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Busta profesora Milose Zlamala
od podzimu 2025 ve foyer auly Centra VUT.

7 podnétu rektora Ladislava Janicka
vytvoril MgA. Tomas Pavlacky (VUT).



Ptred sto lety 28. prosince 1924 se narodil Milos Zldmal, profesor Vysokého uceni technického
v Brné, zakladatel matematické teorie Metody kone¢nych prvku. Pred 20 lety, 12. ledna 2005 se
v Centru Vysokého uceni technického v Brné konalo Vzpominkové odpoledne k nedozitym osm-
desatinam profesora Zlamala. Akci zahdjil rektor VUT, prof. Jan Vrbka. Nasledovaly ptispévky:
prof. Alexander Zenisek (FSI VUT v Brneé): Profesor Zlimal a metoda koneénijch prvki, prof.
Michal Kiizek (MU AV CR Praha): Superkonvergencni jevy v metodé konecngjch pruki, prof.
Jiti Kratochvil (FAST VUT v Brné): O spoluprdci inZenyra s matematikem, Ing. Libor Holusa
(FI MU Brno): O spoluprdci programdtora s matematikem, prof. Ivo Marek (FSv CVUT Praha):
Prof. Zldmal, svétovy prukopnik matematické teorie metody konecénych prokau.

Jednotlivé prednésky v slavnostnim prostiedi barokni auly byly oddéleny varhannimi prede-
ly v podani prof. Ing. Jittho Jana z FEKT VUT. V piedséli bylo mozno si prohlédnout vystavku
dokumentu a fotografii prof. Zlamala véetné jeho ¢lanku, kterym zahajil matematickou teorii
MKP. Vzpominkové odpoledne bylo zakoncéeno piipitkem s obcerstvenim v dvorané Centra
VUT. Jednotlivé prispévky i materidly vystavky lze najit v brozurce Milos Zldmal zakladatel
matematické teorie metody konecnych prokiu vydané nakladatelstvim VUTIUM v roce 2006.
Rozsitena brozurka je dostupnd na https://hdl.handle.net/11012/255748.

Pred 10 lety jsme si pripomnéli nedozité devadesatiny profesora Zlamala 14. ledna 2015.
Vzpominkové odpoledne zah4jil rektor VUT, prof. Petr Stépanek. Nésledovaly pifspévky: prof.
Michal Kifzek (MU AV CR, Praha): Podminka minimdiniho whlu, prof. Miloslav Feistauer (MFF
UK, Praha): Metoda konecnyjch prvku pro resent parcidlnich diferencidlnich rovnic s hranic¢nimi
singularitami, prof. Jozef Kacir (FMFI UK, Bratislava): Riesenia priamych a inverznych iloh
transportu v pérovitom prostreds, prof. Alexander Zenisek (FST VUT, Brno): Profesor Zlamal
a ja, Ing. Libor Holusa (Brno): Pracovisté s pocitaci pod vedenim profesora Zldmala, Prof. Ivo
Marek (MFF UK a FSv CVUT, Praha): Nekolik slov o prunim élanku svétového pisemmnictvi
vénovanému metodé konecnijch proki.

V této tradici pokracuje i Vzpominkové odpoledne 15. ledna 2025. Protoze z prednésejicich
predchozich odpoledni (kromé M. Feistauera, J. Kacira a M. Kiizka) jiz nikdo neni mezi ndmi,
prednasky se zaméfily na metodu koneénych prvka dnes. O problémech feSenych soucasnou
teorii metody konecnych prvku, jejich aplikacich a vypocetnich systémech promluvili odbornici
z Prahy, Ostravy, Plzné, Bratislavy a VUT.

Seminai zakoncil spoleény slavnostni piipitek Akademickym vinem VUT 2023 v prilehlém
foyer, kde bylo mozno si na sedmi panelech prohlédnout dokumenty a fotografie ze Zivota
Zlamala, pocatku pocitacti v Brné véetné vzpominek absolventa VUT Antonina Aujeského
(1940-2024) zijiciho v Austrélii (zachoval jsem jeho osobity styl), i z predchozich vzpominkovych
odpoledni. Odborné prednasky jsou v anglické ¢asti sborniku, bohuzel prof. Mikula z rodinnych

zdravotnich duvodu svuj prispévek nedodal. Uplny seznam Zldmalovych publikaci poskytla
knihovna MU AV CR.

Editor
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Prednasejici a anotace prednasek

Foto Vaclav Konicek

Doc. Ing. Ladislav Janicek, Ph.D. Doc. Mgr. Petr Vasik, Ph. D.
(Rektor Vysokého uéeni technického) (Reditel Ustavu matematiky FSI VUT)

Uvodni slovo rektora
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Prof. Zlamal a Ustav matematiky

Prof. RNDr. Michal Krizek, DrSc.
(Matematicky tstav, Akademie véd CR, Praha)
Profesor Milos Zlamal - zivot a dilo

Anotace: V tvodu prednasky si promitneme kratké video
z Casti prednésky, kterou mél prof. Milog Zldmal (1924-1997) na
University of Jyvaskyla ve Finsku v roce 1993 a pripomeneme
si struény zivotopis prof. Zladmala. Poté se soustfedime na
napiiklad numerické feSeni polovodic¢ovych rovnic, kiivocaré
konecéné prvky ¢i superkonvergenci metody konecénych prvku.
Prof. Zlamal byl také jednim z prvnich numerickych matema-
tikd, kteri vyvinuli takzvané prechodové koneéné prvky.

Doc. RNDr. Vaclav Kucera, Ph.D.

(Katedra numerické matematiky, Matematicko-
fyzikalni fakulta UK, Praha)

Geometrické podminky v MKP

Anotace: Uplynulo jiz vice nez ptl stoleti od chvile, kdy Milog
Zlamal polozil zaklady matematické teorii konvergence me-
tody koneénych prvku. Presto zédkladni Zldmalova otézka — kdy
vlastné MKP konverguje — zustava stdle nezodpovézena i v nej-
jednodussim ptipadé. V tomto kratkém piispévku si povime
o post-Zlamalovskych snahach najit geometrické podminky na
vypocetni sité zarucujicich konvergenci MKP, jakd jsou s tim
spojend prekvapeni a uskali a zkusime nahlédnout i do bu-
doucnosti MKP.



Prednésejici a anotace prednasek

Doc. RNDr. Tomas Vejchodsky, Ph.D.
(Matematicky tstav, Akademie véd CR, Praha)
Adaptivni zjemnovani sité a aposteriorni
odhady chyby

Anotace: Adaptivni algoritmus umoziuje optimalizovat sit
koneénych prvku v prubéhu vypoétu a tim dosdhnout
pozadované presnosti feSeni pokud mozno co nejrychleji.
Klicovou roli v tomto algoritmu hraji aposteriorni odhady
chyby, které umozni identifikovat ¢asti vypocetni oblasti, kde
je velkd chyba a kde je nutné zjemnit sit. Navic davaji kvan-
titativni informaci o velikosti chyby a umoznuji tak zastavit
vypocet v okamziku, kdy je dosazena pozadovand piesnost.

Prof. RNDr. Vit Dolejsi, Ph.D., DSc.

(Katedra numerické matematiky, Matematicko-
fyzikalni fakulta UK, Praha)

hp-metody koneénych prvki pro parcialni
diferencialni rovnice

Anotace: Nespojitd Galerkinova metoda jako zobecnéni kla-
sickych MKP, adaptivita a aplikace pro problémy mechaniky
tekutin: obtékani profili v aerodynamice, proudéni v atmosfére
a proudéni v poréznich prostiedich.

< Foto Vaclav Konicek

Prof. Ing. Tomas Kozubek, Ph.D.

(IT4Innovations, VSB Technick4 univerzita Ostrava)
Vyvoj HPC systémui pro reSeni inzenyr-
skych uloh

Anotace: Vysokovykonné vypocetni systémy (HPC)
predstavuji  zdsadni néastroj pro fteSeni komplexnich
inzenyrskych 1loh, které vyzaduji mimotfadny vypocetni
vykon a rozsahlé pamétfové a diskové kapacity. Tento pifspévek
se zaméfuje na nejnovejsi pokroky a trendy ve vyvoji HPC
systému, s durazem na jejich aplikaci v ruznych oblastech
inzenyrstvi. Ptispévek rovnéz poskytne podrobny piehled
o soucasnych moznostech vyuzit{ superpoéitaci v Ceské repub-
lice i v ramci Evropské unie, véetné konkrétnich ptipadovych
studii, které demonstruji praktické piinosy téchto technologii
pro inzenyrskou praxi.

11
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12

Prof. RNDr. Zdenék Dostal, DSc.

(Fakulta elektrotechniky a informatiky, VSB Tech-
nickd univerzita Ostrava)

Hybridni FETI pro reseni velkych soustav
problému diskretizovanych MKP

Anotace: V tvodu pfipomeneme metody feseni MKP soustav
v dobé prof. Zlamala a jejich redlnou efektivnost. Strucné pro-
jdeme néstup itera¢nich metod a budeme se vénovat masivné
paralelnim metoddm rozloZzeni oblasti, zejména hybridnim
FETI (BETI) metodam, které pouzivaji hrubou sit rozloZzenou
mezi primarni a dudlni proménné. Jejich efektivnost bude de-
monstrovana na feseni soustav s miliardami nezndmych.

Pro nemoc autora se predndska nekonala, foto z roku 2019

Ing. Jakub Sistek, Ph.D.
(Matematicky tstav, Akademie véd CR, Praha)

Paralelni implementace adaptivni MKP s vnorenou
hranici aneb jak se vyhnout sitovani v metodé na
siti zalozené

Anotace: Metoda koneénych prvki s vnofenou hranici
predstavuje atraktivni pristup k simulacim, ktery se vyhyba
diskretizaci geometrie. To muze byt narocné a zdlouhavé pro
slozité geometrie, ale i pro velké adaptivné zjemnované sité
rozdélené na mnoho ¢asti na paralelnim pocitac¢i. Budu pre-
zentovat nas pristup k implementaci a paralelizaci jedné ta-
kové metody, kterd kombinuje popis oblasti pomoci levelse-
tové funkce, adaptivni zjemnéni sité a feSeni vysledné soustavy
rovnic pomoci vicetroviiové metody rozkladu oblasti. Ukazu
vysledky testu pro feseni benchmarkovych, ale i inzenyrskych
uloh s nékolika tisici subdoménami.

Doc. Ing. Marek Brandner, Ph.D.

(Katedra matematiky, Fakulta aplikovanych véd
ZCU, Plzei)

Spojité a nespojité aproximace feseni v nume-
rickych metodach pro zakony zachovani

Anotace: V soucasné dobé dobé existuje velmi velké mnozstvi
numerickych pfistupt pro feSeni tloh pro zakony zachovéani
(od metody koneénych diferenci, pies ruzné verze metody
koneénych prvku az po spektralni metody). V piispévku se bu-
deme strucné vénovat jedné z obcas diskutovanych otazek: je
vhodnéjsi aproximovat feseni spojitou nebo nespojitou funkci?



Prednésejici a anotace prednasek

Prof. RNDr. Karol Mikula, DrSc.

(Katedra matematiky a deskriptivnej geometrie
Stavebna fakulta STU v Bratislave)

MKP v spracovani obrazu

Anotacia: V prednaske ukdzeme vyuzitie metédy koneénych
prvkov a z nej odvodenych numerickych algoritmov na rieSenie
nelinedarnych diftiznych rovnic v analyze statického a dyna-
mického obrazu. Metédy budi zahfnat biologické a environ-
mentalne aplikacie, spracovanie a analyzu videi z konfokalnych
mikroskopov, zachytéavajicich vyvoj bunkového rodostromu pri
embryogenéze, ako aj automaticka klasifikaciu chranenych bi-

otopov Natura 2000 na béaze satelitnych optickych dat.

Prof. Ing. Jindrich Petruska, CSc.

(Ijstav mechaniky téles, mechatroniky a biomecha-
niky Fakulta strojniho inzenyrstvi VUT v Brné)
MKP a rozvoj pocitacové mechaniky na
strojni fakulté VUT v Brné

Anotace: V pfispévku uvedeme hlavni etapy zaclenéni MKP
do odborné a pedagogické prace ustavu mechaniky téles FSI
VUT v Brné. Ukazeme typické problémy, fesené v uply-nulych
desetiletich i1 techniku, se kterou jsme v té dobé pracovali.
Zminime i postupné zaclenéni MKP a pocitaca do vyuky
zakladnich kurzi mechaniky na strojni fakulté. Pfipomeneme
tak vyvoj, kterym v souvislosti s nastupem pocitacové tech-
niky a MKP prosgla vSsechna obdobna vysokoskolska pracovisté

od Sedesatych let 20. stoleti do soucasnosti.

Prednésejici zleva: Jakub Sistek, Michal Kiizek, Vit Dolejsi, Marek Brandner, Vaclav Kucera,
Tom&s Kozubek, Tomés Vejchodsky, Karol Mikula a Jindfich Petruska.
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Foto ze Vzpominkového odpoledne

Prednasky v neobaroknim sale

Foto Viclav Koniéek a Jan Franci (JF)

Michal Kiizek atmosféra neobarokniho salu s varhany Tomés Vejchodsky
Ivo Zlamal (JF) Ales Zlamal Jan Franca Jitf Jan (JF)
syn prof. Zlamala synovec prof. Zlamala organizator a moderdtor  hrél varhanni predély
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Foto ze Vzpominkového odpoledne

Prestavka s kavou a vystavkou

Foto Viclav Koniéek a Jan Franci (JF)

Vladislav Kozék, Mojmir Sob  Petra Rozehnalové, Pavel Starha  Jan Cermék, Bohumil Maros

Tomé&s Vejchodsky, Zuzana Dosla (JF)
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Foto ze Vzpominkového odpoledne

Pripitek vinem VUT 2023

Foto Jan Francu

Ivan Direr, Libor Cermak, Marcela BeneSova,

Antonin Dvotak, Michal Kiizek

Pavel Varejka, Karol Mikula Vitézslav Vesely, Jifi Vala

Ivan Direr, Jit{ Vala, Marcela Benesova
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Uvodni slovo rektora
LADISLAV JANICEK

Véazené damy, vazeni panové,

Je mi velkym potéSenim, ze tu mohu byt s Vami na vzpominkovém setkani pti prilezitosti
100. vyroc¢i narozeni pana profesora MiloSe Zlamala. Je 1zasné vidét na tomto setkani tolik
osobnosti nejen nasi univerzity, ale i prednich univerzit z Ceské republiky, Slovenska i ze za-
hranici. Je to svédectvim toho, ze jméno pana profesora Zldmala je stdle zivé v myslich téch,
kdo jej znali i téch, ktetfi poznali jeho odkaz.

Vystudoval jsem na Vysokém uceni technickém v Brné obor stavba letadel na tehdejsi
Katedre letadel (dnes Leteckém tstavu) Fakulty strojniho inzenyrstvi. Po absolvovéni studia
jsem mél velké stésti, nebot diky panu Ing. Antoninu Pistkovi, pozdéjsim profesorovi a fediteli
Leteckého tustavu, se kterym jsem se setkal u statni zavéreéné zkousky, se mi dostalo tizasné

prilezitosti jit pracovat do jednoho z nejvétsich leteckych podniku v zemi, do statniho podniku
LET Kunovice.

del nadseny mlady inzenyr mohl tehdy nechat pouze snit — do oddéleni statickych vypoctu
leteckych konstrukei a jeho skupiny vyvoje pevnostnich vypoctovych metod. Vedoucim celého
oddéleni byl tehdy pravé pan Antonin Pisték.

LET Kunovice (dnes Aircraft Industries) byl v té dobé naprosto jedine¢nym $pickovym
vypocCtovym centrem a centrem vyvoje pokrocilych vypoctovych metod v leteckém prumyslu
v celém tehdejsim Ceskoslovensku. Byl tu vyvinut mimo jiné systém SAVLE pro vypocty ae-
rodynamického zatizeni letadel a predevsim systém SOFEM pro pevnostni vypocty leteckych
konstrukci metodou koneénych prvki. Hlavnimi autory systému SOFEM byli pravé pan Ing.
Antonin Pisték, CSc., a jeho kolega, pan Ing. Rudolf B6hm, muj prvni pfimy nadfizeny.

