ıdićıho panelu sálového poč́ıtače
EMR 6070 v podniku Geofyzika Brno. Jednalo se
o verzi IBM 360, ve své době nejvýkonněǰśı poč́ıtač
v Brně, využ́ıvaný primárně pro seismické výpočty. Ko-
lektiv okolo doc. Ondráčka zde na základě smluvńı spo-
lupráce v rámci státńıch úkol̊u vyv́ıjel prvńı programy
MKP SADUR a SADUS, které řešily nejen statiku ro-
vinných a rotačně symetrických konstrukćı, ale i jejich
dynamiku při rychlém, rázovém zatěžováńı.

Počátkem 80. let byl v odděleńı technických výpočt̊u
koncernového podniku Žd’as-Vı́tkovice instalován mini-

poč́ıtač PDP 11/70. Jeho výkonové parametry umožňovaly paralelńı obsluhu přibližně deseti
uživatel̊um, kteř́ı komunikovali s centrálńı jednotkou pomoćı alfanumerických a několika gra-
fických terminál̊u. Ty byly umı́stěny v kancelář́ıch i mimo vlastńı poč́ıtačové centrum a stylem
práce tak předj́ımaly pozděǰśı nástup osobńıch poč́ıtač̊u. Dı́ky spolupráci s podnikem se žd’árské
pracovǐstě stalo po řadu daľśıch let mı́stem, kde prob́ıhal daľśı vývoj i praktické nasazeńı pro-
gramů MKP z d́ılny pracovńık̊u katedry mechaniky strojńı fakulty.

Nutnost doj́ıžděńı mimo Brno
byla bohatě vyvážena novým
stylem práce. Tv̊urč́ı pracovńık
měl nyńı sv̊uj terminál k dispo-
zici po celou pracovńı směnu,
odpadlo pracné děrováńı št́ıtk̊u,
laděńı a programové změny
bylo možno provádět př́ımo na
mı́stě z klávesnice a výsledky
okamžitě kontrolovat na testo-
vaćıch úlohách. Proti omezeným
př́ıděl̊um strojového času na
starš́ıch sálových poč́ıtač́ıch to
byl skok do úplně nové éry.

Podstatně se rozš́ı̌rilo i
využ́ıváńı vyvinutých programů
MKP pro řešeńı praktických Obr. 2 Detail rámu lisu, śıt’ a izolinie napět́ı.
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problémů podniku. Šlo o kon-
strukce rozměrných tvářećıch
stroj̊u, rovnaček, kovaćıch mani-
pulátor̊u a daľśıch. Od rovinných
úloh (Obr. 2) se postupně přešlo
k řešeńı prostorových konstrukćı
(Obr. 3), byt’ z dnešńıho pohledu
šlo stále o jednoduché kon-
strukčńı podskupiny s omezeným
počtem prvk̊u. Byly odladěny a
začaly se řešit i jednoduché kon-
taktńı úlohy jako prvńı př́ıklad
nelinearit. Na Obr. 4 je to př́ıklad
kontaktńı napjatosti mezi okem a
čepem ojnice bramových n̊užek.

Zcela novou kvalitu přinesl
nástup osobńıch poč́ıtač̊u na
konci 80. let. U nás se v počátćıch
jednalo o šestnáctibitové systémy
TNS z JZD Slušovice. Prvńı tři
kusy jsme jeli vyzvednout př́ımo
do Slušovic s kolegou doc. Vlkem
v roce 1988. Vzhledem k ceně přes
100 000 Kč za kus — v dnešńıch
cenách kolem milionu — musel na
poř́ızeńı přispět tehdeǰśı koncern

Obr. 3. Část stojanu lisu, geometrie a śıt’ s deformacemi.

Vı́tkovice. Náklad tř́ı poč́ıtač̊u, naložených tehdy do vozu Škoda 120, tak několikanásobně
převyšoval cenu automobilu i s posádkou. Vzhledem k omezenému počtu kus̊u bylo nutné na
tyto stroje zpočátku připravovat rozvrh hodin, ve kterých se jednotliv́ı pracovńıci katedry u nich
stř́ıdali. Jako nejmladš́ı jsem byl tehdy pověřen sestavováńım těchto týdenńıch rozvrh̊u.

Obr. 4. Kontakt čepu a oka ojnice bramových n̊užek, śıt’ a napět́ı.

Na moji prognózu, že do několika let budeme mı́t tyto stroje na svých pracovńıch sto-
lech, se tehdy mnoźı d́ıvali velmi skepticky. Na tato slova nicméně došlo a následuj́ıćı obdob́ı
představuje asi posledńı etapu živelného rozvoje programů MKP, vznikaj́ıćıch

”
na koleně“ na

jednotlivých pracovǐst́ıch vysokých škol, akademie věd, rezortńıch výzkumných ústav̊u a velkých
pr̊umyslových podnik̊u. Převážně byly vyv́ıjeny programy pro řešeńı nejr̊uzněǰśıch typ̊u nelinea-
rit, za naše pracovǐstě zde můžeme zmı́nit tuhoplastické modely pro simulaci tvářećıch proces̊u,
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jako byl proces válcováńı na Obr. 5.

Obr. 5. Simulace válcováńı, nestacionárńı tuhoplastický model.

Počátek devadesátých let je v oblasti poč́ıtač̊u a MKP poznamenán předevš́ım ukončeńım
embarga na dovoz nejnověǰśıho softwaru i hardwaru do zemı́ středńı a východńı Evropy. Do-
stupnost komerčńıch systémů MKP jako je Ansys, Abaqus a daľśı znamenala téměř všude
konec vývoje vlastńıch programů na bázi MKP. Můžeme to dokumentovat na př́ıkladu kolokvíı
o programech MKP, pořádaných pravidelně Dopravoprojektem Brno.

Ještě v roce 1986 sborńık obsahoval 156 anotačńıch list̊u k jednotlivým samostatně vy-
vinutým programům MKP pro nejr̊uzněǰśı aplikace. V roce 1991 (Obr. 6) to bylo už jen
91 nab́ızených programů. Do dnešńı doby jich na komerčńı bázi přežilo a dále se rozv́ıj́ı jen
hrstka. Ostatńı tv̊urci postupně přešli na komerčńı programy západńı provenience, stejně jako
výpočtová odděleńı velkých pr̊umyslových podnik̊u. Zkušenost s tvorbou vlastńıch programů
však přinesla jejich autor̊um trvalou konkurenčńı výhodu ve vědecké či konzultačńı činnosti
daľśıch let.

3. Poč́ıtače a MKP ve výuce strojařské mechaniky

Ve výuce mechaniky se nástup poč́ıtač̊u a MKP projevil se zpožděńım. Je to pochopitelné
zejména pokud si připomeneme technické možnosti a styl práce prvńıch sálových poč́ıtač̊u,
k nimž měl omezený př́ıstup jen úzký okruh zasvěcených. Poč́ıtačová výuka v dnešńım slova
smyslu byla ještě hudbou daleké budoucnosti. Výuka mechaniky byla v šedesátých a z velké
části i v sedmdesátých letech postavena na klasických př́ıstupech analytických a grafických
metod.

Př́ıkladem mohou být poválečná brněnská skripta prof. A. Nedomy [3], psaná ještě úhledným
rukopisem a obsahuj́ıćı vedle grafoanalytické metody řešeńı pr̊uhybu nosńık̊u (Obr. 7) i po-
drobné pojednáńı o využit́ı Airyho funkce napět́ı i s př́ıklady (Obr. 8). Sám mohu vzpomenout,
že pr̊uhyb hř́ıdel̊u podle Obr. 7 jsme v konstrukčńıch cvičeńıch řešili, byt’ podle moderněǰśıch
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Jindřich Petruška

Obr. 6. Sborńık kolokvia programů MKP, Dopravoprojekt Brno, 1991.

Obr. 7. A. Nedoma, Pružnost a pevnost I, řešeńı pr̊uhybové čáry nosńık̊u [3].
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skript, ještě v polovině sedmdesátých let. Jedńım z vrcholných př́ıklad̊u využit́ı grafických me-
tod ve výuce předpoč́ıtačového obdob́ı je Sb́ırka př́ıklad̊u z kinematiky doc. R. Brepty z roku
1957 [4]. Výuka mechaniky za pomoci a s využit́ım výpočetńı techniky se nejprve realizovala

Obr. 8. A. Nedoma, Pružnost a pevnost I, Airyho funkce napět́ı s př́ıklady [3].

koncem šedesátých let formou postgraduálńıch kurz̊u, specializovaných školeńı a seminář̊u pro
úzký okruh student̊u a absolvent̊u techniky. Tato historie je dodnes uložena ve sborńıćıch a
skriptech vytvořených pro uvedené účely. Jejich výčet by byl dlouhý a určitě neúplný. Pokud se
omeźıme na celostátńı učebnice, pak je možno zmı́nit knihu prof. Serv́ıta z roku 1967 [5], která
se podrobně zabývá formulaćı statických výpočt̊u stavebńıch konstrukćı s využit́ım metody śıt́ı
a Ritzovy metody. Jedno z prvńıch stručných pojednáńı o podstatě a algoritmu MKP je ve
známé učebnici pružnosti prof. Höschla z roku 1971 [6]. Následuj́ıćıho roku vyšla monografie o
MKP kolektivu brněnských autor̊u Koláře, Kratochv́ıla, Leitnera a Žeńı̌ska [7] a v roce 1975 pak
daľśı souborné zpracováńı poč́ıtačově zaměřených výpočtových metod autor̊u Valenty, Němce,
Ulrycha a kol. [8] (Obr. 9). Daľśı ze známých knih byly speciálně věnovány MKP v oblastech
dynamiky [9] a nelineárńıch problémů [10].

Podstatné změny ve výuce nastaly až v polovině 80. let s př́ıchodem minipoč́ıtač̊u ADT
a prvńıch osmibitových osobńıch mikropoč́ıtač̊u PMD-85 a IQ151. Jejich možnosti byly sice
př́ılǐs omezené na rozsáhlé programováńı, nicméně poprvé umožnily př́ımý kontakt student̊u s
poč́ıtači a základńı programováńı pro všechny studenty. Prvńımi poč́ıtači, kterými byla na FS
VUT v Brně vybavena učebna pro výuku mechaniky, byly šestnáctibitové verze slušovického
systému TNS. Foto z této prvńı učebny bohužel nemám k dispozici, uvedeme zde pro ilustraci
proto učebnu z doby o pár let později (Obr. 10).
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Obr. 9. Prvńı tuzemské monografie zachycuj́ıćı nástup poč́ıtač̊u a MKP v mechanice.

Obr. 10. Poč́ıtačová učebna mechaniky kolem roku 2000.

Přechod k poč́ıtačovému řešeńı problémů mechaniky ve výuce i praktických aplikaćıch vedl k
zavedeńı a už́ıváńı pojmu

”
poč́ıtačová mechanika“. Bohatá diskuse k němu proběhla např́ıklad

na stránkách Bulletinu České společnosti pro mechaniku v roce 1989. Př́ıspěvky brněnských
autor̊u Ondráčka [11], Jańıčka [12] a Vykutila [13] odrážej́ı tehdeǰśı diskuse vedené i na našem
pracovǐsti katedry mechaniky. Vyplynulo z nich, že poč́ıtač se z pouhého nástroje stal mocným
impulzem k daľśımu rozvoji mechaniky v oblastech, které by jinak nebyly možné či smyslu-
plné. Týká se to všech typ̊u nelinearit a zejména vývoje v oblasti model̊u materiálu. Týká se
to rovněž souvislost́ı mezi výběrem teoretické formulace problému a efektivnost́ı jeho nume-
rického řešeńı, která zpětně ovlivnila rozvoj nových teoretických př́ıstup̊u k úlohám mechaniky.
Záhy bylo zřejmé, že obsáhnout všechny zmı́něné souvislosti neńı možné v rámci omezené do-
tace základńıch kurz̊u mechaniky na strojńıch a stavebńıch fakultách, a to ani při vypuštěńı
některých zastaralých partíı. Řešeńım bylo postupné zaváděńı nových specializaćı zaměřených
na aplikovanou, výpočtovou či př́ımo poč́ıtačovou mechaniku v závěrečných ročńıćıch studia.
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Obr. 11. Analýza kyčelńıho kloubu.

Na FSI VUT v Brně se rozběhnul podobný obor
v roce 1987/88 nejprve jako jednoúčelově zaměřený studijńı
plán pro stipendisty podniku ŽĎAS-Vı́tkovice pod názvem
Poč́ıtačové navrhováńı strojńıch soustav. Ten se následně
vyvinul ve standardńı obor Inženýrská mechanika, nab́ızený
všem student̊um 4. a 5. ročńıku studia. V současné podobě
se jedná o navazuj́ıćı magisterský program se dvěma speci-
alizacemi - Inženýrská mechanika a Biomechanika.

Vedle toho vznikl pod záštitou Ústavu i program Mechat-
ronika, který má jak bakalářskou, tak i navazuj́ıćı magister-
skou podobu. Tyto nové obory jsou d̊usledkem pronikáńı
mechaniky i do oblast́ı jako je medićına. Katalyzátorem
tohoto procesu jsou poč́ıtače, v mnoha př́ıpadech i spolu
s MKP, jak ukazuje př́ıklad analýzy silového namáháńı
kyčelńıho kloubu na Obr. 11.

Dramaticky roste i velikost
výpočtových model̊u, které jsme
schopni řešit i v podmı́nkách
vysokoškolského pracovǐstě
např́ıklad v rámci diplomových
projekt̊u.

Obr. 12 ukazuje výsledek
náročné simulace nárazové
zkoušky automobilu ve srovnáńı
se skutečným experimentem.

Obr. 12. Výsledek simulované a skutečné bariérové zkoušky..

Obr. 13. Srovnáńı DIC a MKP metody.

V klasické části strojařské mechaniky
poč́ıtače proměnily i oblast mechaniky ex-
perimentálńı, zejména pomoćı digitálńıho
sńımáńı a analýzy obrazu.

Na Obr. 13 je srovnáńı lokálńı defor-
mace zatěžovaného vzorku experimentálńı
metodou digitálńı korelace obrazu (DIC)
s výsledkem výpočtové analýzy téhož po-
moćı MKP.

Toto srovnáńı je cestou k formulaci, ve-
rifikaci a následnému využit́ı stále kom-
plexněǰśıch model̊u materiálu.

31
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4. Závěr

Pokusili jsme se stručně nast́ınit několik deśıtek let vývoje inženýrské mechaniky, spojené
s nástupem poč́ıtač̊u a Metody konečných prvk̊u. Podobný vývoj jako na VUT v Brně proběhl
i na mnoha jiných vysokoškolských pracovǐst́ıch. Vid́ıme, že naše možnosti analýzy, návrhu i
měřeńı strojńıch konstrukćı se dramaticky proměnily. Současné nástroje nám umožňuj́ı postih-
nout komplexně mnoho aspekt̊u a vlastnost́ı dř́ıve nepostižitelných. Je dobré mı́t na paměti, že
v základech tohoto úspěchu lež́ı pr̊ukopnická práce takových osobnost́ı, jako byl profesor Miloš
Zlámal, jehož sté výroč́ı narozeńı si t́ımto sborńıkem připomı́náme.
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VZPOMÍNKY NA VUT

Jak jsme zač́ınali s poč́ıtači

V potu tváře sepsal

Tonda Aujeský
Absolvent Fakulty elektrotechnické

Autor se narodil 4. ledna 1940 v Brně Holáskách. Vystudoval

VUT obor elektro v roce 1963. V roce 1968 emigroval do Austrálie.

Působil v oboru research into satellite imaging a později v oboru

process control engineering. Byl řečńıkem na mnoha konferenćıch po

celém světě. Byl spoluautorem knihy Batch Controls, která byla pu-

blikována v USA. Pro archiv VUT napsal tyto vzpomı́nky. Zemřel

26. prosince 2024 v Austrálii.

Úvodem

Byl jsem požádán, abych jako pamětńık zachytil svoje vzpomı́nky na to, jak jsme na VUT
zaváděli poč́ıtačovou techniku, a to hlavně na úplné začátky. Tak se tedy do toho pust́ım, ale
bude to taková pohádka, něco jako

”
Cesta do pravěku“. Snad je to dobré přirovnáńı, protože

to, co jsme tenkrát dělali a s jakou technologíı pracovali, muśı asi dnešńımu čtenáři připadat

”
předpotopńı“. Každý začátek je těžký, to je všeobecně uznávaná pravda. Ta platila zvláště

v té době
”
pravěku“, kdy jsme něco začali a nevěděli, k čemu to vlastně povede. Tehdy nebyly

k dostáńı ani ty základńı věci, které jsou dnes docela běžné, jako např́ıklad výkonové transistory,
mikročipy a podobně.

Nicméně, mysĺım si, že to byla doba velice zaj́ımavá a dokonce i vzrušuj́ıćı, protože se v ńı
formovaly myšlenky naznačuj́ıćı, že něco nového má přij́ıt na scénu, i když nikomu nebylo ještě
jasné, co by to přesně mělo být. Něco se pohnulo a dalo se na pochod. Ovšem co to bylo, jsme
tenkrát nevěděli. Hádali jsme a tápali jsme, ale prostě jsme nevěděli. Dnes už to v́ıme, byla to

”
informačńı revoluce“, která se tenkrát dávala do pohybu a přetrvala pak po několik desetilet́ı.

Dnes už se ovšem o
”
revoluci“ mluvit nedá, sṕı̌se o evoluci.

A ještě chtěl bych podotknout, než se zakousnete do čteńı, že pokud se vám snad nebude
ĺıbit můj sloh, tak vezměte prośım v úvahu, že už žiju nějakých 40 let v Austrálii. A dále, že
jsou to jenom mé vlastńı vzpomı́nky a ne historický zápis, jaký se očekával od kvalifikovaného
kronikáře, takže nemohu brát zodpovědnost za př́ıpadné nepřesnosti.

Tak se tedy pohodlně posad’te, pohádka zač́ıná. A vy děcka nezlobte, Peṕıčku neber Mařence
ten iPod a ty Honźıčku nech toho Googlu, budeš mı́t čtveratý očička. A v̊ubec vypněte si mobily
a hezky poslouchejte, jaké to bývávalo za starých čas̊u, kdy takové věci ještě nebyly na světě.

Prvńı impuls
aneb

Kudláčkova kybernetika

Tak jak to vlastně tenkrát začalo, co byl ten prvńı impuls? Na to bohužel nemohu odpovědět
bez osobńıho zaujet́ı. Pro mne to začalo t́ım, že jsem v roce 1958 jako posluchač prvńıho ročńıku
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Fakulty energetické VUT navšt́ıvil přednášku Václava Kudláčka, který nás učil matematiku,
o kybernetice. Tato přednáška a všecko, co z ńı potom vyplynulo, mně dala takový ten prvńı
silný impuls, který mě postavil na dráhu poč́ıtač̊u, informatiky a ř́ızeńı (process control) pro
zbytek života. Byla to dráha, která mě zavedla daleko od domova (žiji už nějakých 40 let
v Austrálii), ale zato mně dala možnost se dokonale

”
vyřádit“ ve stále se vyv́ıjej́ıćım oboru.

Ovšem ta přednáška o kybernetice mně pořád z̊ustala v paměti jako životńı mezńık.

Mladš́ı čtenáři se asi ptaj́ı, co to vlastně bylo ta kybernetika? Odpověd’ zálež́ı na tom, jak se
slovo kybernetika vyslovovalo. V p̊uvodńı formě to byla cybernetics (vysloveno

”
sajbrnetyks“),

což byla úpadková pavěda západńıch imperialist̊u. Bylo to v roce 1958, v době hlubokého
komunismu. Zato však v modifikované formě to byla

”
kybernetika“, tedy pokroková věda našich

východńıch bratr̊u Sovět̊u, a jako taková zač́ınala právě přicházet do módy - ale zase ne tak
docela, př́ılǐsná propagace této vědy mohla být politicky riskantńı.

Tato věda či pavěda byla založena v knize Norberta Wienera, která vyšla někdy těsně po
druhé světové válce v Americe. Wiener v ńı rozvinul myšlenky týkaj́ıćı se ř́ızeńı systémů pomoćı
informace. Ale nejen to, Wiener dokázal vystihnout, co maj́ı tyto systémy společné. V tom
zobecněńı spoč́ıvalo jádro věci. Do té doby byly jednotlivé typy systémů chápány odděleně.
Např́ıklad elektronické navigačńı a stabilizačńı systémy neměly nic společného s nervovými
systémy živých bytost́ı, a ty zase neměly nic společného s ř́ızeńım ekonomiky. Wiener dokázal
vystihnout a popsat společné rysy těchto zdánlivě odlǐsných systémů, a t́ım je konceptuálně sjed-
notit. Dı́ky tomuto sjednoceńı bylo možno vyvozovat závěry společné všem takovým systémům,
a popř́ıpadě vědomosti źıskané v jedné oblasti aplikovat v oblasti jiné. Myšlenka to byla opravdu
zaj́ımavá a otv́ıraj́ıćı nové možnosti. A tak vznikla nová věda, lépe řečeno zárodek nové vědy
zvaná kybernetika, která se těmito otázkami zabývala. K Wienerovi se pak připojili daľśı autoři
jako Ashby a Shannon (ten se ale v́ıce věnoval problémům komunikace), takže literatury bylo
poměrně dost.

To by bylo všecko hezké a zaj́ımavé, ale co se s t́ım dalo dělat? Ona jedna věc je sepsat
teoreticko-populárńı knihu, jako byla Wienerova Kybernetika, nebo dumat nad

”
nesmrtelnost́ı

chrousta“. Druhá věc je dát to všechno do praxe nebo aspoň někde zač́ıt s aplikaćı Wienerových
myšlenek. To byl čas, kdy přǐsel na scénu Václav Kudláček. Mluv́ım o situaci v Brně, nev́ım,
co se dělo v té době jinde v republice.

Než ale budu psát o něm a o ostatńıch, chtěl bych předeslat, že akademické tituly nebudu
uvádět, abych se nedopustil nepřesnost́ı — konec konc̊u žili jsme v socialismu, tak jsme byli
všichni soudruzi.

Václav Kudláček nám přednášel v prvńım ročńıku matematiku. Byl to člověk středńıho
věku, ale přesto plný mladického elánu a energie, která z něho vyzařovala na všecky strany a
hledala si uplatněńı. Byl to rozený organizátor a zdálo se, že měl prsty v každé akci. Neńı tedy
divu, že si našel kybernetiku jako jeden z bod̊u k uplatněńı svého tv̊urč́ıho a organizačńıho
talentu. Dalo by se i ř́ıct, že si kybernetika našla jeho jakožto svého nejlepš́ıho propagátora.
A tak se to d́ıky Václavovi rozjelo, téměř jako kdyby byl pronesl známou magickou formuli

”
Budiž světlo“. A světlo bylo č́ım dál větš́ı, až do osudného roku 1968, kdy to zase ruplo, ale

to bychom předb́ıhali událostem.

Pro zaj́ımavost bych ještě dodal, že Kudláček byl
”
Vančák“, to jest z Ivančic u Brna, zrovna

tak jako maĺı̌r Alfons Mucha a herec Vladimı́r Menš́ık. Mysĺım, že měl s Menš́ıkem hodně
společného, co se týče chuti do života, smyslu pro humor a optimismu. Četl jsem v Menš́ıkově
životopisu, že jeho matka byla rozena Kudláčková, takže nějaké spojeńı by tady bylo.

Ale zpátky ke Kudláčkově přednášce. Pro mě osobně to bylo něco strašně zaj́ımavého a
řekl bych i fascinuj́ıćıho. Měl jsem dojem, že přǐsel čas, kdy fantasie a science fiction se brzo
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stanou skutečnost́ı. Snad to bylo d́ıky Kudláčkově přednesu, nebo t́ım, že jsem konečně našel
sv̊uj pravý zájem a že mně ho někdo vlastně pomohl definovat.

Abych tento bod vysvětlil, muśım zde podotknout, že už jako d́ıtě školou povinné jsem
rád četl kńıžky zaměřuj́ıćı se na vědu, at’ to byla astronomie, chemie či elektřina, všecko mě
zaj́ımalo. Pak jsem šel na Elektrotechnickou pr̊umyslovku studovat obor Rádio a sdělovaćı
technika, ale nijak mě to nechytlo, ćıtil jsem, že to nebylo ono. Pak jsem se dostal na VUT a
přǐsla ta Kudláčkova přednáška. Ano, to bylo ono, konečně něco, co mne opravdu a do hloubky
zaj́ımalo. Kybernetika tedy źıskala daľśıho stoupence, i když to byl pouhý student.

Jenže zájem student̊u o obor sám o sobě nestač́ı, bylo zapotřeb́ı daľśıch akćı k tomu, aby se
to opravdu rozjelo. To věděl i Kudláček moc dobře. Přednáškou nás sice na chvilku zachytil, ale
šlo o to, udržet si momentum. Jak sám přiznával, jeho metoda postrkáváńı věćı dopředu byla

”
nat’uknout a dot’uknout“. Přednáškou nás tedy nat’ukl, a aby nás dot’ukl, zadal nám takovou

domáćı úlohu - vyřešit problém známý v odborných kruźıch pod jménem
”
Myš v bludǐsti“.

Myš v bludǐsti
aneb

Neboj, to zmáknem

”
Myš v bludǐsti“ byla hračka, kterou vymyslel a sestrojil jeden ze zakladatel̊u, neboli pionýr̊u

kybernetiky, Shannon v roce 1952. Šlo mu o to dokázat, že inteligentńı chováńı živých tvor̊u se
dá simulovat na mrtvém stroji, mechanickém, elektrickém atd.

Jak to fungovalo? Krátce řečeno, simulovaná myš vleze do bludǐstě a hledá východ. Až ho
najde, je odměněna kouskem sýra. Když se pak pokus opakuje, myš už si pamatuje, jak šla
předt́ım a nejen to, vypracuje si svoji inteligenci, jak se dostat k východu co nejrychleji a bez
blouděńı. Dnes by se taková věc mohla snad zdát k smı́chu, protože dnešńı poč́ıtače dokážou
dělat věci mnohem těžš́ı, jenže tenkrát to byly opravdu prvopočátky.

Když jsme tedy dostali tuto domáćı úlohu, tak jsem přǐsel na takové jednoduché řešeńı, ve
kterém si stěny bludǐstě ohledával elektricky proud. Každá stěna bludǐstě byla totiž spojena s
kontakty, a ty byly vzájemně propojené do určité śıtě, něco jako pavučina. Pomyslná myš běhala
bludǐstěm a rozsvěcovala žárovečky, kudy běžela. Když jsem pak na daľśı přednášce odevzdal
svoji úlohu vyřešenou, zjistilo se, že jsem byl sám, kdo to vlastně vzal vážně a opravdu se snažil
něco udělat. Takže to bylo jediné řešeńı, které jsme měli. Bylo to pouze teoretické řešeńı a
myslel jsem, že to t́ım skonč́ı a p̊ujde se dál na zaj́ımavěǰśı věci. Václav Kudláček se ale toho
chytil a pozval mě na sch̊uzi na Katedře matematiky na Gorkého ulici, abych tam svoje řešeńı
předložil panelu znalc̊u k posouzeńı.

Oni se tam totiž sešli profesoři ze všech možných a nemožných škol a ústav̊u, samé kapacity,
jak se tenkrát ř́ıkalo, pro mě bohové na Olympu. Kudláček je sehnal dohromady, aby je źıskal
pro kybernetiku, tedy aby je nat’uknul. Tak jsem se tedy dostavil na mı́sto, ale byla ve mně
malá dušička. Nikdy předt́ım jsem totiž neviděl tolik vážených soudruh̊u pohromadě.

Dovolte mi odbočit, abych vysvětlil titul vážený soudruh. Byla to jedna z vymoženost́ı
socialistické rovnoprávné společnosti, takové dialektické spojeńı starodávného titulu vážený
pán a pokrokového titulu soudruh. Váženému soudruhu se vykalo, kdežto soudruhu se tykalo.
Vážený soudruh také mohl kdykoliv seřvat soudruha, nikoliv však naopak.

Já měl před váženými soudruhy trému, avšak se ukázalo, že zbytečně. Byli ke mně shov́ıvav́ı
jako prav́ı bohové k obyčejnému smrtelńıku. Předložil jsem jim výplod své fantazie a oni podu-
mali, i hlavami pokývali, a pak opatrně pronesli znalecký posudek:

”
To by mohlo fungovat“. Měl
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jsem z toho mı́t radost, ale naopak ve mně hrklo jak ve starých pendlovkách:
”
Šmarjá panno,

ted’ snad mně řeknou, abych to postavil, uvedl do chodu a předvedl.“ To by byla katastrofa,
protože já byl

”
levej na obě ruce“.

Tedy na vysvětlenou, kdysi jsem sice postavil boudu pro psa, ale pes v ńı odmı́tal spát, a
to z dobrých d̊uvod̊u. Pak jsem stavěl holubńık a nešt’astnou náhodou rozboural p̊ul střechy na
rodném domku. Co se týče elektroniky, rozmontoval jsem doma rádio, ale nějak mně potvora
nešla dát zpátky dohromady. Když jsem to konečně smontoval, tak na něm nešlo chytnout nic
jiného než rušička Svobodné Evropy — alespoň, ideologicky jsem to potrefil správně.