Vse tehdy bylo programovano v jazyce FORTRAN. Psal se rok 1989 a v tu dobu zacaly
nastupovat UNIXové systémy a také jazyk C. A tak jsem dostaval svoje prvni tkoly programo-
vat pevnostni vypoctové aplikace v jazyce C a transformovat a propojovat nékteré fortranovské
moduly systému SOFEM v tomto programovacim jazyce.

Prave tehdy jsem casto slychdval jméno pana profesora MiloSe Zlamala, ale také jeho spolu-
pracovniki, pant Jiffho Kratochvila a Alexandra Zeniska, pozdéji také profesorit. A posledniho
z jmenovanych jsem mél moznost i osobné poznat, mimochodem u piijimaci zkousky na dok-
torské studium. Po necelych dvou letech v LET Kunovice jsem se totiz vratil zpét na Vysoké
uceni technické v Brné na Katedru letadel a stal jsem se odbornym asistentem pro stavebni
mechaniku leteckych konstrukei a konstrukei a pevnost letadel.

To uz jsem ovsem o MKP a jeho historii védél mnohem vice a profesor Zlamal byl pro
mne legendou a obdivovanou odbornou autoritou. Kdyz mne pan profesor Miroslav Doupovec,
prorektor pro studium, zprostiedkoval setkani s panem profesorem Janem Francu, ktery prisel
s navrhem na tento vzpominkovy akt na profesora Zlamala, viibec jsem nezavahal.

Jsem presvédcen, ze VUT nesmi zapominat na svoje osobnosti a u pana profesora Zlamala
to plati nasobné. Inicioval jsem také vznik galerie nejvyznamnéjsich osobnosti nasi univerzity,
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Uvodni slovo rektora

kterou ozdobime naSe univerzitni prostory a s umeélci nasi Fakulty vytvarnych uméni prave
pracujeme na busté pana profesora Zlamala, kterou vérim, ze v brzké dobé odhalime.

Soucasné jsem pozadal pana prof. Doupovce zvazeni moznosti piipravy publikace o dob-
rodruzstvi, kterym prosel vyvoj metod konecnych prvku, a kterak se z puvodné intuitivni
inzenyrské metody zrodil dnes v nejruznéjsich variantach koneénych prvku ¢éi koneénych objemu
nezastupitelny vypoctovy nastroj pevnostnimi vypocty pocinaje a aerodynamickymi nekonce.

Skutecnost, ze k rozvoji téchto metod vyznamné prispéla nase univerzita je naprosto unikétni.
S tctou a hrdosti vzhlizim k osobnosti pana profesora Zlamala a vyjadiuji k jeho odkazu hlu-
boky obdiv. Ué¢inim vSe, abychom jeho odkaz i jméno spolu s odkazem a jmény jeho spolupra-
covniki, pant profesoru Jiftho Kratochvila a Alexandra Zeniska na nasi univerzité, a nejen na
ni, patticné pripominali, ale také abychom je ucinili vzorem pro tvuréi praci dalsich generaci
nasSich akademickych a vyzkumnych pracovnik.
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PETR VASIK

Vazeny pane rektore, vazeni hosté,

jen velmi kratce prednesu zdravici za Ustav matematiky. Jsem Tteditel Ustavu matema-
tiky Fakulty strojniho inzenyrstvi, kde profesor Zlamal pusobil, ale i kdyz to tak mozna ne-
vypadd, ja jsem ho osobné z casovych duvodu nezazil. Jeho jméno ale bylo vzdy na tstavu
patrné a zminované. Jeho pusobeni na katedie matematiky zacalo v roce 1990, kdy profesor
Zlamal piesel s vedeckou skupinou profesorem Zeniskem, docentem Nedomou, docentem Li-
Laboratore poc¢itacovych strojui) na tehdejsi katedru matematiky fakulty strojni. Zah4jil vstup
ustavu matematiky, tenkrat jesté katedry, mezi uznavana etablovand matematicka pracoviste.

Pro nés v soucasné dobé, kromé samoziejmeé toho, ze u nas byla zavedena metoda konecnych
prvku, je zasadni to, ze védecka vaha profesora Zlamala prispéla k akreditaci studijniho pro-
gramu Matematické inzenyrstvi, ktery naddle predava matematické dovednosti dalsim gene-
racim. Studijni program je porad prestiznim oborem, jakym byl v dobé svého zalozeni. Da se to
demonstrovat napiiklad na tom, Ze prvnim pfedsedou statnicové komise byl profesor Jaroslav
Kurzweil.

Jméno profesora Zlamala nese dodnes poradany seminaf, ktery profesor Zlamal zalozil v 60.
letech pod nazvem Seminar z numerickych metod a na jehoz udrzeni ma obrovskou zasluhu
prave profesor Francu, ktery seminar spravuje dodnes.

Na zavér bych jen dodal, ze odkaz profesora Zlamala se snazime udrzovat i nadale uz jenom
tim, Ze stejné jako napifklad mi piedchtdci, profesor Zenisek nebo profesor Slapal, dbame na
vysokou védeckou iroven a predavame mladym lidem poznatky z kvalitni matematiky.

Dékuji za pozornost.
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Profesor Milos Zlamal — zivot a dilo
JAN FRANCU A MiIcHAL KRIZEK

Strucny zivotopis

Milos Zlamal se narodil 30. prosince 1924 ve Zborovicich na Kromérizsku. Jeho otec ing.
Frantisek Zlamal byl ze statkaiské rodiny a matka rozena Zborilova ze selské. Rodina jesté
pred narozenim jeho mladstho bratra Jaromira (1926-2010) se ptestéhovala do Brna. V letech
1936-1945 Milos studoval na 3. redlném gymnéaziu v Brné. Studium musel ovSem prerusit,
protoze v letech 1944-1945 byl totdlné nasazen ve Vratislavi.

Dne 6. 2. 1946 se zapsal na Prirodovédeckou fakultu Masarykovy univerzity. Studium ukonéil
10.2.1949 a ziskal titul RNDr. V obdobi 1950-1951 byl aspirantem v Matematickém tstavu
Ceskoslovenské akademie veéd (CSAV) v Praze. V letech 19511952 absolvoval zakladn{ vojen-
skou sluzbu, béhem niz se 19. 1. 1952 ozenil s Ludmilou rozenou Vichrovou. Méli spolu dva syny
Iva (*1954) a Martina (*1963).

V roce 1955 ziskal v Matematickém tstavu CSAV védeckou hodnost kandidéta ved CSc.
obhdajenim prace: Studium oscilacnich a asymptotickych vlastnosti Teseni diferencidlnich rovnic
pod vedenim prof. Otakara Boruvky. Docentem byl jmenovan 1.6. 1956 na Ptirodovédecké
fakulté v Brné.

V roce 1956 se stal zakladajicim clenem redakéni rady nové vzniklého casopisu Aplikace
matematiky (pozdéji prejmenovaného na Applications of Mathematics), ktery dodnes vydéva
Matematicky tstav Akademie véd. V redakéni radé pusobil az do roku 1992.

Dne 1.9. 1961 ptestoupil na Fakultu strojni VUT v Brné, stal se vedoucim nové zalozené
Laboratore pocitacich stroji a od roku 1963 do 1990 byl jejim feditelem. CSAV mu 17. 3. 1963
udélila védeckou hodnost doktora véd DrSc. a 28. 5. 1965 byl jmenovan profesorem matematiky.
Dne 16.3. 1981 byl zvolen ¢lenem korespondentem CSAV.

O jeho vyjimecnosti svédci také skutecnost, ze a¢ nestranik funkci feditele zastaval 27 let
a v letech 1983-1992 byl predsedou védeckého kolegia pro matematiku CSAV. V dobé nor-
malizace mél odvahu pfijmout do své laboratore i pracovniky, ktef{ byli rezimu nepohodIni.
Pod jeho vedenim se Laborator pocitacich stroju (pozdéji Oblastni vypocetni centrum) stala
nejvyznamnéjsim tustavem tohoto typu v zemi a sehréla klicovou roli pii zavadéni vypocetnich
metod a pocitacu do praxe nejen v ramci VUT, ale i do vyzkumnych tstavi a vyrobnich zavodi.

Foto svatebni Foto okolo r. 1955 Foto okolo r. 1970 1990 foto archiv rodiny
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V letech 1964 a 1981 piednasel v USA, v letech 1976/77 v Novosibirsku a v roce 1986
v Pekingu, v roce 1972 v Londyné, 1973 v Dundee, v roce 1975 v Claustalu (Némecko) a Rimé.
Zucastnil se fady tuzemskych i zahrani¢nich védeckych konferenci, udrzoval styky s prednimi
matematickymi pracovisti ve svéte.

V roce 1990 prestoupil na Katedru matematiky Fakulty strojni VUT. Svoji vahou podporil
vznik nového studijniho programu Matematické inZenyrstvi. V roce 1995 odesel do duchodu.
Profesor Zlamal nahle zemtel v Brné dne 22.6.1997.

Pripomenme si néktera jeho vyznamnd ocenéni. V roce 1969 ziskal Bronzovou pamétni
medaili VUT a v roce 1974 mu prezident CSSR udélil Stétn{ cenu Klementa Gottwalda za
vypracovdni a rozvinuti matematické teorie metody konecnych prvki a jeji aplikace. V roce
1979 mu Prezidium CSAV udélilo Stifbrnou plaketu Bernarda Bolzana za zdsluhy o rozvoj
matematickych véd a v roce 1984 ziskal jesté Zlatou plaketu Bernarda Bolzana. Mezi jeho
nejvetsi védecka uznani nepochybné patii udéleni cestného doktoratu na Technische Universitat
v Drdzdanech v roce 1984. V témze roce byl ocenén i Zlatou pamétni medaili VUT v Brné.
V roce 1987 byl zvolen ¢estnym clenem Jednoty ceskoslovenskych matematiku a fyziku. V roce
1992 obdrzel Pamétni medaili Univerzity Karlovy za vyznamny prispevek k rozvoji a aplikact
metody konecnych prvku. Dalsi jeho ocenéni jsou uvedena v brozurce [2, str.47].

Dilo

vvvvvv

desatych a sedesatych letech se vénoval predevsim studiu vlastnosti analytickych feseni obycej-
nych a parcidlnich diferencialnich rovnic. Pak se postupné ¢im déle, tim vice koncentroval na
jejich numerickd feseni. Slo zejména o numerickou integraci a metodu koneénych diferenci.

V roce 1967 se prostiednictvim inzenyra Jifitho Kratochvila seznamil s pomérné novou empi-
rickou inzenyrskou metodou zvanou metoda konecnijch prvki, ktera se vyborné hodila pro feseni
problému mechaniky kontinua. Tato metoda umoznovala numericky pocitat napt. mechanicka
napéti a posunuti raimovych konstrukei, viz [2), str. 12-18]. Zlamalovi se metoda tak zalibila, ze
jiz v roce 1968 publikoval jako prvni na svété ¢lanek o matematické teorii metody konecénych
prvkua, viz [7]. V ném dokézal jeji konvergenci za podminky, ze vSechny uhly v triangulaci
vySetfované oblasti jsou zdola ohrani¢eny jednou pevnou kladnou konstantou. Tento clanek je
dodnes hojné citovan a vyznamné ovlivnil rozvoj numerickych metod v tomto i minulém stoleti.

Zlatou plaketu B.Bolzana predavé akademik Rys Cestny doktorat Technické Univerzity Drazdany
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Dalsi stézejni prace Milose Zlamala [9] se tykala aproximace kiivoc¢aré hranice vySetfované
oblasti pomoci tzv. kiivocarych prvku. Podle americké databaze MathSciNet je to jedna z nejci-
tovanéjsich Zlamalovych praci. V ni je zaveden idedlni koneény prvek, ktery umoziiuje dokonalé
rozdéleni vySetfované oblasti na prvky.

Prof. Zlamal byl také jednim z prvnich numerickych matematiku, kteri vyvinuli takzvané
prechodové konecné prvky. Ty se pouzivaji tam, kde jedna ¢ast vysSetfovana oblasti je po-
kryta jinym typem konecnych prvki nez jina ¢ast. Jde kuprikladu o prechodové koneéné prvky
umoznujici spojité napojeni linedrnich prvku na prvky kubické, viz [§].

Velkych tspéchu dosahl prof. Zldmal v oblasti superkonvergence metody koneénych prvki,
viz série ¢lanku [3), 10, [11]. Déle se zabyval metodou koneénych prvku pro numerické fFeseni
rovnice vedeni tepla, pro vypocet magnetického pole, pro priblizné feSeni polovodi¢ovych rovnic
aj., viz [6, 12] 13}, 14, 15, [16].

Prof. Milos Zlamal naprosto jednozna¢éné patii ke Spickovym svétové uznavanym nume-
rickym matematikum. Své teoretické vysledky dokladal numerickymi vysledky, které mu pocital
Libor Holusa. Byl jednim ze zakladatelu slavné brnénské skoly metody konecnych prvku, viz
napi. [T, 4 5 6, 17, 18]. Kromé Zldmala jeji jddro tvorili zejména Libor Cermsk, Libor Holusa,
Vladimir Kolar, Stanislav Koukal, Jiti Kratochvil, Frantisek Leitner, FrantiSek Melkes, Josef
Nedoma, Alexander Zenisek a dalsi. Zldmalovo rozsahlé dilo vyrazné piispélo k efektivnimu
numerickému feseni problému matematické fyziky.

Podrobnéjsi popis védeckych vysledku profesora Zlamala je uveden v anglické ¢asti tohoto
sborniku na strankach 58 —68. Seznam vsech jeho védeckych publikaci je na konci sborniku.
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MKP a rozvoj pocitacové mechaniky
na strojni fakulté VUT v Brné
JINDRICH PETRUSKA

Title: FEM and the development of computer mechanics at the Faculty of Mecha-
nical Engineering of the Brno University of Technology.

Abstract: In this contribution, we present the main stages of the integration of
FEM into the professional and pedagogical work of the Institute of Solid Mecha-
nics of the Faculty of Mechanical Engineering of the Brno University of Technology.
The gradual integration of FEM and computers into the teaching of basic courses
of mechanics at the Faculty of Mechanical Engineering will also be mentioned. We
will thus recall the characteristic development that all similar university workplaces
have undergone in connection with the advent of computer technology and FEM
from the 1960s to the present.

1. Uvodem

Jako pocétek rozvoje a vyuzivani MKP byva uvddéna publikace ¢lanku [I] v roce 1956. Jeji
pronikan{ do tehdejstho Ceskoslovenska a na VUT v Brné bylo ponékud komplikovéno diky
zavislosti na rozvoji pocitacové techniky, jejiz iroven u nas bohuzel za hospodatsky vyspélymi
staty v té dobé zaostavala. Konkrétné na VUT jsou pocatky pocitacové techniky spojeny s La-
boratoii pocitacich stroju, ktera byla zalozena v roce 1959 rozhodnutim rektora pti katedie ma-
tematiky FS VUT v Brné, od roku 1961 pak jako samostatné pracovisté. Laborator vyuzivala
pri své praci nejdiive pocitace instalované v Praze, a to hlavné sovétsky pocitac URAL 1
na ministerstvu chemického prumyslu. V roce 1961 byl v laboratori uveden do provozu maly
samocinny pocitac LGP—30 z USA, prvni na celé Moraveé.

Dalsim meznikem byl rok 1966, kdy zahajil zkusebni provoz maly sovétsky pocitac MINSK
22 a zejména byl zakoupen svédsky stiedni pocitac DATASAAB D 21. Na tomto stroji
byly jiz programovany algoritmy Metody konecnych prvki, jejimz priukopnikem na VUT byl
Ing. Jiti Kratochvil, pozdéjsi profesor stavebni fakulty VUT. Podle jeho vzpominek bylo i
pro néj prvotni inspiraci pravé studium clanku [1]. Stastné spojeni inzenyri ve skupiné prof.
Kratochvila s tehdejsim feditelem laboratore, matematikem prof. Zlamalem, vedlo nejen k feseni
prvnich praktickych inzenyrskych problémi, ale i k celosvétové vyznamnému vkladu do teorie
MKP. Tim se stala publikace proslulého ¢lanku profesora Zlamala [2], kterd v roce 1968 polozila
zéklady rigor6zni matematické teorie MKP se Sirokym mezindrodnim ohlasem.

Uspéch prof. Zladmala vynikne jesté vice, pokud si pfipomeneme podminky, kterym byly
veda a skolstvi v tehdejsim Ceskoslovensku vystaveny. Nejlépe to dokumentuje citace z pro-
jevu poslance Slobody k projedngvanému névrhu novely VS zdkona na 10. schiizi Narodniho
Shromdzdéni ve stiedu 16.3.1966: ,Domnievam sa, Ze kratkodobé cesty ucitelov vysokych §kol
do zahranicia, ktorych d¢elom mé byt vedecky vyskum, treba tiplne eliminovat. Mam tu na
mysli kratkodobé ,vedecké“ cesty, nejde mi pochopitelne o vzadjomné navstevy ucitelov vy-
sokych skol v ramci druzby a pod.*
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2. Pocitace a MKP v problémech strojarské mechaniky

Obr. 1 Ondrécek u pocitace EMR 6070.

Ustav mechaniky, difve Katedra technické mechaniky,
pruznosti a pevnosti Strojni fakulty, byl po Laboratori
pocitacich stroji a Stavebni fakulté dalsim z pracovist,
kde se pocitace a MKP zacaly intenzivné vyuzivat.
Hlavni postavou tohoto procesu byl doc. Emanuel
Ondracek, pozdéjsi profesor a prvni porevoluéni rektor
VUT. Hrél zde podobnou roli inicidtora a hlavniho hy-
batele jako prof. Kratochvil na FAST VUT.

Dobova fotografie z konce 70. let (Obr. 1) zachy-
cuje doc. Ondracka u tidictho panelu sédlového pocitace
EMR 6070 v podniku Geofyzika Brno. Jednalo se
o verzi IBM 360, ve své dobé nejvykonnéjsi pocitac
v Brné, vyuzivany primarné pro seismické vypocty. Ko-
lektiv okolo doc. Ondracka zde na zakladé smluvni spo-
luprace v ramci statnich ukolu vyvijel prvni programy
MKP SADUR a SADUS, které tesily nejen statiku ro-
vinnych a rota¢né symetrickych konstrukci, ale i jejich
dynamiku pfi rychlém, razovém zatézovani.

Pocatkem 80. let byl v oddéleni technickych vypocta
koncernového podniku Zdas-Vitkovice instalovén mini-

pocita¢ PDP 11/70. Jeho vykonové parametry umoznovaly paralelni obsluhu ptiblizné deseti
uzivatelum, kteri komunikovali s centrdlni jednotkou pomoci alfanumerickych a nékolika gra-
fickych terminala. Ty byly umistény v kanceldtich i mimo vlastni pocitacové centrum a stylem
prace tak predjimaly pozdéjsi nastup osobnich poéitacii. Diky spolupraci s podnikem se zd'arské
pracovisté stalo po fadu dalsich let mistem, kde probihal dalsi vyvoj i praktické nasazeni pro-
gramu MKP z dilny pracovniku katedry mechaniky strojni fakulty.

Nutnost dojizdéni mimo Brno
byla bohaté vyvazena novym
stylem prace. Tvuréi pracovnik
mél nyni svuj terminal k dispo-
zici po celou pracovni smeénu,
odpadlo pracné dérovani Stitku,
ladéni a programové zmény
bylo mozno provadét primo na
misté z klavesnice a vysledky
okamzité kontrolovat na testo-
vacich ulohach. Proti omezenym
pridélum strojového c¢asu na
star§ich sédlovych pocitacich to
byl skok do uplné nové éry.

Podstatné se rozsitilo i
vyuzivani vyvinutych programu
MKP pro feseni praktickych

Obr. 2 Detail rdmu lisu, sit a izolinie napéti.
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problémi podniku. Slo o kon-
strukce rozmérnych tvatecich
stroju, rovnacek, kovacich mani-
pulatoru a dalsich. Od rovinnych
tloh (Obr. 2) se postupné preslo
k teseni prostorovych konstrukeci
(Obr. 3), byt z dnesniho pohledu
slo stale o jednoduché kon-
strukéni podskupiny s omezenym
poctem prvku. Byly odladény a
zacaly se Tesit i jednoduché kon-
taktni ulohy jako prvni ptiklad
nelinearit. Na Obr. 4 je to priklad
kontaktni napjatosti mezi okem a
¢epem ojnice bramovych nuzek.
Zcela novou kvalitu prinesl
nastup osobnich poc¢itacu na
konci 80. let. U nés se v pocatcich
jednalo o Sestnéctibitové systémy
TNS z JZD Slusovice. Prvni tii
kusy jsme jeli vyzvednout piimo
do Slusovic s kolegou doc. Vlkem
v roce 1988. Vzhledem k cené pies
100000 K¢ za kus — v dnesnich
cenach kolem milionu — musel na Obr. 3. Cést stojanu lisu, geometrie a sif s deformacemi.
porizeni prispét tehdejsi koncern
Vitkovice. Naklad ti{ pocitaci, nalozenych tehdy do vozu Skoda 120, tak nékolikandsobné
prevySoval cenu automobilu i s posddkou. Vzhledem k omezenému poctu kusu bylo nutné na
tyto stroje zpocatku pripravovat rozvrh hodin, ve kterych se jednotlivi pracovnici katedry u nich
sttidali. Jako nejmladsi jsem byl tehdy povéren sestavovanim téchto tydennich rozvrhi.

Obr. 4. Kontakt ¢epu a oka ojnice bramovych nuzek, sif a napéti.

Na moji prognozu, ze do nékolika let budeme mit tyto stroje na svych pracovnich sto-
lech, se tehdy mnozi divali velmi skepticky. Na tato slova nicméné doslo a nasledujici obdobi
predstavuje asi posledni etapu zivelného rozvoje programu MKP, vznikajicich ,na kolené“ na
jednotlivych pracovistich vysokych skol, akademie véd, rezortnich vyzkumnych tstavu a velkych
prumyslovych podniku. Prevazné byly vyvijeny programy pro feSeni nejruznéjsich typtu nelinea-
rit, za naSe pracovisté zde muzeme zminit tuhoplastické modely pro simulaci tvarecich procesu,
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jako byl proces vélcovani na Obr. 5.

Obr. 5. Simulace valcovani, nestacionarni tuhoplasticky model.

Pocéatek devadesatych let je v oblasti pocitacu a MKP poznamenan predevsim ukoncenim
embarga na dovoz nejnovéjsiho softwaru i hardwaru do zemi stfedni a vychodni Evropy. Do-
stupnost komerc¢nich systému MKP jako je Ansys, Abaqus a dal$i znamenala témeér vsude
konec vyvoje vlastnich programu na bazi MKP. Muzeme to dokumentovat na prikladu kolokvii
o programech MKP, poradanych pravidelné Dopravoprojektem Brno.

Jesté v roce 1986 sbornik obsahoval 156 anotacnich listi k jednotlivym samostatné vy-
vinutym programum MKP pro nejruznéjsi aplikace. V roce 1991 (Obr. 6) to bylo uz jen
91 nabizenych programu. Do dnesni doby jich na komercni bazi prezilo a dale se rozviji jen
hrstka. Ostatni tvurci postupné ptesli na komeréni programy zapadni provenience, stejné jako
vypoctova oddéleni velkych prumyslovych podniku. ZkuSenost s tvorbou vlastnich programu
vSak prinesla jejich autorum trvalou konkurenéni vyhodu ve védecké ¢i konzultacni ¢innosti
dalsich let.

3. Pocitace a MKP ve vyuce strojarské mechaniky

Ve vyuce mechaniky se nastup poc¢itacu a MKP projevil se zpozdénim. Je to pochopitelné
zejména pokud si pripomeneme technické moznosti a styl prace prvnich salovych pocitacu,
k nimz mél omezeny piistup jen uzky okruh zasvécenych. Pocitacova vyuka v dnesnim slova
smyslu byla jesté hudbou daleké budoucnosti. Vyuka mechaniky byla v Sedesatych a z velké
casti 1 v sedmdesatych letech postavena na klasickych pristupech analytickych a grafickych
metod.

Piikladem mohou byt povéleéna brnénska skripta prof. A. Nedomy [3], psana jesté tithlednym
rukopisem a obsahujici vedle grafoanalytické metody feseni pruhybu nosniku (Obr. 7) i po-
drobné pojednéni o vyuziti Airyho funkce napéti i s priklady (Obr. 8). S&ém mohu vzpomenout,
ze pruhyb hiidelti podle Obr. 7 jsme v konstrukénich cvicenich fesili, byt podle modernéjsich
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Obr. 6. Sbornik kolokvia programiu MKP, Dopravoprojekt Brno, 1991.

Obr. 7. A. Nedoma, Pruznost a pevnost I, feseni pruhybové ¢dry nosniku [3].
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skript, jesté v poloviné sedmdesétych let. Jednim z vrcholnych piikladu vyuziti grafickych me-
tod ve vyuce predpocitacového obdobi je Shirka ptikladu z kinematiky doc. R. Brepty z roku
1957 [4]. Vyuka mechaniky za pomoci a s vyuzitim vypocetni techniky se nejprve realizovala

Obr. 8. A. Nedoma, Pruznost a pevnost I, Airyho funkce napéti s piiklady [3].

koncem Sedesatych let formou postgradudlnich kurzu, specializovanych skoleni a semindiu pro
uzky okruh studentu a absolventu techniky. Tato historie je dodnes ulozena ve sbornicich a
skriptech vytvorenych pro uvedené ucely. Jejich vycet by byl dlouhy a urcité netuplny. Pokud se
omezime na celostatni uc¢ebnice, pak je mozno zminit knihu prof. Servita z roku 1967 [5], kterd
se podrobné zabyva formulaci statickych vypocétu stavebnich konstrukei s vyuzitim metody siti
a Ritzovy metody. Jedno z prvnich struénych pojednani o podstaté a algoritmu MKP je ve
znamé ucebnici pruznosti prof. Hoschla z roku 1971 [6]. Nésledujiciho roku vysla monografie o
MKP kolektivu brnénskych autora Koldie, Kratochvila, Leitnera a Zeniska [7] a v roce 1975 pak
dalsi souborné zpracovani pocitacové zamérenych vypoctovych metod autoru Valenty, Némce,
Ulrycha a kol. [8] (Obr. 9). Dalsi ze znamych knih byly specidlné vénovany MKP v oblastech
dynamiky [9] a nelinedrnich problému [10].

Podstatné zmény ve vyuce nastaly az v poloviné 80. let s prfichodem minipoé¢itacu ADT
a prvnich osmibitovych osobnich mikropocitacu PMD-85 a IQ151. Jejich moznosti byly sice
prilis omezené na rozsahlé programovani, nicméné poprvé umoznily piimy kontakt studentu s
pocitaci a zakladni programovani pro vSechny studenty. Prvnimi pocitaci, kterymi byla na FS
VUT v Brné vybavena uc¢ebna pro vyuku mechaniky, byly Sestnactibitové verze slusovického
systému TNS. Foto z této prvni ucebny bohuzel nemam k dispozici, uvedeme zde pro ilustraci
proto ucebnu z doby o par let pozdéji (Obr. 10).
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Obr. 9. Prvni tuzemské monografie zachycujici ndstup poc¢itaci a MKP v mechanice.

Obr. 10. Pocitacova uéebna mechaniky kolem roku 2000.

Prechod k pocitacovému feseni problému mechaniky ve vyuce i praktickych aplikacich vedl k
zavedeni a uzivani pojmu ,poc¢itacovda mechanika“. Bohata diskuse k nému probéhla naptiklad
na strankach Bulletinu Ceské spolecnosti pro mechaniku v roce 1989. Piispévky brnénskych
autoru Ondrécka [I1], Janicka [12] a Vykutila [13] odrazeji tehdejsi diskuse vedené i na nasem
pracovisti katedry mechaniky. Vyplynulo z nich, ze pocitac se z pouhého néstroje stal mocnym
impulzem k dalsimu rozvoji mechaniky v oblastech, které by jinak nebyly mozné ¢i smyslu-
plné. Tyka se to vSech typu nelinearit a zejména vyvoje v oblasti modelu materialu. Tyka se
to rovnéz souvislosti mezi vybérem teoretické formulace problému a efektivnosti jeho nume-
rického teSeni, kterd zpétné ovlivnila rozvoj novych teoretickych piistupu k tlohdm mechaniky:.
Zahy bylo zfejmé, ze obsdhnout vSechny zminéné souvislosti neni mozné v ramci omezené do-
tace zdakladnich kurzu mechaniky na strojnich a stavebnich fakultach, a to ani pfi vypusténi
nékterych zastaralych partif. Resenfm bylo postupné zavadeéni novych specializaci zaméfenych
na aplikovanou, vypoctovou ¢i primo pocitacovou mechaniku v zavérec¢nych roc¢nicich studia.
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Obr. 11. Analyza kycelniho kloubu.

Dramaticky roste i velikost
vypoctovych modelu, které jsme
schopni TeSit i v podminkach
vysokoskolského pracovisteé
naptiklad v ramci diplomovych

projektu.
Obr. 12 wukazuje vysledek
narocné simulace narazoveé

zkousky automobilu ve srovnani
se skuteénym experimentem.

Na FSI VUT v Brné se rozbéhnul podobny obor
v roce 1987/88 nejprve jako jednoucelové zaméreny studijni
plan pro stipendisty podniku ZDAS-Vitkovice pod ndzvem
Pocitacové navrhovani strojnich soustav. Ten se nasledné
vyvinul ve standardni obor Inzenyrskd mechanika, nabizeny
vSem studentum 4. a 5. roéniku studia. V soucasné podobé
se jedna o navazujici magistersky program se dvéma speci-
alizacemi - Inzenyrska mechanika a Biomechanika.

Vedle toho vznikl pod zastitou Ustavu i program Mechat-
ronika, ktery mé jak bakalarskou, tak i navazujici magister-
skou podobu. Tyto nové obory jsou dusledkem pronikani
mechaniky i do oblasti jako je medicina. Katalyzatorem
tohoto procesu jsou pocitace, v mnoha piipadech i spolu
s MKP, jak ukazuje piiklad analyzy silového namahani
kycelniho kloubu na Obr. 11.

Obr. 12. Vysledek simulované a skutecéné bariérové zkousky..

V klasické casti strojarské mechaniky
pocitace proménily i oblast mechaniky ex-
perimentalni, zejména pomoci digitdlniho
snimani a analyzy obrazu.

Na Obr. 13 je srovnani lokalni defor-
mace zatézovaného vzorku experimentalni
metodou digitéln{ korelace obrazu (DIC)
s vysledkem vypoctové analyzy téhoz po-
moci MKP.

Toto srovnéni je cestou k formulaci, ve-
rifikaci a naslednému vyuziti stale kom-
plexnéjsich modelu materialu.

Obr. 13. Srovnani DIC a MKP metody.
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4. Zaver

Pokusili jsme se strucné nastinit nékolik desitek let vyvoje inzenyrské mechaniky, spojené
s nastupem pocitacu a Metody koneénych prvku. Podobny vyvoj jako na VUT v Brné probéhl
i na mnoha jinych vysokoskolskych pracovistich. Vidime, ze nase moznosti analyzy, navrhu i
méreni strojnich konstrukci se dramaticky proménily. Souc¢asné nastroje nam umoznuji postih-
nout komplexné mnoho aspektu a vlastnosti diive nepostizitelnych. Je dobré mit na paméti, ze
v zékladech tohoto uspéchu lezi prukopnicka prace takovych osobnosti, jako byl profesor Milos
Zlamal, jehoz sté vyroci narozeni si timto sbornikem pfipominame.
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VZPOMINKY NA VUT
Jak jsme zacinali s pocitaci
V potu tvare sepsal

Tonda Aujesky
Absolvent Fakulty elektrotechnické

Autor se narodil 4. ledna 1940 v Brné Holaskdch. Vystudoval
VUT obor elektro v roce 1963. V roce 1968 emigroval do Austrélie.
Pusobil v oboru research into satellite tmaging a pozdéji v oboru
process control engineering. Byl fe¢nikem na mnoha konferencich po
celém svété. Byl spoluautorem knihy Batch Controls, ktera byla pu-
blikovana v USA. Pro archiv VUT napsal tyto vzpominky. Zemfel

26. prosince 2024 v Australii.