Mé obavy se bohužel naplnily, nebot’ naši vážeńı soudruzi opravdu očekávali, že se do toho
dám. A tak s těžkým srdcem jsem se vypoklonkoval ven a muśım ř́ıct, že moje nadšeńı pro
kybernetiku utrpělo vážnou trhlinu. Vypadalo to na velkou ostudu. Pak se ale na scéně objevila
daľśı osoba, a ta mě vlastně zachránila. Byl to Jan Brejl, řečený Honza, z našeho ročńıku, se
kterým jsem se do té doby stýkal jen povšechně. Když jsem Honzovi přednesl sv̊uj problém
i žal, nadechl se a suverénně prohlásil slova pro mě památná

”
Neboj, to zmáknem“. T́ımto

prohlášeńım mně značně pozvedl náladu a uvedl věci na kolej pokroku vstř́ıc lepš́ım źıtřk̊um.
Zdálo se, že informačńı revoluce se znovu rozjela plnou parou.

Honza byl totiž, jak on sám hrdě o sobě prohlašoval, bastĺı̌r a řekl bych i, že nezlomný ve
své v́ı̌re v

”
bastleńı“.

Pro nezasvěcené muśım vysvětlit, co je to bastĺıř. Je to člověk, který dokáže dělat technické
zázraky metodou bastleńı, to jest by trial and error, neboli metodou pokusu a omylu. Jsou ovšem
r̊uzné druhy bastĺıř̊u, např́ıklad existuje bastĺıř primitivis který, třebaže se umı́ sotva podepsat,
dokáže spravit každé rádio. Dále pak je tu bastĺıř obecný, to jest člověk, který s úspěchem
absolvoval obecnou školu, takže podpis mu nečińı žádné pot́ıže, ovšem o nějakých teoríıch nemá
ponět́ı. A konečně je zde bastĺıř superioris, který sice ovládá teorii na výbornou, ale pokládá ji
za nepoužitelnou v praxi. A to byl Honza.

Tedy, když takový bastĺıř superioris řekne:
”
to zmáknem“, tak to něco znamená.

Jenže ono to Honzovo zmáknut́ı nebylo tak snadné. Neměli jsme materiál, nářad́ı a ani
mı́sto, kde by se to všecko dalo dělat. Ale i to se vyřešilo, a nakonec jsme, jako ti komsomolci
na celinách, překonali všechny překážky a splnili plán na 120 %. Nutno však dodat, že to bylo

”
s pomoci Bož́ı a dobrých lid́ı“, jak by asi napsala Karoĺına Světlá. Ale abych nepřeskakoval

celou dějinnou epochu, vrát́ım se zpět k tomu, jak jsme vlastně tu slavnou Myš zmákli. Tak tedy

”
s pomoćı Bož́ı a dobrých lid́ı“ jsme se do toho pustili. Václav Kudláček nám opatřil mı́sto pro

skromnou d́ılničku př́ımo na Katedře matematiky na Gorkého ulici a dokonce i peńıze na nákup
základńıch věćı, jako jsou r̊uzné kleštičky, šroubováky, páječky a podobně. K dovršeńı všeho
dobra nám zař́ıdil placené džoby na katedře, a t́ım se z nás stali takzvańı pomvědi, což znamená
pomocné vědecké śıly. Na katedře jsme se tedy usadili a začali pracovat na našem projektu Myš
v bludǐsti. Kv̊uli tomuto projektu jsme pak dostali společnou přezd́ıvku

”
Myšáci“, která nám

z̊ustala prakticky až do konce studíı.
Jenže ono se řekne pracovat, ale s č́ım? Technické součástky nebyly tenkrát k dostáńı jen

tak přes pult. Naštěst́ı Honz̊uv otec byl na poště velkým šéfem přes telefony, a tak nám opatřil
součástky ze staré telefonńı ústředny. Jenže mělo to háček, museli jsme si tu ústřednu sami roz-
montovat, a źıskané součástky (relé, sṕınače, obj́ımky a podobně) očistit, než jsme v̊ubec mohli
zač́ıt s naš́ım hlavńım projektem. K tomu ovšem přistupovaly daľśı povinnosti jako divadlo,
kino, tancovačky, no a také ovšem studium, ale s t́ım vás miĺı čtenáři nebudu nudit.

No a za nějakého p̊ulroku bylo všecko hotové a k našemu překvapeńı to opravdu jelo.
I viděl to Kudláček a ostatńı a hle, bylo to dobré.
No ale, co dál?
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Jak pokračovat v započatém d́ıle revoluce, i když pouze informačńı? V tomto momentu
prapor revoluce přebrala nová osobnost: Miroslav Fendrych (jinak Mirek), který byl tehdy
asistentem na Katedře matematiky, a rozvinul ho do nebývalé š́ı̌re. Kudláček ovšem dále z̊ustal
zainteresován, ale byl vyt́ıžen na jiných úsećıch. Pokud se dobře pamatuji, vznikaly tehdy nové
fakulty jako strojńı a elektrotechnická, a to bylo něco pro jeho organizačńı talent.

Akce pokračuje
aneb

Fendrych̊uv zájmový kroužek kybernetiky

Mirek Fendrych to vzal za trochu jiný konec než Václav Kudláček a zavedl oficiálně jakýsi
zájmový kroužek kybernetiky.

Tehdy, za vlády lidu pod vedeńım rodné strany, byly zájmové kroužky vlastně jedńım z mála
zp̊usob̊u, jak se lidé mohli a směli organizovat. A nejen to, zájmové kroužky byly podporovány
a členstv́ı v nich se hodnotilo jako kladný poměr k lidu a socialismu. A tak bylo kroužk̊u všude
plno: šachový, výtvarný, modelářský, Valašský, Slovácký, divadelńı, ṕısńı a tanc̊u, . . . a k nim
pak přibyl kroužek kybernetiky.

V té době totiž začala být kybernetika konečně plně uznávaná jako pokroková věda, takže
založeńı kybernetického kroužku byl vlastně politicky korektńı čin. Čtenáři at’ mi prominou,
že se mně do vyprávěńı pořád ta politika nějak plete, ale byla to taková doba, kdy se politika
pletla do všeho. Také se už začaly objevovat prvńı poč́ıtače sovětské výroby, jako např́ıklad
poč́ıtač URAL, a s nimi přǐsla postupná orientace katedry matematiky na programováńı.

Ten URAL byl ale v Praze, takže na katedře samotné se programovalo pouze
”
na sucho“ -

k tomuto bodu se ještě vrát́ım.
Mirek rozjel akce na několik frontách současně, rozš́ı̌ril členstv́ı v kroužku, pomohl nám

zvětšit naši d́ılnu, abychom mohli pokračovat v pokusech stavět daľśı mašinky, ale hlavně,
začal nás uvádět do tajuplného světa poč́ıtač̊u.

V tom mu také pomáhal Pavel Břeň, který byl o něco starš́ı než my, taky studoval, ale už si
nemohu vzpomenout, kde a v kterém ročńıku. Ono to bylo tenkrát obdob́ı velkých změn, řekl
bych stěhováńı národ̊u na akademické úrovni mezi fakultami a dokonce i mezi VTA (Vojenská
technická akademie), takže vlastně nev́ım. V pohádce by se řeklo:

”
Kde se vzal, tu se vzal“. Pavel

byl hodně sečtělý a byl dobře informován o všech posledńıch výstřelćıch poč́ıtačové techniky.
Jeho hlavńı př́ıspěvek spoč́ıval v tom, že byl takový náš d’ábl̊uv advokát. Byla to funkce někdy
nevděčná, přesto však velmi užitečná, jak už dnes všichni v́ıme z praxe.

Kdy a jak se to všecko dělo, mám už ve vzpomı́nkách velmi matné, takže v mém vyprávěńı
budou asi mezery a nepřesnosti. A tak, abych nehlásal bludy, zaměř́ım se pouze na to, co si
poměrně dobře pamatuji, a ostatńı vynechám.

Pro úplnost bych ještě dodal, že kromě tohoto kroužku vznikl daľśı podobný kroužek na
Katedře jazyk̊u, který vedl Simeon Romportl. Zde se zabývali teoretickým problémem překladu
text̊u z r̊uzných jazyk̊u za pomoci poč́ıtač̊u.

Navšt́ıvil jsem několikrát pracovńı sch̊uzku tohoto kroužku jako
”
host“ a zdálo se mi to

velmi zaj́ımavé. Šli na to, jak se ř́ıká
”
od lesa“, a snažili se naj́ıt univerzálńı platformu pro

všechny jazyky, hlavně tedy indoevropské, a zp̊usob mapováńı jednotlivých jazyk̊u pomoćı této
platformy.

Byla to práce na svou dobu avantgardńı, protože poč́ıtačová technika byla tehdy ještě tak
ř́ıkaj́ıc

”
v plenkách“. Dnes jsou automatické překlady k dispozici na mnoha webových stránkách,

ale i tak maj́ı pořád ještě daleko k ideálu.
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Náš prvńı computer
aneb

Neńı č́ıslo jako č́ıslo

Jak už bylo řečeno, na katedře se rozmáhalo programováńı. Jenže v těch dobách
”
pravěku“ se

programovalo pouze na nejnižš́ı úrovni abstrakce, to jest př́ımo ve strojovém kódu. Nebylo to
snadné a vyžadovalo to hodně mentálńı práce. Jedńım z problémů bylo kódováńı č́ısel v pro-
gramu. On totiž takový poč́ıtač jako URAL neuznával žádná jiná č́ısla než binárńı.

Honza (ten velký stoj́ıćı) a já, s naš́ı slav-

nou převáděčkou. Jak vid́ıte, oba jsme se

na fotografováńı ohákli – tv́ıdové sako a

vázanka, jak se to tenkrát nosilo, když se

šlo štatlovat.

Pro nezasvěcené, binárńı č́ısla jsou č́ısla, která
obsahuj́ı pouze jedničky a nuly. Tak třeba č́ıslo 2
by se vyjádřilo binárně jako 10, č́ıslo 3 jako 11 a
č́ıslo 4 jako 100 atd. To by ještě šlo, protože na
taková malá č́ısla by se mohla použ́ıt třeba tabulka,
ale představte si, jak by asi muselo vypadat č́ıslo
314159 v binárńım kódu. A k tomu si představte, že
konverzi z deśıtkové do binárńı (dvojkové) soustavy
museli lidé dělat bez pomůcek, jen tak na paṕı̌re.
No hr̊uza.

I byl vznesen požadavek, aby
”
naši Myšáci“

udělali takovou nějakou mašinku, která by č́ısla kon-
vertovala, neboli převáděla do binárńıho kódu au-
tomaticky.

”
Proč by ne, maličkost, to zmáknem“,

byla naše nerozvážná odpověd’. To v́ıte, byli jsme
mlad́ı a plńı elánu a po úspěchu s tou Myš́ı plni
sebevědomı́.

Hned prvńı v́ıkend jsme se do toho pustili a
vyrobili prototyp základńı jednotky pro tu novou
mašinku. A ono to fungovalo, takže hurá s chut́ı do
toho. Jenže my jsme se měli ještě hodně co učit o de-
signu a o životě v̊ubec, a také o tom, že co funguje

v malém, nemuśı fungovat ve velkém. Ta setsakra převáděčka nám dala hodně zabrat, ale
nakonec to jelo a dobře.

Akorát to bylo děsně pomalé, protože celá ta mašinka byla postavena ze součástek staré
telefonńı ústředny (relátka a krokové voliče). No ale byl to náš v̊ubec prvńı

”
poč́ıtač“ na katedře

a jako takový si snad zaslouž́ı mı́sto v historii.

Náš prvńı neuron
aneb

Pes, který slintá, nekouše

Asi jste, miĺı čtenáři, slyšeli v biologii o podmı́něném reflexu, který objevil ruský vědec Ivan
Petrovič Pavlov, a také o jeho pokusech se živým psem, na kterém tento reflex demonstroval.
Pro osvěžeńı vaš́ı paměti, to bylo tak. Psovi se voperovaly zkumavky na sb́ıráńı slin (chudák
pes, ale tak to chod́ı), a pak se s ńım dělaly hokus-pokusy a sledovalo se, kdy slintá a kdy ne.
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Smyslem těch pokusu bylo dokázat, že je možné
vytvořit nervové spojeńı mezi vněǰśım stimulem a
reakćı organismu. Prostě psovi se dávalo j́ıdlo po
rozsv́ıceńı žárovky a časem se nacvičil tak, aby slin-
tal, kdykoliv uviděl sv́ıtit žárovku. Této reakci or-
ganismu se ř́ıkalo podmı́něný reflex.

No a někdo si na katedře vzpomněl, že by se něco
takového dalo simulovat s použit́ım elektrických
obvod̊u, a že by to byl vhodný projekt pro náš
vzkvétaj́ıćı kybernetický kroužek.

A tak jsme to spiplali, či jak se ř́ıkalo
sbastlovali dohromady s použit́ım kondenzátoru
jako pamět’ového elementu, nějakých těch relátek,
žároveček a podobně. No a bylo to.

Jenže u toho jsme nez̊ustali, ono už tenkráte pla-
tilo heslo Publish or perish, česky Publikuj, jinak
zahyneš. I bylo nám naznačeno, že by bylo dobré o
tom něco napsat. Tak jsme

”
horko těžko“ spiplali

článek do časopisu Věda a technika mládeži o tom,
jak si postavit Kybernetického psa.

Když se na to d́ıvám dnes s odstupem času, tak ten náš pes byl vlastně pokus o umělý
neuron. Dnes je to samostatné odvětv́ı informačńı technologie. Ř́ıká se tomu Artificial Neuron
Networks (umělé neuronové śıtě) a použ́ıvá se to v mnoha odvětv́ıch, hlavně však pro aplikace,
kde se vyžaduje jistá flexibilita s možnost́ı trénováńı.

Ovšem z historického hlediska vzato, ten pes byl náš prvńı umělý neuron na katedře mate-
matiky a možná, že i prvńı v celém Československu.

Poznámka: S myšlenkou umělých neuronových śıt́ı jako prvńı přǐsel pr̊ukopńık poč́ıtač̊u Alan Turing

v roce 1946 ve své korespondenci s W. R. Ashby. Publikoval ji v roce 1948 pod názvem
”
Unorganised

Machine“.

Náš kroužek se stává slavným
aneb

Světská sláva — polńı tráva

Aniž bychom to tušili, s t́ım článkem o kybernetickém psu jsme vypustili džina z láhve, jak
se ř́ıká. Celá záležitost měla totiž ideologické pozad́ı. Bylo to demonstrováńı materialistické
podstaty duševńı činnosti, což bylo v souladu s tehdeǰśım oficiálńım postojem. To se tehdeǰśımu
režimu moc ĺıbilo a t́ım pádem se nám najednou rozjely daľśı akce, až se nám z toho zatočila
hlava.

Napřed jsme byli pozváni do Zemědělské školy v Táboře, abychom jim tam takového psa
udělali. Což bylo fajn, byl to pro nás hezký a zaj́ımavý výlet.

Potom ale o nás napsalo pochvalný článek Rudé právo, což byl tehdeǰśı oficiálńı orgán
všemocné strany a vlády. Zde je úvod článku naskenovaný z Rudého práva:
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Následoval pak celý článek hýř́ıćı superlativy o tom, co všechno ten náš kroužek udělal a co
ještě udělá. Dnes se tomuto stylu psańı ř́ıká po americku

”
spin“, ale tenkrát se to bralo vážně a

článek vyvolal patřičnou odezvu. Přes noc se z nás stali hrdinové dne a také jsme se tak ćıtili a
celá naše široká rodina byla z toho divoká. Muśım však podotknout, že můj otec včas rozeznal
nebezpeč́ı pýchy, která, jak v́ıme, předcháźı pád, a uzemnil mě větou, která se u nás tradovala
po generace: Jo chlapče, tohle kdyby viděl staré Padovec, tak dostaneš milión a rožák! Totiž, dle

ústńıho podáńı, ten Padovec byl kdysi ještě za Rakouska bohatý brněnský občan, který byl slepý a

sĺıbil milion a rožák tomu, kdo mu navrát́ı zrak.

I když mě otec tak krásně usadil, moc to nepo-
mohlo, protože k dovršeńı všeho se k nám na ka-
tedru přihrnula z Prahy televize. A tak se filmo-
valo, což bylo pro nás něco nového a zaj́ımavého.
Soudruh režisér nás stavěl do r̊uzných možných i
nemožných pozic a nav́ıc nás nutil, abychom se
tvářili přirozeně a inteligentně, což byl, ovšem,
požadavek naprosto nesplnitelný pro někoho, kdo
zrovna neńı národńı umělec. Jak jsme asi vypadali,
si asi dovedete představit.

Soudruh režisér si z toho ale v̊ubec nic nedělal,
ba naopak nás povzbuzoval v této, jak se později
ukázalo, trapné činnosti. Pak to vyšlo ve státńı
televizi (jiná stejně nebyla) s úvodem Jany Weri-
chové jako program: O strašidlech. Byli jsme t́ım
mı́rně šokováni, ale pak jsme museli uznat, že ony se
ty naše přirozeně inteligentńı ksichty na nic jiného
stejně nehodily. A tak jsme konečně přǐsli k poznáńı,
že skutečně ta světská sláva je polńı tráva, jak prav́ı
staré české př́ıslov́ı. Ovšem objektivně vzato, byla
to všechno dobrá reklama pro katedru i VUT. A zde
je jeden sńımek jako památka na tu světskou slávu.

Mirek Fendrych spravuje náš computer

kladivem a v pozad́ı vykukuj́ı členové

kroužku. Zleva je to Pavel Břeň pak Tonda

Aujeský, Jana Kodešová a Honza Brejl.

Jak vid́ıte, všichni jsme se snažili tvářit

přirozeně a inteligentně, ale nejĺıp se to po-

vedlo Mirkovi, který seděl zády ke kameře.

Náš seminář
aneb

Hory, lyže a poč́ıtače

Jedna z věćı, která byla za tehdeǰśıho režimu dobrá, byla podpora masových akćı, zvláště
akćı pro mládež. Nev́ım, odkud na to fakulty braly peńıze, ale na našem kroužku kybernetiky
rozhodně nešetřili. Jedna z těchto podporovaných akćı byl seminář na horách, který pro nás
zorganizoval Mirek Fendrych pod záštitou Fakulty elektrotechniky. Seminář se konal v březnu
1961 někde v Jeseńıkách.
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Abyste miĺı čtenáři moc nezáviděli, nebyla to žádná ulejvárna, byl to skutečně seminář, jak
se patř́ı a to lyžováńı byl jen takový př́ıdavek. Museli jsme si každý předem připravit nějaký
referát, který jsme tam přednesli a prodiskutovali. Dnes už si vzpomı́nám pouze matně, takže
mohu uvést jen některé.

Václav Dvořák z našeho ročńıku, dnes profesor na VUT, si vybral pro sv̊uj referát operačńı
systémy. S operačńımi systémy šly ruku v ruce systémy strojových instrukćı a s t́ım byly
spojené některé zásadńı otázky, jako např́ıklad, které funkce se maj́ı realizovat v hardwaru a
které v softwaru.

Tenkrát byl hardware drahý a ne moc spolehlivý, takže byla snaha o minimálńı design.
A v tom Václav překonal všechny rekordy, když

”
nakómal“ poč́ıtač, který měl všeho všudy

pět strojových instrukćı. Vzpomněl jsem si na to po letech, kdy s velkou slávou Intel nebo kdo
zaváděl takzvaný Restricted Instructions Set pro mikroprocesory, což ale d́ıky Václavovi byla
pro nás už

”
stará vesta“. Jak se zdá, my Češi jsme v hodně věcech napřed.

Jaroslav Zelený, také z našeho ročńıku a později velký boss na VÚMS, nám přednesl principy
feritových pamět́ı. Tato technologie byla tehdy relativně nová a velice slibná.

Jarmila Kĺımová z ročńıku před námi přednesla referát o principech bubnových pamět́ı.
Tyto paměti se už dnes až na malé výjimky nepouž́ıvaj́ı, tehdy ale hrály d̊uležitou roli zvláště
pro menš́ı poč́ıtače, jako byl LGP 30 později instalovaný na VUT.

Pavel Břeň měl referát pojednávaj́ıćı o použit́ı poč́ıtač̊u pro automatickou regulaci, což byla
tenkrát ještě

”
hudba budoucnosti“.

Já jsem pov́ıdal něco o systémech kódováńı č́ısel.
Referát̊u bylo tenkrát hodně, ale bohužel už se mně to vykouřilo z hlavy. Důležité byly ale

debaty, které následovaly po každém referátu. V těch zvláště vynikal Pavel Břeň, který měl
poznámky ke všemu a dokázal vše uvést na pravou mı́ru. To na nás zanechalo hluboký dojem,
takže jsme na něj složili ṕısničku. To v́ıte, takový

”
d’ábl̊uv advokát“ to nemá nikdy lehké, ale

aby mu to nebylo ĺıto, vymysleli jsme si sloku skoro na každého, včetně Mirka Fendrycha, který
celý ten

”
cirkus“ měl na starosti. Tedy legrace bylo dost a dost, jak už to chod́ı na horách.

Přijeli jsme domů osvěženi a plni energie dát se znovu do d́ıla.

VUT dostává sv̊uj vlastńı poč́ıtač
aneb

Stěhujeme se

Nev́ım přesně, ve kterém roce to bylo, ale ten rok (snad 1961) by měl být zapsán zlatým ṕısmem
do kroniky města, protože VUT dostalo prvńı skutečný poč́ıtač LGP 30.

A světe zboř se, byla to mašinka západńı výroby. Informačńı revoluce t́ım dostala pořádný
boost, neboli česky odpich.

Ten poč́ıtač měl být naistalován na tř́ıdě Obránc̊u mı́ru, v zadńı budově, kde byla studentská
menza. Bylo rozhodnuto, že se tam přestěhuje také naše d́ılna. Tak jsme se stěhovali do nového
prostřed́ı a začali t́ım nový úsek života, který však už nebyl tak krásný jako ten, který jsme
zažili v Gorkého ulici. S opravdovým poč́ıtačem totiž přǐslo i kus opravdového života, a už to
nebyly ty pravé pionýrské a bohatýrské časy. Bylo založeno výpočetńı středisko s vedoućım a
s organizačńım řádem a všechno se bralo najednou nějak moc vážně. Náš elán přesto neuhasl
a naše akce a hlavně legrácky pokračovaly dál. Dnes vid́ım, že jsme měli pravdu: vážné věci se
maj́ı dělat jen tehdy, když člověk začne ztrácet smysl pro humor a to je obyčejně, až se ožeńı
či vdá.

41



Tonda Aujeský

Náš robot a daľśı hračky
aneb

Tati, ty se nám žeńı̌s?

Po Pavlovově psu bylo docela logické pustit se do daľśıch podobných projekt̊u. A když už, tak
proč si neudělat opravdového robota? Tenkrát jel v televizi pořad pro děti s robotem, který
se jmenoval Emil. Tak jsme si Emila taky udělali, a to z paṕırových krabic na kovové kostře,
namalovali obličej, no prostě udělali jsme si 2 metry vysokou hračku. Hloupost, dalo by se ř́ıct,
jenže on ten robot taky mluvil a za t́ım byl skutečný výzkum. Totiž na jiné katedře, nev́ım,
jak se přesně jmenovala, dělali výzkum syntetické řeči a spojili se s námi, abychom jim udělali
takovou výstupńı jednotku. A my jsme jim dodali Emila.

Pokud se pamatuji, syntetizátor dal dohromady Jǐŕı Vlček z našeho studijńıho ročńıku
(také pomvěd jako my). Takže robot mluvil to, co mu přǐslo ze syntetizátoru. Pravda, mluveńı
připomı́nalo trochu kuňkáńı žab na rybńıce, ale přece jenom tomu bylo trochu rozumět a to
byl na tehdeǰśı dobu úspěch.

S robotem jsme si užili dost legrace na r̊uzných akćıch, jako byla třeba Mikulášská zábava.
Dokonce jsme ho vzali jako překvapeńı na svatbu Mirka Fendrycha, kde zp̊usobil značnou
senzaci hranič́ıćı s veřejným pohoršeńım, když před Novou radnićı vykřikoval

”
Jeje tati, ty se

nám žeńı̌s“.

Daľśı hračky potom přibyly postupem času, jako
”
Myš II“, která už byla v́ıce realistická.

Měla skutečně i pamět’ a mechanismus, který tahal myš vyrobenou z plasteĺıny. Potom jsme
postavili hru zvanou NIM, která pak přetrvala několik generaćı student̊u a dokonce se dostala
do laboratoř́ı na medićıně.

Pro vysvětleńı, hra NIM se hrála p̊uvodně se sirkami. Udělala se řada sirek a hráči stř́ıdavě
odeb́ırali sirky, až žádná nez̊ustala. Na jeden tah mohl hráč odebrat jednu, dvě i v́ıce sirek až
do určitého limitu. Kdo vzal posledńı sirku, ten vyhrál. V našem provedeńı hrál jeden hráč
proti stroji. Sirky byly nahrazeny žárovečkami a odeb́ıraly se mačkáńım př́ıslušného tlač́ıtka.
Stroj komunikoval s lidským hráčem rozsvěcováńım r̊uzných transparent̊u. Tak např́ıklad, když
někdo šidil a odebral v́ıce sirek, než byl dovolený limit, byl strojem napomenut a rozsv́ıtil se
mu transparent Mě neobelst́ı̌s. Byl to takový psychologický trik, kterým bylo vytvořeno zdáńı,
že ta mašinka je

”
strašně chytrá“.

Konec hrám

A tak jsme si v hrátkách a radovánkách ani nevšimli, jak ten čas letěl, a přǐsla doba, kdy
hrańı muselo skončit. Zač́ınali jsme posledńı dva roky školy, tedy jako bychom dob́ıhali do
ćılové rovinky. Nastávala nám vážná práce se studiem, takže jsme se od toho hrańı postupně
odpoutávali a začali se věnovat intenźıvněji moderńı technologii, poč́ıtač̊um a programováńı.
A t́ım se stalo, že náš kroužek kybernetiky v́ıce méně přerostl do regulérńıho studijńıho kroužku.

Legrace skončila a pro některé z nás to byl i pláč a skř́ıpěńı zub̊u, vyjádřeno v biblické
terminologii. Byli jsme ale dobrá parta a i tento problém jsme překonali: zavedli jsme doučovaćı
kroužek pro ty slabš́ı a vyšlo nám to. Všichni jsme v roce 1963 odpromovali - ne všichni na
výtečnou, ale přece.

Pak přǐsly umı́stěnky na práci a my jsme se rozprchli po celé republice, protože inženýr̊u,
i když novopečených, bylo potřeba všude. Já z̊ustal na Fakultě elektro jako asistent na Katedře
poč́ıtač̊u, ř́ızeńı a regulace, ale to už patř́ı do jiné kapitoly.
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A tak jsme se zapojili do procesu budováńı, který byl tenkrát chápán, jak ukazuje pohlednice
z té krásné heroické doby.

Krásná to báseň, neńı-liž pravda, jenže mě čert pokoušel s jinou:
Na západ je cesta dlouhá, . . .
A já nakonec podlehl tomu voláńı dálek a v roce 1968 jsme s manželkou odjeli na vytoužený

Západ. Akorát jsme se nějak špatně zorientovali a skončili na dálném východě v Austrálii.

Na závěr

Na závěr se mně jaksi podvědomě vnucuje tehdy populárńı ṕıseň Waldemara Matušky
”
To

všecko odnes čas“, ale ono to neńı jen tak jednoduché. Pravda je, že spoustu věćı skutečně
odnes čas, technologie pokročila a mnoho věci zastaralo, ale ta jiskra zájmu, který v nás probudil
Kudláček, Fendrych a daľśı, ta mnohým z nás z̊ustala.

Já sám jsem se po letech vrátil zase k hračkám, ale nebyly to
”
myši“ ani nic podobného.

Zaĺıbily se mně totiž hračky velké, jako chemické fabriky nebo biologické laboratoře, kde se
vyrábělo na tuny a kde se jednalo o mnohamiliónové (v US dolarech) investičńı celky. Byla to
automatizace výrobńıch proces̊u za použit́ı poč́ıtač̊u, což často znamenalo kritické podmı́nky
jak z hlediska komerčńıho, tak i z hlediska bezpečnosti práce. A tehdy mně přǐsla vhod znalost
všech těch věci a koncept̊u, kterým jsme tehdy na VUT souhrnně ř́ıkali

”
kybernetika“.

Dokončil jsem mnoho takových projekt̊u a některé publikoval na konferenćıch v USA,
Austrálii, Singapuru a daľśıch. Mohu tedy zodpovědně ř́ıct, že hodně z toho, co jsme se tenkrát
jako studenti učili nebo i společně objevovali, z̊ustalo a přežilo jako základńı principy designu
nezávislé na technologii dané doby. A v tom je snad největš́ı hodnota toho, co se tenkrát na
VUT dělo. To je v kostce všecko.

A když jsem svoje vypravováńı začal jako pohádku, tak bych to měl také tak skončit. Třeba
tak, jak konč́ıvala pohádky naše babička:

A pak zazvonil zvonec a pohádky je KONEC a vy děcka pomodlit, vyčurat a spát.

Psáno v Melbourne l. p. 2010.
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V ZEMI KLOKANŮ
V potu tváře sepsal

Tonda Aujeský
Absolvent Fakulty elektrotechnické

Autor se narodil 4. ledna 1940 v Brně Holáskách. Vystudoval

VUT obor elektro v roce 1963. V roce 1968 emigroval do Austrálie.