Uvodem

Byl jsem pozadan, abych jako pameétnik zachytil svoje vzpominky na to, jak jsme na VUT
zavadeéli pocitacovou techniku, a to hlavné na uplné zacatky. Tak se tedy do toho pustim, ale
bude to takova pohddka, néco jako ,Cesta do pravéku®. Snad je to dobré pfirovnani, protoze
to, co jsme tenkrat délali a s jakou technologii pracovali, musi asi dnesnimu ¢tenaii pripadat
spredpotopni®. Kazdy zacatek je tézky, to je vSeobecné uznévand pravda. Ta platila zvlasté
v té dobé ,pravéku”, kdy jsme néco zacali a nevédéli, k cemu to vlastné povede. Tehdy nebyly
k dostani ani ty zakladni véci, které jsou dnes docela bézné, jako naptiklad vykonové transistory,
mikro¢ipy a podobné.

Nicméné, myslim si, ze to byla doba velice zajimava a dokonce i vzrusujici, protoze se v ni
formovaly myslenky naznacujici, ze néco nového ma prijit na scénu, i kdyz nikomu nebylo jesté
jasné, co by to presné meélo byt. Néco se pohnulo a dalo se na pochod. Ovsem co to bylo, jsme
tenkrat nevedeli. Hadali jsme a tapali jsme, ale prosté jsme nevédéli. Dnes uz to vime, byla to
sinformaé¢ni revoluce”, kterd se tenkrat davala do pohybu a ptetrvala pak po nékolik desetileti.
Dnes uz se ovSem o ,revoluci“ mluvit neda, spise o evoluci.

A jesté chteél bych podotknout, nez se zakousnete do ¢teni, ze pokud se vam snad nebude
libit muj sloh, tak vezméte prosim v uvahu, ze uz ziju néjakych 40 let v Australii. A dale, ze
jsou to jenom mé vlastni vzpominky a ne historicky zapis, jaky se ocekaval od kvalifikovaného
kronikare, takze nemohu brat zodpovédnost za piipadné nepiesnosti.

Tak se tedy pohodlné posad’te, pohddka zaciné. A vy décka nezlobte, Pepicku neber Mafence
ten iPod a ty Honzicku nech toho Googlu, budes mit ¢tveraty ocicka. A viubec vypnéte si mobily

Prvni impuls
aneb

Kudlackova kybernetika

Tak jak to vlastné tenkrat zacalo, co byl ten prvni impuls? Na to bohuzel nemohu odpovédét
bez osobniho zaujeti. Pro mne to zacalo tim, ze jsem v roce 1958 jako posluchac¢ prvniho roéniku
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Fakulty energetické VUT navstivil prednasku Véclava Kudlacka, ktery nas ucil matematiku,
o kybernetice. Tato prednaska a vSecko, co z ni potom vyplynulo, mné dala takovy ten prvni
silny impuls, ktery mé postavil na dradhu poc¢itacu, informatiky a fizeni (process control) pro
zbytek zivota. Byla to dréha, kterd mé zavedla daleko od domova (zZiji uz néjakych 40 let
v Austrélii), ale zato mné dala moznost se dokonale ,vyfadit* ve stdle se vyvijejicim oboru.
Ovsem ta prednaska o kybernetice mné porad zustala v paméti jako zivotni meznik.

Mladsi étendfi se asi ptaji, co to vlastné bylo ta kybernetika? Odpovéd zaleZi na tom, jak se
slovo kybernetika vyslovovalo. V puvodni formé to byla cybernetics (vysloveno ,sajbrnetyks),
coz byla tpadkova pavéda zapadnich imperialisti. Bylo to v roce 1958, v dobé hlubokého
komunismu. Zato vsak v modifikované formeé to byla ,kybernetika“, tedy pokrokova véda nasich
vychodnich bratru Sovétl, a jako takovéd zacinala préaveé prichazet do médy - ale zase ne tak
docela, prilisné propagace této védy mohla byt politicky riskantni.

Tato véda ¢i pavéda byla zalozena v knize Norberta Wienera, ktera vysla nékdy tésné po
druhé svétové valce v Americe. Wiener v ni rozvinul myslenky tykajici se fizeni systému pomoci
informace. Ale nejen to, Wiener dokéazal vystihnout, co maji tyto systémy spolecné. V tom
zobecnéni spoc¢ivalo jadro véci. Do té doby byly jednotlivé typy systému chapany oddélené.
Naptiklad elektronické navigaéni a stabilizac¢ni systémy nemély nic spoleéného s nervovymi
systémy zivych bytosti, a ty zase nemély nic spole¢ného s fizenim ekonomiky. Wiener dokazal
vystihnout a popsat spolecné rysy téchto zdanlivé odlisnych systémii, a tim je konceptudalné sjed-
notit. Diky tomuto sjednoceni bylo mozno vyvozovat zavéry spolecné véem takovym systémum,
a popripadé védomosti ziskané v jedné oblasti aplikovat v oblasti jiné. Myslenka to byla opravdu
zajimava a otvirajici nové moznosti. A tak vznikla nova véda, lépe feceno zarodek nové védy
zvana kybernetika, ktera se témito otazkami zabyvala. K Wienerovi se pak pripojili dalsi autofi
jako Ashby a Shannon (ten se ale vice vénoval problémum komunikace), takze literatury bylo
pomeérné dost.

To by bylo vsecko hezké a zajimavé, ale co se s tim dalo délat? Ona jedna véc je sepsat
teoreticko-popularni knihu, jako byla Wienerova Kybernetika, nebo dumat nad ,nesmrtelnosti
chrousta®. Druhd véc je dat to vSsechno do praxe nebo aspon nékde zacit s aplikaci Wienerovych
myslenek. To byl cas, kdy pfisel na scénu Vaclav Kudlacek. Mluvim o situaci v Brné, nevim,
co se délo v té dobé jinde v republice.

Nez ale budu psat o ném a o ostatnich, chtél bych ptredeslat, ze akademické tituly nebudu
uvadét, abych se nedopustil nepresnosti — konec koncu zili jsme v socialismu, tak jsme byli
vSichni soudruzi.

Viaclav Kudlacek nam prednasel v prvnim roc¢niku matematiku. Byl to ¢lovék stiedniho
veéku, ale presto plny mladického elanu a energie, ktera z ného vyzarovala na vSecky strany a
hledala si uplatnéni. Byl to rozeny organizator a zdélo se, ze mél prsty v kazdé akci. Neni tedy
divu, ze si naSel kybernetiku jako jeden z bodu k uplatnéni svého tvurcéiho a organizacéniho
talentu. Dalo by se i Fict, ze si kybernetika nasla jeho jakozto svého nejlepsiho propagatora.
A tak se to diky Véaclavovi rozjelo, témér jako kdyby byl pronesl znamou magickou formuli
,Budiz svétlo“. A svétlo bylo ¢im dal vétsi, az do osudného roku 1968, kdy to zase ruplo, ale
to bychom ptedbihali udalostem.

Pro zajimavost bych jesté dodal, ze Kudlacek byl ,,Vanc¢ak*, to jest z [vanc¢ic u Brna, zrovna
tak jako malii Alfons Mucha a herec Vladimir Mensik. Myslim, ze mél s Mensikem hodné
spolecného, co se tyée chuti do zivota, smyslu pro humor a optimismu. Cetl jsem v Mensikové
zivotopisu, ze jeho matka byla rozena Kudlackova, takze néjaké spojeni by tady bylo.

Ale zpatky ke Kudlackové prednasce. Pro mé osobné to bylo néco strasné zajimavého a
fekl bych i fascinujicitho. Mél jsem dojem, ze priSel cas, kdy fantasie a science fiction se brzo
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stanou skutecnosti. Snad to bylo diky Kudlackové prednesu, nebo tim, ze jsem kone¢né nasel
svuj pravy zajem a ze mné ho nékdo vlastné pomohl definovat.

Abych tento bod vysvétlil, musim zde podotknout, ze uz jako dité Skolou povinné jsem
rad cetl knizky zaméfujici se na védu, at to byla astronomie, chemie ¢i elektiina, vSecko mé
zajimalo. Pak jsem Sel na Elektrotechnickou prumyslovku studovat obor Réadio a sdélovaci
technika, ale nijak mé to nechytlo, citil jsem, zZe to nebylo ono. Pak jsem se dostal na VUT a
prisla ta Kudlackova prednéaska. Ano, to bylo ono, kone¢né néco, co mne opravdu a do hloubky
zajimalo. Kybernetika tedy ziskala dalsiho stoupence, i kdyz to byl pouhy student.

Jenze zajem studentii o obor sam o sobé nestaci, bylo zapotiebi dalsich akei k tomu, aby se
to opravdu rozjelo. To védél i Kudlacek moc dobte. Prednéskou nas sice na chvilku zachytil, ale
slo o to, udrzet si momentum. Jak sam priznéval, jeho metoda postrkavani véci dopiedu byla
,natuknout a dotuknout“. Pfedndskou nds tedy natukl, a aby nds dotukl, zadal ndm takovou
domdci dlohu - vyfesit problém znamy v odbornych kruzich pod jménem ,Mys v bludisti®.

Mys v bludisti
aneb
Neboj, to zmaknem

»Mys v bludisti“ byla hracka, kterou vymyslel a sestrojil jeden ze zakladatelu, neboli pionyru
kybernetiky, Shannon v roce 1952. Slo mu o to dokézat, Ze inteligentni chovéni zivych tvort se
da simulovat na mrtvém stroji, mechanickém, elektrickém atd.

Jak to fungovalo? Kratce feceno, simulovand mys vleze do bludisté a hledd vychod. Az ho
najde, je odménéna kouskem syra. Kdyz se pak pokus opakuje, mys uz si pamatuje, jak sla
predtim a nejen to, vypracuje si svoji inteligenci, jak se dostat k vychodu co nejrychleji a bez
bloudéni. Dnes by se takova véc mohla snad zdat k smichu, protoze dnesni pocitace dokazou

Kdyz jsme tedy dostali tuto domaci ilohu, tak jsem pfisel na takové jednoduché feseni, ve
kterém si stény bludisté ohledaval elektricky proud. Kazdé sténa bludisté byla totiz spojena s
kontakty, a ty byly vzdjemné propojené do urcité sité, néco jako pavucina. Pomyslna mys béhala
bludistém a rozsvécovala zarovecky, kudy bézela. Kdyz jsem pak na dalsi prednasce odevzdal
svoji ulohu vyfesenou, zjistilo se, Ze jsem byl sam, kdo to vlastné vzal vazné a opravdu se snazil
néco udélat. Takze to bylo jediné feSeni, které jsme méli. Bylo to pouze teoretické feseni a
myslel jsem, ze to tim skonéi a pujde se dal na zajimavéjsi véci. Vaclav Kudlacek se ale toho
chytil a pozval mé na schiizi na Katedfe matematiky na Gorkého ulici, abych tam svoje feseni
predlozil panelu znalcu k posouzeni.

Oni se tam totiz sesli profesofi ze vSech moznych a nemoznych §kol a istavu, samé kapacity,
jak se tenkrat tikalo, pro mé bohové na Olympu. Kudlacek je sehnal dohromady, aby je ziskal
pro kybernetiku, tedy aby je natuknul. Tak jsem se tedy dostavil na misto, ale byla ve mné
mald dusicka. Nikdy predtim jsem totiz nevidél tolik vdzZenych soudruhu pohromadé.

Dovolte mi odbocit, abych vysvétlil titul vdZeny soudruh. Byla to jedna z vymozenosti
socialistické rovnopravné spolecnosti, takové dialektické spojeni staroddavného titulu wvdzZeny
pdn a pokrokového titulu soudruh. VizZenému soudruhu se vykalo, kdezto soudruhu se tykalo.
Vazeny soudruh také mohl kdykoliv sefvat soudruha, nikoliv vSak naopak.

J& mél pred vdZenymi soudruhy trému, avsak se ukazalo, ze zbytecné. Byli ke mné shovivavi
jako pravi bohové k obycejnému smrtelniku. Predlozil jsem jim vyplod své fantazie a oni podu-
mali, i hlavami pokyvali, a pak opatrné pronesli znalecky posudek: ,, To by mohlo fungovat“. Mél

35



Tonda Aujesky

jsem z toho mit radost, ale naopak ve mné hrklo jak ve starych pendlovkéch: ,Smarjéd panno,
ted snad mné feknou, abych to postavil, uvedl do chodu a piedvedl.“ To by byla katastrofa,
protoze ja byl ,levej na obé ruce”.

Tedy na vysvétlenou, kdysi jsem sice postavil boudu pro psa, ale pes v ni odmital spat, a
to z dobrych divodi. Pak jsem stavél holubnik a nestastnou ndhodou rozboural piil stiechy na
rodném domku. Co se tyce elektroniky, rozmontoval jsem doma radio, ale néjak mné potvora
nesla dat zpatky dohromady. Kdyz jsem to konecéné smontoval, tak na ném neslo chytnout nic
jiného nez rusicka Svobodné Evropy — alespon, ideologicky jsem to potrefil spravné.

M¢ obavy se bohuZel naplnily, nebot nasi vdZeni soudruzi opravdu ocekavali, Ze se do toho
dam. A tak s tézkym srdcem jsem se vypoklonkoval ven a musim fict, ze moje nadsSeni pro
kybernetiku utrpélo vaznou trhlinu. Vypadalo to na velkou ostudu. Pak se ale na scéné objevila
dalsi osoba, a ta mé vlastné zachrénila. Byl to Jan Brejl, feceny Honza, z naseho roc¢niku, se
kterym jsem se do té doby stykal jen povSechné. Kdyz jsem Honzovi prednesl svuj problém
i zal, nadechl se a suverénné prohlasil slova pro mé paméatna ,Neboj, to zmaknem*. Timto
prohlasenim mné znacné pozvedl naladu a uvedl véci na kolej pokroku vstiic lepsim zittkum.
Zdélo se, ze informacni revoluce se znovu rozjela plnou parou.

Honza byl totiz, jak on sam hrdé o sobé prohlasoval, bastlit a rekl bych i, Ze nezlomny ve
své vite v , bastleni®.

Pro nezasvécené musim vysvétlit, co je to bastlir. Je to ¢lovek, ktery dokaze délat technické
zazraky metodou bastlent, to jest by trial and error, neboli metodou pokusu a omylu. Jsou ovsem
ruzné druhy bastliru, napriklad existuje bastlit primitivis ktery, ttebaze se umi sotva podepsat,
dokaze spravit kazdé radio. Déle pak je tu bastlit obecny, to jest clovéek, ktery s tspéchem
absolvoval obecnou skolu, takze podpis mu nec¢ini zddné potize, ovsem o néjakych teoriich nema
ponéti. A konecné je zde bastlir superioris, ktery sice ovlada teorii na vybornou, ale poklada ji
za nepouzitelnou v praxi. A to byl Honza.

Tedy, kdyz takovy bastlir superioris fekne: ,to zmaknem“, tak to néco znamena.

Jenze ono to Honzovo zmdaknuti nebylo tak snadné. Neméli jsme materidl, naradi a ani
misto, kde by se to vSecko dalo délat. Ale i to se vyfesilo, a nakonec jsme, jako ti komsomolci
na celindch, piekonali vSechny piekazky a splnili plan na 120 %. Nutno vSak dodat, ze to bylo
,S pomoci Bozi a dobrych lidi“, jak by asi napsala Karolina Svétla. Ale abych nepfreskakoval
celou déjinnou epochu, vratim se zpét k tomu, jak jsme vlastné tu slavnou Mys zmakli. Tak tedy
S pomoci Bozi a dobrych 1lidi* jsme se do toho pustili. Vaclav Kudlaéek nam opatfil misto pro
skromnou dilnicku pfimo na Katedfe matematiky na Gorkého ulici a dokonce i penize na nakup
zakladnich véci, jako jsou ruzné klesticky, Sroubovéky, pdjecky a podobné. K dovrseni vseho
dobra nam zaiidil placené dzoby na katedfe, a tim se z nas stali takzvani pomuvédi, coz znamena
pomocné védecké sily. Na katedfe jsme se tedy usadili a zacali pracovat na nasem projektu Mys
v bludisti. Kvuli tomuto projektu jsme pak dostali spole¢nou prezdivku ,Mysaci“, ktera nam
zustala prakticky az do konce studii.