Působil v oboru research into satellite imaging a později v oboru

process control engineering. Byl řečńıkem na mnoha konferenćıch

po celém světě. Byl spoluautorem knihy ”Batch Controls”, která

byla publikována v USA. Pro archiv VUT napsal tyto vzpomı́nky.

Zemřel 26. prosince 2024 v Austrálii.

Úvodem

V předchoźım článku jsem vyĺıčil, jaké to bylo na VUT, když jsme zaváděli poč́ıtačovou tech-
niku, hlavně ty úplné začátky pod vedeńım Václava Kudláčka, Miroslava Fendrycha a daľśıch.
Byl jsem ale požádán, abych pokračoval v psańı dál a vyĺıčil, jak jsem své vědomosti nabyté
na VUT využil v praxi v daleké zemi Austrálii, kam jsem emigroval v roce 1968.

Nebojte se, draźı čtenáři, nebudu vás otravovat s t́ım, jak jsme to měli jako emigranti
těžké, co jsme vytrpěli a co slz vyplakali. Na to jsou jinač́ı machři, kampak se já na ně hrabu.
A v̊ubec, koho by bavilo takové věci č́ıst, raději něco pro zasmáńı, že ano. Jenže to bych snad
nikdy neskončil, protože mně to připadá všecko k smı́chu, celá ta zem tady i tam a celé lidské
snažeńı. Takže to taky nep̊ujde, a proto se zaměř́ım pouze na to, jak zněla

”
objednávka“, tj.,

jak jsem své znalosti z VUT upotřebil ve světě.

Tak se ted’ pohodlně posad’te a poslouchejte, vyprávěńı pokračuje. Vynasnaž́ım se, aby
nebylo nudné. Je psáno jako story, protože jinak by asi byla hrozná otrava to č́ıst.

Můj prvńı úspěch na Západě
aneb

Vám poděkováńı a lásku vám – vinohrady, vinohrady

Jak jsem poprvé v zahranič́ı použil svých znalost́ı nabytých na VUT?
Začnu t́ım, jak jsme se kdysi na obecné škole učili recitovat takovou krásnou báseň oslavuj́ıćı

př́ıchod Rudé armády v roce 1945:

Vám poděkováńı a lásku vám,

kéž zněly by jak zvony. . .

A byl to zase př́ıchod této armády v roce 1968, kterému vděč́ım za rozvoj své profesionálńı
kariéry. Takže vlastně mám d̊uvod tuto báseň stále proćıtěně recitovat.

V roce 1968 jsme se s vřelými d́ıky na rtech s manželkou sebrali a odjeli do Vı́dně, abych tam
začal svoji závratnou kariéru na Západě. Mohu ř́ıci, že kariéra to opravdu závratná byla, jenže
ne zrovna nahoru (malý technický detail, že ano). Muśım přiznat, že v této fázi vývoje událost́ı
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šla moje kariéra v́ıce dol̊u než nahoru. A také, že mně moje odborné vědomosti načerpané na
VUT zrovna moc nepomáhaly, s malými výjimkami, jak se zde dočtete. Však posud’te sami.
Hned prvńı noc v té slavné Vı́dni se nám podařilo chytit vši či štěnice a spát v telefonńı budce
(lepš́ı než pod mostem, tam už bylo plno). Tedy byl to problém, na který mně byla moje znalost
kybernetiky, diferenciálńıch rovnic a logických obvod̊u houby platná. Pak se ale věci zlepšily.
Když jsme se zbavili těch štěnic, tak se nám podařilo sehnat podnájem a zaregistrovat se na
australské ambasádě jako utečenci.

Zaregistrováńı nebylo jen tak, byla tam fronta jak u řezńıka v letech padesátých, ba i deľśı.
Když na nás konečně došla řada, tak si mě podrobili vážnému výslechu, nebot’, jak se ukázalo,
inženýři patřili automaticky mezi podezřelé živly. Manželku Alenu ale nechali na chodbě čekat,
ani je nezaj́ımala. Když jsem byl po hodině a něco konečně prověřen a celý fascikl byl o mně
sepsán, padla kritická otázka:

”
A kolik vás vlastně je?“ Když jsem řekl, že je se mnou ještě

manželka, tak na ten fascikl napsali velikým ṕısmem propisovačkou

+1

a t́ım to bylo vyř́ızeno, ani jej́ı jméno je nezaj́ımalo. Byla to tedy Plus Jedna. Já si vlastně
mohl vźıt s sebou kteroukoliv slečnu z Prátru (tedy něco k zamyšleńı, že ano).

Pak už jsme (já a moje Plus Jedna Alenka) jen čekali a už́ıvali si Vı́dně. Jenže
”
bez peněz do

Vı́dně nelez“ a naše peńızky se nám začaly kutálet na všecky strany. Brzy jsme byli na mizině.
Pak se ale na nás usmálo štěst́ı a chytli jsme zaměstnáńı na vinobrańı jako pacholek a děvečka
v obci Poysdorf. Ale i zde jaksi nebylo možno uplatnit moje odborné znalosti a ještě k tomu to
byla hrozná

”
hokna“, tedy práce řečeno po brněnsku.

Ovšem z marxistického hlediska to byla úžasná př́ıležitost sbĺıžit se s dělnickou tř́ıdou,
akorát přǐsla trochu pozdě na to, aby nám spravila naše kádrové materiály. Je ale nutno dodat,
že právě znalost marxismu źıskaná na VUT mně pomohla rychle se zorientovat v dané situaci
a včas se zase vymanit z moci vesnického boháče vykořist’ovatele neboli kulaka, jinak bychom
tam asi ztvrdli dodnes.

A tak na základě marxistického rozboru jsme zase vypadli zpátky do Vı́dně a brzy nato
odletěli do Austrálie. Byla to vlastně moje prvńı př́ıležitost úspěšně aplikovat v zahranič́ı něco
z toho, co jsem se naučil na VUT.

Pokus o daľśı úspěchy
aneb

Kam nás to vezou?

Jak jsem dělal Kecala

I zloděj aut se může zamilovat
Alenka nechce papat skopové

Po úspěchu ve Vı́dni s marxistickým rozborem jsem doufal, že se brzy dostav́ı úspěchy daľśı.
A protože jsme d́ıky Honzovi Blatnému (vedoućımu katedry) intenźıvně studovali angličtinu,
tak už jsem se v letadle do Austrálie těšil, jak budu tyto úžasné vědomosti aplikovat v praxi
a oslńım t́ım všechny své spolucestuj́ıćı. I stalo se bohužel však jen to prvńı. Ano, měl jsem
př́ıležitost aplikovat své znalosti jazyka anglického, ale nikoho jsem t́ım neoslnil, ba naopak,
spoustu lidi jsem zmátl a přivodil jim stav deprese.
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Když jsme se po 24 hodinách letu konečně
”
docabrali“ (jako ten galán, co, než

”
sa k nám

docabral, sežrala ho sviňa“) do Sydney a my vylezli z letadla, tak nás naložili do autobusu a
kamsi vezli. Mysleli jsme, že do města, ale asi tak po hodině j́ızdy přes zoufale vyprahlou zemi,
která vypadala jako černovická planýrka (známé brněnské smetǐstě) po atomovém výbuchu,
nám to začalo být nějak móc divné.

I začala pracovat naše fantazie, a to na plné obrátky: aha, je to celé podraz, vezou nás jako
otrocké pracovńı śıly zavlažovat poušt’. A najednou nám bylo všecko jasné, proto ta anonymita,
proto pouhé plus jedna, že my blázni jsme do toho letadla v̊ubec lezli. Padla na nás hr̊uza a
hlavou mně hned prolétly ṕısně jako

”
Černý muž pod bičem otrokáře žil“ a

”
Nelly Gray“. Bože,

co ted’ dělat?

Dnes je nám to ovšem k smı́chu, ale tenkrát se věřilo všemu, byla to taková pohnutá doba,
kdy se panika š́ı̌rila jako oheň. Už ve Vı́dni mezi lidem kolovaly úžasné fámy, jako třeba že
milion č́ınských parašutist̊u je připraven, aby zabrali Prahu a tak podobně. Takže neńı se co
divit.

A pak nás napadlo něco celkem úplně jednoduchého, totiž zeptat se řidiče, kam nás veze.
A to byl můj okamžik, moje velká př́ıležitost blýsknout se svou angličtinou. Suverénně jsem
povstal a divadelńım zp̊usobem prošel celým autobusem až k řidiči a pronesl, aby všichni slyšeli:

”
Excuse me, Sir . . .“

A kupodivu řidič, i když to byl žalářńık budoućıch otrok̊u, byl ke mně docela slušný a dal
mi i slušnou odpověd’. Jenže já mu nerozuměl ani slovo a měl jsem po slávě. Pak se do toho
vložila nějaká pańı, která měla údajně státńı zkoušku z angličtiny, ale dopadla stejně jako já.
A protože už tam nebyl z cestuj́ıćıch nikdo, kdo by s jazykem anglickým přǐsel kdy do styku,
museli jsme se odevzdat do rukou osudu.

Na vysvětlenou, australská angličtina je hodně jinač́ı než naše školská. Např́ıklad slovo den,
které se ṕı̌se day, jsme byli zvykĺı vyslovovat jako

”
dej“, ale v Austrálii se vyslovuje

”
daj“.

Nav́ıc většina Australan̊u neotv́ırá pusu a proced’uje slova jen tak mezi zuby. K tomu všemu
hodně lid́ı v Austrálii mluv́ı nosem, jako třeba Francouzi. Konečný efekt toho všeho byl, že
jsme nerozuměli lautr nic.

A tak jsme v takovém mı́rně depresivńım stavu jeli dál. Po hodinách j́ızdy jsme se za tmy
dostali na nějaké mı́sto, které skutečně vypadalo jako pracovńı tábor. A to ve mně hrklo!

I čekal jsem, že uslyš́ım hrubé hlasy dozorc̊u a popř́ıpadě práskáńı bič̊u jakož i sténáńı

”
mukl̊u“ trestaných za pokus o útěk. Mı́sto toho se ale ozvalo zvenku docela veselé voláńı:

”
Hele Peṕıku, pojd’ sem, ty vole, . . .“

A to se nám všem konečně ulevilo. Ne, to nebyl hlas utrápeného otroka, byli jsme u ćıle:
v imigrantském táboře Bonegilla, pod ochranou samotného Commonwealth of Australia (tedy
Australské společenstv́ı). Takže ono to vlastně dopadlo dobře, navzdory mému nezdařenému
pokusu o uplatněńı mých vědomost́ı z VUT.

A nakonec jsem mohl přece jen uplatnit svoji angličtinu. V Bonegille jsem se chtě nechtě
stal takovým polooficiálńım překladatelem, dohazovačem a organizátorem. Byl jsem něco jako
ten Kecal v Prodané nevěstě a taky jsem tak dopadl. Při své nevinnosti a neotř́ıskanosti jsem se
začal zaplétat do soukromých záležitost́ı lid́ı, se kterými bych se normálně ani nestýkal. Z toho
pak vznikaly problémy, na které mne VUT nepřipravilo. Tak např́ıklad, byl jsem zatažen do
organizováńı svatby mezi jednou zasloužilou kulturńı pracovnićı a zlodějem aut z Prahy, která se
ale neuskutečnila, protože nevěsta utekla autostopem do Melbourne a ženich se z toho nervově
zhroutil a hrozil nám ubĺıžeńım na těle.
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Takových př́ıpad̊u jsem měl v́ıce a muśım sebekriticky přiznat, že na takový džob byla moje
inženýrská kvalifikace poněkud nevhodná. Kromě toho Bonegilla byla př́ılǐs daleko od velkých
měst jako Sydney a Melbourne, takže šance sehnat práci byla minimálńı. A ještě k tomu, krmili
nás tam skopovým masem, které moje manželka nesnášela.

Tedy problémů bylo dost, proto jsme to nakonec vyřešili stejně jako ta kulturńı pracovnice
a přesunuli se, ovšem zcela legálně, do Melbourne.

Muśım dodat –– všechna čest australským institućım, starali se o nás v té Bonegille jak
nejlépe uměli a to, co se tam dělo, nebyla jejich vina (ani to, že Alenka nerada skopové).

A ted’ něco do fochu
aneb

Inženýrem v Austrálii
Ve spárech Baby Jagy

Analogový poč́ıtač – co je to?

Ano, miĺı čtenáři, už přijde to, na co vlastně čekáte. Konečně vám pov́ım, jak to tam bylo
s námi inženýry a co se dělo v informačńı technologii. Abych se k tomu dostal, muśım hodně
věćı vynechat, takže moje vyprávěńı bude trochu na přeskáčku.

Tak zaprvé, jak to bylo s námi inženýry? Dostat se zpátky do svého oboru poč́ıtač̊u a v̊ubec
zač́ıt pracovat jako inženýr nebylo snadné. Na cestě bylo mnoho překážek, o kterých se mi ani
nesnilo, až jsem si někdy připadal jako ten princ, co šel vysvobodit princeznu ze spár̊u Baby
Jagy. Na australské ambasádě ve Vı́dni mně sice naslibovali, jaké úžasné džoby mě očekávaj́ı,
ale skutek utek, jak ř́ıká české úslov́ı. Podmı́nkou pro źıskáńı práce jako inženýr bylo členstv́ı
v klubu, který se jmenoval Institution of Engineers Australia. Oni si strašně potrpěli na takové
věci jako kluby. To v́ıte, jak se ř́ıká, poturčenec horš́ı Turka, tady byli v́ıce britšt́ı než sami
Britové. Ovšem dostat se do toho Institutu nebylo snadné, člověk musel splnit dvě podmı́nky:

(1) dokázat, že má opravdu kvalifikaci jako inženýr z university, kterou Institut uznával.

(2) být sponzorován aspoň dvěma členy klubu.

S podmı́nkou prvńı jsem měl štěst́ı, protože VUT bylo uznáváno, horš́ı to však bylo s podmı́nkou
druhou. Kde má člověk v ciźı zemi shánět dva sponzory? A zase jsem měl štěst́ı, jeden rodák
z Brna a jeho kamarád mne sponzorovali. Jinak bych byl asi v . . . , jak ř́ıkával Josef Švejk. Bylo
to sice členstv́ı na nejnižš́ım stuṕınku, jako takzvaný Graduate, ale pro źıskáńı džobu to stačilo.
Obrazně řečeno, Baba Jaga byla ošálena a princezna vysvobozena.

Pro úplnost bych ještě dodal, že ty stupně byly následuj́ıćı: Fellow (nejvyšš́ı), Corporate
Member, Member, Graduate (nejnižš́ı).

Z̊ustal jsem pak t́ım Graduate po celou dobu až do roku 1997, kdy už jim to asi bylo hloupé
a udělali mne hned Fellow. Já byl totiž svým věkem nejstarš́ım Graduate, kterého kdy měli.

Abych se přiznal, nechtěl jsem si o povýšeńı žádat z takové určité hrdosti. Nešlo mně prostě
pod nos, že my lidé z českých zemı́, to jest z jedné z nejkulturněǰśıch oblast́ı Evropy, s Univer-
zitou Karlovou z roku 1348 a v mém př́ıpadě z města, kde se narodili nebo p̊usobili velikáni
světového jména jako Mendel, Gödel, Mach, Janáček a jińı, se máme doprošovat nějakých
koloniálńıch úředńıčk̊u.

Podobně jako s inženýrským institutem se mně vedlo i s daľśı institućı, což byla Australian
Computer Society (Australská poč́ıtačová společnost), tedy daľśı klub, který měl nos nahoru.
Stát se členem bylo žádoućı, protože v určitých džobech se členstv́ı vyžadovalo. Tak jsem se
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taky přihlásil a v dotazńıku uvedl, jakou jsem měl praxi a s jakými poč́ıtači jsem pracoval.
K mému podivu je v̊ubec nezarazila exotická jména jako např́ıklad URAL, zato však jsem
pohořel s t́ım, že jsem pracoval s analogovými poč́ıtači. V té době už jsem měl džob v jedné
velmi prestižńı organizaci, takže jsem členstv́ı už moc zoufale nepotřeboval. Ale nakonec mně
ho přece jenom dali. Ono se totiž ukázalo, že ti slavńı experti nevěděli, co vlastně analogový
poč́ıtač je, ale nechtěli to přiznat. Ó bož́ı prostoto!

Naštěst́ı pro mne se v komitétu objevil nějaký Američan, který jim to objasnil a pak mně
osobně zatelefonoval a gratuloval k přijet́ı za člena. Jaké poznámky měl přitom o Austrálii, si
raději nechám pro sebe. Takže i v tomto punktu to má pomyslná Baba Jaga prohrála. Ovšem
Baba to nikdy úplně nevzdala a čas od času mně ukázala sv̊uj ĺıbezný úsměv.

Pro zaj́ımavost muśım uvést, že jsem nebyl sám, kdo musel bojovat se záludnou Babou Ja-
gou. Lékaři, dentisti ale i kadeřńıci to měli ještě horš́ı. O tom se mezi rodáky traduj́ı r̊uzné his-
torky. Např́ıklad na jednom sezeńı komitétu lékař̊u si vzali na paškál nějakého lékaře z východńı
Evropy. Deptali ho jak mohli a pak vznesli otázku, která ho měla úplně dorazit, to jest, zda
četl jistou odbornou knihu.

”
Ne“ odpověděl ten lékař,

”
já ji napsal“.

Tak to je v kostce o inženýrech a ted’ se dostaneme k poč́ıtač̊um.

Konečně poč́ıtače
aneb

Doba učeńı
Obrovské úspěchy úžasného milence

K poč́ıtači jsem se dostal až po roce v Austrálii a to na př́ımluvu daľśıho mı́stńıho Čecha.
Bylo to v Bureau of Meteorology, což znamenalo podle mé drahé Plus Jedna, že tahle

organizace byla odpovědná za počaśı, hlavně za to špatné. Programovali jsme na IBM 360
v jazyku PL/1. Ze začátku to bylo zaj́ımavé, musel jsem se hodně učit, předevš́ım programovaćı
jazyk a operačńı systém a pak také společenský život v práci. To nebylo jen tak. Když chtěl
člověk zapadnout mezi ostatńı, tak musel dělat to co oni. Ráno se začalo o p̊ul deváté, ne jak
u nás doma v sedm, v deset hodin byl pak

”
cup of tea“, tedy čaj. Ono se ř́ıká, že Japonci maj́ı

čajové ceremonie, ale ta australská si s nimi v ničem nezadala. Nechalo se práce a všichni jsme
se shromáždili ve zvláštńı mı́stnosti nebo aspoň někde v rohu sálu.

Tam se poṕıjel čaj a klábosilo se asi tak hodinu. Stejná ceremonie se opakovala ve tři
odpoledne. Neńı třeba zd̊urazňovat, že při takovém režimu dne se práce moc nenalouskalo.

Tenhle džob byl vlastně můj prvńı úspěch, tedy aspoň mezi mı́stńımi Čechy. Ovšem zálež́ı na
tom, čemu se tak ř́ıká. Např́ıklad na jedné zábavě krajan̊u se ke mně rozběhl jeden starousedĺık,
jak my jim ř́ıkali, a povykoval na celý sál:

”
Pane inženýýýre, slyšel jsem, jaké máte obrovskéééé úúúspěchy u těch kompjutor̊ůůu“.

Já bych se byl snad na mı́stě hanbou propadl. Lépe však to vyjádřila jedna sličná slečna, jinak
kulturńı pracovnice z Prahy, která docela veřejně prohlásila:

”
Pane Aujeský, vy byste byl úžasný milenec, při vašem platu.“

To už mně bylo přece jenom mileǰśı, protože ta děvenka to aspoň myslela upř́ımně.
V tom džobu jsem vydržel asi rok, ale pak mne to začalo nudit, byly to samé administrativńı

aplikace, nic moc pro inženýra. Daľśı džob byl u Shella, ale zase to stejné: IBM 360, čaj ráno
a odpoledne a celkem nuda. Tak jsem taky odešel.
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Real time computing
aneb

Děláme aluminium

Pak přǐslo něco zaj́ımavého, ř́ızeńı produkce aluminia poč́ıtačem, u americké firmy Alcoa. Tam
jsem vydržel celé dva roky a hodně se naučil o real time computing v praxi. Pracovali jsme se
systémem IBM 1800 ve Fortranu. Tady se všeobecně použ́ıval Fortan pro technické i vědecké
aplikace. Fortran se mi zdál dost primitivńı ve srovnáńı s Algolem, se kterým jsme v Česku
běžně pracovali, ale tak to tady chodilo. Strašně zaj́ımavá byla ovšem př́ımá kontrola procesu
poč́ıtačem, tedy DDC (direct digital control).

Pak jsem odtamtud taky odešel, protože mne pořád lákal výzkum umělé inteligence. Pořád
mne někde strašila ta naše

”
myš v bludǐsti“ a ten

”
Pavlov̊uv pes“ a ř́ıkal jsem si, že bych to

chtěl dotáhnout dál.

Ve výzkumáku
aneb

Umělá inteligence
Znovu ve spárech Baby Jagy

A tak jsem se konečně dostal na to správné mı́sto Commonwealth Scientific and Research
Organisation, Division of Computing Research. Š́ıleně dlouhé jméno, krátce řečeno, bylo to něco
jako náš VÚMS (Výzkumný ústav matematických stroj̊u) v Praze. Oni tam měli dokonce celou
sekci právě na tu umělou inteligenci. Tak hurá do toho a rovnou do spár̊u státńı byrokratické
organizace, znovu do spár̊u Baby Jagy.

Co se stalo? Než jsem se tam zorientoval, tak celou sekci rozpustili a bylo po mých naděj́ıch.
Lidé, co v té sekci pracovali, se rozprchli po celém světě, někteř́ı do USA, jińı do Skotska, kde
se takový výzkum ještě dělal. Dokonce jeden z badatel̊u pověsil poč́ıtače na hřeb́ıček a zmizel
někde v Indii, kam odešel studovat věci nadpřirozené a tajemné. Tak jsem tam nějaký ten rok

”
ocmrndával“ (ono se to ani nijak jinak nedá ř́ıct) a pracoval na r̊uzných džobech, dokonce jsem

byl na takzvané Help Desk, což nebyla zrovna služba pro slabé charaktery.
To bylo tak. Tehdy ještě nebyl internet, ale my měli svou vlastńı śıt, s centrálńım poč́ıtačem

Control Data Cyber. Měli jsme širokou klientelu, hlavně z vědeckých pracovǐst’. No a každou
chvilku se něco polámalo, nebo si to naši uživatelé popletli a potřebovali pomoc.

Tak mně zavolali na tu Help Desk, abych jim pomohl. Jenže pomoc, kterou jsem jim měl dát,
spoč́ıvala v tom, že jsem si musel napřed nechat od nich vynadat, a teprve když se uklidnili,
vyslechnout si, co vlastně byl jejich problém. No hr̊uza, neńı snad na světě nic strašněǰśıho
než rozhněvaný vědec, to je horš́ı než slon v ř́ıji. Pamatuji se, že mně jeden takový vynikaj́ıćı
vědec dokonce po telefonu p̊ul hodiny vyhrožoval jako nějaký blázen. Ono se později ukázalo,
že blázen byl, ale až když rozsekal svoji manželku na kusy, což mně ovšem nebylo nic platné.
Ne, nic si nevymýšĺım. Kdo by si mohl takovou pitomost vymyslet než jedině život sám.

Myslel jsem si ale, že věrnou službou aspoň za čas źıskám povýšeńı a dostanu se k nějaké
lepš́ı práci. To jsem ale zapomněl, že Baba Jaga si hĺıdá své služebńıky a drž́ı je dole.

Nakonec jsem na Babu přece jenom vyzrál a povýšeńı dostal, jenže mě to tam už stejně
přestalo zaj́ımat, protože jsem si našel konečně mı́sto, kde mne to bavilo.

49



Tonda Aujeský

Práce u ICI
aneb

Doba sklizně
Industrial Process Control

To nové mı́sto bylo u firmy ICI Australia, která se zabývala výrobou r̊uzných chemikálíı. Byla
to pobočka (subsidiary) anglické firmy ICI, která byla roztažena po celém světě, tedy velký
multinacionálńı kolos. No a tam jsem pak vydržel přes 20 let a dělal industrial process con-
trol. Co to vlastně bylo? Na to se mě ptalo už mnoho lid́ı. Abych to vysvětlil, budu muset
trochu odbočit. Industriálńıch proces̊u je mnoho druh̊u, ale pro mne to znamenalo předevš́ım
chemické procesy, rafinerie, laboratoře a podobně. Tedy procesy, které by se daly popsat ve
stylu Shakespearovském (čarodějnice ve hře Macbeth) asi takto:

Tu se něco zahř́ıvalo, tam se něco chladilo,
kvedlalo a pumpovalo, by se d́ılo zdařilo.
Napouštělo, vypouštělo, někdy i přepouštělo,
a to všechno přesně nachlup, nic se neodpouštělo.

Jasné? Doufám, že ano. Ale jak se takový proces ř́ıd́ı? Odpověd’ zńı: s velkými obt́ıžemi.
A to je právě zaj́ımavé. Byla to tak trochu alchymie ř́ızená poč́ıtači. A jak v́ıte, občas si

takového alchymistu, jako byl třeba doktor Faust, sebere čert. Aby se něco takového nestalo,
bylo nutno do systému zabudovat všelijaké ochrany proti čertu, který, jak v́ıme, nikdy nesṕı.
Ty materiály, se kterými se pracovalo, byly totiž někdy př́ımo pekelné, to jest:

Smradlavé a hořlavé,
někdy taky lepkavé.
Jedovaté, výbušné,
Lucifera poslušné.

Takže třeba i malá chybička v programu by mohla znamenat katastrofu. Celý vtip designu byl ale
v tom, aby i přes možnost chyb v programech nebo v hardware či instrumentaci proces samotný
z̊ustával bezpečný. Kolem tohoto aspektu se vyvinula celá řada design metod a v́ıceméně i
kultura. Proč se o tom vlastně š́ı̌ŕım – právě v takovém prostřed́ı mně přǐsla vhod moje dávná
a trochu zapomenutá láska, abych tak řekl, a to byla Kudláčkova Kybernetika.

Nebyla to ovšem kybernetika jako taková, ale sṕı̌se zp̊usob myšleńı, kdy se člověk uč́ı design
od př́ırody. Přirozené organismy maj́ı úžasnou schopnost se přizp̊usobit a přež́ıt r̊uzné katastrofy
a hlavně jim zabránit. Tento aspekt zkoumal už jeden ze zakladatel̊u kybernetiky Ashby a
dokonce sestrojil model pro demonstraci: ř́ıkal tomu homeostat. Tento homeostat jsem měl
často na mysli a ř́ıdil podle toho sv̊uj design.

Ale jak to, že jsem se v̊ubec na takové mı́sto dostal, nehĺıdala si ho zase nějaká ta Baba
Jaga?

Hĺıdala i nehĺıdala, ono jim nic jiného nezbývalo. Totiž v době, kdy jsem přǐsel na ICI (1977),
ř́ızeńı proces̊u poč́ıtačem se zač́ınalo v Austrálii teprve rozv́ıjet, takže nebylo mnoho lid́ı, kteř́ı
by o tom něco věděli. A vzhledem k tomu, že jsem měl na tomto poli už zkušenost z Alcoa, tak
po mně doslova hrábli.

Práce u ICI se mně ĺıbila a také dařila a úspěchy, na které jsem pořád čekal, se konečně
dostavily. Dokončil jsem celou řadu projekt̊u, později také něco publikoval a jezdil přednášet
na r̊uzné konference jak tady v Austrálii, tak i v Americe a Asii.
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V rámci projektu jsem také projezdil kousek světa, např́ıklad dva roky jsem pracoval
v Německu s celou rodinou. Moc práce jsme tam sice nenalouskali, ale zato jsme si užili lyžováńı
v Alpách a projeli si autem kus Evropy od Madridu po Istanbul. Co bylo pro mne také zaj́ımavé
– zjistil jsem, že Němci nejsou zase takov́ı velćı

”
machři“, za které jsme je my

”
maĺı češt́ı lidé“

pokládali. Spoustu věćı jsem je sám musel učit.
Hodně z toho, co jsem dělal, se týkalo takzvané batch control, což je odvětv́ı zvláště obt́ıžné

a stále se vyv́ıjej́ıćı. Je to ř́ızeńı procesu, kde se dělá na dávky, čili jako v pivovaru na várky.
Vzhledem k mým zkušenostem v batch control jsem byl pozván stát se členem amerického

komitétu, který se zabýval standardizaćı batch control softwaru, ISA panel SP88. A také, abych
jako spoluautor napsal něco do knihy o Batch Control, kterou ISA dávala zrovna dohromady.

Poznámky: ISA je zkratka pro Instrument Society of America. Ta kniha se jmenuje Batch
Control – Practical Guide for Measurement and Control, editor je A. E. Nisenfeld, vydána
v roce 1996 ISA, IBSN 1-55617-563-9. Je to taková, řekl bych,

”
Bible of Batch Control“.

A co na to všechno Baba Jaga? Ta pukala vzteky, ale na mne už si netroufala. To v́ıte, když
se řekne Amerika, tak mı́stńı Baba Jaga zaleze do brlohu, nebo si vybere nějakou jinou obět’.
A tak jsem měl klid a pokoj navěky. Ale ne tak docela, nebot’, jak prav́ı jedna naše lidová ṕıseň

”
nic netrvá ve světě věčně, ani láska k jedné slečně“, proto i tato idylka skončila.

Jak jsem dostal vyhazov
aneb

Je libo Martini, pane Direktore

V letech devadesátých zavál nový v́ıtr. Po pádu Sovět̊u neměli se už páni kapitalisté čeho bát a
ukázali se ve své pravé podobě. Do té doby se totiž ř́ıkalo slovo zisk takovým trochu nesmělým
zp̊usobem, skoro jako sex. Ale ted’ se to slovo stalo oslavovaným. Honba za dolarem a zisky
akcionář̊u byly to hlavńı. V rámci tohoto nového zp̊usobu myšleńı se začaly d́ıt věci nebývalé a
hlavně se vyhazovalo a to ve velkém. A tak jsem v roce 1997 své krásné mı́sto pozbyl. Bylo mi
57 let, a kdo zaměstná starého dědka? Nezbývalo, než se udělat pro sebe.

I založil jsem si svou firmu, lépe řečeno firmičku s ručeńım omezeným. Dal jsem j́ı honosné
a respekt vzbuzuj́ıćı jméno Smart Control a legrace začala nanovo. Lidi, já se stal najednou
direktorem (ředitelem) firmy, sice pouze dvoudolarové, protože v́ıc akcíı jsme nevydali, která
měla dva zaměstnance, což byla Alenka a já.

Legrace ovšem byla v tom, že jakožto pan direktor jsem dostával pozváńı na r̊uzné več́ırky,
dýchánky a koktail parties, kde se stýkali finančńı magnáti, kapitáni pr̊umyslu, významńı poli-
tikové a hochštapleři na vyšš́ı úrovni. A tak jsme se tedy vyšvihli do té oslavované a obdivované

”
high society“, a to za pouhé dva dolary. Podivné ale bylo, že se nám to naše dobrá známá

Baba Jaga ani nesnažila nějak zhatit. Snad to bylo t́ım, že už z nás byla unavená, chudinka
stará. Toto moje podnikáńı trvalo až do roku 2007, kdy jsem přestal pracovat a skončil aktivńı
business.

Naše přidružená výroba
aneb

Alenka to rozjela
Jak se drž́ı pero

Utekly nám krávy

Co se týče našeho života v Austrálii, mysĺım, že bych měl pro úplnost dodat něco o tom, co
jsme podnikali mimo okruh poč́ıtač̊u, kybernetiky a podobných věćı.
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V tomto směru vládla Alenka, která se velmi rychle adaptovala v novém prostřed́ı a převzala
iniciativu, takže velice brzy jsme si prohodili role a já se stal ta

”
Plus Jedna“ mı́sto ńı. Zĺı

jazykové ovšem tvrdili, že jsem se stal
”
Plus Nula“, což ovšem já poṕırám čistě v zájmu boje

muž̊u za rovnoprávnost.
Z Alenky, která do té doby nebyla nijak technicky zaměřena, se stala velice úspěšná kreslička.

Musel jsem ji ovšem napřed naučit, jak se drž́ı péro, tedy rýsovaćı, ale rychle to pochopila a
pak už jela sama. Dokonce si otevřela sv̊uj vlastńı business. Takže nám vznikla taková, jak se
tomu ř́ıkalo na českém socialistickém venkově, přidružená výroba. Později ale celá jej́ı profese
zmizela, protože to všecko převzaly poč́ıtače, se kterými Alenka nechtěla mı́t nic společného
(v tom ukázala zdravý instinkt), takže business skončil.

Ale to nic, mezit́ım jsme totiž rozjeli menš́ı farmičku, jako užitečné hobby. Kv̊uli tomu jsme
ale museli prodat barák a postavit si nový na té farmě, což ovšem nebylo bez dramatu. To dole
je fotka našeho

”
Dumku na Zarubku“ na té farmě.

Usadili jsme se v novém prostřed́ı a t́ım pádem se z nás stali, jak se kdysi v Česku ř́ıkalo
kovozemědělci, a my se vrhli s vervou do sedlačeńı. Měli jsme napřed jenom slepice, pak se
přidaly husy a kačeny, jeden čas dokonce i krávy a prase. Do toho všeho si naše drahé d́ıtě
Andrea vydupalo koně, tak se tady pletl ještě k̊uň a někdy i v́ıce końı.

No byl to cirkus, který nám někdy až přer̊ustal přes hlavu. Dostávali jsme se do situaćı těžko
představitelných. Tak třeba, ráno se obléknu do svého nejlepš́ıho obleku a sedám do auta, abych
jel do práce, a vid́ım, krávy pryč. Potvory protrhly plot a pásly se u soused̊u. Tak já v tom
obleku musel honit krávy domů a spravit plot. Jindy zase k̊uň přeskočil plot a šel k sousedovi
na jejich jablka, prostě zábava v jednom kuse. Ted’ na stará kolena už máme jen ty slepice a
jednoho starého koně

”
na penzi“. A občas k nám zav́ıtá i rodinka klokan̊u.

Kruh se uzav́ırá
aneb

Myšáci u Kudláčk̊u

V roce 1995 jsme jeli s manželkou Alenou konečně do Česka, kde jsem se znovu setkal s Honzou
Brejlem a jeli jsme společně navšt́ıvit Kudláčkovy v Ivančićıch. A tak jsme byli po tolika letech
zase

”
Myšáci“, jako kdysi zamlada na Katedře matematiky. Alenka se těšila, že konečně uvid́ı

toho legendárńıho Kudláčka, o kterém jsem j́ı toho tolik napov́ıdal, a nebyla zklamaná. Byli jsme
velmi srdečně přijati Václavem i Marjánkou a všichni jsme se skvěle bavili. Bylo to skoro jako
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návrat do rodiny. Pov́ıdalo se a vzpomı́nalo, poṕıjelo se výborné kounické v́ınečko a poj́ıdaly
se dobroty, které nám Marjánka připravila. Konečně jsem mohl Václavovi ř́ıct, jak mě ta jeho
přednáška kdysi dávno na VUT zachytila a dala mně vlastně směr do života.

Pak jsme tam byli ještě jednou a zase to bylo fajn. Dokonce jsme viděli Václavovu
”
dajli-

medaili“ z VUT a měli z toho upř́ımnou radost. Potřet́ı už nám to ale nevyšlo. Václav totiž
odešel z tohoto světa asi v té době, kdy jsme seděli v letadle do Evropy. Ale navšt́ıvili jsme
aspoň Marjánku, potěšili ji trochu a zazṕıvali si s ńı při kytaře, jako kdysi dávno na katedře.

Po Kudláčkovi mi z̊ustalo jedno krásné úslov́ı, které jsme vlastně doma s Alenkou adoptovali
za svoje, protože ho považujeme za jednu z největš́ıch moudrost́ı života:

Takovej v̊ul se ještě nenarodil, abych se od něho nemohl něco naučit.

Na závěr

Přemýšĺım, jaký velkolepý závěr bych měl udělat, ale nic kloudného mne nenapadá. Ono by
se dalo udělat závěr̊u několik, jeden horš́ı než druhý. A tak si z toho vyberu aspoň ten, který
pro mě má sentimentálńı kouzlo mlád́ı prožitého v Brně. Je to ṕıseň, kterou někteř́ı čtenáři asi
znaj́ı a která patř́ı do zemitého brněnského folkloru. Neńı to sice nic uměleckého, ale jde od
srdce, pardon, od hercny:

Ta brněnská šalina,
to je senzace.

Porazila šv́ıgrfotra
na Velkým Place.

A že měla náladu,
tak ho vzala zezadu.

To je senzace.

A vč́ıl konópci šmitec. A vy děcka, do betle a šlófec.

Psáno v Melbourne L.P. 2010.
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Tomáš Vejchodský: Adaptive mesh refinement and a posteriori error estimates . 78
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One hundred years ago, on December 28, 1924, Miloš Zlámal, professor at Brno University of
Technology (BUT), founder of the Finite Element Method (FEM) mathematical theory was
born. Twenty years ago, on January 12, 2005, a Commemorative Afternoon on the occasion of
his eightieth birthday was held in the BUT Centre in Brno.

The event was opened by the Rector of BUT, prof. Jan Vrbka. Then, lectures were presented
by Alexander Žeńı̌sek (BUT), Michal Kř́ıžek (Czech Academy of Sciences (CAS), Prague), Jǐŕı
Kratochv́ıl (BUT), Libor Holuša (Masaryk University, Brno) and Ivo Marek (Czech Technical
University, Prague) were presented.

The lectures in the ceremonial environment of the Baroque auditorium were interspersed
with organ partitions presented by prof. Jǐŕı Jan (BUT). In the foyer, it was possible to see
an exhibition of documents and photographs of prof. Zlámal, including his article in which
he founded FEM mathematical theory. The commemorative afternoon ended with a toast and
refreshments in the hall of the BUT Centre. The contributions (in Czech) and materials from
the exhibition can be found in the brochure Miloš Zlámal founder of mathematical theory of
finite element methods published by VUTIUM in 2006. The extended booklet is available on
https://hdl.handle.net/11012/255748.

Ten years ago, we commemorated Professor Zlámal’s ninetieth birthday on January 14, 2015.
The afternoon of remembrance was opened by the Rector of BUT, prof. Petr Štěpánek. Then,
lectures by Michal Kř́ıžek (CAS, Prague), Miloslav Feistauer (Charles University, Prague),
Jozef Kačur (Comenius University, Bratislava), Alexander Žeńı̌sek, DrSc. (BUT, Brno), Libor
Holuša, CSc. (BUT, Brno), Prof. Ivo Marek (Charles University and CTU, Prague) followed.

This tradition was continued by the Memorial Afternoon on January 15, 2025. Since the
previous lecturers (except for M. Feistauer, J. Kačur and M. Kř́ıžek) are, unfortunately, no
longer with us, the afternoon was focused on the finite element method today. The problems of
the contemporary theory of FEM, its applications and computational systems were described
by experts from Prague, Ostrava, Pilsen, Bratislava and Brno.

The seminar was closed with a joint celebratory toast by BUT 2023 Academic wine in the
adjacent foyer, where it was possible to see on seven panels documents and photographs from
the life of Zlámal, the beginnings of computers in Brno, the memories of BUT graduate Antońın
Aujeský (1940-2024), who lived in Australia, and from the previous memorial afternoons.

The following part contains the professional lectures from the afternoon prepared by the
authors. Unfortunately, prof. Mikula was unable to deliver his contribution due to family health
reasons. The Library of the CAS Institute of Mathematics has supplied the complete list of
Zlámal’s publications.

Editor
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Rector’s address

Ladislav Jańıček

Ladies and Gentlemen,

It is a great honor to be with you today as we commemorate the 100th anniversary of the
birth of Professor Miloš Zlámal. Seeing so many distinguished colleagues from our university,
from across the Czech Republic, Slovakia and abroad is a clear sign that the name of Professor
Zlámal and his legacy remain alive and respected.

Professor Zlámal was the mathematician who laid the mathematical foundations of the
Finite Element Method — a method that has become indispensable across engineering: in
structural analysis, fluid mechanics, heat transfer, but also in electromagnetism, and even in
biomechanics. His work has shaped not only mathematics, but also the way we design and
understand modern technology.

As a graduate in aircraft design at Brno University of Technology, I first encountered this
method in practice at LET Kunovice (today Aircraft Industries). There, under Professor An-
tońın Ṕı̌stěk and Rudolf Böhm — two principal authors of the unique FEM system for structural
calculations of aircraft, SOFEM, developed in Kunovice specifically for aerospace applications
— I was drawn into the depth and beauty of this method.

When I later returned to my alma mater to teach structural mechanics and aircraft design,
the Finite Element Method became for me an indispensable tool. Only then did I fully realize
that our university significantly contributed to this method based on the theoretical work of
Professor Zlámal, who managed to transform an originally intuitive method into one of the
most important computational methods in engineering, and who, together with his colleagues
Professors Jǐŕı Kratochv́ıl and Alexander Žeńı̌sek, brought it into practical application.

The fact that mathematical foundations of the Finite Element Method were laid at Brno
University of Technology is truly unique. With deep respect and pride, I pay tribute to Professor
Zlámal and his collaborators. Their names must continue to be remembered and celebrated —
not only as part of our history, but as a lasting inspiration for future generations of academics
and researchers.
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Professor Miloš Zlámal – his life and work

Michal Kř́ıžek
Abstract: A brief biography of Professor Miloš Zlámal is presented. Then we focus
on the mathematical problems he dealt with. In the first period there were various
properties of analytical solutions of ordinary and partial differential equations. His
main results are in the theory of the finite element method as the minimum angle
condition guaranteeing convergence, curved finite elements, superconvergence, the
so-called mortar finite elements and semiconductor equations.

Keywords: minimum angle condition, curved elements, mortar elements, super-

convergence, nonlinear equations.

AMS classification: 65N30, 01A60.

1 Brief biography of Professor Miloš Zlámal
Miloš Zlámal was born on 30 December 1924 in Zborovice, Kroměř́ıž region. From 1936 to
1945 he studied at the 3rd real gymnasium in Brno. However, he had to interrupt his studies
because he was totally deployed in Wroc law in 1944–1945. On 6 February 1946 he was enrolled
at the Faculty of Science of Masaryk University and on 10 February 1949 he graduated there
and received the academic degree RNDr., rerum naturalium doctor. In the period 1950–1951
he was a postgraduate at the Mathematical Institute of the Czechoslovak Academy of Sciences
in Prague.

In 1951–1952 he completed his obligatory military service, during which he married Ludmila
Vichrová on 19 January 1952. In 1955 he received the scientific degree of Candidate of Sciences
(CSc.) by defending his thesis at the Institute of Mathematics of the Czechoslovak Academy
of Sciences: Study of oscillatory and asymptotic properties of solutions of differential equations.
His adviser was Prof. Otakar Bor̊uvka.

Miloš Zlámal was appointed Associate Professor on 1 June 1956 at the Faculty of Science
in Brno. In 1956 he became a founding member of the Editorial Board of the newly established
journal Aplikace matematiky (later renamed Applications of Mathematics), which is still pu-
blished by the Institute of Mathematics of the Czech Academy of Sciences. He worked in this
board until 1992.

On 1st September 1961 he transferred to the Faculty of Mechanical Engineering of the VUT
(Brno University of Technology) and on 17 March 1963 he received the scientific degree of Doctor
of Science (DrSc.) which was awarded to him by the Czechoslovak Academy of Sciences.

In 1967, Jǐŕı Kratochv́ıl introduced him to a relatively new engineering method of finite
elements, which was perfectly suited for solving problems of continuum mechanics. This me-
thod allowed one to numerically calculate e. g. mechanical stresses and displacements of frame
structures, see [7, p. 12–18]. Zlámal liked this method so much that in 1968 he published the first
article on the mathematical theory of the finite element method, see [25]. Here, he proved its
convergence under the condition that all angles in the triangulation of the investigated region
are bounded from below by one fixed positive constant. This paper is still widely cited today
and has greatly influenced the development of numerical methods in this and the last century.

Another key work of Miloš Zlámal [28] was related to the approximation of the curvilinear
boundary of the investigated domain by the so-called curved elements. According to the Ame-
rican MathSciNet database, it is one of Zlámal’s most cited papers. In it, an ideal finite element
is introduced which allows a perfect partition of the whole region into elements.
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Michal Kř́ıžek

Prof. Zlámal was also one of the first numerical mathematicians to develop the so-called
transition finite elements. They are used where one part of the region under investigation
is covered by a different type of finite elements than another part. These are, for example,
transitive finite elements that allow us the continuous connection of linear elements to cubic
elements, see [27].

Prof. Zlámal achieved great successes in the field of superconvergence of the finite element
method, see the series of his articles [13, 29, 30]. He also dealt with the finite element method
for the numerical solution of the heat conduction equation, for the calculation of the magnetic
field, for the approximate solution of semiconductor equations, etc., see [14, 31, 32, 33, 34, 35].

In the period 1963–1990 M. Zlámal was the director of the Laboratory of Computing Machi-
nes at the VUT. On 28 May 1965 he was appointed Professor of Mathematics and on 16 March
1981 he was elected Corresponding Member of the Czechoslovak Academy of Sciences. For ten
years 1983–1992 he held the position of chairman of the Scientific College of Mathematics of
the Czechoslovak Academy of Sciences. In 1990 he moved to the Department of Mathematics of
the Faculty of Engineering of the VUT and was retired in 1995. Professor Zlámal passed away
in Brno on 22 June 1997.

Let us still recall some of his important awards. In 1969 he was awarded the Bronze Comme-
morative Medal of the VUT and in 1974 the President of the Czechoslovak Socialist Republic
awarded him the State Prize for the development of the mathematical theory of the finite element
method and its applications. In 1979 the Presidium of the Czechoslovak Academy of Sciences
awarded him the Bernard Bolzano Silver Plaque for merit for the development of mathematical
sciences and in 1984 he was awarded the Bernard Bolzano Gold Plaque. Among his greatest
scientific honors is undoubtedly the award of an honorary doctorate from the Technische Uni-
versität in Dresden in 1984. In the same year he was awarded the Gold Commemorative Medal
of the VUT. In 1987 he was elected an honorary member of the Union of Czechoslovak Mathe-
maticians and Physicists. In 1992, he received the Memorial Medal of Charles University for
his significant contribution to the development and application of the finite element method. His
other awards are listed in the book [7, p. 116].

Prof. Miloš Zlámal is clearly one of the world’s top numerical mathematicians. He was
one of the founders of the famous Brno school of the finite element method, see e.g. [4, 8, 9,
14, 15, 16]. Besides Zlámal, its core was formed by Libor Čermák, Jan Franc̊u, Libor Holuša,
Jǐŕı Kratochv́ıl, Vladimı́r Kolář, Stanislav Koukal, Frantǐsek Leitner, Frantǐsek Melkes, Josef
Nedoma, Alexander Žeńı̌sek and others. Zlámal’s extensive work contributed significantly to
the effective numerical solution of problems in mathematical physics.

2 Early mathematical results of Miloš Zlámal

Miloš Zlámal during his doctoral studies focused on properties of analytical solutions of ordinary
differential equations. In 1950, he published his first scientific paper [17] on this topic. Here, he
investigates a self-adjoint differential equation

(r(x)y′)′ + p(x) = 0

with r(x) > 0, r and p are smooth such that∫ ∞
0

dx

r(x)
=∞.
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He proves that if there exists a positive function g ∈ C1 such that∫ ∞
0

r(x)
g′2(x)

g(x)
dx <∞ and

∫ ∞
0

g(x)p(x)dx =∞,

then there exist oscillatory solutions near x = ∞. Note that the choice g ≡ 1 leads to the
well-known Leighton’s theorem which first appeared in [12].

In another paper [18], Zlámal examines forced oscillations of analytical solutions of a non-
linear ordinary differential equation of the second order

ẍ+ f(x, ẋ)ẋ+ g(x) = p(x),

where p is periodic and f , g are given functions. In [19], he considers the following differential
equation of the nth order

y(n) + λA(x)y = 0,

where n ≥ 2 is a fixed integer, y(b) and y(α)(a) = 0 for α = 0, 1, . . . k − 1, k + 1, . . . , n − 1 are
given boundary conditions, and A(x) > 0 is continuous on [a, b]. For this case he proves the
existence of infinitely many positive proper values 0 ≤ λ0 < λ1 < . . . .

In the 1960s, Zlámal also began to study partial differential equations. For instance, in [21]
he investigates the following singularly perturbed problem. Let u(x, y, ε) be the solution of the
Dirichlet problem for the second order partial differential equation

Lε ≡ uxx + εuyy + A(x, y)ux −B(y)uy + C(x, y)u = F (x, y),

where ε > 0 is a small parameter, and A, B, C and F are given functions. If U(x, y) is the
solution of the corresponding non-perturbed problem

L0 ≡ Uxx + A(x, y)Ux −B(y)Uy + C(x, y)U = F (x, y),

then under certain appropriate conditions Zlámal proves that

u(x, y, ε) = U(x, y) + h(x, y, ε)e−α(y)/ε +O(ε1/2)

for ε→ 0, where h(x, y, ε) = O(1) and α(y) =
∫ y0
y
B(s)ds for some suitable y0. He worked also

on parabolic equations as a limiting case of hyperbolic and elliptic equations, see [20, 22].
In the middle of the 1960s, Zlámal started to concentrate on numerical methods. He inves-

tigates the error function

E(f) =

∫ 1

0

f(x)dx−
m∑
k=1

wkf(xk)

which vanishes when f is a polynomial of degree n. Here, 0 ≤ x1 < x2 < · · · < xm ≤ 1 and
wk ∈ R are appropriate weights. In the paper [23], Zlámal derives a formula for estimating
Er = sup{E(f) | f ∈ Hr, ‖f‖0 ≤ 1}, where Hr stands for the standard Sobolev space and
‖ · ‖0 is the Lebesgue L2-norm.

In another paper [24], Zlámal examines a finite difference approximation of the Dirichlet
problem for variable coefficient elliptic operator of the 4th order

Lu ≡ ∂2

∂x2

(
a
∂2u

∂x2

)
+ 2

∂2

∂x∂y

(
b
∂2u

∂x∂y

)
+

∂2

∂y2

(
c
∂2u

∂y2

)
.

Using a clever interpolation of the boundary values, difference equations with 2nd order accu-
racy for smooth solutions are derived and their approximation properties are studied.
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3 Finite element solution of partial differential equations

Richard Courant (1888–1972) is generally considered to be the founder of the finite element
method. On June 16, 1942, he submitted a paper [6] (see also [11]) to the Bulletin of the
American Mathematical Society, which was a crucial contribution to the development of the
finite element method. On page 21, he considers a triangulation of a two-dimensional multiply
connected rectangular domain with four holes. He looks for an approximate solution of a certain
variational problem in the form of a continuous piecewise linear function over this triangulation.

Zlámal achieved the greatest success in the investigation of the finite element method for
solving partial differential equations of various types. This active area of research has become
an essential part physics and engineering [9], for example in the study of problems involving
heat conduction, electrical superconductivity, fluid flows, elasticity, plasticity, semiconductors,
Maxwell’s equations, magnetic and gravitational fields. These problems require the simulation
of various phenomena and physical fields over complicated structures in two, three, and higher
dimensions.

At present the finite element method seems to be the most efficient numerical method for
solving problems of mathematical physics and engineering that are described by partial diffe-
rential equations, algebro-differential equations, integro-differential equations, systems of these
equations, and variational inequalities. The main advantage of the finite element method is
that it enables one to simulate the above mentioned problems on a computer. It thus replaces
the creation of expensive technical models (prototypes) or performing complicated measure-
ments. The whole computational process based on the finite element method can be essentially
automated, including the following steps:

1. preprocessing of input data,

2. generation of finite element triangulations (partitions),

3. assembling finite element matrices,

4. solving the corresponding discrete problems,

5. post-processing of output data,

6. a posteriori error estimation in some norm ‖u− uh‖,
7. graphical illustration of results.

The classical solution of elliptic boundary value problems may not exist if the domain in
question has concave corners or if some coefficients have jumps or if mixed boundary conditions
are prescribed, where one type of boundary condition changes into another type, etc. Thus, the
following concept of a weak solution is usually employed.

Let V be a Hilbert space over real numbers R. A mapping a(·, ·) : V × V → R is called
a bilinear form, if for any fixed v ∈ V the mappings a(v, ·) : V → R and a(·, v) : V → R are
linear. The following lemma plays a key role in the finite element method, see e.g. [3, 5].

Lax-Milgram lemma. Let V be a Hilbert space equipped with the norm ‖·‖V and let F : V → R
be a continuous linear form. Let a(·, ·) be a continuous bilinear form, i.e., there exists a constant
C1 > 0 such that

|a(v, w)| ≤ C1‖v‖V ‖w‖V ∀v, w ∈ V.
Further, assume that there exists a constant C2 > 0 such that

a(v, v) ≥ C2‖v‖2
V ∀v ∈ V.
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Professor Miloš Zlámal – his life and work

Then the problem: Find u ∈ V such that

a(u, v) = F (v) ∀v ∈ V (1)

has exactly one solution.

To explain the basic idea of the finite element method we present the following example.

Example. Let Ω ⊂ Rd, d ∈ {1, 2, 3, . . . }, be a bounded polytopic domain with Lipschitz
boundary ∂Ω. Consider the Poisson equation with homogeneous Dirichlet boundary conditions

−∆u =f in Ω, (2)

u =0 on ∂Ω, (3)

where f ∈ L2(Ω). We look for a weak solution u in the Sobolev space

V = H1
0 (Ω) = {v ∈ L2(Ω) | grad v ∈ (L2(Ω))2, v = 0 on ∂Ω}

with the Sobolev norm ‖·‖1, see [5]. Multiplying (2) by an arbitrary function v ∈ V , integrating
by parts, and using the boundary conditions (3), one can transform the above problem into
problem (1) with corresponding bilinear and linear forms

a(v, w) =

∫
Ω

grad v · gradw dx, F (v) =

∫
Ω

fv dx.

Note that any classical solution in C2(Ω) of problem (2)–(3) is the weak solution of (1) and
that the assumptions of the Lax-Milgram lemma are satisfied.

Let Vh ⊂ V be a non-empty finite dimensional subspace and let us look for uh ∈ Vh so that

a(uh, vh) = F (vh) ∀vh ∈ Vh.

By the Lax-Milgram lemma there exists one solution uh ∈ Vh. It is called the Galerkin solution
and can be considered as a discrete approximation of u. Here Vh usually consists of continuous
piecewise polynomial functions over some partition of Ω into simplices, e.g.,

Vh = {v ∈ H1
0 (Ω) | v|K ∈ Pk(K) ∀K ∈ Th},

where Pk(K) is the space of polynomials of the kth order over K, Th is a triangulation, and Vh
is called a finite element space, see Fig. 1 for Ω = (0, 1) × (0, 1), the discretization parameter
h = 0.1, and k = 1. It can be proved that Vh contains only continuous functions, see [5, p. 44],
[10, p. 27].

61



Michal Kř́ıžek

Fig. 1 A continuous piecewise linear finite

element function over a triangulation

Fig. 2 A typical shape of a piecewise linear finite

element basis function with h = 0.2.

The finite element is a triple (K,PK ,ΣK), where K ⊂ Rd, d ∈ {1, 2, . . . }, is a nonempty
convex polygon called an element, PK is a space of polynomials over K, and ΣK is a finite set
of degrees of freedom that enable us to define uniquely a polynomial p ∈ PK for prescribed
values of all functionals from ΣK (see e.g. [5] for details). Finite elements are used to construct
finite element spaces Vh, see [3, 9, 7].

Looking for uh ∈ Vh as a linear combination of basis functions v1, . . . , vN of the space Vh
(N = dimVh),

uh =
N∑
j=1

cjv
j,

we obtain the following system of linear algebraic equations for the unknowns c1, . . . , cN ∈ R,

N∑
j=1

a(vj, vi)cj = F (vi), i = 1, . . . , N,

whose (stiffness) matrix

A = (a(vi, vj))Ni,j=1

is positive definite.

The discrete solution uh is, of course, independent of the choice of basis functions. The
main idea of the finite element method is that we may choose the basis functions vi having
small supports, see Figure 2. Then the matrix A is sparse, which means that only O(N) entries
are nonzero, in general. This enables us to solve the above system efficiently and to store A
with much less computer memory than in the case of a full matrix with N2 nonzero entries, in
general.

By a partition (or triangulation) of a closed polytopic domain Ω we mean a set of elements
whose union is Ω, any two elements have disjoint interiors, and each facet of an element is a
facet of another element from the partition, or belongs to the boundary ∂Ω, see Fig. 3 and 4.
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Fig. 3 Partitions of given domains into elements

in case of dimension d = 1, 2, 3 Fig. 4 Triangulation of a wrench

A simplex K is the convex hull of points A0, A1, . . . , Ad ∈ Rd not lying in one hyperplane.
We can easily find that

grad vi · grad vj = −cosαij
hihj

, i, j = 0, . . . , d, i 6= j,

where αij is the dihedral angle between facets Fi and Fj of the simplex K, vi(Aj) = δij is
Kronecker’s symbol, and hi is the height in K above Fi.

In Figure 5, we see that the above scalar
product can be positive when αij > 90◦ and
i 6= j. In this case, the finite element method
may yield numerical results that violate basic
physical principles, see [3] and the following
definitions.
A square matrix A is an M-matrix if all its
off-diagonal entries are nonpositive and if it
is nonsingular and A−1 ≥ 0. In particular,
A is a Stieltjes matrix if all its off-diagonal
entries are nonpositive and if it is symmetric
and positive definite. Fig. 5 A triangulation with one obtuse angle

4 The most important Zlámal’s results
on finite elements

In 1968, Zlámal developed the first mathematical theory of the convergence of the finite element
method. It was published in his pioneering paper [25] in the prestigious journal Numerische
Mathematik. Zlámal introduced the so-called minimum angle condition (see (4) below) that
ensures the convergence of the finite element approximations in natural Sobolev norms when
solving linear elliptic boundary value problems of the second and fourth order on planar tri-
angulations. This condition requires the existence of a constant α0 > 0 such that the minimal
angle αT of each triangle T in all triangulations involved satisfies the lower bound

αT ≥ α0. (4)
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To be more precise, Zlámal used the condition

sinαT ≥ sinα0

which is equivalent to (4), since the minimum angle in each triangle is always nongreater than
60◦ and sin is an increasing function over the interval [0◦, 60◦]. The same condition (4) was also
introduced simultaneously by Alexander Žeńı̌sek [15] for the finite element method applied to a
system of linear elasticity equations of second order. For a generalization of Zlámal’s minimum
angle condition (4) to simplicial finite elements in Rd see [2].