Jenze ono se fekne pracovat, ale s ¢im? Technické soucastky nebyly tenkrat k dostani jen
tak pres pult. Nastésti Honzuv otec byl na posté velkym séfem pres telefony, a tak ndm opatfil
soucastky ze staré telefonni usttedny. Jenze mélo to hacek, museli jsme si tu ustfednu sami roz-
montovat, a ziskané soucastky (relé, spinace, objimky a podobné) ocistit, nez jsme vibec mohli
zacit s nasim hlavnim projektem. K tomu ovSem pristupovaly dalsi povinnosti jako divadlo,
kino, tancovacky, no a také ovSsem studium, ale s tim vas mili ¢tenafi nebudu nudit.

No a za néjakého pulroku bylo vSecko hotové a k nasemu ptrekvapeni to opravdu jelo.

I vidél to Kudlacek a ostatni a hle, bylo to dobré.

No ale, co dal?
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Jak pokracovat v zapocatém dile revoluce, i kdyz pouze informacni? V tomto momentu
prapor revoluce prebrala novd osobnost: Miroslav Fendrych (jinak Mirek), ktery byl tehdy
asistentem na Katedfe matematiky, a rozvinul ho do nebyvalé site. Kudlacek ovsem dale zustal
zainteresovan, ale byl vytizen na jinych tusecich. Pokud se dobie pamatuji, vznikaly tehdy nové
fakulty jako strojni a elektrotechnicka, a to bylo néco pro jeho organiza¢ni talent.

Akce pokracuje
aneb

Fendrychtiv zajmovy krouzek kybernetiky

Mirek Fendrych to vzal za trochu jiny konec nez Vaclav Kudlacek a zavedl oficidlné jakysi
zajmovy krouZek kybernetiky.

Tehdy, za vlady lidu pod vedenim rodné strany, byly zajmové krouzky vlastné jednim z mala
zpusobu, jak se lidé mohli a sméli organizovat. A nejen to, zdjmové krouzky byly podporovany
a ¢lenstvi v nich se hodnotilo jako kladny pomeér k lidu a socialismu. A tak bylo krouzku vsude
plno: sachovy, vytvarny, modelaisky, Valassky, Slovacky, divadelni, pisni a tancd, ...a k nim
pak pribyl krouzek kybernetiky.

V té dobé totiz zacala byt kybernetika konecné plné uznédvand jako pokrokova véda, takze
zalozeni kybernetického krouzku byl vlastné politicky korektni ¢in. Ctendfi af mi prominou,
ze se mné do vypravéni porad ta politika néjak plete, ale byla to takova doba, kdy se politika
pletla do vseho. Také se uz zacaly objevovat prvni pocitace sovétské vyroby, jako napriklad
pocitac URAL, a s nimi pfisla postupna orientace katedry matematiky na programovani.

Ten URAL byl ale v Praze, takze na katedre samotné se programovalo pouze ,na sucho® -
k tomuto bodu se jesté vratim.

Mirek rozjel akce na nékolik frontach soucasné, rozsitil ¢lenstvi v krouzku, pomohl nam
zveét§it nasi dilnu, abychom mohli pokracovat v pokusech stavét dalsi masinky, ale hlavné,
zacal nds uvadét do tajuplného svéta pocitacu.

V tom mu také pomahal Pavel Bren, ktery byl o néco starsi nez my, taky studoval, ale uz si
nemohu vzpomenout, kde a v kterém ro¢niku. Ono to bylo tenkrat obdobi velkych zmén, rekl
bych stéhovdni narodi na akademické drovni mezi fakultami a dokonce i mezi VTA (Vojenska
technicka akademie), takze vlastné nevim. V pohadce by se teklo: ,Kde se vzal, tu se vzal“. Pavel
byl hodné sectély a byl dobte informovan o vSech poslednich vystrelcich pocitacové techniky:.
Jeho hlavni pifspévek spocival v tom, Ze byl takovy nas d'dbliv advokdt. Byla to funkce nékdy
nevdécna, presto vsak velmi uzitecnd, jak uz dnes vSichni vime z praxe.

Kdy a jak se to vsecko délo, mam uz ve vzpominkach velmi matné, takze v mém vypravéni
budou asi mezery a nepresnosti. A tak, abych nehlasal bludy, zaméfim se pouze na to, co si
pomérné dobfe pamatuji, a ostatni vynecham.

Pro uplnost bych jesté dodal, ze kromé tohoto krouzku vznikl dalsi podobny krouzek na
Katedre jazyku, ktery vedl Simeon Romportl. Zde se zabyvali teoretickym problémem piekladu
textu z ruznych jazyku za pomoci pocitacu.

Navstivil jsem nékolikrat pracovni schizku tohoto krouzku jako ,host* a zdédlo se mi to
velmi zajimavé. Sli na to, jak se Fikd ,od lesa“, a snazili se najit univerzlni platformu pro
vSechny jazyky, hlavné tedy indoevropské, a zpusob mapovani jednotlivych jazyku pomoci této
platformy.

Byla to prace na svou dobu avantgardni, protoze pocitacova technika byla tehdy jesté tak
tikajic ,,v plenkach®. Dnes jsou automatické preklady k dispozici na mnoha webovych strankach,
ale i tak maji porad jesté daleko k idedlu.
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Nas prvni computer
aneb
Neni cislo jako cislo

Jak uz bylo fec¢eno, na katedre se rozméhalo programovéani. Jenze v téch dobach ,pravéeku® se
programovalo pouze na nejnizsi urovni abstrakce, to jest pfimo ve strojovém kdédu. Nebylo to
snadné a vyzadovalo to hodné mentalni préace. Jednim z problému bylo kédovani ¢isel v pro-
gramu. On totiz takovy pocitac jako URAL neuznéaval zadna jind ¢isla nez binarni.

Pro nezasvécené, binarni ¢isla jsou ¢isla, ktera
obsahuji pouze jednicky a nuly. Tak tieba ¢islo 2
by se vyjadrilo binarné jako 10, ¢islo 3 jako 11 a
¢islo 4 jako 100 atd. To by jesté slo, protoze na
takova mala ¢isla by se mohla pouzit tieba tabulka,
ale predstavte si, jak by asi muselo vypadat cislo
314159 v binarnim kédu. A k tomu si predstavte, ze
konverzi z desitkové do bindrni (dvojkové) soustavy
museli lidé délat bez pomucek, jen tak na papite.
No hruza.

I byl vznesen pozadavek, aby ,nasi Mysaci®
udeélali takovou néjakou masinku, kterd by ¢isla kon-
vertovala, neboli prevadéla do binarniho kédu au-
tomaticky. ,,Pro¢ by ne, malickost, to zmaknem*,
byla nase nerozvazna odpovéd. To vite, byli jsme
mladi a plni eldnu a po uspéchu s tou Mysi plni
sebevédomi.

Hned prvni vikend jsme se do toho pustili a
vyrobili prototyp zakladni jednotky pro tu novou
maginku. A ono to fungovalo, takze hura s chuti do
toho. Jenze my jsme se méli jesté hodné co ucit o de-
signu a o zivoté vubec, a také o tom, ze co funguje
v malém, nemusi fungovat ve velkém. Ta setsakra prevadécka nam dala hodné zabrat, ale
nakonec to jelo a dobfte.

Akorat to bylo désné pomalé, protoze celd ta masinka byla postavena ze soucastek staré
telefonni tstfedny (reldtka a krokové volice). No ale byl to nds viibec prvni ,pocitac” na katedie
a jako takovy si snad zaslouzi misto v historii.

Honza (ten velky stojici) a jé, s nasi slav-

nou prevddéckou. Jak vidite, oba jsme se
na fotografovani ohdkli — tvidové sako a
vézanka, jak se to tenkrat nosilo, kdyz se
slo statlovat.

Nas prvni neuron
aneb
Pes, ktery slinta, nekouse

Asi jste, mili ¢tenari, slyseli v biologii o podminéném reflexu, ktery objevil rusky védec Ivan
Petrovi¢ Pavlov, a také o jeho pokusech se zivym psem, na kterém tento reflex demonstroval.
Pro osvézeni vasi paméti, to bylo tak. Psovi se voperovaly zkumavky na sbirani slin (chudak
pes, ale tak to chodi), a pak se s nim délaly hokus-pokusy a sledovalo se, kdy slintd a kdy ne.
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Smyslem téch pokusu bylo dokazat, ze je mozné
vytvorit nervové spojeni mezi vnéjSim stimulem a
reakci organismu. Prosté psovi se davalo jidlo po
rozsviceni zarovky a ¢asem se nacvicil tak, aby slin-
tal, kdykoliv uvidél svitit zarovku. Této reakci or-
ganismu se fikalo podminény reflex.

No a nékdo si na katedie vzpomnél, Ze by se néco
takového dalo simulovat s pouzitim elektrickych
obvodu, a ze by to byl vhodny projekt pro nas
vzkvétajici kyberneticky krouzek.

A tak jsme to spiplali, ¢i jak se ftikalo
sbastlovali dohromady s pouzitim kondenzatoru
jako pamétového elementu, néjakych téch reldtek,
zarovecek a podobné. No a bylo to.

Jenze u toho jsme nezustali, ono uz tenkrate pla-
tilo heslo Publish or perish, ¢esky Publikuj, jinak
zahynes. 1 bylo nam naznaceno, ze by bylo dobré o
tom néco napsat. Tak jsme ,horko tézko® spiplali
¢lanek do casopisu Véda a technika mladezi o tom,
jak si postavit Kybernetického psa.

Kdyz se na to divam dnes s odstupem casu, tak ten nas pes byl vlastné pokus o umély
neuron. Dnes je to samostatné odvétvi informaéni technologie. Rik4 se tomu Artificial Neuron
Networks (umélé neuronové sité) a pouzivé se to v mnoha odvétvich, hlavné vsak pro aplikace,
kde se vyzaduje jista flexibilita s moznosti trénovani.

Ovsem z historického hlediska vzato, ten pes byl nas prvni umély neuron na katedre mate-
matiky a moznd, ze i prvni v celém Ceskoslovensku.

Pozndmka: S myslenkou umélych neuronovych siti jako prvni pfigel prukopnik poéitacti Alan Turing
v roce 1946 ve své korespondenci s W. R. Ashby. Publikoval ji v roce 1948 pod nézvem ,,Unorganised
Machine®.

Nas krouzek se stava slavnym
aneb
Svétska slava — polni trava

Aniz bychom to tusili, s tim clankem o kybernetickém psu jsme vypustili dzina z lahve, jak
se tikda. Cela zélezitost méla totiz ideologické pozadi. Bylo to demonstrovani materialistické
podstaty dusevni ¢innosti, coz bylo v souladu s tehdejsim oficialnim postojem. To se tehdejsimu
rezimu moc libilo a tim padem se nam najednou rozjely dalsi akce, az se nam z toho zatocila
hlava.

Napied jsme byli pozvani do Zemédeélské skoly v Tabore, abychom jim tam takového psa
udeélali. Coz bylo fajn, byl to pro nas hezky a zajimavy vylet.

Potom ale o néas napsalo pochvalny clanek Rudé prdvo, coz byl tehdejsi oficialni organ
vsemocné strany a vlddy. Zde je ivod ¢lanku naskenovany z Rudého préava:
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" Vék kybernetickych zaFizen! — elektronkovjch mozkil a poéitacich stro-
J@ — se priblizil jaksi znenaddni. »Kybernetici« odvainé zdsahuji do pro-
cesti mechanizuce a automatizace pramyslu. Zaslou?i se viak také o paréiku
dFiny fyzické i dulevni. Pro budoucs techniky je to vlastné'jiz otdzka dne
Proto skupina nadi¥encit na.Vysokém udeni technickém v Brng zalozila pFi
katedre matematiky na strojni fakulté krouiek kybernnmy Md za” sebou

néco pres dva roky neviedni éinnosti.

L SRR R AR R R A AT

Nésledoval pak cely ¢lanek hytici superlativy o tom, co vSechno ten nas krouzek udélal a co
jesté udela. Dnes se tomuto stylu psani ik po americku ,spin®, ale tenkrat se to bralo vazné a
clanek vyvolal patficnou odezvu. Pres noc se z nas stali hrdinové dne a také jsme se tak citili a
celd nase Siroka rodina byla z toho divoka. Musim vsak podotknout, ze muj otec véas rozeznal
nebezpedi pychy, ktera, jak vime, predchazi pad, a uzemnil mé vétou, ktera se u nas tradovala
po generace: Jo chlapce, tohle kdyby vidél staré Padovec, tak dostanes milion a roZdk! Totiz, dle
tstniho podani, ten Padovec byl kdysi jesté za Rakouska bohaty brnénsky obcan, ktery byl slepy a

slibil milion a rozak tomu, kdo mu navrati zrak. r

I kdyz mé otec tak krasné usadil, moc to nepo-
mohlo, protoze k dovrSeni vSseho se k nam na ka-
tedru ptihrnula z Prahy televize. A tak se filmo-
valo, coz bylo pro nas néco nového a zajimavého.
Soudruh rezisér nas stavél do ruznych moznych i
nemoznych pozic a navic nas nutil, abychom se
tvarili prirozené a inteligentné, coz byl, ovSem,
pozadavek naprosto nesplnitelny pro nékoho, kdo
zrovna neni ndrodni umélec. Jak jsme asi vypadali,
si asi dovedete predstavit.

Soudruh rezisér si z toho ale vibec nic nedélal,
ba naopak néas povzbuzoval v této, jak se pozdéji
ukazalo, trapné cinnosti. Pak to vyslo ve statni
televizi (jind stejné nebyla) s tivodem Jany Weri-
chové jako program: O strasidlech. Byli jsme tim

_,eﬁ-'hl

mirné Sokovani, ale pak jsme museli uznat, ze ony se Mirek Fendrych spravuje nas computer
ty nasSe prirozené inteligentni ksichty na nic jiného kladivem a v pozadi vykukuji ¢lenové
stejné nehodily. A tak jsme konecné prisli k poznani, krouzku. Zleva je to Pavel Bieii pak Tonda
ze skutecneé ta svétskd slava je polni trdava, jak pravi Aujesky, Jana Kodesovd a Honza Brejl.
staré ceské prislovi. Ovsem objektivné vzato, byla Jak vidite, viichni jsme se snazili tvafit
to vSechno dobra reklama pro katedrui VUT. A zde pFirozené a inteligentné, ale nejlip se to po-
je jeden snimek jako pamatka na tu svétskou slavu. vedlo Mirkovi, ktery sedél zady ke kamefe.

Nas seminar
aneb
Hory, lyze a pocitace

Jedna z véci, ktera byla za tehdejsiho rezimu dobra, byla podpora masovych akci, zvlaste
akcl pro mladez. Nevim, odkud na to fakulty braly penize, ale na nasem krouzku kybernetiky
rozhodné nesettili. Jedna z téchto podporovanych akci byl seminai na horach, ktery pro nas
zorganizoval Mirek Fendrych pod zastitou Fakulty elektrotechniky. Seminaf se konal v breznu
1961 nékde v Jesenikach.
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Abyste mili ¢tenari moc nezavidéli, nebyla to zadna ulejvarna, byl to skutecné seminar, jak
se patii a to lyzovani byl jen takovy pridavek. Museli jsme si kazdy pfedem ptipravit néjaky
referat, ktery jsme tam prednesli a prodiskutovali. Dnes uz si vzpominam pouze matné, takze
mohu uvést jen nékteré.

Viéclav Dvorak z naseho ro¢niku, dnes profesor na VUT, si vybral pro svuj referat operacni
systémy. S opera¢nimi systémy Sly ruku v ruce systémy strojovych instrukei a s tim byly
spojené nékteré zasadni otazky, jako napiiklad, které funkce se maji realizovat v hardwaru a
které v softwaru.

Tenkrat byl hardware drahy a ne moc spolehlivy, takze byla snaha o minimalni design.
A v tom Vaclav prekonal vSechny rekordy, kdyz ,nakémal“ pocitac, ktery mél vseho vsudy
pét strojovych instrukeci. Vzpomnél jsem si na to po letech, kdy s velkou slavou Intel nebo kdo
zavadél takzvany Restricted Instructions Set pro mikroprocesory, coz ale diky Vaclavovi byla
pro nés uz ,stard vesta“. Jak se zdd, my Cesi jsme v hodné vécech napted.