Céa’s lemma. Let the assumptions of the Lax-Milgram lemma be satisfied. Then there exists
a constant C > 0 such that for any subspace Vh ⊂ V , Vh 6= 0, we have

‖u− uh‖V ≤ C inf
vh∈Vh

‖u− vh‖V . (5)

If u ∈ H2(Ω) ∩ C(Ω) is the weak solution of a second order elliptic problem, then the
convergence of the corresponding finite element approximations uh follows directly from Céa’s
lemma and the interpolation theorem [5], since we can take vh = πhu, where πhu is the Vh-
interpolant of u over a given triangulation. This is a continuous piecewise polynomial function.
Assume that the minimum angle condition (4) is satisfied. The infimum on the right-hand side
of (5) can be then estimated by the interpolation error for h→ 0:

‖u− uh‖1 ≤ C inf
vh∈Vh

‖u− vh‖1 ≤ C‖u− πhu‖1 ≤ C
′
h|u|2.

Hence, for smooth solution we have at least a linear rate of convergence of the finite element
method. The same convergence rate holds (see [3, p. 27]) for the maximum angle condition,
i.e., there exists a constant γ0 < π such that the maximal angle γT of each triangle T in all
triangulations involved satisfies the upper bound

γT ≤ γ0.

In [15, p. 365] Alexander Žeńı̌sek proves that if the maximum angle condition does not hold
then the linear triangular finite elements may loose their optimal interpolation order, see also
[3, p. 42].

Let us emphasize that the finite element method converges without any regularity assumpti-
ons on the true solution of the problem (2)–(3) when the maximum (i.e. also minimum) angle
condition is satisfied. To show this, let ε > 0 be given. If u ∈ H1

0 (Ω), then there exists an
infinitely differentiable function from the same space such that ‖u−w‖1 ≤ ε/2. Then by Céa’s
lemma, the triangle inequality and interpolation theorem we have

‖u−uh‖1 ≤ C inf
vh∈Vh

‖u−vh‖1 ≤ C‖u−πhw‖1 ≤ C‖u−w‖1 +C‖w−πhw‖1 ≤ Cε/2+Cε/2 = Cε

for h→ 0. Hence, we have the convergence also of the gradient in the L2-norm, Note that the
classical finite difference method requires a higher regularity of the true solution to guarantee
at least some pointwise convergence.

Zlámal was one of the first mathematicians who invented the so-called mortar elements, see
[27]. They are employed when one part of the domain in question is covered by different finite
elements than in another part. For example, suppose that Ω1 and Ω2 are nonempty polygonal
subdomains of a bounded planar domain Ω and let Ω1 and Ω2 be separated by a tiny strip. Let

64



Professor Miloš Zlámal – his life and work

Ω1 by covered by the standard linear Lagrange triangular elements with 3 degrees of freedom.
Let Ω2 be covered by the cubic Hermite triangular elements with 10 degrees of freedom. Zlámal
invented two special mortar elements

T − 6 and T − 8

with incomplete cubic unsatz functions with 6 and 8 degrees of freedom. They are used to cover
the tiny strip between Ω1 and Ω2. These mortar elements thus enable us to define a continuous
finite element fields over the whole domain Ω.

The solution of elliptic boundary value problems is usually transformed to the minimization
of a convex coercive functional for solving the associated variational problem. This is their
variational formulation. However, in practical implementation of the finite element method in
order to solve elliptic boundary value problems numerically, the so-called variational crimes
are usually committed, see e.g. [3]. They include the following situations:

1) A given domain with a piecewise curved boundary is approximated by polygonal (in 2d)
or polyhedral (in 3d) domains.

2) Integrals are evaluated numerically with the use of quadrature formulae.

3) Boundary conditions are approximated (interpolated) by finite element functions.

To avoid approximation of a curved boundary by a polygonal one, Zlámal introduced an
ideal curved finite element in [28]. This is one of his most cited papers, see also [1]. The space of
the corresponding ansatz functions consists of nonpolynomial functions, in general. Therefore,
Zlámal was also intensively working on appropriate numerical quadrature formulae to evaluate
numerically integrals over particular elements, see e.g. [23, 30]. Note that special penalty me-
thods were used to handle nonhomogeneous Dirichlet boundary conditions.

During the development of the finite element method it has also been found that the rate of
convergence of finite element approximations at some exceptional points of a domain exceeds
the optimal global rate if finite element partitions have some regular geometric structure. This
phenomenon has come to be known as superconvergence. Zlámal in [29, 30] proved superconver-
gence of the gradient of finite element solutions of some elliptic boundary value problems, see
also his paper with Pierre Lesaint [13]. For instance, there is superconvergence of the gradient
of order O(h2) at centroids of bilinear rectangular elements under some regularity conditions.
Also in [26], Zlámal presents a special box finite element method giving solution gradients with
a high order accuracy.

In the 1980s, Zlámal started to investigate finite element solutions of various nonlinear
problems. For example, in [31] he considers the nonlinear heat conduction problem

c(u)
∂u

∂t
= ∇ · (k(u)∇u) + q(u, x, t)

with some given boundary and initial conditions for d ∈ {2, 3}, where c, k ∈ L∞(Ω) are bounded
from below by a positive constant and the function q is integrable. Defining new variables

H(u) =

∫ u

0

c(s)ds, G(u) =

∫ u

0

k(s)ds,

the above problem can be transformed to a variational minimization problem with a quadratic
functional.
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A series of papers [14, 32, 33] (the first one is with Frantǐsek Melkes) concerns finite element
approximations of magnetic fields. This is again a nonlinear problem which can be described
for stationary case by elliptic equations

d∑
i=1

∂

∂xi

(
ν(x, ‖∇u(x)‖2)

∂u

∂xi

)
= f

with some boundary conditions. Here, the magnetic reluctance ν nonlinearly depends on the
magnetic potential u.

In [34, 35], Zlámal investigates the nonlinear equations of semiconductor device theory
consisting of a Poisson equation for the electric potential Ψ and two highly nonlinear continuity
equations for the electron and hole densities n and p in a bounded domain Ω ⊂ Rd, d = 2, 3,

−∆Ψ =
q

ε
(p− n+N(x)),

∂n

∂t
= ∇0[Dn(x, ‖∇Ψ‖)∇n− µn(x, ‖∇Ψ‖)n∇Ψ]−Rn(n, p),

∂p

∂t
= ∇0[Dp(x, ‖∇Ψ‖)∇p+ µp(x, ‖∇Ψ‖)n∇Ψ]−Rp(n, p).

Here, Ds(x, ξ) and s ∈ {n, p} are related to mobilities µs(n, ξ) by the Einstein relation
Ds(x, ξ) = UTµs(x, ξ), where UT is the thermal voltage, N is a given function of x ∈ Ω,
and Rs is a recombination term. The mesh is assumed to have acute simplices, see [3].

5 Concluding remarks

Professor Miloš Zlámal usually worked alone on various mathematical problems, see the list
of references. He wrote only a few papers with coauthors, e.g., [1, 4, 9, 13, 14, 16]. Under his
condition (4) he derived the optimal convergence order when solving the 2nd and 4th order
elliptic boundary value problems by the finite element method provided the true solution is
smooth enough, see [25].

However, the main advantage of the finite element method satisfying Zlámal’s minimum
angle condition (4) is that it converges in suitable Sobolev norms without any regularity as-
sumption of the true solution as shown is Section 5 and also in [5, p. 134].

Finally, we have to emphasize that (4) is only a sufficient condition for the convergence of the
finite element method. It is not necessary. In [3, pp. 42–44], we present a family of triangulations
which does not satisfy the minimum (and also maximum) angle condition and the finite element
method preserves the optimal convergence order in the Sobolev H1-norm. To find a necessary
and sufficient condition on families of triangulations for the convergence of the finite element
method is still an open problem.

Acknowledgments. The author is indebted to Jan Brandts and Lawrence Somer for useful
suggestions and to Hana B́ılková for drawing figures. Supported by the Czech Academy of
Sciences (RVO 67985840) and the Czech Science Foundation (Grant no. 24-10586S).
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finite elements in Rd, Appl. Math. 56 (2011), 417–424.
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VUTIUM, Brno, 2006.
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Geometrical conditions
in the finite element method

Václav Kučera
Abstract: We give a brief overview of some key moments in the history of geome-

trical conditions ensuring finite element convergence. Starting from the pioneering

work of Zlámal and Žeńı̌sek and their minimal angle condition, continuing with the

maximal angle condition and the realization of its non-necessity for finite element

convergence, we present the newest development in this area, when these geometric

conditions can be circumvented in certain situations.

Keywords: Finite element method; maximum angle condition; mesh geometry.

AMS classification: 65N30, 65N15, 65N50.

1 Introduction

The finite element method (FEM) is one of the most important methods in numerical mathema-
tics. Nowadays it is the standard method of choice when solving problems described by partial
differential equations. In 2D the method works by constructing a mesh consisting of triangles
which partitions the computational domain. On this mesh a continuous piecewise linear (in
the basic version) approximation is chosen along with a standard weak formulation. Originally,
the method was a purely engineering approximation. However through the pioneering works of
Zlámal and Žeńı̌sek, it has been reformulated in the context of pure mathematics, which allowed
the method to be rigorously analyzed for the first time, deriving estimates for the error between
the exact and approximate solutions. A key assumption of the theory is that the element of the
mesh cannot be too ‘flat’ to ensure convergence. This is the so-called minimum angle condition
or Zlámal’s condition, as named in [2]. Since these groundbreaking results, much progress has
been made, however the basic question of what is a necessary and sufficient condition on the
mesh geometry in order to ensure convergence of the FEM still remains open. In this brief
contribution we will sum up the basic facts and indicate what the future might possibly bring
us.

We note that we only deal with the simplest situation – linear finite elements in 2D. Even
here there are many open questions. If we move to 3D, the situation is much harder, when even
an equivalent condition on tetrahedra to ensure convergence of interpolation is unknown, let
alone an optimal condition ensuring FEM convergence. The same holds for bilinear elements
(i.e. quadrilateral elements), or higher order elements. Each of these generalizations bring a
new layer of added difficulty. We therefore restrict ourselves to the basic situation. Even that
is hard enough.

2 Finite element method

The finite element method is suitable for a wide range of differential equations, both partial
and ordinary, evolutionary and stationary, linear and nonlinear. The surprising fact is that the
basic questions of FEM convergence have not been resolved even for the most basic textbook
problem – Poisson’s equation – for which essentially everything is known from the viewpoint
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of theory of partial differential equations. We will therefore focus on this equation as a model
problem – for more complex problems the situation can only be more complicated with more
unanswered questions.

Consider Poisson’s problem in R2. Let Ω ⊂ R2 be a polygonal domain with Lipschitz
boundary ∂Ω, we solve the problem

−∆u = f on Ω, u|∂Ω = 0 (1)

with the weak form: Find u ∈ H1
0 (Ω) such that∫

Ω

∇u· ∇v dx = (f, v), ∀v ∈ H1
0 (Ω), (2)

where H1
0 (Ω) is the standard Sobolev space of functions with square integrable derivatives and

a zero trace on ∂Ω, while (f, v) =
∫

Ω
fv dx is the L2 scalar product.

In the finite element method, we consider a conforming triangulation Th of Ω, i.e. a parti-
tion into triangles (elements) with mutually disjoint interiors such that the intersection of two
neighboring elements is either a single vertex or a whole edge. Here h denotes the length of the
longest edge in the triangulation. This partition defines the continuous piecewise linear finite
element space

Vh = {vh ∈ C(Ω); vh|K ∈ P 1(K) for all K ∈ Th}, (3)

where P 1(K) is the space of linear functions on the triangular element K ∈ Th.
The finite element method is then defined as follows: Find uh ∈ Vh such that∫

Ω

∇uh· ∇vh dx = (f, vh), ∀vh ∈ Vh. (4)

It is desirable to obtain estimates of the error u− uh in terms of the “fineness”of the mesh
measured in terms of the mesh parameter h. To this end, Céa’s lemma, cf. [2], gives us an
estimate in the H1(Ω)-seminorm:

|u− uh|H1(Ω) = inf
vh∈Vh

|u− vh|H1(Ω), (5)

where |u|H1(Ω) =
√∫

Ω
|∇u|2dx. We note that for other problems, one can expect an inequality

in (5) and a problem-dependent constant in the upper bound.

Standard finite element estimates are typically derived by taking the piecewise linear La-
grange interpolation Πhu as vh in (5). This is defined element-wise: on each element K ∈ Th the
function Πhu|K = ΠKu ∈ P 1(K) coincides with u at the vertices of K. Such a locally defined
function naturally gives a globally continuous piecewise linear function in Vh.

For triangles, there is an optimal estimate for the interpolation error u − ΠKu in the H1-
seminorm which interests us. Consider an arbitrary triangle K ⊂ R2. Denote the length of
its longest edge as hK and its height perpendicular to this edge as hK . Finally, define RK as
the circumradius of K, i.e. the radius of the circumscribed circle to K. We have the following
optimal estimate, cf. [4].
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Lemma 1 (Circumradius estimate) Let K ⊂ R2 be an arbitrary triangle. Let u ∈ H2(K)
and let ΠKu be the linear Lagrange interpolation of u on K. Then there exists a constant Cc
independent of u and K such that

|u− ΠKu|H1(K) ≤ CcRK |u|H2(K) ≤ Cc
h2
K

hK
|u|H2(K). (6)

One is especially interested in optimal convergence results of the order O(h) in the
H1(Ω)-seminorm, via (5). A sufficient (but not necessary!) condition for this to happen is
when RK ≤ C̃h for all K ∈ Th with some constant C̃ independent of h. Geometrically, this is
equivalent to keeping the ratio hK/hK uniformly bounded for all elements K, which in turn is
equivalent to satisfying the maximum angle condition. This condition requires that all maximal
angles αK of all triangles K ∈ Th are smaller than some α0 < π. Then we have the following
element-wise estimate, which can then be applied in (5).

Lemma 2 (Maximum-angle condition) Let K ⊂ R2 be a triangle satisfying the maximum
angle condition: αK ≤ α0 < π for some fixed α0. Let u ∈ H2(K) and let ΠKu be the linear
Lagrange interpolation of u on K. Then there exists a constant CI depending only on α0 such
that

|u− ΠKu|H1(K) ≤ CIhK |u|H2(K). (7)

By taking the piecewise linear element-wise Lagrange interpolation in Céa’s lemma (5) one
immediately obtains the following error estimate from Lemma (2).

Theorem 1 (Basic error estimate) Let u ∈ H2(Ω) be the solution of (2) and uh ∈ Vh the
finite element solution of (4). If αK ≤ α0 < π for all K ∈ Th, we have

|u− uh|H1(Ω) ≤ CIh|u|H2(Ω), (8)

where CI is the constant from Lemma 2.

3 Historical intermezzo

The maximum angle condition has a long and complicated history. Actually, the first condition
on triangular meshes for the FEM to converge, was derived independently by Zlámal and
Žeńı̌sek (taken here in alphabetical order) in the papers [10], [11]. In these papers the so-called
minimum angle condition is considered, written here as an estimate for the interpolation error:

Lemma 3 (Minimum-angle condition) Let K ⊂ R2 be a triangle satisfying the minimum
angle condition: γK ≥ γ0 > 0 for some fixed γ0, where γK is the smallest angle of K. Then
there exists a constant CI depending only on γ0 such that

|u− ΠKu|H1(K) ≤ CIhK |u|H2(K). (9)
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The three estimates and conditions mentioned so far – (6), (7), (9) – can be summed up as
follows:

|u− ΠKu|H1(Ω) ≤ C(K)hK |u|H2(K), (10)

where the factor C(K) can be taken as

C(K) =


1

sinγK
, minimal angle estimate,

1
sinαK

, maximal angle estimate,
hK
hK
, circumradius estimate,

(11)

where γK , αK , RK are the minimal angle, maximal angel, and circumradius of the triangle K,
respectively.

In order to bound the factor C(K) uniformly from above, thus obtainingO(h)-error estimates
in (10), one gets the corresponding minimal and maximal angle conditions, while bounding the
last line of (11) is equivalent to maximal angle condition. Simple geometry tells us that
the minimal angle condition is the weakest (K cannot contain one small angle),
followed by the maximum angle condition (K can contain one small angle, but not
two). We note that the added value of the last line of (11) can be appreciated when deriving
error estimates with slower convergence rates than O(h).

The fact that the minimal angle condition can be improved to the maximal angle condition
was discovered independently by several groups, e.g. [1]. Its proof relies on a finer analysis of the
interpolation error terms and is rather technical due to the fact that integral-based norms are
used. If we consider the Sobolev norm W 1,∞ (i.e. the ‘maximum of the magnitude of gradients’)
instead of H1, the proof turns out to be quite simple, based essentially on the remainder of
Taylor’s expansions, [5].

It can be shown that the maximal angle condition is optimal for error estimates of Lagrange
interpolation, and it cannot be improved. This is done by considering a special quadratic
function u and explicitly calculating the error of its Lagrange interpolation.

However, the situation is much more complicated for the finite element method. Taking
vh := ΠKu in Céa’s lemma gives only an upper bound, which, as it turns out can be a huge
overestimate of the true error. In such situations the maximal angle condition is too restrictive
and the FEM can have optimal O(h) convergence without it. This was first noticed in [3],
where it was proven by a simple geometric construction that the maximum angle condition
is not necessary for O(h) convergence. In fact Th can contain many ‘bad’ triangles violating
the maximum angle condition while still exhibiting optimal O(h) convergence. In other words,
the finite element method can converge optimally even when the Lagrange inter-
polation error goes to infinity. This is especially important when we have a sequence of
meshes obtained e.g. by refinement and let h→ 0. In this situation one usually considers a set
of triangulations Th, h ∈ (0, h0) for some h0 > 0. A more general approach to the problem is
taken in [6], where a more sophisticated interpolation is considered instead of Lagrange inter-
polation. This interpolation is non-local (i.e. not based on data from a single element), which
allows to transcend the locality of the maximum angle condition.

4 Optimality results

The question arises if there are situations, when we can optimally estimate the FEM error,
since the maximal angle (or circumradius) estimate is unable to do so in general. It turns out
there are two situations when this is possible.

72



Geometrical conditions in the finite element method

Fig. 1: Babuška-Aziz mesh with elements of width h and height h.

4.1 Babuška-Aziz meshes

The first optimally analyzed mesh type is the Babuška-Aziz counterexample, [1], where meshes
reminiscent of the famous ‘Schwarz lantern’ counterexample from measure theory are conside-
red, cf. Figure 1. In these meshes all interior elements violate the maximum angle condition,
i.e. their height h goes to zero faster than their width h. The original analysis in [1] is however
suboptimal, the optimal estimate was obtained in [8], where it is proven that on these meshes

|u− uh|H1(Ω) ≈ min{1, h2/h}, (12)

where ‘≈’ means that the left-hand side can be bounded form above and below by constant
multiples of the right-hand side. The two-sided estimate (12) leads to the condition that h/h
must stay bounded if we want O(h) convergence. We note that the lower bound in (12) means
that the Babuška-Aziz meshes provide an explicit construction of meshes on which
the FEM fails to have O(h) convergence, or fails to converge at all, depending on
the ratio h2/h.

4.2 Band of caps

The second optimally analyzed case of FEM convergence was given in [6]. Here the triangu-
lations Th are assumed to each contain a so-called band of caps, cf. Figure 2. The band of
caps consists of triangles in a zigzag pattern, cf. Figure 2, where all of the elements violate
the maximum angle condition with the given α0. Specifically, we shall consider such a band of
length L and height h consisting of identical isosceles triangles with diameters h, cf. Figure 2.
We assume that every considered Th contains one such band, while all other elements satisfy
the maximum angle condition with a fixed maximal angle α0. It is important to note that the
length L of the band can also depend on h (e.g. L ∼

√
h, etc.), although the most important

case in our situation is that L ∼ 1 is independent of h.

h̄

h L

Fig. 2: Band of caps of length L and height h.

The band of caps is important as a model for an approximated interface within the mesh
Th. This is because it is an essentially 1D object (as an interface in 2D would be) with some
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nonzero thickness h. It is then desirable to have the thickness of the approximate interface as
small as possible without affecting the convergence rate of the finite element method. Due to
the regular structure of the band, the finite element error can be analyzed on meshes containing
these bands of caps. Specifically, what we seek are conditions on the geometry parameters L
and h in order to preserve O(h) convergence, or more generally O(hα) convergence for some
α ∈ [0, 1]. In [6], [7] the following result is proved as a special case of the main theorem of the
paper dealing with a band of general elements.

Theorem 2 Let u ∈ W 2,∞(Ω). Let Th contain a band of caps B of length L and height h, while
all other elements in Th satisfy the maximum angle condition with some α0 < π. Then there
exists a constant C(u) depending only on u such that

|u− uh|H1(Ω) ≤ C(u)h (13)

if and only if there exists C̃ > 0 independent of h such that

h ≥ C̃h2L. (14)

In the special case of L ∼ 1 independent of h, Theorem 2 states that the FEM can have
O(h) convergence on meshes containing bands of caps if and only if these bands have height
not smaller than on the order of h2. This means that if h→ 0 faster than h2, the FEM cannot
have O(h) convergence (actually it is proven also that if h → 0 faster than h4, then the FEM
does not converge at all). In the context of the maximal angle condition this means that the
band can violate this condition, but not too much (hK ∼ h2

K). We note that the validity of
Theorem 2 has been verified by numerical experiments.

5 Circumventing the maximum angle condition

As stated, the band of caps can be viewed as an approximated interface within the mesh Th.
Problems with interfaces are ubiquitous in applications and such meshes are actually desirable.
Moreover, in these situations we want to make the interface as sharp as possible (i.e. h as small
as possible). However this runs into the limitations posed be Theorem 2 which states that the
best we can do in general is h ∼ h2. This restriction is not purely theoretical or academic. In
practice, if this condition is violated, the numerical solution undergoes a locking phenomenon
which forces the numerical solution to be a single linear function on the whole band of caps,
which completely destroys the ability of the method to approximate any reasonable solution.

We note that if the mesh is tailored to one particular solution u (e.g. u containing a sharp
gradient at the interface), then the maximum angle condition need not apply since it is a
statement about approximating all functions from a given class. However when u has several
components (e.g. temperature and the level set function defining the position of the interface),
the interface band of caps is not tailored to the shape of all these functions (e.g. to capture sharp
gradients), but given by the physics. So while the mesh may capture one of the components of
u very well, this might not be the case for other components of u. Hence the maximum angle
condition would again come into play in these situations. Finally, we note that the 3D analogue
of a interface is a thin slab of somehow degenerating elements that approximates a 2D surface
within the 3D domain.

Now we briefly present a new idea that enables computation on meshes containing de-
generating bands of caps. The method is called the Tempered Finite Element Method
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Fig. 3: Mapping of cap K element onto a reference element K̂.

(TFEM), [9], and is based on a very simple idea. The standard FEM formulation of Poisson’s
problem leads to a system of linear equations, whose entries are computed from the elementwise
contributions

Kij =

∫
K

∇φi∇φjdx, (15)

where φi, φj are standard ‘tent’ basis functions corresponding to individual vertices of the
mesh. The standard way how to compute these entries is by mapping the element K onto a
fixed reference element K̂ as in Figure 3. The gradient of a basis function φ in the element K
can then be obtained via the chain-rule ∂φ

∂x
= ∂φ

∂ξ
∂ξ
∂x

. The calculation of the Jacobi matrix of the

transform ∂ξ
∂x

is given by:

∂ξ

∂x
=

(
∂x

∂ξ

)−1

=
1

J

[
∂y
∂η

−∂x
∂η

−∂y
∂ξ

∂x
∂ξ

]
(16)

where J = ∂x
∂ξ

∂y
∂η
− ∂x

∂η
∂y
∂ξ

is the mapping determinant. For a triangular element, J is constant and

equals to two times the area of the element. When evaluating (15), each of the two gradients
results in a factor of 1/J via (16). Furthermore, a factor of J appears due to the transformation
of the integral via dx = J dx̂. Altogether, when evaluating (15) on the reference element, we
get a total factor of 1/J in the expression. In more detail, we get

Kij =

∫
K̂

1

J

[
∂φi
∂ξ

∂φi
∂η

] [ ∂y
∂η

−∂x
∂η

−∂y
∂ξ

∂x
∂ξ

][
∂y
∂η

−∂y
∂ξ

−∂x
∂η

∂x
∂ξ

][
∂φj
∂ξ

∂φj
∂η

]
dx̂. (17)

If we have an extremely flat cap element K, the corresponding Jacobian J which causes nu-
merical issues in the denominator in (17). The basic idea of TFEM is to replace the
value J ≈ 0 by a certain minimal value Jmin that we are willing to divide by. The
question then arises how to choose this “magical” constant. As numerical experiments show,
the optimal choice in Rd is Jmin ∼ hd+1. This choice leads to numerical solutions that have
optimal convergence rates in H1 and L2 even when the width of the band of caps is extremely
small. Actually, one can even compute on meshes where the band of caps has zero width, i.e.
h = 0, in all its elements. In this case the TFEM approach avoids division by zero in (17) and
gives a good numerical solution. In Figure 4, we can see such a mesh on the unit square, where
the band of caps has zero thickness and effectively looks like a vertical line in the middle of the
square domain, on which the mesh seems so be nonconforming. While it would be impossible
to compute using standard FEM on such a mesh (multiple divisions by zero), TFEM gives a
very good solution. We note that the mesh is chosen so coarse only for illustration purposes,
so as the elements are clearly visible. Numerical experiments on much finer (and 3D) meshes
are performed in [9], including convergence tests.
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Fig. 4: Mesh with a vertical band of caps with zero width (left), numerical solution corresponding
to exact solution u(x, y) = sin(2πx) cos(2πy) (right).

We note that the TFEM approach can be rigorously analyzed, obtaining optimal error
estimates for the heuristic choice Jmin ∼ hd+1. Furthermore, one can show that in the case
of exactly zero-measure elements such as in Figure 4, the TFEM approach is equivalent to a
mortaring scheme. In fact, one can use this approach to easily implement mesh mortaring and
even the discontinuous Galerkin method within an off-the-shelf FEM code. All of this is possible
by simply limiting the value of J away from zero by a pre-chosen value Jmin in the code and
is therefore very simple to implement. In [9] the method is tested also on more sophisticated
problems, such as linear elasticity.

The TFEM technique possibly opens the door to very robust FEM implementations that
are able to compute on very distorted meshes. This is not so much of a problem in 2D, however
producing high-quality meshes on some geometries in 3D is near impossible and very time
consuming. A mesh-robust FEM method would certainly be of much value to the community.

6 Conclusions

We have presented key points from the history of geometrical conditions in the finite element
method. The history started with the pioneering work of Zlámal and Žeńı̌sek and their minimal
angle condition, and continued with the maximal angle condition. In a surprising turn of events,
it was realized that the latter condition (which cannot be improved for Lagrange interpolation)
is not necessary for FEM convergence. What condition is necessary and sufficient remains
a mystery. Finally, we presented a new technique, which allows to bypass the restriction of
the maximum angle condition in certain situation when this is desirable. The question arises,
whether there exists a FEM-like scheme that would be able to compute on arbitrary meshes.
Such a universally convergent scheme would be of much value.
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[11] A. Žeńı̌sek: The convergence of the finite element method for boundary value problems of
a system of elliptic equations, Apl. Mat. 14 (1969), 355–377.

Václav Kučera is an associate professor at Charles University, Faculty of Mathematics and
Physics, Department of numerical mathematics, Sokolovská 86, 180 Praha 8, Czech Republic,
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a posteriori error estimates
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Abstract: This short contribution is intended mainly for mathematicians who are

not specialists in numerical analysis but would like to understand better the fun-

damental features of the finite element method. First, we review the finite element

method for linear elliptic partial differential equations of second order. Then we con-

centrate on the main ideas of a priori and a posteriori error estimates, convergence

and adaptive mesh refinement. We especially emphasize the pioneering convergence

result of Professor Miloš Zlámal and present some modern results from the theory

of the finite element method. We use several numerical examples to illustrate the

presented results.

Keywords: finite element method, convergence, a priori error bounds,

a posteriori error estimates, adaptivity.

AMS classification: 65N30, 65N15.

1 Introduction

The finite element method developed gradually and independently in different parts of the
world. It does not have a single inventor and it is hard to say when it was discovered. Its
beginnings can be traced back to the work of Alexander Hrennikoff and Richard Courant in
the 1940s. Its popularity and importance gained momentum worldwide in the 1950s with the
development of computers. Several pioneering works also appeared in the former Czechoslovakia
and a prominent place among them was the seminal paper [18] of Professor Miloš Zlámal
published in 1968. In this paper, he proved one of the first convergence results for finite elements
under a novel minimal angle condition.

Later on, the convergence theory of the finite element method developed into an elegant
and versatile theory. One of the first, recommendable and still influential monographs on the
finite element theory are [8] and [15].

In this short contribution, we first review Zlámal’s a priori error bound as an example of
the convergence result. We will comment on its aspects to motivate interest in a posteriori error
bounds. A pioneer in a posteriori error analysis is Professor Ivo Babuška, another prominent
Czech mathematician. His papers [2] and [3] belong among the very first ones on a posteri-
ori error estimates in the finite element method. A posteriori error estimates are crucial in
adaptive algorithms for automatic mesh refinement. This procedure enables us to construct
nearly optimal finite element meshes during the computation and, thus, achieve nearly optimal
computational performance in numerical solution of partial differential equations. The adaptive
algorithm is the final concept we present in this short contribution.

To ease the understanding, we illustrate all these prominent features of the finite element
method on simple numerical examples with numerous illustrations. For clarity, we do not com-
ment on some technical mathematical assumptions and subtle theoretical details.

The rest of this contribution is organized as follows. Section 2 introduces an elliptic linear
problem of second order and briefly explains how to solve it by the finite element method.
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Section 3 reviews the a priori error estimates on an example of Zlámal’s result and explains its
relevance for the convergence of the finite element method. Section 4 is devoted to a posteriori
error estimates and Section 5 provides a brief introduction to the mesh adaptive algorithms.
Finally, Section 6 draws the conclusions.

2 Linear elliptic problem of second-order
and the finite element method

As a model problem, let us consider a simple diffusion-reaction linear elliptic partial differential
equation of second order in a two-dimensional domain with homogeneous Dirichlet boundary
conditions. If Ω ⊂ R2 is a domain with sufficiently smooth boundary ∂Ω and if f = f(x1, x2) is
a suitable right-hand side function defined in Ω then we seek the solution function u = u(x1, x2)
such that it satisfies

−∆u+ u = f in Ω, (1)

u = 0 on ∂Ω.

Here, ∆ stands for the Laplace differential operator defined as

∆u =
∂2u

∂x2
1

+
∂2u

∂x2
2

.

As an example, let us consider a square Ω = (−1/2, 1/2)2, right-hand side function and the
corresponding exact solution

f(x1, x2) = cos(πx1) cos(πx2) and u(x1, x2) =
cos(πx1) cos(πx2)

2π2 + 1
.

Note that it is easy to verify by differentiation that this u satisfies the differential equation and
the boundary condition in (1). Further, note that we have chosen the solution u as the first
eigenfunction of the Laplace operator with homogeneous Dirichlet boundary conditions and,
therefore, functions u and f differ by a constant multiple only. For illustration, Figure 1 (left)
shows a three-dimensional graph of the function u(x1, x2) over the square Ω.

Fig. 1: Exact (left) and finite element (right) solutions of problem (1).
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Fig. 2: Sequence of three uniformly refined finite element mesh.

Most often, for a given right-hand side function f , the exact solution cannot be expressed
analytically in a closed form, especially, in the case of domains Ω with more complex geometries.
Therefore, we have to employ numerical methods and solve problems like (1) numerically.

A very popular approach for numerical solution of partial differential equations is the finite
element method. It is flexible and can handle complicated geometries of Ω. On top of that
it has an elegant convergence theory and various error estimates. To apply the finite element
method, we first construct a triangulation (or mesh) of the domain Ω. Triangulation is simply
a splitting of the domain into triangles or other geometrically simple objects called elements.
The finite element solution is then sought as a continuous and piecewise linear function over
this triangulation.

Mathematically, the finite element method is a special case of the Galerkin method built
on the weak formulation of problem (1). After the discretization one obtains a system of linear
algebraic equations for unknown values of the approximate solution at the nodal points of the
triangulation. This system can be large, but the distinctive feature of the finite element method
is the sparsity of the system matrix. Hence, iterative methods together with suitable precondi-
tioning enable us to solve resulting linear systems with millions of equations on usual personal
computers. Figure 1 (right) shows an example of the approximate finite element solution. Note
that this solution was computed on the mesh depicted in the left panel of Figure 2.

Let us remark that a method with a faster convergence rate can be obtained by approxi-
mating the solution u by a continuous and piecewise quadratic function over the finite element
triangulation. In such a case, we speak about the finite element method of second order. The
resulting system of linear algebraic equations is naturally larger, but the obtained approximate
solution is more accurate. For problems with smooth solutions (without singularities), the higher
order methods pay off, because the gain in the accuracy outweighs higher computational costs.

3 Convergence and a priori error estimates

As we mentioned above, there is an elegant convergence theory for the finite element method.
One of the first convergent results for the finite element method was proved by Professor Miloš
Zlámal in the 1960s. His result applies well to problem (1) discretized by finite elements of
second order. Figure 3 literally quotes his famous result published in [18]. The first two lines
of this quote formulate the assumption that the exact solution u must have all derivatives of
order three bounded in Ω. Simply speaking, the exact solution must be sufficiently smooth for
the validity of this convergence result.
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Fig. 3: A quote of the famous Zlámal’s convergence result from [18].

Inequality (11) in this quote is the main statement. On the left-hand side, we see the
error, i.e., the difference between the exact solution u and the finite element solution U in the
W

(1)
2 (Ω) norm. This norm measures the size of involved functions in terms of both their values

and derivatives. It is the most natural norm for the linear elliptic problems of the second order
and it is defined as

‖v‖2

W
(1)
2 (Ω)

=

∫
Ω

(
v2 + |∇v|2

)
dx1 dx2, where ∇v =

(
∂v

∂x1

,
∂v

∂x2

)T
.

The W
(1)
2 -norm of the error u − U is bounded by the term on the right-hand side of (11).

Important is the last factor h2. Symbol h stands for the mesh parameter and it indicates the
size of finite elements in the triangulation. In particular, h is the largest diameter out of all
(triangular) elements. The first factor C 1

sinϑ
M3 on the right-hand side of (11) is a positive

constant independent of h and we will comment on it later.
Zlámal’s a priori error estimate (11) tells us that the finite element method converges and

in addition that it converges quadratically fast. To understand the concept of convergence of
finite element solutions, we have to consider a sequence of successively refined triangulation.
For example, Figure 2 presents a sequence of three uniformly refined meshes. The coarsest mesh
is depicted on the left-hand side. The refined mesh, depicted in the middle, is obtained from the
coarsest one by splitting each triangle into four similar sub-triangles by connecting the centres
of its edges. The finest mesh (on the right) is constructed by the same procedure applied to the
already refined mesh. This refinement process can be repeated as many times as we wish and
produces a sequence of uniformly refined meshes.

Note that if the first triangulation has the mesh parameter h = h0 (the largest diameter
out of all triangles) then the refined mesh has the mesh parameter h0/2, the twice refined
mesh h0/4, etc. Looking back at Zlámal’s a priori error estimate (11) in Figure 3, we see that
if we uniformly refine the triangulation then the error bound in (11) drops by the factor 4.
Indeed, if the bound on the right-hand side of (11) is C 1

sinϑ
M3h

2
0 for the first mesh then it will

be C 1
sinϑ

M3h
2
0/4 on the refined mesh. This bound is optimal and, therefore, the error on the

left-hand side behaves in the same manner during the process of uniform mesh refinement.
To sum up, Zlámal’s a priori error estimate tells us, roughly speaking, that the error of the

finite element approximation measured in the suitable norm will drop by a factor of 4 every
time we uniformly refine the mesh. In other words, the error behaves like h2 and we speak
about the second-order convergence speed.
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This second-order convergence does not appear unconditionally. Besides the assumption of
the smoothness of u, the angle ϑ plays a crucial role here. Zlámal comments on it immediately
below his celebrated result, see Figure 3. To explain, ϑ is the smallest angle within the given
triangulation and it is important to guarantee that it stays bounded away from zero during the
refinement process. In other words, the smallest angle ϑ in the triangulation cannot degenerate
to zero. The point is that the mesh refinement needs not to be uniform. There are countless
ways how triangular meshes can be refined and it is not difficult to imagine a refinement process
that splits the angles. If such angle splitting happens infinitely many times then the smallest
angle converges to zero and the factor 1/ sinϑ on the right-hand side of Zlámal’s bound (11)
blows up towards infinity. Therefore, we have to refine the meshes such that the smallest angle
in all triangulations stays bounded away from zero.

Let us note here that this well-known Zlámal’s minimum angle condition was generalized
to arbitrary dimension in [7]. However, it is not an optimal condition for convergence. The
finite element method can converge (even optimally fast) on a sequence of meshes where the
smallest angle degenerates towards zero. The right-hand side of Zlámal’s estimate will blow up
to infinity but the error on the left-hand side will converge to zero.

More recent results showed that the finite element method converges under the assumption
that the largest angles in triangulations are bounded away from π, see e.g. [6, 11, 12]. Notice
that an obtuse triangle with one large angle has necessarily two small angles. On the other
hand, if a triangle has one small angle then the other two angles can be close to π/2 and,
hence, bounded well away from π. Therefore, Zlámal’s minimal angle condition is indeed less
general than the largest angle condition. On top of that, it turns out that the finite element
method can converge even on certain sequences of meshes, where the largest angle converges
to infinity. This brings us to a still unresolved question, what is the sufficient and necessary
condition for the convergence of the finite element method. See [13, 14] for more details.

Zlámal’s error bound (11) is a typical example of an a priori error estimate. We can hy-
pothetically evaluate it even before any computation (hence a priori). However, and it is a
characteristic feature of a priori error estimates, they contain unknown constants typically de-
noted by C. The right-hand side of Zlámal’s bound contains two such constants. Besides C,
it is M3 that can be theoretically derived from the third derivatives of the exact solution u,
but this solution is not known in practical applications and the value of constant M3 is, thus,
unreachable.

4 A posteriori error estimates

In contrast to a priori error estimates the a posteriori bounds can be evaluated from the
knowledge of the approximate solution after it has been computed. Hence, the name a posteriori.
There are various types of a posteriori error estimates with various properties. Here, we present
one that currently seems most suitable for problem (1).

If u = u(x1, x2) and U = U(x1, x2) stand for the exact and finite element solutions of (1),
respectively, then a posteriori error estimator η satisfying

‖u− U‖
W

(1)
2 (Ω)

≤ η (2)

can be computed as

η2 = ‖σ −∇U‖2
L2(Ω) + ‖f − U + div σ‖2

L2(Ω), where ‖v‖2
L2(Ω) =

∫
Ω

v2 dx1 dx2, (3)
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Fig. 4: Convergence of the exact error and the error estimator for uniformly refined meshes.

see e.g. [1]. Here, the flux reconstruction σ = (σ1(x1, x2), σ2(x1, x2))T is a two-dimensional
vector field defined in Ω and div σ = ∂σ1/∂x1 + ∂σ2/∂x2 stands for its divergence. Recall that
gradient ∇ was already introduced above.

Interestingly, the error u − U on the left-hand side of (2) is measured in the same

W
(1)
2 (Ω)-norm as in Zlámal’s a priori bound (11). The square of the a posteriori error es-

timator η is given by (3) as a sum of squares of two L2(Ω)-norms that can be evaluated from
the knowledge of the finite element solution U , right-hand side f and the flux reconstruction σ.

The flux reconstruction σ plays a crucial role in the definition of estimator η. Technically,
div σ is required to be square integrable over Ω, but otherwise σ can be arbitrary. However, to
obtain a useful and accurate bound on the error, the flux reconstruction σ should approximate
the gradient of the exact solution u. There are various possibilities, how the flux reconstruction
σ can be computed. It can be a postprocessing of ∇U or it can be computed by minimizing the
quadratic functional on the right-hand side of (3) for σ being in a suitable finite dimensional
subspace. Although these approaches can be technically involved, fast and accurate algorithms
for the flux reconstruction σ are known, see e.g. [4, 5, 10, 16, 17].

A posteriori error estimator (2) is especially useful in practical computations. It does not
contain any unknown constant, can be fully computed and the resulting number η is proven to
bound the (unknown) error from above. With this error estimator, we can guarantee that the
error of our finite element solution is below the required tolerance.

Let us illustrate the convergence of the finite element method and the accuracy of a po-
steriori error estimator (3) on an example. As above, we will solve problem (1) on the square
Ω = (−1/2, 1/2) with the right-hand side f(x1, x2) = cos(πx1) cos(πx2). For simplicity, we use
finite elements of the first order. In this case, the expected order of convergence is one. This
means that every time we uniformly refine the triangulation, the error should drop by a factor
of two. To verify this fact, we solve the problem on a sequence of uniformly refined meshes,
as illustrated in Figure 2. For every mesh, we compute the W

(1)
2 (Ω)-norm of the error u − U

and plot it versus the mesh size h. Figure 4 shows these values in the log-log plot as the blue
line with circular markers. We may observe that the error drops almost exactly as the theory
predicts.

Note that we can compute this error and plot this convergence curve thanks to the knowledge
of the exact solution u only. However, in practical computations the exact solution is unknown
and, therefore, a posteriori error estimates such as (2) are needed. The red solid line with dot
markers in Figure 4 plots the corresponding values of the error estimator η defined by (2). First,
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we see that the estimator η is larger than the true error ‖u − U‖
W

(1)
2 (Ω)

, because of the result

(2). Second, the estimator η is a very accurate approximation of the true error.

5 Adaptive mesh refinement

Zlámal’s a priori error bound (11) assumes sufficient smoothness of the exact solution u, namely,
the boundedness of its third derivatives. This is a typical and important assumption in a priori
error analysis of the finite element method. If the exact solution is not smooth, the finite
element method still converges but the convergence need not have the optimal speed. The
optimal speed of convergence, even for non-smooth (singular) solutions, can be restored by
applying the adaptive mesh refinement.

The main idea of the automatic mesh adaptation is to detect the size of the error on all
elements in the mesh and refine those elements, where a large error is indicated while keeping
the elements with small errors unchanged. The a posteriori error estimator described above is
especially suitable for detecting the error on individual elements because it can be localized.

Let us assume that the flux reconstruction σ is already known. If we denote by K an element
(triangle) from the finite element triangulation Th then the local error indicator ηK is given by
identity

η2
K = ‖σ −∇U‖2

L2(K) + ‖f − U + div σ‖2
L2(K). (4)

Note that the definition of indicators ηK is the same as the definition of the estimator η but
restricted from the global space L2(Ω) on the entire domain Ω to the local space L2(K) on the
single element K only. It can be easily shown that

η2 =
∑
K∈Th

η2
K , (5)

i.e., the square of the global error estimator η2 can be computed by the sum of squares of all
local error indicators η2

K .
Local error indicators ηK given by (4) are essential for the following adaptive algorithm.

1. Construct the initial mesh T (0)
h . Set k = 0.

2. Find the finite element solution U (k) on T (k)
h .

3. By (4), compute error indicators ηK for all elements K ∈ T (k)
h .

4. Compute η by (5). If η < TOL, stop.

5. Mark elements with largest values of ηK .

6. Refine marked elements and construct new mesh T (k+1)
h .

7. Set k = k + 1 and go to 2.

This adaptive algorithm enables us to find an approximate solution U with the error below the
user-prescribed tolerance TOL (see Step 4). On top of that, this algorithm is nearly optimally
efficient in terms of the computational costs. These favourable properties are connected to
sophisticated theoretical results, such as the upper bound property (2). Most of these results
are beyond the scope of this paper. We just mention that the efficiency of this algorithm is
connected with the efficiency estimates of the error indicators (4). We do not comment on
geometric issues connected with the construction of the mesh in Step 1 and its local refinement
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Fig. 5: Sequence of three uniformly refined finite element mesh.

Fig. 6: Sequence of adaptively refined meshes. Initial mesh (left), 7th adaptive step (middle), and
10th adaptive step (right).

in Step 6. Finally, we note that the choice of suitable marking strategy in Step 5 is important
for the convergence of this algorithm [9].

At this point, we present a numerical example illustrating the performance of the mesh
adaptive algorithm. Let us consider a domain consisting of three-quarters of the unite disc, i.e.
the domain Ω = {(r, θ) : r < 1 and π/2 < θ < 2π}, where (r, θ) are the usual polar coordinates.
In this domain, we define the right-hand side as f = (32/9 + r2/3 − r2) sin(2θ − π)/3. It can
be verified that the corresponding exact solution of (1) is u = (r2/3 − r2) sin(2θ − π)/3. Notice
that the derivative of u with respect to r tends to infinity at zero, i.e. in the re-entrant corner.
We say that u has a singularity at this point.

First, we solve this problem on a sequence of uniformly refined meshes as we did above. The
first three meshes in this sequence are presented in Figure 5. For every mesh in this sequence,
we compute the error bound η by (2) and plot it versus the mesh size h in the log-log axis, see
the blue solid line in Figure 7. Note that after every uniform refinement step, the error drops
to about 70 % of its original value, while the optimal drop would be 50 %.

This suboptimal convergence rate is caused by the singularity of the exact solution and can
be improved by employing adaptive mesh refinement. The above-described algorithm leads to a
sequence of locally refined meshes illustrated in Figure 6. The corresponding convergence curve
is shown in Figure 7 as the red line with dot markers. Observe that it approaches a straight
line with a slope of 1, which corresponds to the optimal rate of convergence. In addition, using
roughly the same computational resources, the adaptive algorithm reached considerably more
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Fig. 7: Uniform and adaptive convergence curves.

accurate results. Note that the mesh size h does not have a good sense for locally refined meshes
produced by adaptive algorithms. Therefore, to plot the adaptive convergence curve, we use
h ≈
√
N , where N is the number of degrees of freedom, which is equal to the number of interior

nodes in the triangulation in this case.

6 Conclusions

In this short contribution, we reviewed the convergence theory of the finite element method for
a second-order linear elliptic problem for mathematicians without an expertise in the numerical
analysis and finite element method. We emphasized the early a priori error bound of Professor
Miloš Zlámal and used it as an illustrative example. Subsequently, we present more recent
developments in the finite element method and described the concept of a posteriori error
estimates and automatic mesh adaptation. These essential features of the finite element method
are illustrated in several numerical examples by many graphs.

Especially, we explained the concept of convergence on a sequence of uniform meshes. We
presented a problem with singularity in the re-entrant corner of the domain causing slower
convergence than optimal. Therefore, we introduced the basic ideas of the adaptive algorithm
and showed that it enables solving such problems efficiently even in the presence of singulari-
ties. We would like to emphasize the essential role of the a posteriori error estimates in this
approach. First, their localized version indicates, where there are areas of large error within
the computational domain and where we need to refine the finite element mesh. Second, they
provide a guaranteed upper bound on the size of the error (measured in a suitable norm) and,
thus, enable us to stop the adaptive algorithm at the moment, we reach the desired accuracy.
As a result, we can confirm what is the error of the computed approximation and we also
know that we stopped the calculations as soon as we reached it, so we did not use unnecessary
computational resources.

In this contribution, we also touched on the still open problem of finding the sufficient
and necessary conditions for the convergence of the finite element method and connected the
pioneering result of Professor Miloš Zlámal with the current frontier research in the finite
element theory.
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element method, S~eMA J. 56 (2011), 81–95.
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Finite element hp-methods
for partial differential equations

V́ıt Dolejš́ı
Abstract: We deal with the numerical solution of partial differential equations using

finite element method whose mathematical background was built in 60’s by prof.

Zlámal. We focus on the hp-mesh adaptive methods that combine the refinement of

mesh elements and the variation of the degree of polynomial approximation. The

hp-method can give the exponential rate of convergence of the error with respect to

the number of degrees of freedom. We present several theoretical results, which are

supported by numerical experiments.

Keywords: hp-mesh adaptation, finite element methods, minimization of degrees

of freedom.

AMS classification: 65M60, 65M15, 65M50.

1 Introduction

Starting from the seminal paper [23] of Prof. Zlámal, the finite element method (FEM) has
become a hot topic in the area of numerical solution of partial differential equations (PDE).
FEM exhibits a very efficient and powerful tool for the simulations of a wide range of physical
and/or engineering problems of human interest. The idea of FEM is to divide the computational
domain into a finite set of mutually disjoint elements that form a mesh Th. The unknown
solution of the given PDE is approximated by a function from a finite-dimensional space Vh,
which usually consists of piecewise polynomial functions over Th. The dimension of Vh is called
the number of degrees of freedom (DoF). This approximation leads to an algebraic system of
size DoF that must be solved numerically.

In general, a finer mesh (larger DoF) results in a better approximation (smaller compu-
tational error) but leads to an increased computational cost. It is necessary to balance these
aspects, which is a challenging task. The goal of the numerical solution of PDEs is to achieve a
given error tolerance using the shortest computational time. One way to reduce computational
cost is to have a suitable (adaptive) setting of the space Vh, usually by controlling its dimension
DoF. We note that the demand for the “shortest possible computational time” and the “minimal
number of DoF” are not equivalent since algebraic systems arising from strongly adapted finite
element space are usually more difficult to solve. However, the reduction of DoF tends to give
a large benefit in terms of computational cost, cf. [14].

The core idea of the adaptive solution of PDEs is to perform the computation on an initial
mesh Th and the corresponding space Vh, estimate the error of interest, adapt (refine) the mesh
Th and space Vh using available information, and repeat the computation until the prescribed
error tolerance is achieved. There exist several basic mesh adaptation strategies which can be
employed:

• h-adaptation, which allows the local refinement (or coarsening) of the mesh elements,

• p-adaptation, which allows the local increase (or decrease) of the polynomial approxi-
mation degrees on mesh elements,
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• r-adaptation, which only adapts the position of the mesh nodes, keeping the number of
DoF.

Obviously, it is possible to combine some of these strategies. For example, hp-adaptive methods
are very efficient techniques that combine h- and p-adaptation, thus allowing adaptation of
element size h, as well as the polynomial degree of approximation p. Theoretical results, as well
as numerical studies, show that the computational error of an hp-method may converge at an
exponential rate with respect to DoF [5, 11, 17, 19, 21].

In this paper, we discuss several aspects of hp-adaptive methods by recalling some theoretical
results that are further accompanied by numerical experiments. In Section 2, we present an
abstract concept of solving partial differential equations by finite element method. Its concrete
realization, with an emphasis on the hp-methods, is given in Section 3. An application of the
hp-adaptation method to a real example is presented in Section 4. Finally, Section 5 contains
several concluding remarks.

2 Abstract concept of finite element discretization

2.1 Variational formulations

For a linear PDE of interest, we consider the following abstract variational (weak) formu-
lation: find u ∈ V such that

a(u, v) = `(v) ∀v ∈ V, (1)

where V is a Hilbert space equipped with norm ‖·‖V , a : V × V → R is a continuous bilinear
form, and ` : V → R is a continuous linear functional. It is possible to consider a more general
case outside of Hilbert spaces, e.g. [15].

The existence and uniqueness of the solution of problem (1) is guaranteed by the Lax-
Milgram theorem.

Theorem 1. Let V be a Hilbert space. Let a : V ×V → R be a bilinear form and ` : V → R
be a continuous linear functional. If the form a is coercive

∃m > 0 : a(v, v) ≥ m‖v‖2
V ∀v ∈ V, (2)

and bounded

∃M > 0 : |a(u, v)| ≤M‖u‖V ‖v‖V ∀u, v ∈ V, (3)

then problem (1) is posses a unique solution u ∈ V .

2.2 Finite element approximations

The main idea of the finite element solution of (1) is to replace space V by a finite-
dimensional space Vh. The subscript h formally represents the discretization parameters. For
simplicity, we assume that Vh ⊂ V , although the numerical examples presented in this paper
are carried out for the case Vh 6⊂ V , we refer to [6, 13].

Definition 2. A function uh ∈ Vh is called the approximate solution of (1) if

a(uh, vh) = `(vh) ∀vh ∈ Vh. (4)
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Using the Lax-Milgram lemma, we can simply prove the existence and uniqueness of the
approximate solution since the assumptions (2) and (3) are valid for the form ah : Vh×Vh → R
given by ah(vh, wh) := a(vh, wh), vh, wh ∈ Vh.

2.3 Abstract error estimates

Finally, we present the abstract a priori error estimate which bounds the difference between the
exact and approximate solutions in the V -norm. To prove the convergence of the approximate
solution uh with the exact one u for h→ 0, the fundamental result is the Céa lemma.

Lemma 3. Let u ∈ V and uh ∈ Vh be the exact and approximate solutions given by (1)
and (4), respectively. Then there exists a constant C > 0 independent of the space Vh such that

‖u− uh‖V ≤ C inf
vh∈Vh

‖u− vh‖V . (5)

Proof. Subtracting (4) from (1) with v := vh, we obtain the Galerkin orthogonality of the
error

a(u− uh, vh) = 0 ∀vh ∈ Vh. (6)

Using the assumptions (2) and (3), we obtain

m‖u− uh‖2
V ≤ a(u− uh, u− uh) = a(u− uh, u− vh) ≤M‖u− uh‖V ‖u− vh‖V ,

for any vh ∈ Vh which implies (5) with C := M/m. 2

Corollary 4. Lemma 3 implies that a sufficient condition for the convergence of uh to u as
h→ 0 is given by the following approximation property:

lim
h→0

inf
vh∈vh

‖v − vh‖V = 0 ∀v ∈ W. (7)

The condition (7) guarantees the convergence of the Galerkin approximations and appears
in many monographs as the approximation property. However, there are many ways to satisfy
(7), including the global refinement of the grids on which the spaces {Vh, h > 0} are de-
fined. Therefore, the approximability condition does not give any guidelines on the efficient
construction of trial spaces in practice. Nevertheless, for a given problem, in virtue of (5), it is
sufficient to construct spaces {Vh, h > 0} such that

lim
h→0

inf
vh∈Vh

‖u− vh‖V = 0 (8)

for each particular (unknown) solution u. Moreover, we are interested not only in satisfying (8)
but also in the rate of convergence [14].

Estimate (5) is the core of many mesh adaptation methods. The idea is to define the finite
element space Vh (cf. 3) such that

inf
vh∈Vh

‖u− vh‖V ≤ ω, (9)
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where u ∈ V is the (unknown) exact solution, and ω > 0 is a given tolerance. The condition
(9) is clearly a necessary condition for the common requirement that the error of the numerical
scheme satisfies

‖u− uh‖V ≤ ω. (10)

Therefore, if condition (9) (or its approximation) is valid, then the numerical method seeking
the approximate solution in vh has the chance of satisfying (10).

3 Finite element spaces

Let Ω ⊂ Rd, d = 2, 3 be a bounded polygonal (for d = 2) or polyhedral (for d = 3) domain.
We use a standard notation for Lebesgue and Sobolev space Lq(Ω) and Hs(Ω), respectively,
including the Sobolev-Slobodetskii spaces Hs(Ω with non-integer derivatives s, cf. [1, 9].

We consider problem (1) whose solution is an unknown function u ∈ V , u : Ω → R.
In order to produce a finite dimensional approximation of u, we introduce a partition of the
computational domain Ω by simplexes K (triangles for d = 2 and tetrahedra for d = 3) and
denote it by Th. By hK , we denote the diameter of K ∈ Th and set h = maxK∈Th hK .

Although the considerations in Section 2 have been carried out for the case Vh ⊂ V , we con-
sider here more general case when Vh consists of piecewise polynomial but discontinuous functi-
ons, hence Vh 6⊂ V . This approach is represented by discontinuous Galerkin method (DGM),
see [13], where the analysis from the previous section is generalized. DGM is more suitable for
the hp-method treated in this paper.

We introduce the space of discontinuous piecewise polynomial functions with a locally va-
rying degree of polynomials. Let P = {pK , K ∈ Th} be a set of integers where pK ≥ 0 is the
polynomial approximation degree assigned to the simplex K ∈ Th. Then we set

Vh := {vh ∈ L2(Ω); vh|K ∈ P pK (K) ∀K ∈ Th}, (11)

where P pK (K) denotes the space of polynomials of degree at most pK on K ∈ Th.

3.1 Approximation properties of finite element spaces

Let Πh be an interpolation from L2(Ω) to Vh. There exist many results concerning estimates
of the interpolation error, that is, the difference between a given function u and its projection
Πhu, for example, [10, Theorem 3.1.4] or [8].

Lemma 5 Let K ∈ Th be a regular shape, v ∈ Hs(K), s ≥ 1, and Πv|K ∈ P p(K) be the
interpolation. Then there exists a constant c > 0, independent of v, s and p, such that

|v − Πhv|Hq(K) ≤ chµ−qK |u|Hµ(K), (12)

where µ = min{p+ 1, s}, q = 0, 1, . . . , µ, and hK is the diameter of K ∈ Th.
Using (12) and the element-wise global projection Πh of functions defined on Ω in Vh, we

obtain the global interpolation estimate in a straightforward way. Consequently, the combi-
nation of this result with Céa lemma yields the convergence rate of the numerical solution with
respect to the exact solution.

The theoretical convergence rate (12) is supported by the numerical experiments presented
in Figure 1. We solve the Poisson problem in unit squares by DGM where the exact solution
belongs to C∞(Ω) (left), H3.5(Ω) (center), and H1.5(Ω) (right) using fixed polynomial approxi-
mation degrees pK = p for all K ∈ Th with p = 1, . . . , 6. These figures show the dependence of
‖u− uh‖L2(Ω) on h. The rate of convergence O(hµ) is easily observed.