Jaroslav Zeleny, také z naseho ro¢niku a pozdéji velky boss na VUMS, nam ptednesl principy
feritovych pameéti. Tato technologie byla tehdy relativné nova a velice slibna.

Jarmila Klimova z ro¢niku pred nami ptrednesla referat o principech bubnovych paméti.
Tyto paméti se uz dnes az na malé vyjimky nepouzivaji, tehdy ale hraly dulezitou roli zvlastée
pro mensi pocitace, jako byl LGP 30 pozdéji instalovany na VUT.

Pavel Bren mél referat pojednévajici o pouziti pocita¢u pro automatickou regulaci, coz byla
tenkrat jesté ,hudba budoucnosti®.

J& jsem povidal néco o systémech kodovani éisel.

Referatu bylo tenkrat hodné, ale bohuzel uz se mné to vykoutilo z hlavy. Dulezité byly ale
debaty, které nasledovaly po kazdém referatu. V téch zvlasté vynikal Pavel Bren, ktery mél
poznamky ke vSsemu a dokéazal vse uvést na pravou miru. To na néds zanechalo hluboky dojem,
takZze jsme na néj slozili pisnicku. To vite, takovy ,dabliv advokat® to nemé nikdy lehké, ale
aby mu to nebylo lito, vymysleli jsme si sloku skoro na kazdého, véetné Mirka Fendrycha, ktery
cely ten ,cirkus“ mél na starosti. Tedy legrace bylo dost a dost, jak uz to chodi na horéach.
Prijeli jsme domu osvézeni a plni energie dat se znovu do dila.

VUT dostava sviij vlastni pocitac
aneb
Stéhujeme se

Nevim pfesné, ve kterém roce to bylo, ale ten rok (snad 1961) by mél byt zapsan zlatym pismem
do kroniky mésta, protoze VUT dostalo prvni skuteény pocitac LGP 30.

A svéte zbof se, byla to maginka zapadni vyroby. Informacni revoluce tim dostala poradny
boost, neboli ¢esky odpich.

Ten pocita¢ mél byt naistalovan na tiidé Obrancu miru, v zadni budové, kde byla studentska
menza. Bylo rozhodnuto, ze se tam prestéhuje také nase dilna. Tak jsme se stéhovali do nového
prostiedi a zacali tim novy tusek zivota, ktery vSak uz nebyl tak krasny jako ten, ktery jsme
zazili v Gorkého ulici. S opravdovym pocitacem totiz ptislo i kus opravdového zivota, a uz to
nebyly ty pravé pionyrské a bohatyrské casy. Bylo zalozeno vypocetni stiedisko s vedoucim a
s organizac¢nim fadem a vSechno se bralo najednou néjak moc vazné. N&s elan presto neuhasl
a nase akce a hlavné legracky pokracovaly dal. Dnes vidim, Ze jsme méli pravdu: vazné véci se
maji délat jen tehdy, kdyz ¢lovék zacne ztracet smysl pro humor a to je obycejné, az se ozeni
¢i vda.
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Nas robot a dalsi hracky
aneb
Tati, ty se nam zenis?

Po Pavlovové psu bylo docela logické pustit se do dalsich podobnych projektu. A kdyz uz, tak
pro¢ si neudélat opravdového robota? Tenkrat jel v televizi porad pro déti s robotem, ktery
se jmenoval Emil. Tak jsme si Emila taky udélali, a to z papirovych krabic na kovové kostre,
namalovali obli¢ej, no prosté udélali jsme si 2 metry vysokou hracku. Hloupost, dalo by se Tict,
jenze on ten robot taky mluvil a za tim byl skuteény vyzkum. Totiz na jiné katedfe, nevim,
jak se pfesné jmenovala, délali vyzkum syntetické feci a spojili se s ndmi, abychom jim udélali
takovou vystupni jednotku. A my jsme jim dodali Emila.

Pokud se pamatuji, syntetizator dal dohromady Jiti Vlcek z naSeho studijniho rocniku
(také pomwéd jako my). Takze robot mluvil to, co mu pfislo ze syntetizatoru. Pravda, mluveni
pripominalo trochu kunkani zab na rybnice, ale prece jenom tomu bylo trochu rozumét a to
byl na tehdejsi dobu tspéch.

S robotem jsme si uzili dost legrace na ruznych akcich, jako byla tteba Mikuldsska zabava.
Dokonce jsme ho vzali jako prekvapeni na svatbu Mirka Fendrycha, kde zpusobil zna¢nou
senzaci hranicici s vefejnym pohorsenim, kdyz pred Novou radnici vykiikoval ,Jeje tati, ty se
nam zenis".

Dalsi hracky potom piibyly postupem casu, jako ,Mys I1*, kterda uz byla vice realisticka.
Meéla skuteéné i pamét a mechanismus, ktery tahal mys vyrobenou z plasteliny. Potom jsme
postavili hru zvanou NIM, ktera pak pretrvala nékolik generaci studentu a dokonce se dostala
do laboratofi na mediciné.

Pro vysvétleni, hra NIM se hrala ptivodné se sirkami. Udélala se fada sirek a hraci stiidave
odebirali sirky, az zadnd nezustala. Na jeden tah mohl hra¢ odebrat jednu, dvé i vice sirek az
do urcitého limitu. Kdo vzal posledni sirku, ten vyhral. V nasem provedeni hral jeden hrac
proti stroji. Sirky byly nahrazeny zaroveckami a odebiraly se mackanim ptislusného tlacitka.
Stroj komunikoval s lidskym hracem rozsvécovanim ruznych transparenti. Tak napiiklad, kdyz
nékdo sidil a odebral vice sirek, nez byl dovoleny limit, byl strojem napomenut a rozsvitil se
mu transparent Meé neobelstis. Byl to takovy psychologicky trik, kterym bylo vytvoreno zdani,
ze ta masinka je ,strasné chytra“.

Konec hram

A tak jsme si v hratkach a radovankach ani nevsimli, jak ten cas letél, a prisla doba, kdy
hrani muselo skoncit. Zacinali jsme posledni dva roky skoly, tedy jako bychom dobihali do
cilové rovinky. Nastavala nam vazna prace se studiem, takze jsme se od toho hrani postupné
odpoutavali a zacali se vénovat intenzivnéji moderni technologii, po¢itacim a programovani.
A tim se stalo, ze nas krouzek kybernetiky vice méné pterostl do regulérniho studijniho krouzku.

Legrace skoncila a pro nékteré z nas to byl i pla¢ a skripéni zubu, vyjadieno v biblické
terminologii. Byli jsme ale dobra parta a i tento problém jsme prekonali: zavedli jsme doucovaci
krouzek pro ty slabsi a vyslo nam to. VsSichni jsme v roce 1963 odpromovali - ne vSichni na
vytecnou, ale prece.

Pak prisly umisténky na praci a my jsme se rozprchli po celé republice, protoze inzenyru,
i kdyz novopecenych, bylo potieba vsude. J& zustal na Fakulté elektro jako asistent na Katedre
pocitacu, Tizeni a requlace, ale to uz patii do jiné kapitoly.
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A tak jsme se zapojili do procesu budovani, ktery byl tenkrat chapéan, jak ukazuje pohlednice
z té krasné heroické doby.

Krasna to basen, neni-liz pravda, jenze mé cert pokousel s jinou:

Na zdpad je cesta dlouhd, . ..

A ja nakonec podlehl tomu volani dalek a v roce 1968 jsme s manzelkou odjeli na vytouzeny
Zapad. Akorat jsme se néjak Spatné zorientovali a skoncili na ddlném vychodé v Australii.

Na zaveér

Na zavér se mné jaksi podvédomé vnucuje tehdy popularni pisen Waldemara Matusky ,, To
vSecko odnes cas“, ale ono to neni jen tak jednoduché. Pravda je, ze spoustu véci skutecné
odnes cas, technologie pokrocila a mnoho véci zastaralo, ale ta jiskra zajmu, ktery v nas probudil
Kudlacek, Fendrych a dalsi, ta mnohym z nas zustala.

Ja sam jsem se po letech vratil zase k hrackam, ale nebyly to ,mysi“ ani nic podobného.
Zalibily se mné totiz hracky velké, jako chemické fabriky nebo biologické laboratore, kde se
vyrabélo na tuny a kde se jednalo o mnohamiliénové (v US dolarech) investicni celky. Byla to
automatizace vyrobnich procesu za pouziti pocitacu, coz Casto znamenalo kritické podminky
jak z hlediska komeréniho, tak i z hlediska bezpecnosti prace. A tehdy mné prisla vhod znalost
vSech téch véci a konceptu, kterym jsme tehdy na VUT souhrnné tikali ,kybernetika‘.

Dokoncil jsem mnoho takovych projektu a nékteré publikoval na konferencich v USA,
Australii, Singapuru a dalsich. Mohu tedy zodpovédné tict, ze hodné z toho, co jsme se tenkrat
jako studenti ucili nebo i spolecné objevovali, zustalo a prezilo jako zakladni principy designu
nezavislé na technologii dané doby. A v tom je snad nejvétsi hodnota toho, co se tenkrat na
VUT délo. To je v kostce vSecko.

A kdyz jsem svoje vypravovani zacal jako pohadku, tak bych to mél také tak skoncit. Treba
tak, jak koncivala pohddky nase babicka:

A pak zazvonil zvonec a pohddky je KONEC a vy décka pomodlit, vycurat a spdat.

Psano v Melbourne 1. p. 2010.
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V potu tvare sepsal

Tonda Aujesky
Absolvent Fakulty elektrotechnické

Autor se narodil 4. ledna 1940 v Brné Holaskach. Vystudoval
VUT obor elektro v roce 1963. V roce 1968 emigroval do Australie.
Pusobil v oboru research into satellite tmaging a pozdéji v oboru
process control engineering. Byl feénikem na mmnoha konferencich
po celém svété. Byl spoluautorem knihy ”Batch Controls”, ktera
byla publikovédna v USA. Pro archiv VUT napsal tyto vzpominky.

Zemiel 26. prosince 2024 v Australii.

Uvodem

V predchozim c¢lanku jsem vylicil, jaké to bylo na VUT, kdyz jsme zavadéli poc¢itacovou tech-
niku, hlavné ty uplné zacatky pod vedenim Vaclava Kudlacka, Miroslava Fendrycha a dalsich.
Byl jsem ale pozadén, abych pokracoval v psani dal a vylicil, jak jsem své védomosti nabyté
na VUT vyuzil v praxi v daleké zemi Australii, kam jsem emigroval v roce 1968.

Nebojte se, drazi ¢tenafi, nebudu vas otravovat s tim, jak jsme to méli jako emigranti
tézké, co jsme vytrpéli a co slz vyplakali. Na to jsou jinac¢i machii, kampak se ja na né hrabu.
A vubec, koho by bavilo takové véci ¢ist, radéji néco pro zasméni, ze ano. Jenze to bych snad
nikdy neskoncil, protoze mné to pripadd vsecko k smichu, celd ta zem tady i tam a celé lidské
snazeni. Takze to taky nepujde, a proto se zaméfim pouze na to, jak znéla ,objednavka“, tj.,
jak jsem své znalosti z VUT upotiebil ve svété.

Tak se ted pohodlné posad’te a poslouchejte, vyprdvéni pokracuje. Vynasnazim se, aby
nebylo nudné. Je psano jako story, protoze jinak by asi byla hrozna otrava to ¢ist.

Miij prvni ispéch na Zapadé
aneb
Vam podékovani a lasku vam — vinohrady, vinohrady

Jak jsem poprvé v zahranic¢i pouzil svych znalosti nabytych na VUT?
Zacnu tim, jak jsme se kdysi na obecné skole ucili recitovat takovou krasnou béasen oslavujici
prichod Rudé armady v roce 1945:

Vam podékovani a ldsku vam,
kéz znély by jak zvony. . .
A byl to zase prichod této armady v roce 1968, kterému vdécim za rozvoj své profesionalni
kariéry. Takze vlastné mam duvod tuto béasen stale prociténé recitovat.
V roce 1968 jsme se s vielymi diky na rtech s manzelkou sebrali a odjeli do Vidné, abych tam

zacal svoji zavratnou kariéru na Zapadé. Mohu fici, ze kariéra to opravdu zavratnd byla, jenze
ne zrovna nahoru (maly technicky detail, Ze ano). Musim pfiznat, ze v této fazi vyvoje udalosti
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sla moje kariéra vice doli nez nahoru. A také, ze mné moje odborné védomosti nac¢erpané na
VUT zrovna moc nepomédhaly, s malymi vyjimkami, jak se zde doctete. Viak posud'te sami.
Hned prvni noc v té slavné Vidni se ndm podatilo chytit vsi ¢i Sténice a spat v telefonni budce
(lepsi nez pod mostem, tam uz bylo plno). Tedy byl to problém, na ktery mné byla moje znalost
kybernetiky, diferencialnich rovnic a logickych obvodu houby platna. Pak se ale véci zlepsily.
Kdyz jsme se zbavili téch sténic, tak se nam podarilo sehnat podnajem a zaregistrovat se na
australské ambasadé jako utecenci.

Zaregistrovani nebylo jen tak, byla tam fronta jak u feznika v letech padesatych, ba i delsi.
KdyZ na nds koneéné dogla fada, tak si mé podrobili vadznému vyslechu, nebot, jak se ukézalo,
inzenyti patfili automaticky mezi podezielé zivly. Manzelku Alenu ale nechali na chodbé ¢ekat,
ani je nezajimala. Kdyz jsem byl po hodiné a néco konecné provéren a cely fascikl byl o mné
sepsan, padla kriticka otazka: ,A kolik vas vlastné je?“ Kdyz jsem tekl, Ze je se mnou jesté
manzelka, tak na ten fascikl napsali velikym pismem propisovackou

+1

a tim to bylo vyfizeno, ani jeji jméno je nezajimalo. Byla to tedy Plus Jedna. Ja si vlastné
mohl vzit s sebou kteroukoliv sleénu z Préatru (tedy néco k zamysleni, Ze ano).

Pak uz jsme (ja a moje Plus Jedna Alenka) jen cekali a uzivali si Vidné. Jenze ,bez penéz do
Vidné nelez“ a naSe penizky se ndm zacaly kutédlet na vSecky strany. Brzy jsme byli na miziné.
Pak se ale na nés usmalo Stésti a chytli jsme zaméstnani na vinobrani jako pacholek a dévecka
v obci Poysdorf. Ale i zde jaksi nebylo mozno uplatnit moje odborné znalosti a jesté k tomu to
byla hrozna ,hokna“, tedy prace fec¢eno po brnénsku.

Ovsem z marxistického hlediska to byla uzasna ptilezitost sblizit se s délnickou tiidou,
akorat prisla trochu pozdé na to, aby nam spravila nase kadrové materialy. Je ale nutno dodat,
ze pravé znalost marxismu ziskand na VUT mné pomohla rychle se zorientovat v dané situaci
a véas se zase vymanit z moci vesnického bohdée vykofistovatele neboli kulaka, jinak bychom
tam asi ztvrdli dodnes.

A tak na zdkladé marxistického rozboru jsme zase vypadli zpatky do Vidné a brzy nato
odletéli do Australie. Byla to vlastné moje prvni prilezitost uspésné aplikovat v zahranic¢i néco
z toho, co jsem se naucil na VUT.

Pokus o dalsi tspéchy

aneb
Kam nas to vezou?
Jak jsem délal Kecala

I zlodéj aut se muize zamilovat
Alenka nechce papat skopové

Po tspéchu ve Vidni s marxistickym rozborem jsem doufal, ze se brzy dostavi uspéchy dalsi.
A protoze jsme diky Honzovi Blatnému (vedoucimu katedry) intenzivné studovali anglictinu,
tak uz jsem se v letadle do Australie tésil, jak budu tyto uzasné védomosti aplikovat v praxi
a oslnim tim vSechny své spolucestujici. I stalo se bohuzel vSak jen to prvni. Ano, mél jsem
prilezitost aplikovat své znalosti jazyka anglického, ale nikoho jsem tim neoslnil, ba naopak,
spoustu lidi jsem zmatl a ptivodil jim stav deprese.
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Kdyz jsme se po 24 hodindch letu kone¢né ,docabrali“ (jako ten galdn, co, nez ,sa k nam
docabral, sezrala ho svina®) do Sydney a my vylezli z letadla, tak nds nalozili do autobusu a
kamsi vezli. Mysleli jsme, ze do mésta, ale asi tak po hodiné jizdy pies zoufale vyprahlou zemi,
ktera vypadala jako cernovicka planyrka (zndmé brnénské smetisté) po atomovém vybuchu,
nam to zacalo byt néjak méc divné.