92



Finite element hp-methods for PDEs

 1e-14

 1e-12

 1e-10

 1e-08

 1e-06

 0.0001

 0.01

 1

 0.01  0.1

O(h
2
 )

O(h
3
 )

O(h
4
 )

O(h
5
 )

O(h
6
 )

O(h
7
 )

P1 

P2 

P3 

P4 

P5 

P6 

 1e-11

 1e-10

 1e-09

 1e-08

 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0.01  0.1

O(h
2
 )

O(h
3
 )

O(h
7 /2

)

O(h
7 /2

)

O(h
7 /2

)

P1 

P2 

P3 

P4 

P5 

P6 

 1e-05

 0.0001

 0.001

 0.01

 0.01  0.1

O(h
3 /2

)

O(h
3 /2

)

O(h
3 /2

)

P1 

P2 

P3 

P4 

P5 

P6 

u ∈ C∞(Ω), µ = p+ 1 u ∈ H3.5(Ω), µ = min(p+ 1, 3.5) u ∈ H1.5(Ω), µ = 1.5

Fig. 1: Convergence rates of DGM in the L2(Ω)-norm with respect to the mesh size h for different
regularity of exact solution u.

3.2 hp-adaptive methods

As mentioned in the introduction, the goal of the calculation is to obtain an approximate
solution such that the error u− uh, measured in a suitable norm, is within the given tolerance
ω > 0 using a small number of degrees of freedom (DoF). It can be achieved by the following
abstract algorithm.

Mesh adaptive algorithm

(S1) let ‖ · ‖X be the norm of our interest and ω > 0 be the prescribed tolerance,

(S2) let T 0
h be an initial mesh, V 0

h the corresponding finite element space, cf. (11), set k := 0,

(S3) compute approximate solution ukh ∈ V k
h using a finite element method (4),

(S4) estimate the error eh := ‖u− uh‖X by eh ≈ η =
∑

K∈T kh
ηK ,

(S5) if η ≤ ω then stop the computation,

(S6) else construct a new mesh T k+1
h and space V k+1

h based on the local estimators ηK , K ∈ T kh ,

(S7) set k := k + 1 and go to step (S3).

Step (S4) is based on a posteriori error analysis, cf. [22, 7, 2] for example, where various
techniques are described. Here, we discuss step (S6) of the algorithm. Using the variants of
h-adaptation, the fixed ratio elements, having the highest local estimator ηK , are split into
several smaller elements (typically a triangle is split into 4 smaller triangles). On the other
hand, the p-adaptation variant keeps the mesh and increases the polynomial approximation
degrees. The p-adaptation is more efficient than the h-adaptation provided that the exact
solution is sufficiently regular, cf. (12) and Figure 1, left. If the solution has a singularity, the
rate of convergence corresponds to the solution regularity, cf. Figure 1, center and right.

Therefore, a natural way is to combine both approaches, which gives rise to hp-adaptation,
[3, 4]. The idea is to estimate not only the error but also the local regularity of the solution.
Based on the regularity estimate, we decided if the h- or p-adaptation is carried out. There
exist many techniques for hp-adaptation; see survey [18]. Most of these techniques are based on
estimate (12). In particular, let sK be the (approximate) regularity of the exact solution on K,
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Fig. 2: Dependence of computational error with respect to number of degrees of freedom (left) and
the computational time (right) for p = 1, . . . , 6 polynomial approximation and the hp-method.

that is, u|K ∈ HsK (K) then if pK ≤ sK , the p-adaptation is applied, otherwise h-adaptation is
carried out.

Theoretical and numerical results (e.g., [3, 4, 17, 19, 20]) show that hp-adaptivity can lead
to an exponential rate of the convergence with respect to the number of degrees of freedom
(DoF) in the sense that, in two dimensions,

‖∇(u− uh)‖ ≈ C exp
(
−bDoF1/3

)
, (13)

where C > 0 and b > 0 are constants independent of DoF.
The efficiency of the hp-adaptive technique is demonstrated in Figure 2 showing the solution

of a convection-diffusion equation in unit square with a singularity in the left bottom corner.
We compare the calculations using h-adaptation having fixed polynomial degree p = 1, . . . , 6
with the calculations using hp-adaptation. Namely, we present the convergence of the error
with respect to the number of degrees of freedom and the computational time. The dominance
of hp-method is obvious. Moreover, Figure 3 shows the hp-mesh and the comparison of the
approximate and exact solutions after 3 and 11 mesh adaptation loops. We observe a strong
h-refinement close to the singularity corner, whereas p-adaptation is carried out in the rest of
the computational domain.

3.3 Anisotropic hp-mesh adaptation

Although the techniques combining h and p refinement (cf. Section 3.2) are efficient for many
cases, they are not optimal for problems containing line singularities, e.g., interior and boundary
layers, material interfaces, etc. Furthermore, the hp-decision criterion based on (12) need not
be optimal since the formula concerns the asymptotic limit. In particular, there exist other
techniques that achieve the same accuracy using a smaller number of degrees of freedom. We call
this approach the anisotropic hp-mesh adaptation (hp-AMA) since generate meshes consisting
of anisotropic elements (i.e., long and thin). For a survey, we refer to [14].

The idea of hp-AMA is to modify the size, shape, and orientation of triangular elements
such that the interpolation error is under the tolerance ω and the number of degrees of freedom
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Fig. 3: The performance of hp-adaptation, the hp-mesh (left), its detail near the singularity (second
column), the approximate solution along the diagonal cut (third column) and its detail (right); results
after 3 (top) and 11 (bottom) loops of mesh adaptation.

is minimal. Additionally, in each adaptive loop, we admit an increase or decrease in the degree
of the polynomial pK by 1 for each element K ∈ Th so that the interpolation error is kept and
the number of degrees of freedom is smaller.

Let K ∈ T kh and pK be the corresponding polynomial approximation degree. In step (S4)
of the Mesh adaptive algorithm, we construct a higher-order approximation u+

K ∈ PpK+2(K)
and put ẽjK := u+

K − ΠpK+juh|K , j = −1, 0, 1, K ∈ T kh , where ΠpK+j is the L2 projection in
the space of polynomials of degree PpK+j(K). Since ẽjK are polynomial functions, they can be
extended outside of K. Then the following substeps of step (S6) are performed for each K ∈ T kh
separately.

hp-AMA algorithm

(S6a) set a new element K ′ having the same shape and barycenter as K such that
‖ẽ0

K‖X(K) = ω/Nk, where Nk is the number of elements of T kh , i.e., the so-called equi-
distribution of the error estimate,

(S6b) fix the area |K ′| of the element K ′ from previous step, define elements K ′j, j = −1, 0, 1,
having the size

|K ′j| = |K ′|
(pK + 1 + j)(pK + 2 + j)

(pK + 1)(pK + 2)
, j = −1, 0, 1, (14)

which guarantees that density of the degrees of freedom is the same for all polynomial
degrees candidates pK+j, j = −1, 0, 1, elements K ′j, j = −1, 0, 1 have he same barycenter
as K ′,

(S6c) modify the shape and orientation of elements K ′j by minimizing the value of ‖ẽjK‖X(K),
j = −1, 0, 1,

(S6d) select j̄ ∈ {−1, 0, 1} such that ẽj̄K is the smallest one and set the new polynomial degree
pK + j̄ and element size, shape and orientation as K ′j̄.
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Fig. 4: The meshes together with polynomial approximation degrees generated by hp-AMA algorithm;
total view (left) and zooms 200 (center) and 20 000 (right).

This algorithm optimizes each element separately; the final mesh is then constructed iteratively
by an optimization process; see [14].

Figure 4 shows the possible output of hp-AMA algorithm, where we present a numerical
solution of a quasi-linear elliptic problem in the L-shape domain. This problem posses a sin-
gularity in the interior corner. We present the final hp-mesh together with its zooms near the
singularity corner. We observe large elements with high degrees outside the corner and a very
strong h-refinement with low degrees in the vicinity of the interior corner. We note that weak
solution satisfies u ∈ H1(Ω) but u 6∈ H2(Ω), hence (12) implies the optimal polynomial degrees
p = 1. However, we observe p = 3 in our case which is in agreement with [11].

4 Numerical experiments

Finally, we present a numerical example that represents a more complicated, practically moti-
vated problem. It comes from [16], see also [12] where the magnetic state in the cross section
of an alternator was solved numerically. Due to symmetry, only one quarter of the alternator is
taken as the computational domain Ω := Ωs ∪ Ωs ∪ Ωa; see Figure 5, left, where the geometry
of the domain is shown. The alternator consists of the stator (Ωs) and the rotor (Ωr) with a
gap filled with air (Ωa).

We consider the Maxwell equations for the stationary magnetic field in the form

rotH = f in Ω, (15a)

divB = 0 in Ω, (15b)

where H = (H1, H2) is the magnetic intensity field, B = (B1, B2) is the magnetic induction field
and f is the current density (its component perpendicular to the plane of the computational
domain). The differential operators appearing in (15) are given by rotH = (∂H2/∂x1, ∂H1/∂x2)
and divB = ∇ ·B = ∂B1/∂x1 + ∂B2/∂x2 in two space dimensions.

Moreover, we consider the constitutive relation

H(x) = ν(x, |B(x)|2)B(x), x ∈ Ω, (16)

where

ν(x, r) =

{
1
µ0

for x ∈ Ωa,
1
µ0

(
α + (1− α) r4

β+r4

)
for x ∈ Ωs ∪ Ωr.

(17)
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Fig. 5: Alternator, the computational domain with its components together with the initial mesh
(left), the isolines of the magnetic potential (center), and the final hp-mesh after adaptive refinement
(right).

The symbol µ0 = 1.256 × 10−6 kg · m · A−2 · s−2 denotes the permeability of the vacuum and
the material coefficients are α = 0.0003, β = 16000 according to [16]. We consider the constant
current density f = 5× 104 A ·m−2.

Assuming that there exists a potential u : Ω→ R such that

B = curlu = (∂u/∂x2,−∂u/∂x1), (18)

equation (15b) is satisfied directly. Obviously, |B| = |∇u| and, therefore, (15a) together with
(16) gives

f = rotH = rot
(
ν(x, |B(x)|2)B(x)

)
= rot

(
ν(x, |∇u(x)|2)curlu(x)

)
(19)

= −∇ ·
(
ν(x, |∇u(x)|2)∇u

)
.

Consequently, we have the following problem. Find u : Ω→ R such that

−∇ ·
(
ν(x, |∇u(x)|2)∇u

)
= f in Ω. (20)

The homogeneous Dirichlet boundary condition is prescribed on the curved part of the boun-
dary, where the iso-parametric approximation coming from [24] is employed. On the rest of
boundary, we consider the homogeneous Neumann boundary condition. Figure 5, center, shows
the corresponding isolines of magnetic potential u. Finally, Figure 5, right, shows the hp-mesh
obtained by hp-AMA algorithm. Obviously, a high resolution along the material interfaces is
observed.

5 Conclusion

We presented the role of the adaptive mesh algorithms for the numerical solution of partial di-
fferential equations using finite element methods. In particular, the anisotropic hp-mesh adap-
tation approach offers enough flexibility in minimizing the number of degrees of freedom ne-
cessary to achieve the given error tolerance.
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[20] P. Šoĺın: Partial Differential Equations and the Finite Element Method, Pure and Applied
Mathematics. Wiley-Interscience, New York, 2004.
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From HPC to Quantum at IT4Innovations

Tomáš Kozubek
Abstract: This paper surveys the computing continuum at IT4Innovations (IT4I)
from petascale supercomputers (Karolina, Barbora/Barbora NG) and pilot plat-
forms to visualisation VR/labs and the VLQ quantum computer together with user
access schemes, training programmes, and applied research outputs. It outlines the
centre’s role in the Czech e-infrastructure (e-INFRA CZ), its participation in the
EuroHPC ecosystem (including LUMI and forthcoming AI-capable services), and
the integration path for hybrid HPC–QC workflows. We summarise representative
user impacts across academia, industry, and public administration; describe service
routes (Open Access, institutional/community, fast-track, industrial cooperation);
and highlight recent project results (LEXIS platform, HEAppE, HyperQueue, ME-
RIC, ESPRESO, Floreon+), illustrating how platform engineering and methodology
transfer accelerate uptake and readiness for next-generation systems. Finally, we po-
sition Europe’s HPC landscape relative to the United States and outline near-term
directions: commissioning Barbora NG, scaling AI-ready services thanks to LUMI
AI Factory, and operationalising VLQ within EuroHPC federated workflows.

Keywords: High-performance computing, supercomputing, hybrid HPC–QC,

quantum computing, scientific workflows, EuroHPC.

AMS classification: 65Y05, 65Y10, 68Q12.

1 Introduction to IT4Innovations

IT4Innovations is the Czech Republic’s national centre for high-performance computing (HPC),
high-performance data analytics (HPDA), artificial intelligence (AI), and quantum computing
(QC). Based at VSB – Technical University of Ostrava, our mission is to deliver cutting-
edge computing capabilities and expert support to academia, industry, and the public sector.
We operate the most powerful supercomputers in the country and actively contribute to the
European HPC ecosystem through the EuroHPC Joint Undertaking (EuroHPC JU), Centres
of Excellence, and pan-European collaborations. Alongside operations, we conduct our own
research in algorithms, software, workflows, energy-efficient infrastructure, and hybrid HPC–QC
methods, and we run a comprehensive training programme serving thousands of users. For more
details, see [1].

2 IT4Innovations supercomputing infrastructure

In its second role as a member of e-INFRA CZ, IT4Innovations co-delivers the Czech Repub-
lic’s integrated e-infrastructure linking national supercomputing, quantum computing, and AI
technologies with shared data services, identity and access management, and high-speed ne-
tworking (with CESNET and CERIT-SC) to provide end-to-end digital support for research
and innovation.

Karolina

Karolina is a petascale1 system acquired under the EuroHPC Joint Undertaking and put into
operation in the summer of 2021. It delivers a theoretical peak performance of 15.7 PF and

1Prefix peta, abbr. P, means (1024)5 = 250
.
= 1015 and prefix exa, abbr. E, means (1024)6 = 260

.
= 1018.
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Fig. 1: Karolina and Barbora supercomputers at IT4Innovations

comprises CPU and GPU partitions connected by 200 Gb/s InfiniBand. The universal CPU
part consists of approximately 720 dual-socket AMD nodes, while the accelerated part has
72 servers each equipped with 8 NVIDIA A100 GPUs (576 GPUs in total) for AI and HPC
workloads. The platform also includes a large-memory node with up to 24 TB of shared memory,
cloud/virtualisation nodes, and a high-throughput storage with ∼ 1.4 PB of user space and 1
TB/s speed. Karolina is tightly integrated with our software environment, documentation, and
user support services.

Barbora and Barbora NG

Barbora is a Bull Sequana XH2000-based cluster installed in autumn 2019 with a theoretical
peak performance of 849 TFlop/s. Its core configuration includes 192 CPU only Intel nodes for
general purpose HPC and 8 GPU nodes, each with 4×NVIDIA Tesla V100-SXM2 accelerators;
it is complemented by a 6 TB large memory (“fat”) node and two visualisation nodes. The
system uses a 100 Gb/s InfiniBand interconnect and is fully integrated with the centre’s shared
storage and services. Barbora NG is currently being installed and scheduled to enter production
by the end of 2025.

LUMI

The LUMI supercomputer (HPE Cray EX) in Kajaani, Finland, is one of Europe’s most power-
ful systems, with a theoretical peak of 531.5 PF and currently ranked 9th on the TOP500 list.
Its GPU partition (LUMI-G) comprises 2 978 nodes with four AMD Instinct MI250X GPUs per
node; the CPU partition (LUMI-C) provides 2 048 dual-socket AMD EPYC nodes for general-
purpose simulation. The platform is tied together by the HPE Slingshot 200 Gbit/s network
and a tiered storage system (8 PB all-flash, 80 PB disk Lustre, and ∼ 30 PB Ceph for project
data). Through IT4Innovations’ membership in the LUMI consortium, Czech academic users
can apply for LUMI resources via IT4I Open Access calls; IT4I contributes to operation and
user support (LUST) and develops tooling such as HyperQueue to help users exploit the system
effectively. Together with Karolina and Barbora, these systems provide balanced capacity for
throughput-oriented and tightly coupled parallel jobs, as well as GPU-accelerated AI pipelines.

Complementary systems

Besides Karolina and Barbora, we run a small set of pilot platforms that let users try out new or
less common architectures and programming models. They help test and port applications for
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Fig. 2: LUMI and visualisation and virtual reality labs at IT4Innovations.

future EuroHPC systems. Current examples include Arm A64FX nodes, FPGA-based servers,
and an NVIDIA Grace CPU Superchip server. These platforms complement the production
clusters and are used mainly for method development, training, and early industrial prototyping.

Visualisation and Virtual Reality Labs

Our labs enable large scale 3D projection and immersive VR to turn complex simulations into
clear, interactive experiences. Technical equipment includes a rear projection 3D wall with
a professional 4K laser BARCO projector, active stereo viewing and a 5.1 surround audio
system, linked to the data room via a 100 Gbit line for remote rendering. The VR Lab features
different headsets with a wearable backpack PC with Lighthouse tracking in a collaborative
area (up to four users). Both labs are powered by professional visualisation servers connected
to our supercomputers to render large simulation datasets at high quality.

Networking and storage

All major clusters are connected via high-speed InfiniBand fabrics (200 Gb/s class) and sup-
ported by high-throughput parallel storage with multi-tier scratch and project spaces, ensuring
predictable I/O performance for both compute- and data-intensive workloads. The central,
supercomputer-independent PROJECT Data Storage has been in operation since March 2021
to store and back up data produced on IT4I systems. It currently provides 15 PB of capacity
with high throughput and a default project space quota of 20 TB.

3 Who our users are and what they do

Academic research

From 2013, more than 2 500 projects of users from research organisations used IT4Innovations
resources across astrophysics, engineering, informatics, earth sciences, life sciences and materials
science. Most access is provided through our Open Access Grant Competitions, with many
teams now combining large-scale simulation and modern AI methods.

Industry and public sector

Companies and public institutions use our supercomputers for digital prototyping and design,
advanced data analytics and AI, rendering and visualisation, cybersecurity, and decision support
in areas such as environment and crisis management. Engagements range from open calls to
collaborative R&D and contract services.
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Fig. 3: Example application domains across academia, industry, and the public sector.

Representative outcomes

Recent Open Access projects illustrate the breadth of work: atomistic simulations of ribosomal
tunnels relevant to antibiotic discovery, AI-assisted virtual screening for new drugs, advanced
speaker recognition in challenging acoustic conditions, laser-driven particle acceleration models,
and video–language models that understand long videos. These examples sit alongside long-
standing strengths in engineering, astrophysics simulations, and environmental modelling.

4 How to obtain computing resources
IT4Innovations allocates computing resources through several routes. The Open Access Grant
Competition runs three times a year (February, June, October) for employees of Czech research
organisations, with allocations for 12, 24 or 36 months and decisions within 55 days of the
cut-off. For specific needs, there is Institutional & Community Access (12–36 months) and a
Fast Track scheme for short tasks and preparation, with decisions within seven working days.

Czech users can also reach LUMI via IT4I Open Access and apply directly to EuroHPC JU
calls (Benchmark, Development, Regular, Extreme Scale, and AI-oriented modes).

Industry partners may use Rental of computational resources or Contract Research, while
Teaching/Education and Important Societal Challenges are supported under thematic access.

5 Training and education activities

IT4Innovations delivers a year-round programme of courses, hands-on workshops, and bespoke
onboarding for academia, public institutions, and industry. The curriculum spans HPC funda-
mentals, parallel programming and performance engineering, GPU acceleration, data analytics
and AI workflows, remote visualisation, and introductory quantum computing helping teams
progress rapidly from first contact to production readiness. Each year, we deliver around 30
training events; in 2024, we organised 38 events attended by 886 participants (in person and
online).

IT4I also contributes to European education initiatives in HPC/QC/AI, notably
EUMaster4HPC – led by the University of Luxembourg and delivered by a consortium of
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universities, supercomputing centres, industry and other partners. The programme has laun-
ched Master’s tracks at eight awarding universities such as the University of Luxembourg,
Universitat Politècnica de Catalunya, Politecnico di Milano, Friedrich-Alexander-Universität
Erlangen-Nürnberg, Sorbonne Université Paris, and KTH Royal Institute of Technology Stoc-
kholm with more participants, including VSB-TUO, expected.

In parallel, EVITA defines a competency framework (profiles and a skills tree), turns it into
modules and courses, funds high-quality training via open calls with cascading funding, and
provides an online platform with certifications, learner materials and trainer tools. Together,
these efforts build a connected community of students, educators and industry experts with
top-tier HPC/AI/QC skills and accelerate the uptake of advanced computing across Europe.

6 IT4Innovations’ own research
IT4Innovations’ standout recent results span software, middleware, applied AI and domain de-
monstrators: the LEXIS platform that enables seamless federated HPC-cloud workflows and
will be used to federate EuroHPC supercomputers, quantum computers, and AI Factories; Hy-
perQueue, a metascheduler that raises cluster utilisation for heterogeneous jobs; and HEAppE,
an HPC-as-a-Service gateway that broadens access for SMEs and non-specialists.

Complementing these are methodological advances — MERIC for runtime energy optimi-
sation, the CyclesPhi multi-GPU renderer and the Highly Parallel Framework for Engineering
Applications ESPRESO that enable very large engineering and rendering workloads—and ap-
plied platforms such as HPC-backed crisis-management platform Floreon+ and an AI voicebot
for emergency calls, which demonstrate clear societal impact.

Earth-observation AI platforms developed with European Space Agency, and a set of perfor-
mance and I/O libraries and tools used across EU projects and pre-/exascale testbeds, together
improve portability, efficiency and readiness for next-generation systems.

IT4Innovations’ recent project portfolio concentrates on extreme-scale data and AI plat-
forms, national e-infrastructure, skills development, and domain demonstrators. Highlights
include coordination of the Horizon project EXA4MIND (2023–2025) for automated data ma-
nagement and staging across EU supercomputers; CLARA (2024–2030), a Horizon Europe
Centre of Excellence for Artificial Intelligence and Quantum Computing in System Brain Re-
search; EuroCC 2 (2023–2025) as the Czech National Competence Centre for HPC; EOSC-CZ
(2023–2028) to build the national node of the European Open Science Cloud; membership in
the MaX Centre of Excellence in Materials Design at the Exascale; and the e-INFRA CZ large
research infrastructure of the Czech Republic (2023–2026).

The newest Horizon projects span the LUMI AI Factory Service Center (2025–2028), EVITA
— EuroHPC Virtual Training Academy (2025–2029), DARE SGA1 for RISC-V chiplets (2025–
–2028), SEANERGYS for developing a nextgeneration software solution for the energy-efficient
operation of EuroHPC supercomputers and TerraDT (2025–2028) for Earth-system digital
twins, alongside applied industrial R&D (aerospace optimisation, pumps prototyping and
pharma production monitoring). These activities complement our applied research in scalable
algorithms, workflow and platform engineering, hybrid HPC–AI methods and early quantum
applications with outcomes routinely transferred into user support and training.

7 IT4Innovations in the European context
While the United States currently operates the largest exascale-class systems, Europe fields a di-
versified portfolio of pre- and exascale machines—such as LUMI (FI), Leonardo (IT), MareNo-
strum 5 (ES) and the modular JUPITER system (DE) — that together provide continent-wide
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Fig. 4: European projects and partnerships.

capacity for simulation, data analytics and AI training/inference. A hallmark of the European
approach is efficiency: many EuroHPC systems run on renewable power with heat reuse and
regularly rank among the most energy-efficient globally. Europe is also investing in AI-capable
HPC through initiatives like AI Factories, AI-optimised supercomputers with large-memory
nodes to support foundation-model workloads and hybrid workflows.

Strategically, EuroHPC couples infrastructure with software, skills and open-access schemes
(Benchmark, Development, Regular and Extreme Scale), narrowing the capability gap even
if the very top of the TOP500 remains US-dominated. For Czech users, this translates into
practical routes to world-class capacity via IT4Innovations: national Open Access allocations,
coordinated access to EuroHPC systems and expert onboarding, optimisation and workflow
support—enabling competitive participation in large-scale science and industry and portability
across Karolina, LUMI, Leonardo and other partner systems.

IT4Innovations participates in or is a member of major European infrastructures, initiatives,
and organisations related to HPC, QC, DATA and AI: the EuroHPC JU — European High-
Perfomance Computing Joint Undertaking, PRACE — Partnership for Advanced Computing
in Europe, BDVA — Big Data Value Association, ETP4HPC — European Technology Platform
for HPC, EUDAT CDI — EUDAT Collaborative Data Infrastructure, EOSC — European Open
Science Cloud, I4MS — Innovation for Manufacturing SMEs, VI-HPS — Virtual Institute-High
Productivity Supercomputing, iRODS — Integrated Rule-Oriented Data System, and WHPC
— Women in HPC.

IT4Innovations also succeeded as a member of the consortium led by the Finnish centre
CSC-IT with the tender to build the Federation Platform for the EuroHPC JU. Components
of IT4Innovations’ LEXIS Platform and HEAppE Middleware are key tools for the delivery and
operation of this platform aimed at the seamless federation of the EuroHPC supercomputing
and quantum systems, AI factories and the interconnected data infrastructure.
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Fig. 5: VLQ quantum computer, its cryostat and quantum chip.

8 The VLQ quantum computer and its near term uses

VLQ is the LUMI-Q consortium’s quantum computer hosted at IT4Innovations in Ostrava. It
is a superconducting system with 24 physical qubits arranged in a star-shaped topology with
a central resonator, which reduces SWAP operations and enables deeper circuits. Installed and
commissioned in 2025, supplied by IQM (total cost EUR 5 million), VLQ is being integrated
with EuroHPC supercomputers—Karolina, LUMI and the Polish EuroHPC system—to support
hybrid HPC–QC workflows. It will be available to European researchers, industry and the
public sector for application pilots in optimisation, quantum chemistry and quantum-enhanced
machine learning.

9 Concluding remarks

IT4Innovations offers an integrated continuum of advanced computing—petascale HPC, GPU-
accelerated AI, complementary pilot platforms, visualisation/VR labs, and the VLQ quantum
computer—backed by expert support, structured training, and active R&D. Through Open
Access, thematic and fast-track schemes, coordinated EuroHPC pathways, Czech researchers
and companies can reliably access continental capacity with onboarding and performance en-
gineering that turn allocations into results. Looking ahead, we will expand hybrid HPC–QC
workflows, scale AI-ready services and commission Barbora NG, Karolina NG, and CLARA
testbed, strengthening Europe-wide collaboration and helping users deliver faster science, resi-
lient engineering, and data-driven innovation.
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From direct solvers to hybrid

TFETI domain decomposition
for solving huge 3D elastic problems
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Abstract: We first recall solving systems of equations discretized by FEM in

Prof. Zlámal’s times and the two most powerful modern iterative methods – mul-

tigrid and FETI domain decomposition. The core of this paper is the presentation

of the massively parallel hybrid TFETI method and experiments showing the power

and a large scope of scalability of hybrid TFETI.
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1 Solving FEM equations in Zlámal’s time

When Prof. Zlámal submitted his seminal paper [18] on the approximation theory of the solution
of boundary value problems by the finite element method (FEM), the finite element method
was a well-established tool for the practical discretization of PDE arising from engineering
problems [17]. The method was also well known in Brno, where Prof. J. Kratochv́ıl from the
Faculty of Civil Engineering of VUT Brno used it to assess the stability of dams. Just Prof.
Kratochv́ıl drew Zlámal’s interest in the finite element method, which was not supported by
any convergence theory at that time.

Zlámal limited his research in PDE to the study of approximation properties of FEM discre-
tization. In the ’60s, the solution of the discretized systems was possible only for small systems
that standard direct solvers could solve, optionally exploiting the sparsity pattern of their mat-
rices. The limited memory and processor’s speed enabled the solution of systems with just a few
hundreds or thousands of variables by direct methods. I heard about the statement attributed
to Zlámal that he did not believe in the solution of a system with more than two thousand
unknowns. A colleague later confirmed that he had heard the statement with the updated limit
of seven thousand unknowns, which enables solving realistic 2D elastic problems.

Understanding approximation errors was necessary for the reliable approximation of realistic
problems by coarse grids. The approximation theory was essential to answer the question often
asked by Prof. Babuška: Would you sign under your results?

2 Multigrid

Computer performance improved in the early 70s with faster computers equipped with larger
internal and faster external memory. Technological progress opened the way to implementing
iterative methods. Still I was shocked when I learned from Doc. P. Janas about the code he
developed with Prof. Z. Weiss in the early ’70s. The two engineers used the code on IBM370 to
solve 3D elastic problems discretized by 50,000 unknowns in less than 50 minutes. Even though
the precision of their solution was low, the result was surprising and helpful in assessing the
stability of underground openings. Our discussion took place on a trolley bus, and we closed
our discussion only after observing that we should have left at one of the previous stops.
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Prof. Marek later identified their method as a variant of the two-level multigrid method.
Unfortunately, they have never published their results. Multigrid was proposed in 1962 (see
Fedorenko [9]), but the result had to wait for practical applications till the ’70s. Multigrid uses
the discretization of the problem by several grids and the operators that transfer the solution
from the coarser grid to the finer one and vice versa. The basic idea of multigrid is to accelerate
the solution of discretized problems by combining solutions at different scales (or grid levels).
Instead of solving the problem directly on a fine grid, multigrid methods exploit coarser grids to
eliminate “smooth”errors on the nearest finer grid and use the resulting preconditioning effect
to speed up the finer grid solution. The problems on the coarsest grid are often solved by a
direct method.

Multigrid enjoys asymptotically linear complexity and is widely used for solving huge engi-
neering problems. Multigrid was used for solving huge problems. In Mohr et al. [14], the authors
describe the modeling of the dynamics of the Earth’s mantle. The discretization of the problem
resulted in the system of linear equations with 1.1×1013 unknowns. The solution required nine
iterations executed on the Peta-Scale machines with 327 680 cores in 776.09 seconds.

3 FETI and BETI methods

The FETI (Finite Element Tearing and Interconnecting) methods introduced by Farhat and
Roux [8] is a powerful tool for the parallel solution of large discretized partial differential
equations. The basic idea is to decompose the domain into subdomains, interconnect them by
Lagrange multipliers, and eliminate the primal variables to get a smaller, better-conditioned
dual problem. The elimination of primal variables amounts to the solution of local problems
defined separately for each subdomain. These local problems can be solved in parallel by direct
methods. After Farhat, Mandel, and Roux [7] proved that the condition number of the dual stiff-
ness matrix is uniformly bounded on the subspace defined by the kernels of subdomain stiffness
matrices, FETI became one of the most successful theoretically supported scalable and massi-
vely parallel solver for elliptic PDE. The subspace is also called the natural coarse grid. More
on FETI and other domain decomposition methods can be found, e.g., in Tosseli and Widlund
[15]. The performance of the FETI method can be further improved by preconditioning.

Alternatively, we can use singular solutions, provided they are available, to eliminate the
subdomains’ interior unknowns from continuous problem. This approach results in higher pre-
cision of the solution at the cost of more laborious formulation and discretization. The basic
idea is due to Langer and Steinbach [11] who called it BETI (Boundary Element Tearing and
Interconnecting). Though the technique is more complicated as compared with FETI, it reduces
the discretization to the subdomains’ boundaries and, somewhat surprisingly, generates consi-
derably better-conditioned Schur complements (i.e., discretized Poincaré-Steklov operator) and
global systems (see Vodstrčil et al. [16]).

Since the duality transforms the linear inequality constraints describing the non-penetration
in contact problem to the bound constraints, FETI and BETI can also solve large contact
problems. In [3, Sect. 20.9], there is a solution to an academic contact problem discretized by
5.7 × 109 nodal variables and decomposed into 64,000 subdomains. The problem was solved
on 1008 nodes of the Salomon computer after 149 matrix-vector multiplications that took 497
seconds.
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4 Hybrid FETI and BETI methods

The dimension of the coarse problem limits the scope of parallel scalability of the original
FETI. A direct solver typically solves the coarse problem with at least quadratic complexity
– its cost is negligible for a small number of subdomains, but it dominates the computations
when the number of subdomains is large, currently some tens of thousands of subdomains. To
overcome the latter limitation, Klawonn et al. [10] used the idea of FETI-DP (dual–primal,
see, e.g., Farhat, Lesoinne, and Pierson [6]) to enforce some constraints on the primal level by
interconnecting the groups of subdomains into clusters as in Fig. 1. For example, the elastic
bodies can be interconnected by enforcing the same rigid body modes of the interiors of adjacent
faces.

Hc
Hs

h

Fig. 1: Domain Ω decomposed into 4× 4× 4 subdomains and 2× 2× 2 clusters.

Thus, the defect of each cluster is the same as that of each of its subdomains. Klawonn and
Rheinbach [12] proved the scalability of the resulting hybrid FETI (H-FETI) or hybrid TFETI
in the context of preconditioned FETI methods.

However, H-TFETI is highly scalable even if it is preconditioned only by the coarse grid
defined by the kernels of clusters [1]. The latter authors used a variant of FETI called Total
FETI (TFETI), which enforces the Dirichlet conditions by Lagrange multipliers [2] so that all
subdomains are floating and their stiffness matrices have a priori known kernels. The methods
that combine FETI-DP with TFETI are called H-TFETI-DP (hybrid TFETI-DP) or briefly
H-TFETI. Notice that H-TFETI is a unique three-level domain decomposition method with
the coarse grids split between primal and dual variables. We can apply the same procedure to
the problem decomposed into subdomains and discretized by the boundary element method.
The resulting method is called H-TBETI (hybrid TBETI), see Dostál et al. [5].

The parallel scalability of hybrid methods stems from a nice structure of the stiffness mat-
rices of the clusters. Implementing the hybrid methods can exploit the node-core architecture
of modern supercomputers. If the unknowns in clusters are properly ordered, we can partially
block diagonal stiffness matrices of the clusters that are easy to decompose.

The condition number of a cluster defined on a fixed cube domain, decomposed into m×m×
m subdomains interconnected by the face’s rigid body modes and discretized by a regular grid,
increases proportionally to m. The estimates show that the cost of the coarse problem decreases
with m6 while the number of iterations increases only proportionally to

√
m. The theoretical re-

sults and numerical experiments indicate that H-TFETI is a competitive computational engine
for solving huge elastic problems discretized by a sufficiently regular grid.

The results in Table 1 illustrate the performance of H-TFETI (see [1]). The number of subdo-
mains and primal unknowns ranged from 729 to 110,592 and from 15,000,633 to 2,275,651,584,
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respectively (see Table 1) The relative precision of the solution obtained by the conjugate gra-
dient method was prescribed by ε = 10−6. Similar results were obtained for the variational
inequalities.

iter/time[sec] iter/time[sec] iter/time[sec]
clusters subdomains unknowns H-TFETI TFETI DirTFETI

27 729 15,000,633 89/27.7 60/17.3 20/40.0
343 9261 190,563,597 105/35.1 59/20.3 19/46.2

1000 27,000 555,579,000 104/35.2 na na
2197 59,319 1,220,607,063 104/59.8 na na
4096 110,592 2,275,651,584 104/58.7 na na

Table 1: Billion clumped cube - unpreconditioned H-TFETI and TFETI, and TFETI with Dirichlet
preconditioner (DirTFETI), times include initiation, m = 3.

It is also possible to treat the whole problem as one cluster to get FETI-DP method. The
preconditioned variant of the FETI-DP algorithm was tested on a larger academic benchmark
discretized by 8× 108 to 2.2× 1011 nodal variables with the number of clusters ranging from 64
to 17576. Using the standard Schur complement preconditioners, the numbers of iterations and
the solution times ranged from 29 to 31 and 46.6s to 51.8s, respectively (see Ř́ıha et al. [13]).
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[14] M. Mohr, U. Rüde, B. Wohlmuth, H.-P. Bunge: Challenges for Mantle Convection Simu-
lations at the Exa-Scale: Numerics, Algorithmics and Software, In P. Neittaanmäki and
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Parallel implementation

of immersed boundary adaptive FEM

or how to avoid mesh generation
in a mesh-based method

Jakub Š́ıstek
Abstract: Finite element method (FEM) typically relies on computational meshes

composed of elements forming a nonoverlapping partition of the computational do-

main. However, generating these meshes of sufficient quality can be challenging and

time-consuming, especially for very complex geometries used, e.g. in 3D printing. As

a potential remedy, ideas of the immersed boundary method have been incorporated

into FEM. We present a parallel implementation of an immersed boundary adaptive

FEM. In order to achieve sufficient resolution at the boundary, local mesh refinement

driven towards boundary is used. For large meshes distributed over a large number

of processors, the resulting systems have to be solved by parallel iterative solvers.

We present the method and demonstrate its performance for a complex problem of

linear elasticity with meshes refined adaptively towards the area with the largest

stress for achieving better accuracy within these regions.

Keywords: immersed finite elements, adaptive mesh refinement, domain

decomposition methods .

AMS classification: 65N50, 65N55, 65Y05

Introduction

Finite element method (FEM) relies on computational meshes. These are typically composed
of elements forming a nonoverlapping partition of the computational domain. While the success
and the wide adoption of FEM stems also from its flexibility to incorporate unstructured meshes
for general geometries, mesh generation of high-quality meshes can be challenging and time-
consuming, especially for very complex geometries used, e.g., in 3D printing.

A number of approaches have been developed to circumvent the need for generating body-
fitted meshes. For example, this issue was the main motivation for developing isogeometric
analysis (IGA) using as basis functions the same splines as used in computer-aided design
(CAD) [1]. Rather different approach is based on the idea of embedding the computational
domain into a larger, simpler domain with a simple, e.g., structured, grid. There are many fla-
vours of adopting this idea in the context of FEM. The unfitted FEM [2], finite cell method [3],
CutFEM [4], or shifted boundary methods [5] are examples of such approaches. While these
methods share many building blocks, they are different in others. The main issues are related
to imposing boundary conditions on the immersed boundary, numerical integration over ele-
ments intersected by the boundary, and stabilizing the basis functions that are not sufficiently
supported within the domain.

In [6], we have presented the three-grid immersed FEM. The main idea of the method is
to use three separate grids; one for representing the implicit geometry, which needs to be very
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fine at the boundary and coarse elsewhere, the FE grid for approximating the solution, with
refinement driven towards areas of large variations of the solution, and the quadrature grid for
numerical integration, which is local to cut elements, and it uses only their part inside of the
domain for accurate integration. Due to these different requirements, it is not possible to serve
all these needs by a single grid.

A parallel implementation combining parallel adaptive mesh refinement (AMR) and iterative
solution of the arising linear system using a nonoverlapping domain decomposition method was
presented in [6]. A number of applications to large-scale Poisson problems on complex 3-D
geometries were included in that paper. In this paper, we present an application of the method
to linear elasticity problems using adaptive mesh refinement towards regions of high stress,
demonstrating the versatility of the parallel AMR combined with immersed FEM and domain
decomposition.

Three-grid immersed FEM for linear elasticity

We consider the following problem of linear elasticity in a domain Ω ⊂ R3 with boundary
∂Ω = ΓD ∪ ΓN . In the strong form, we seek the displacement vector u : Ω→ R3 satisfying

−∇ · σ(u) = f in Ω, (1)

σ(u) · n = gN on ΓN , (2)

u = gD on ΓD, (3)

where f : Ω→ Rn is the body force vector, n is the outward vector of the unit normal, gN and
gD are prescribed Neumann and Dirichlet data. The Cauchy stress tensor σ and the symmetric
infinitesimal strain tensor ε are defined as

σ(u) = 2µε(u) + λtr(ε(u))I, (4)

ε(u) =
1

2
(∇u + (∇u)T ), (5)

with Lamé parameters µ and λ, and the identity tensor I.
Let us now turn our attention to deriving the weak formulation. Unlike as in the standard

FEM, in the current setting, Dirichlet boundary conditions cannot be directly incorporated into
the definition of the function spaces for approximating the solution and test functions. Instead,
a suitable weak formulation of the boundary conditions has to be considered.

When we multiply 1 by a vector test function v ∈ [H1(Ω)]3, integrate over Ω, and apply the
divergence theorem, we arrive at the following weak formulation. Seek u ∈ [H1(Ω)]3 such that

a(u,v)−
∫

ΓD

(σ(u) · n) · vdΓ = l(v) (6)

where the bilinear form a(·, ·) and the linear form l(·) are defined as

a(u,v) =

∫
Ω

2µε(u) : ε(v) + λtr(ε(u))tr(ε(v))dΩ, (7)

l(v) =

∫
Ω

f · vdΩ +

∫
ΓN

gN · vdΓ. (8)
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Now we need to take the Dirichlet boundary condition 3 into account. To this end, we employ
the (symmetric) Nitsche method [7]. It provides a way to enforce the boundary condition 3
weakly by adding suitable terms to the variational formulation 6.

We begin with multiplying the boundary condition u − gD = 0 by a specially chosen test
function

w = −σ(v) · n + γv, (9)

followed by integrating over ΓD. Here γ is a suitably chosen penalty parameter. Finally, we add
the derived weak formulation of the Dirichlet boundary condition∫

ΓD

(u− gD) ·wdΓ = 0 (10)

to 6 and obtain the Nitsche’s weak formulation of the linear elasticity problem:
Find uh ∈ Vh such that

Ah(uh,vh) = Lh(vh) ∀vh ∈ Vh, (11)

where Vh is the finite element space (e.g., piecewise polynomials on the background grid) without
essential boundary constraints, and Ah(·, ·) and Lh(·) are defined as

Ah(u,v) = a(u,v)−
∫

ΓD

(σ(u) · n) · vdΓ−
∫

ΓD

(σ(v) · n) · udΓ + γ

∫
ΓD

u · vdΓ, (12)

Lh(v) = l(v)−
∫

ΓD

(σ(v) · n) · gDdΓ + γ

∫
ΓD

gD · vdΓ. (13)

The term scaled by γ ensures stability for a sufficiently large penalty parameter γ. Typically,
γ = γ0/hf , where hf is the characteristic finite element size.

In the three-grid immersed FEM, the solution is approximated on the FE grid obtained by
the following procedure. First, the geometry of interest is enclosed into a cube with a single
hexahedral element. This element is then uniformly refined several times to obtain a reasonably
fine grid for representing the solution inside of the domain.

At this point, the geometry grid representing the signed distance function and thus implicitly
the boundary of the domain is taken into account. Every element of the FE grid determines
whether it is inside, outside, or cut by the boundary. This allows us to refine the cut elements
further to obtain a sufficiently fine resolution of the boundary. Due to the enforcement of the
2:1 ratio between sizes of neighbouring elements, the refinement propagates also to the elements
farther from the boundary.

The third grid is constructed within the cut elements to approximately tessellate the part of
the element inside the domain using cubes and tetrahedrons. Although the automatic algorithm
may lead to very distorted tetrahedra, they are only used for numerical integration, and do not
influence the space of finite element functions and its approximation properties.

The final yet important issue of FEM with immersed boundaries is the small cut-cell issue.
Namely, some basis functions may have only arbitrarily small part of their support inside
Ω. Consequently, the resulting system matrix may be ill-conditioned. Several approaches for
tackling this issue have been developed in literature, e.g., the ghost penalty stabilization [4],
or element aggregation [8]. In the current method, we use extrapolation of such basis functions
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from the neighbouring elements with sufficient support within Ω which very much resembles
elimination of degrees of freedom at hanging nodes.

The arising system of linear equations is solved using nonoverlapping domain decomposition
method. In particular, we use the preconditioned conjugate gradient (PCG) method with mul-
tilevel BDDC preconditioner [9, 10]. We have combined the method with parallel AMR using
the p4est library [11] in [12]. All details of the algorithm and its parallel implementation for
the three-grid immersed FEM can be found in [6].

Numerical results

We demonstrate the performance of the method on a problem of linear elasticity on a box
with a spherical hole pulled by two opposite faces. This is a problem inspired by the classical
Kirsch problem in 2D. The largest stress appears along the circle at the intersection of the
symmetry plane parallel to the pulled faces of the box and the sphere. While the method works
well also for more complex geometries, we demonstrate its ability of adaptively refining the FE
grid based on solution properties. In particular, we refine 5 percent of elements with the largest
von Mises stress in each grid adaptation step. Only one eighth of the box is considered in the
computation, see Fig. 2. In this figure, four subsequent steps of the adaptive mesh refinement
are shown. In particular, we plot the von Mises stress on elements and the partitioning of the
elements into four subdomains.

Conclusions

We have presented a combination of the multilevel BDDC method with parallel adaptive mesh
refinement, and with the three-grid immersed FEM for solving a large-scale problem of li-
near elasticity. The approach combines several features, namely parallel octree-based AMR,
immersed boundary FEM, and a scalable algebraic solver. These three components provide a
synergistic effect. The octree-based AMR allows the immersed FEM to achieve sufficient resolu-
tion at the boundary without requiring fine resolution also inside the domain of interest, which
is the case of structured meshes often considered with immersed FEM in literature. Vice versa,
the immersed FEM allows the octree-based AMR to be used on complex geometries, which is
not straightforward otherwise. Although an adaptive FEM is efficient in terms of degrees of
freedom for a certain solution accuracy, for large complex domains in 3D, the problem sizes
grow beyond the capabilities of a single computer. For this reason, employing a scalable parallel
method for solving systems of algebraic equations such as the multilevel BDDC is crucial for
achieving parallel scalability of the whole approach.
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Fig. 2: Deformed shape of a cube with a spherical inclusion. Four subsequent steps of the
adaptive mesh refinement towards the area with the largest von Mises stress (from top to
bottom). In each step, five percent of elements with the largest stress are refined. Von Mises
stress on elements (left) and distribution of elements into four subdomains (right).
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[6] E. Febrianto, J. Š́ıstek, P. K̊us, M. Kecman, F. Cirak: A three-grid high-order immersed
finite element method for the analysis of CAD models, Computer-Aided Design 173 (2024),
103730.
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1 Introduction

Numerical techniques for approximating solutions to conservation law problems are now a well-
established and rapidly developing field within computational fluid mechanics and numerical
mathematics. In this context, when we refer to conservation laws, we mean hyperbolic partial
differential equations. These equations have important applications, such as the Euler equations
that describe inviscid compressible flow, the Saint-Venant equations that describe shallow water
flow, and the Lighthill-Whitham-Richards equations that model traffic flow.

The solutions to initial or initial-boundary problems for these equations may involve shock
waves, rarefaction waves, contact discontinuities, and other phenomena. To address this, we
introduce weak solutions within the framework of mathematical theory. However, these solutions
are not uniquely determined. Consequently, we further introduce vanishing viscosity solutions
or implement entropy conditions to refine our approach.

There are several numerical methods available for solving the problems mentioned above.
These include: finite difference method (FDM) [1], finite volume method (FVM) [2, 22], Go-
dunov type methods [2], finite element method (FEM, including its variations SUPG , AFC,
edge based finite element) [3, 4, 9], discontinuous Galerkin finite element method (DGFEM)
[5], evolution Galerkin method (EGM, including its variation FVEG) [6, 7], residual distribu-
tion schemes (RDS) [8], active flux schemes (AFS) [10, 11], spectral difference schemes (SD)
[12, 13, 14], flux reconstruction schemes (FR) [15, 16].

Some of these approaches rely on a continuous approximation of the solution, while others
utilize a discontinuous approximation. In some instances, the distinction may largely depend
on interpretation. Within this context, the appropriateness of using continuous versus disconti-
nuous solutions in numerical methods for conservation laws is often questioned and discussed.
We will demonstrate that the answer to this question is not straightforward or clear-cut. Before
that, we will outline two numerical methods.
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2 Godunov method – discontinous approximation

In this paragraph, we provide a brief description of the Godunov method [17, 18, 19]. Consider
the following system of partial differential equations in one spatial variable

ut + [f(u)]x = 0

where u = u(x, t) : R × R+
0 → Rm and f = f(u) : Rm → Rm. Further, consider the uniform

discretization xj = j∆x, j ∈ Z, ∆x > 0, tn = n∆t, n ∈ N0, ∆t > 0, xj+1/2 = xj + ∆x/2,
tn+1/2 = tn + ∆t/2, unj = u(xj, tn), Un

j = U(xj, tn) ≈ unj .

The integral formulation of the conservation law has the following form

xj+1/2∫
xj−1/2

u(x, tn+1) dx =
xj+1/2∫
xj−1/2

u(x, tn) dx−

−
tn+1∫
tn

f(u(xj+1/2, t)) dt+
tn+1∫
tn

f(u(xj−1/2, t)) .

We can adjust this equation to emphasize the integral averages

1
∆x

xj+1/2∫
xj−1/2

u(x, tn+1) dx = 1
∆x

xj+1/2∫
xj−1/2

u(x, tn) dx−

−∆t
∆x

[
1

∆t

tn+1∫
tn

f(u(xj+1/2, t)) dt− 1
∆t

tn+1∫
tn

f(u(xj−1/2, t)) dt

]
The equality mentioned above can be expressed as follows

ūn+1
j = ūnj −

∆t

∆x
(f̄
n+1/2
j+1/2 − f̄

n+1/2
j−1/2 )

where

ūnj =
1

∆x

xj+1/2∫
xj−1/2

u(x, tn) dx,

f̄
n+1/2
j+1/2 =

1

∆t

tn+1∫
tn

f(u(xj+1/2, t)) dt.

We need to accurately approximate the numerical flow functions F̄
n+1/2
j+1/2 ≈ f̄

n+1/2
j+1/2 now. We must

use approximation because we do not know the point values of the function we are seeking;
we only have the integral averages for time layer tn. The Godunov method is based on using
integral averages of the function un = u(x, tn) to construct a piecewise constant discontinuous
approximation. At the points of discontinuity in this approximation, we solve either exactly or
approximately the Riemann problems, which involve the original equation but with a specific
initial condition. The solutions to the Riemann problems are then incorporated into the integrals
that appear in f̄

n+1/2
j+1/2 . The numerical scheme then takes the form

Ūn+1
j = Ūn

j −
∆t

∆x
(F̄

n+1/2
j+1/2 − F̄

n+1/2
j−1/2 )
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Fig. 1: Godunov scheme – reconstruction

where Ūn
j ≈ ūnj .

The Godunov method is a prototype for high-resolution finite volume methods (high or-
der Godunov type methods), for the discontinuous Galerkin method and for the evolutionary
Galerkin method.

3 Active flux scheme – continuous approximation

The basic version of this method dates back to 1977 and is one of the schemes proposed by
Bram van Leer, known as Scheme V. Interest in this method was revived after 2010, leading to
the proposal of a general variant systems of partial differential equations in multiple dimensions
[20, 10, 11]. Let us now consider, for the sake of simplicity, the scalar conservation law

ut + [f(u)]x = 0.

This method combines a conservative approach that works with approximations of inte-
gral averages and the method of characteristics (CIR). It is based on a continuous piecewise
quadratic approximation, making it a third-order method. The quadratic approximation is con-
structed in each cell using the integral average Ūn

j ≈ ūnj and two point values Un
j−1/2 ≈ unj−1/2

and Un
j+1/2 ≈ unj+1/2, which are identical for adjacent cells (i.e. the reconstruction is continuous).

Fig. 2: Active flux scheme – reconstruction

The basic form of the active flux method is the same as the Godunov method

Ūn+1
j = Ūn

j −
∆t

∆x
(F̄

n+1/2
j+1/2 − F̄

n+1/2
j−1/2 ).

However, we determine the numerical flux function using the quadrature formula

F̄
n+1/2
j+1/2 =

1

6

[
f(Un

j+1/2) + 4f(U
n+1/2
j+1/2 ) + f(Un+1

j+1/2)
]
.
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In this case, the required point values U
n+1/2
j+1/2 and Un+1

j+1/2 are determined using an appropriate

version of the method of characteristics. Thus, we obtain a conservative third-order method (for
sufficiently smooth solutions) that uses a continuous approximation. As a result, the numerical
method does not require exact or approximate solvers for the Riemann problems.

4 Property-preserving numerical schemes

Let us summarize what properties the method should have for solving partial differential equati-
ons of hyperbolic type or for solving singularly perturbed problems [21].

• It should be a high-resolution method that accurately approximates both smooth and
rapidly varying or non-smooth solutions.

• The method should mitigate the Gibbs phenomenon (numerical oscillations).

• The method is invariant domain preserving.

• The method is conservative.

• The method should accurately represent the physical model, ensuring that it aligns with
the principles of physics in multiple dimensions.

• The method is expected to converge to a weak solution that satisfies entropy conditions.

• The scheme should be compact and not have a wide stencil.

• The convex hull of the data employed must contain the exact domain of dependence. The
stencils should only contain data to which the desired output is sensitive.

• The stencil should be as symmetrical as possible with respect to the domain of dependence.

• The necessary stability condition based on the Courant-Friedrichs-Lewy inequality should
be as unrestricted as possible.

• The method should be both computationally efficient and robust.

It’s important to note that the linear monotonicity-preserving methods are at most first or-
der. Consequently, we adopt nonlinear methods by switching between higher and lower order
techniques based on the data [23, 2]. (There are exceptions for certain problems, such as li-
near acoustics, where odd high-order methods can be utilized. These methods are stable and
can accurately approximate rapidly varying data [24].) It is also important to select conserva-
tive methods as this helps in accurately approximating shock waves. Additionally, the correct
application of entropy fixes aids in the proper approximation of rarefaction waves [2].

5 Advantages and disadvantages of the discontinuous

approximation

Discontinuous data approximation has several advantages. An integral formulation leading to
conservative methods can be easily used, limiting (restriction of the Gibbs phenomenon) can
be easily implemented, and (approximate) solvers of Riemann problems can be included in the
procedure [18, 2]. Implementing hp-adaptivity and general grids, including the so-called space-
time DG, is also relatively easy [26]. Unfortunately, the discontinuous approximation also has
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Fig. 3: (a) Godunov method 2. order (MUSCL); (b) residual distribution scheme (RDS);
(c) RDS with elliptic-hyperbolic splitting. Flow around the cylinder, Mach number [33].

many drawbacks. Riemann problems have to be solved unnecessarily in many cases (at each
cell boundary). Usually, only (approximate) solvers of 1D Riemann problems are included in
the procedure. Thus, the algorithms contain some form of splitting. The choice of the grid thus
affects the formulation of 1D Riemann problems [25]. The methods are usually not compact
enough (the stencil expands as the order of the technique increases). A description of several
failings of one-dimensional Riemann solvers applied to multidimensional equations can be found
in [34, 35].

If we wanted to construct a purely multidimensional method, we would use an approach
based on multidimensional Riemann problems. However, the exact or approximate solution
of these problems is very complicated, except in special cases. The use of alternative multi-
dimensional approaches (for example approximate evolution operators) with the attempt to
simultaneously realize a compact reconstruction also leads to very complicated procedures [7].
An even more complicated situation would arise if we use high-order reconstruction and are
forced to solve multidimensional generalized Riemann problems [25]. A comparison of the three
approaches is illustrated in Figure 3. Philip Roe (author of Roe’s Solver of Riemann’s Problems,
among other things) offers a very insightful critique in this sense [27]. Let us highlight one of
his significant arguments: “Acoustic waves, on the other hand, behave one-dimensionally only
in one dimension. In n dimensions they have an n-dimensional domain of dependence that does
not have a simple mapping onto the grid, and cannot be represented by any finite number of
one-dimensional interactions.”

6 Advantages and disadvantages of the continuous

approximation

The advantage of the continuous approximation is that the method based on it can avoid
solving Riemann problems. The solvers of Riemann problems can be replaced, for example, by
the use of characteristics, bicharacteristics or the Poisson formula [6, 32]. The approaches just
mentioned can be implemented in a genuinely multidimensional form. However, it is important
to note that not all methods based on continuous approximation are purely multidimensional.

122



Numerical techniques for solving conservation laws: continuous and discontinuous approximations

When dealing with exact solutions that are discontinuous (i.e., containing a Riemann pro-
blem), the Gibbs phenomenon can occur, particularly with high-order methods leading to nu-
merical oscillations. Thus, shock-capturing becomes necessary, and a suitable limiter must be
employed [28, 29].

Unfortunately, the use of a limiter (together in conjunction with a continuous approxi-
mation) generally results in a non-conservative method. To maintain conservativity, we must in-
troduce specific corrections and distribute these corrections among the grid nodes [30]. However,
this process can cause the solution to oscillate again since we are modifying the values adjusted
by the limiter. Therefore, a significant drawback of methods based on continuous approximation
is the complicated and unresolved challenge of integrating a conservative method with a limiter
[31].

Additionally, we must ensure that weak solutions, which do not satisfy the entropy condition,
are eliminated; this requires the implementation of an entropy fix procedure.

7 Conclusion

This text aims to argue against the simplistic idea that using continuous and discontinuous
approximations in numerical methods for solving conservation laws is a straightforward choice.
Specifically, it challenges the notion that when dealing with discontinuous or rapidly varying
solutions, the discontinuous approximation is always the better option. Both options have
notable advantages and disadvantages that we have highlighted.

Our goal should be to develop a method that meets as many of the required properties as
possible. This can be very challenging in many instances. Therefore, selecting an appropriate
method is always a compromise. The development of a robust and efficient method is influenced
by the intricate interplay of the need for conservativity, suppression of the Gibbs phenomenon,
and consideration of the multidimensional nature of the problems. It should also be noted
that meeting individual requirements is also difficult in more general cases. For example, the
question is how to create a limiter if the exact solution does not have bounded total variation
or does not preserve monotonicity.

In conclusion, the development of new efficient and robust numerical methods for fluid flow
simulation is still an area of intense research, among other reasons mentioned above.
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[3] D. Kuzmin, R. Löhner, S. Turek: Flux-corrected transport: principles, algorithms, and ap-
plications, Springer Science & Business Media, 2012.

[4] H.-G. Roos, L. Tobiska, M. Stynes: Robust numerical methods for singularly perturbed di-
fferential equations, Springer, 2008.
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[24] M. Zlámal: Discretization and error estimates for elliptic boundary value problems of the
fourth order, SIAM J. Numer. Anal. 4 (1967), 626–639. zbl
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[26] M. Zlámal: A finite element procedure for solving boundary value problems of the fourth
order, Proceedings of Conference of Finite Element Method, Plzeň, 1968.
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[37] V. Kolář, J. Kratochv́ıl, M. Zlámal, A. Žeńı̌sek: Technical, physical and mathematical prin-
ciples of the finite element method, Rozpravy Československé akademie věd. Sešit 2, 81
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II. Report. Dep. de Mathematiques, École Polytechnique Fédérale de Lausanne, 1988.

[77] M. Zlámal: A box finite element method giving solution gradients with a higher order
accuracy, Finite Element Methods: Fifty Years of the Courant Element. Lecture Notes in
Pure and Appl. Math. 164, Marcel Dekker, New York (1994), 501–504. zbl
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