I zacala pracovat nase fantazie, a to na plné obratky: aha, je to celé podraz, vezou nas jako
otrocké pracovni sily zavlazovat poust. A najednou ndm bylo vsecko jasné, proto ta anonymita,
proto pouhé plus jedna, ze my blazni jsme do toho letadla viubec lezli. Padla na nés hruza a
hlavou mné hned prolétly pisné jako ,,Cerny muz pod bicem otrokéfe zil“ a ,Nelly Gray“. Boze,
co ted délat?

Dnes je nam to ovSsem k smichu, ale tenkrat se vérilo vsemu, byla to takova pohnuta doba,
kdy se panika sifila jako ohen. Uz ve Vidni mezi lidem kolovaly uzasné famy, jako tieba ze
milion ¢inskych paraSutistu je pfipraven, aby zabrali Prahu a tak podobné. Takze neni se co
divit.

A pak nas napadlo néco celkem uplné jednoduchého, totiz zeptat se tridice, kam nés veze.
A to byl muj okamzik, moje velka ptilezitost blysknout se svou angli¢tinou. Suverénné jsem

,Excuse me, Sir ... *

A kupodivu fidi¢, i kdyz to byl zalainik budoucich otroku, byl ke mné docela slusny a dal
mi i slusnou odpovéd. JenZe j4 mu nerozumél ani slovo a mél jsem po sldvé. Pak se do toho
vlozila néjaka pani, ktera méla idajné statni zkousku z anglictiny, ale dopadla stejné jako ja.
A protoze uz tam nebyl z cestujicich nikdo, kdo by s jazykem anglickym prisel kdy do styku,
museli jsme se odevzdat do rukou osudu.

Na vysvétlenou, australska anglictina je hodné jina¢i nez nase skolska. Naprtiklad slovo den,
které se pise day, jsme byli zvykli vyslovovat jako ,dej“, ale v Austrdlii se vyslovuje ,daj“.
Navic vétsina Australanii neotvird pusu a proceduje slova jen tak mezi zuby. K tomu viemu
hodné lidi v Australii mluvi nosem, jako tifeba Francouzi. Konecny efekt toho vseho byl, ze
jsme nerozuméli lautr nic.

A tak jsme v takovém mirné depresivnim stavu jeli dal. Po hodinach jizdy jsme se za tmy
dostali na néjaké misto, které skuteéné vypadalo jako pracovni tabor. A to ve mné hrklo!

I ¢ekal jsem, ze uslysim hrubé hlasy dozorcu a popripadé praskani bicu jakoz i sténani
,muklu* trestanych za pokus o uték. Misto toho se ale ozvalo zvenku docela veselé volani:

«

,Hele Pepiku, pojd’ sem, ty vole, ...

A to se nam vSem konecné ulevilo. Ne, to nebyl hlas utrapeného otroka, byli jsme u cile:
v imigrantském tédbote Bonegilla, pod ochranou samotného Commonwealth of Australia (tedy
Australské spolecenstvi). Takze ono to vlastné dopadlo dobfe, navzdory mému nezdafenému
pokusu o uplatnéni mych védomosti z VUT.

A nakonec jsem mohl prece jen uplatnit svoji anglictinu. V Bonegille jsem se chté nechté
stal takovym polooficidlnim ptekladatelem, dohazovacem a organizatorem. Byl jsem néco jako
ten Kecal v Prodané nevésté a taky jsem tak dopadl. Pti své nevinnosti a neottiskanosti jsem se
zacal zaplétat do soukromych zalezitosti lidi, se kterymi bych se normalné ani nestykal. Z toho
pak vznikaly problémy, na které mne VUT nepiipravilo. Tak naptiklad, byl jsem zatazen do
organizovani svatby mezi jednou zaslouzilou kulturni pracovnici a zlodéjem aut z Prahy, ktera se
ale neuskutecnila, protoze nevésta utekla autostopem do Melbourne a zenich se z toho nervoveée
zhroutil a hrozil nam ublizenim na téle.
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Takovych pripadu jsem mél vice a musim sebekriticky priznat, ze na takovy dzob byla moje
inzenyrska kvalifikace ponékud nevhodnéa. Kromé toho Bonegilla byla prilis daleko od velkych
mést jako Sydney a Melbourne, takze Sance sehnat praci byla minimalni. A jesté k tomu, krmili
nas tam skopovym masem, které moje manzelka nesnasela.

Tedy problému bylo dost, proto jsme to nakonec vyfesili stejné jako ta kulturni pracovnice
a presunuli se, ovSem zcela legalné, do Melbourne.

Musim dodat — vSechna cest australskym institucim, starali se o nas v té Bonegille jak
nejlépe uméli a to, co se tam délo, nebyla jejich vina (ani to, ze Alenka nerada skopové).

A ted néco do fochu

aneb

Inzenyrem v Australii

Ve sparech Baby Jagy
Analogovy pocitac — co je to?

Ano, mili ¢tenari, uz prijde to, na co vlastné ¢ekate. Koneéné vam povim, jak to tam bylo
s nami inzenyry a co se délo v informacni technologii. Abych se k tomu dostal, musim hodné
véci vynechat, takze moje vypravéni bude trochu na ptreskacku.

Tak zaprvé, jak to bylo s ndmi inzenyry? Dostat se zpatky do svého oboru pocitacu a vibec
zacit pracovat jako inzenyr nebylo snadné. Na cesté bylo mnoho prekazek, o kterych se mi ani
nesnilo, az jsem si nékdy pripadal jako ten princ, co Sel vysvobodit princeznu ze sparu Baby
Jagy. Na australské ambasiddé ve Vidni mné sice naslibovali, jaké izasné dzoby mé ocekavaji,
ale skutek utek, jak tika ceské uslovi. Podminkou pro ziskani prace jako inzenyr bylo ¢lenstvi
v klubu, ktery se jmenoval Institution of Engineers Australia. Oni si strasné potrpéli na takové
véci jako kluby. To vite, jak se tika, poturcenec horsi Turka, tady byli vice britsti nez sami
Britové. Ovsem dostat se do toho Institutu nebylo snadné, ¢lovék musel splnit dvé podminky:

(1) dokazat, ze mé opravdu kvalifikaci jako inZenyr z university, kterou Institut uzndval.

(2) byt sponzorovan aspon dvéma ¢leny klubu.

S podminkou prvni jsem mél stésti, protoze VUT bylo uznavano, horsi to vsak bylo s podminkou
druhou. Kde ma clovék v cizi zemi shanét dva sponzory? A zase jsem mél stésti, jeden rodak
z Brna a jeho kamarad mne sponzorovali. Jinak bych byl asi v ..., jak ffkéval Josef Svejk. Bylo
Obrazné feceno, Baba Jaga byla osalena a princezna vysvobozena.

Pro tplnost bych jesté dodal, ze ty stupné byly nasledujici: Fellow (nejvyssi), Corporate
Member, Member, Graduate (nejnizsi).

Zustal jsem pak tim Graduate po celou dobu az do roku 1997, kdy uz jim to asi bylo hloupé
a udélali mne hned Fellow. Ja byl totiz svym vékem nejstarsim Graduate, kterého kdy méli.

Abych se ptiznal, nechtél jsem si o povyseni zadat z takové urcité hrdosti. Neslo mné prosté
pod nos, ze my lidé z ¢eskych zemi, to jest z jedné z nejkulturnéjsich oblasti Evropy, s Univer-
zitou Karlovou z roku 1348 a v mém piipadé z mésta, kde se narodili nebo pusobili velikani
svetového jména jako Mendel, Godel, Mach, Janacek a jini, se mame doproSovat néjakych
kolonialnich ufednicku.

Podobné jako s inzenyrskym institutem se mné vedlo i s dalsi instituci, coz byla Australian
Computer Society (Australskd pocitacova spolecnost), tedy dalsi klub, ktery mél nos nahoru.
Stat se clenem bylo zadouci, protoze v uréitych dzobech se ¢lenstvi vyzadovalo. Tak jsem se

47



Tonda Aujesky

taky pftihlasil a v dotazniku uvedl, jakou jsem mél praxi a s jakymi pocitaci jsem pracoval.
K mému podivu je vibec nezarazila exotickd jména jako naptiklad URAL, zato vsak jsem
pohotel s tim, Ze jsem pracoval s analogovymi pocitaci. V té dobé uz jsem mél dzob v jedné
velmi prestizni organizaci, takze jsem Clenstvi uz moc zoufale nepotieboval. Ale nakonec mné
ho prece jenom dali. Ono se totiz ukazalo, ze ti slavni experti nevédeéli, co vlastné analogovy
pocitac je, ale nechtéli to priznat. O boz prostoto!

Nastésti pro mne se v komitétu objevil néjaky American, ktery jim to objasnil a pak mné
osobné zatelefonoval a gratuloval k prijeti za clena. Jaké poznamky mél pritom o Australii, si
radéji necham pro sebe. Takze i v tomto punktu to ma pomyslnad Baba Jaga prohrala. Ovsem
Baba to nikdy tplné nevzdala a ¢as od casu mné ukazala sviij libezny tismév.

Pro zajimavost musim uvést, Ze jsem nebyl sam, kdo musel bojovat se zdludnou Babou Ja-
torky. Napiiklad na jednom sezeni komitétu lékaru si vzali na paskél néjakého 1ékare z vychodni
Evropy. Deptali ho jak mohli a pak vznesli otazku, ktera ho méla uplné dorazit, to jest, zda
¢etl jistou odbornou knihu. ,Ne“ odpovédeél ten 1ékar, ,,ja ji napsal®.

Tak to je v kostce o inZenyrech a ted se dostaneme k pocitacim.

Konecné pocitace
aneb

Doba uceni
Obrovské uspéchy tizasného milence

K pocitaci jsem se dostal az po roce v Austrélii a to na pifmluvu dalstho mistniho Cecha.

Bylo to v Bureau of Meteorology, coz znamenalo podle mé drahé Plus Jedna, ze tahle
organizace byla odpovédnd za pocasi, hlavné za to Spatné. Programovali jsme na IBM 360
v jazyku PL/1. Ze zacatku to bylo zajimavé, musel jsem se hodné ucit, predevsim programovaci
jazyk a operacni systém a pak také spolecensky zivot v praci. To nebylo jen tak. Kdyz chtél
¢lovék zapadnout mezi ostatni, tak musel délat to co oni. Rano se zacalo o pul devaté, ne jak
u nas doma v sedm, v deset hodin byl pak ,,cup of tea“, tedy ¢aj. Ono se tika, ze Japonci maji
¢ajové ceremonie, ale ta australska si s nimi v nicem nezadala. Nechalo se prace a vsichni jsme
se shromazdili ve zvlastni mistnosti nebo aspon nékde v rohu salu.

Tam se popijel ¢aj a klabosilo se asi tak hodinu. Stejna ceremonie se opakovala ve tfi
odpoledne. Neni treba zduraznovat, ze pii takovém rezimu dne se prace moc nenalouskalo.

Tenhle dzob byl vlastné muj prvni tspéch, tedy aspon mezi mistnimi Cechy. Ovsem zélezi na
tom, ¢emu se tak rika. Napriklad na jedné zabavé krajanu se ke mné rozbéhl jeden starousedlik,
jak my jim tikali, a povykoval na cely sal:

,Pane inzenyyyre, slysel jsem, jaké mate obrovskéééé tiispéchy u téch kompjutoruuu®.
J& bych se byl snad na misté hanbou propadl. Lépe vSak to vyjadrila jedna slicna sle¢na, jinak
kulturni pracovnice z Prahy, ktera docela verejné prohlésila:

,Pane Aujesky, vy byste byl tzasny milenec, pti vasem platu.*

To uz mné bylo prece jenom milejsi, protoze ta dévenka to aspon myslela upfimneé.

V tom dzobu jsem vydrzel asi rok, ale pak mne to zacalo nudit, byly to samé administrativni
aplikace, nic moc pro inzenyra. Dalsi dzob byl u Shella, ale zase to stejné: IBM 360, ¢aj rano
a odpoledne a celkem nuda. Tak jsem taky odesel.

48



V zemi klokanu

Real time computing
aneb
Délame aluminium

Pak pfislo néco zajimavého, fizeni produkce aluminia poéitacem, u americké firmy Alcoa. Tam
jsem vydrzel celé dva roky a hodné se naucil o real time computing v praxi. Pracovali jsme se
systémem IBM 1800 ve Fortranu. Tady se vSeobecné pouzival Fortan pro technické i védecké
aplikace. Fortran se mi zddl dost primitivni ve srovndni s Algolem, se kterym jsme v Cesku
bézné pracovali, ale tak to tady chodilo. Strasné zajimava byla ovSem piima kontrola procesu
pocitacem, tedy DDC (direct digital control).

Pak jsem odtamtud taky odesel, protoze mne porad ldkal vyzkum umélé inteligence. Porad
mne nékde strasila ta nase ,mys v bludisti“ a ten ,Pavlovuv pes“ a fikal jsem si, ze bych to
chtél dotdhnout dal.

Ve vyzkumaku
aneb

Umeéla inteligence
Znovu ve sparech Baby Jagy

A tak jsem se konecné dostal na to spravné misto Commonwealth Scientific and Research
Organisation, Division of Computing Research. Silené dlouhé jméno, krétce fe¢eno, bylo to néco
jako nas VUMS (Vyzkumny tstav matematickych stroju) v Praze. Oni tam méli dokonce celou
sekci pravé na tu umeélou inteligenci. Tak hurd do toho a rovnou do sparu statni byrokratické
organizace, znovu do sparu Baby Jagy.

Co se stalo? Nez jsem se tam zorientoval, tak celou sekci rozpustili a bylo po mych nadéjich.
Lidé, co v té sekci pracovali, se rozprchli po celém svété, nékteri do USA, jini do Skotska, kde
se takovy vyzkum jesté délal. Dokonce jeden z badateli povésil pocitace na hiebicek a zmizel
nékde v Indii, kam odesel studovat véci nadptirozené a tajemné. Tak jsem tam néjaky ten rok
wocmrndaval® (ono se to ani nijak jinak neda fict) a pracoval na ruznych dzobech, dokonce jsem
byl na takzvané Help Desk, coz nebyla zrovna sluzba pro slabé charaktery.

To bylo tak. Tehdy jesté nebyl internet, ale my méli svou vlastni sit, s centralnim pocitacem
Control Data Cyber. Méli jsme Sirokou klientelu, hlavné z védeckych pracovist. No a kazdou
chvilku se néco polamalo, nebo si to nasi uzivatelé popletli a potiebovali pomoc.

Tak mné zavolali na tu Help Desk, abych jim pomohl. Jenze pomoc, kterou jsem jim mél dat,
spocivala v tom, ze jsem si musel napfed nechat od nich vynadat, a teprve kdyz se uklidnili,
nez rozhnévany védec, to je horsi nez slon v fiji. Pamatuji se, Zze mné jeden takovy vynikajici
védec dokonce po telefonu pul hodiny vyhrozoval jako néjaky blazen. Ono se pozdéji ukézalo,
ze blazen byl, ale az kdyz rozsekal svoji manzelku na kusy, coz mné ovSsem nebylo nic platné.
Ne, nic si nevymyslim. Kdo by si mohl takovou pitomost vymyslet nez jediné zivot sam.

Myslel jsem si ale, ze vérnou sluzbou aspon za cas ziskdm povyseni a dostanu se k néjaké
lepsi praci. To jsem ale zapomnél, ze Baba Jaga si hlida své sluzebniky a drzi je dole.

Nakonec jsem na Babu pfece jenom vyzral a povyseni dostal, jenze mé to tam uz stejné
prestalo zajimat, protoze jsem si nasel kone¢né misto, kde mne to bavilo.
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Prace u ICI

aneb

Doba sklizné
Industrial Process Control

To nové misto bylo u firmy ICI Australia, ktera se zabyvala vyrobou ruznych chemikalii. Byla
to pobocka (subsidiary) anglické firmy ICI, kterd byla roztazena po celém svéte, tedy velky
multinacionalni kolos. No a tam jsem pak vydrzel pres 20 let a délal industrial process con-
trol. Co to vlastné bylo? Na to se mé ptalo uz mnoho lidi. Abych to vysvétlil, budu muset
trochu odbocit. Industridlnich procesu je mnoho druhi, ale pro mne to znamenalo predevsim
chemické procesy, rafinerie, laboratore a podobné. Tedy procesy, které by se daly popsat ve
stylu Shakespearovském (Garodéjnice ve hie Macbeth) asi takto:

Tu se néco zahrivalo, tam se néco chladilo,
kvedlalo a pumpovalo, by se dilo zdarilo.
Napoustelo, vypoustelo, nékdy 1 prepoustélo,

a to vsechno presné nachlup, nic se neodpoustélo.

Jasné? Doufdm, Ze ano. Ale jak se takovy proces iidi? Odpovéd zni: s velkymi obtiZemi.

A to je pravé zajimavé. Byla to tak trochu alchymie fizend pocitaci. A jak vite, obcas si
takového alchymistu, jako byl tteba doktor Faust, sebere ¢ert. Aby se néco takového nestalo,
bylo nutno do systému zabudovat vselijaké ochrany proti ¢ertu, ktery, jak vime, nikdy nespi.
Ty materidly, se kterymi se pracovalo, byly totiz nékdy primo pekelné, to jest:

Smradlavé a hotlavé,
néekdy taky lepkavé.
Jedovaté, viybusné,
Lucifera poslusné.

Takze treba i mala chybicka v programu by mohla znamenat katastrofu. Cely vtip designu byl ale
v tom, aby i pfes moznost chyb v programech nebo v hardware ¢i instrumentaci proces samotny
zustaval bezpecny. Kolem tohoto aspektu se vyvinula celd fada design metod a viceméné i
kultura. Proc¢ se o tom vlastné sitim — pravé v takovém prostiedi mné prisla vhod moje davna
a trochu zapomenuta laska, abych tak tekl, a to byla Kudlackova Kybernetika.

Nebyla to ovsem kybernetika jako takova, ale spise zpusob mysleni, kdy se ¢lovék uci design
od prirody. Prirozené organismy maji iizasnou schopnost se prizpusobit a prezit ruzné katastrofy
a hlavné jim zabranit. Tento aspekt zkoumal uz jeden ze zakladatelu kybernetiky Ashby a
dokonce sestrojil model pro demonstraci: fikal tomu homeostat. Tento homeostat jsem mél
¢asto na mysli a tidil podle toho sviij design.

Ale jak to, ze jsem se vubec na takové misto dostal, nehlidala si ho zase néjaka ta Baba
Jaga?

Hlidala i nehlidala, ono jim nic jiného nezbyvalo. Totiz v dobé, kdy jsem prisel na ICI (1977),
fizeni procesu pocitacem se zacCinalo v Australii teprve rozvijet, takze nebylo mnoho lidi, ktefi
by o tom néco védéli. A vzhledem k tomu, ze jsem mél na tomto poli uz zkusenost z Alcoa, tak
po mné doslova hrabli.

Prace u ICI se mné libila a také dafila a uspéchy, na které jsem potrad cekal, se konecné
dostavily. Dokoncil jsem celou fadu projektu, pozdéji také néco publikoval a jezdil prednaset
na ruzné konference jak tady v Australii, tak i v Americe a Asii.
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V ramci projektu jsem také projezdil kousek svéta, napiiklad dva roky jsem pracoval
v Némecku s celou rodinou. Moc prace jsme tam sice nenalouskali, ale zato jsme si uzili lyzovani
v Alpéach a projeli si autem kus Evropy od Madridu po Istanbul. Co bylo pro mne také zajimavé
— zjistil jsem, ze Némci nejsou zase takovi velci ,,machii®, za které jsme je my , mali cesti lidé“
pokladali. Spoustu véci jsem je sam musel ucit.

Hodné z toho, co jsem délal, se tykalo takzvané batch control, coz je odvétvi zvlasté obtizné
a stale se vyvijejici. Je to tizeni procesu, kde se déla na davky, ¢ili jako v pivovaru na varky.

Vzhledem k mym zkuSenostem v batch control jsem byl pozvan stat se ¢lenem amerického
komitétu, ktery se zabyval standardizaci batch control softwaru, ISA panel SP88. A také, abych
jako spoluautor napsal néco do knihy o Batch Control, kterou ISA davala zrovna dohromady.

Poznédmky: ISA je zkratka pro Instrument Society of America. Ta kniha se jmenuje Batch
Control — Practical Guide for Measurement and Control, editor je A. E. Nisenfeld, vydana
v roce 1996 ISA, IBSN 1-55617-563-9. Je to takova, tekl bych, , Bible of Batch Control “.

A co na to vsechno Baba Jaga? Ta pukala vzteky, ale na mne uz si netroufala. To vite, kdyz
se fekne Amerika, tak mistni Baba Jaga zaleze do brlohu, nebo si vybere né&jakou jinou obét.
A tak jsem mél klid a pokoj navéky. Ale ne tak docela, nebot, jak pravi jedna nase lidova pisen
,nic netrva ve svété vécné, ani laska k jedné slecné®, proto i tato idylka skoncila.

Jak jsem dostal vyhazov
aneb

Je libo Martini, pane Direktore

V letech devadesatych zaval novy vitr. Po padu Sovétu neméli se uz pani kapitalisté ¢eho bat a
ukazali se ve své pravé podobé. Do té doby se totiz fikalo slovo zisk takovym trochu nesmélym
zpusobem, skoro jako sex. Ale ted se to slovo stalo oslavovanym. Honba za dolarem a zisky
akcionaiu byly to hlavni. V ramci tohoto nového zpusobu mysleni se zacaly dit véci nebyvalé a
hlavné se vyhazovalo a to ve velkém. A tak jsem v roce 1997 své krasné misto pozbyl. Bylo mi
57 let, a kdo zaméstnd starého dédka? Nezbyvalo, nez se udélat pro sebe.

I zalozil jsem si svou firmu, lépe feceno firmicku s ru¢enim omezenym. Dal jsem ji honosné
a respekt vzbuzujici jméno Smart Control a legrace zacala nanovo. Lidi, ja se stal najednou
direktorem (feditelem) firmy, sice pouze dvoudolarové, protoze vic akcii jsme nevydali, kterd
méla dva zaméstnance, coz byla Alenka a ja.

Legrace ovSsem byla v tom, ze jakozto pan direktor jsem dostaval pozvani na ruzné vecirky,
dychénky a koktail parties, kde se stykali finan¢éni magnati, kapitani prumyslu, vyznamni poli-
tikové a hochstaplefi na vyssi urovni. A tak jsme se tedy vysvihli do té oslavované a obdivované
yhigh society“, a to za pouhé dva dolary. Podivné ale bylo, Zze se nam to naSe dobrda znama
Baba Jaga ani nesnazila néjak zhatit. Snad to bylo tim, ze uz z nas byla unavend, chudinka
stara. Toto moje podnikani trvalo az do roku 2007, kdy jsem pfestal pracovat a skoncil aktivni
business.

Nase pridruzena vyroba
aneb

Alenka to rozjela
Jak se drzi pero
Utekly nam kravy

Co se tyce naseho zivota v Australii, myslim, ze bych mél pro uplnost dodat néco o tom, co
jsme podnikali mimo okruh pocitacu, kybernetiky a podobnych véci.
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V tomto sméru vladla Alenka, ktera se velmi rychle adaptovala v novém prosttedi a prevzala
iniciativu, takze velice brzy jsme si prohodili role a ja se stal ta ,Plus Jedna®“ misto ni. ZIi
jazykové ovsem tvrdili, Ze jsem se stal ,Plus Nula®“, coz ovSsem ja popiram cisté v zajmu boje
muzi za rovnopravnost.

Z Alenky, ktera do té doby nebyla nijak technicky zamétena, se stala velice ispésné kreslicka.
Musel jsem ji ovSem napted naucit, jak se drzi péro, tedy rysovaci, ale rychle to pochopila a
pak uz jela sama. Dokonce si oteviela sviij vlastni business. Takze nam vznikla takova, jak se
tomu fikalo na ceském socialistickém venkové, pridruzend vyroba. Pozdéji ale celd jeji profese
zmizela, protoze to vsecko prevzaly pocitace, se kterymi Alenka nechtéla mit nic spolecného
(v tom ukézala zdravy instinkt), takze business skonéil.

Ale to nic, mezitim jsme totiz rozjeli mensi farmicku, jako uzite¢né hobby. Kvuli tomu jsme
ale museli prodat barak a postavit si novy na té farmé, coz ovséem nebylo bez dramatu. To dole
je fotka naseho ,,Dumku na Zarubku® na té farme.

Usadili jsme se v novém prostiedi a tim padem se z nds stali, jak se kdysi v Cesku fikalo
kovozemeédeélci, a my se vrhli s vervou do sedlaceni. Méli jsme napied jenom slepice, pak se
pridaly husy a kaceny, jeden cas dokonce i kravy a prase. Do toho vSeho si nase drahé dité
Andrea vydupalo koné, tak se tady pletl jesté kun a nékdy i vice koni.

No byl to cirkus, ktery ndm nékdy az prerustal pres hlavu. Dostavali jsme se do situaci tézko
predstavitelnych. Tak tfeba, rano se obléknu do svého nejlepsiho obleku a sedam do auta, abych
jel do préace, a vidim, kravy pry¢. Potvory protrhly plot a pasly se u sousedu. Tak ja v tom
obleku musel honit kravy domu a spravit plot. Jindy zase kun pteskocil plot a Sel k sousedovi
na jejich jablka, prosté zdbava v jednom kuse. Ted na stard kolena uz mame jen ty slepice a
jednoho starého koné ,na penzi“. A obcas k nam zavita i rodinka klokant.

Kruh se uzavira
aneb

Mysaci u Kudlacku

V roce 1995 jsme jeli s manzelkou Alenou koneéné do Ceska, kde jsem se znovu setkal s Honzou
Brejlem a jeli jsme spole¢né navstivit Kudlackovy v Ivancicich. A tak jsme byli po tolika letech
zase ,Mys§aci“, jako kdysi zamlada na Katedre matematiky. Alenka se tésila, ze kone¢né uvidi
toho legendarniho Kudlacka, o kterém jsem ji toho tolik napovidal, a nebyla zklamana. Byli jsme
velmi srdecné prijati Vaclavem i Marjankou a vsichni jsme se skvéle bavili. Bylo to skoro jako

52



V zemi klokanu

navrat do rodiny. Povidalo se a vzpominalo, popijelo se vyborné kounické vinecko a pojidaly
se dobroty, které ndm Marjanka pfipravila. Kone¢né jsem mohl Véaclavovi fict, jak mé ta jeho
prednéska kdysi ddvno na VUT zachytila a dala mné vlastné smér do zivota.

medaili“ z VUT a méli z toho upfimnou radost. Potfeti uz ndm to ale nevyslo. Vaclav totiz
odesel z tohoto svéta asi v té dobé, kdy jsme sedéli v letadle do Evropy. Ale navstivili jsme
aspon Marjanku, potésili ji trochu a zazpivali si s ni pii kytate, jako kdysi davno na katedre.

Po Kudlackovi mi zustalo jedno krasné tuslovi, které jsme vlastné doma s Alenkou adoptovali
za svoje, protoze ho povazujeme za jednu z nejvétsich moudrosti Zivota:

Takovej vil se jesté nenarodil, abych se od ného nemohl néco naucit.

Na zaver

Premyslim, jaky velkolepy zavér bych mél udélat, ale nic kloudného mne nenapada. Ono by
se dalo udélat zavéru nékolik, jeden horsi nez druhy. A tak si z toho vyberu aspon ten, ktery
pro mé ma sentimentalni kouzlo mladi prozitého v Brné. Je to pisen, kterou nékteii ¢tenari asi
znaji a kterd patii do zemitého brnénského folkloru. Neni to sice nic uméleckého, ale jde od
srdce, pardon, od hercny:

Ta brnénskd Salina,
to je senzace.

Porazila svigrfotra
na Velkym Place.

A Ze meéla ndladu,
tak ho wvzala zezadu.

To je senzace.

A vcil kondpci Smitec. A vy décka, do betle a slofec.

Pséno v Melbourne L.P. 2010.
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One hundred years ago, on December 28, 1924, Milo§ Zlamal, professor at Brno University of
Technology (BUT), founder of the Finite Element Method (FEM) mathematical theory was
born. Twenty years ago, on January 12, 2005, a Commemorative Afternoon on the occasion of
his eightieth birthday was held in the BUT Centre in Brno.

The event was opened by the Rector of BUT, prof. Jan Vrbka. Then, lectures were presented
by Alexander Zenisek (BUT), Michal Kiizek (Czech Academy of Sciences (CAS), Prague), Jiff
Kratochvil (BUT), Libor Holusa (Masaryk University, Brno) and Ivo Marek (Czech Technical
University, Prague) were presented.

The lectures in the ceremonial environment of the Baroque auditorium were interspersed
with organ partitions presented by prof. Jiti Jan (BUT). In the foyer, it was possible to see
an exhibition of documents and photographs of prof. Zldmal, including his article in which
he founded FEM mathematical theory. The commemorative afternoon ended with a toast and
refreshments in the hall of the BUT Centre. The contributions (in Czech) and materials from
the exhibition can be found in the brochure Milos Zldmal founder of mathematical theory of
finite element methods published by VUTIUM in 2006. The extended booklet is available on
https://hdl.handle.net/11012/255748.

Ten years ago, we commemorated Professor Zlamal’s ninetieth birthday on January 14, 2015.
The afternoon of remembrance was opened by the Rector of BUT, prof. Petr Stépanek. Then,
lectures by Michal Kiizek (CAS, Prague), Miloslav Feistauer (Charles University, Prague),
Jozef Kacur (Comenius University, Bratislava), Alexander Zenfsek, DrSc. (BUT, Brno), Libor
Holusa, CSc. (BUT, Brno), Prof. Ivo Marek (Charles University and CTU, Prague) followed.

This tradition was continued by the Memorial Afternoon on January 15, 2025. Since the
previous lecturers (except for M. Feistauer, J. Ka¢ur and M. Kiizek) are, unfortunately, no
longer with us, the afternoon was focused on the finite element method today. The problems of
the contemporary theory of FEM, its applications and computational systems were described
by experts from Prague, Ostrava, Pilsen, Bratislava and Brno.

The seminar was closed with a joint celebratory toast by BUT 2023 Academic wine in the
adjacent foyer, where it was possible to see on seven panels documents and photographs from
the life of Zlamal, the beginnings of computers in Brno, the memories of BUT graduate Antonin
Aujesky (1940-2024), who lived in Australia, and from the previous memorial afternoons.

The following part contains the professional lectures from the afternoon prepared by the
authors. Unfortunately, prof. Mikula was unable to deliver his contribution due to family health
reasons. The Library of the CAS Institute of Mathematics has supplied the complete list of
Zlamal’s publications.

Editor
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Rector’s address
LADISLAV JANICEK

Ladies and Gentlemen,

It is a great honor to be with you today as we commemorate the 100th anniversary of the
birth of Professor Milos Zlamal. Seeing so many distinguished colleagues from our university,
from across the Czech Republic, Slovakia and abroad is a clear sign that the name of Professor
Zldamal and his legacy remain alive and respected.

Professor Zlamal was the mathematician who laid the mathematical foundations of the
Finite Element Method — a method that has become indispensable across engineering: in
structural analysis, fluid mechanics, heat transfer, but also in electromagnetism, and even in
biomechanics. His work has shaped not only mathematics, but also the way we design and
understand modern technology.

As a graduate in aircraft design at Brno University of Technology, I first encountered this
method in practice at LET Kunovice (today Aircraft Industries). There, under Professor An-
tonin Pisték and Rudolf Bohm — two principal authors of the unique FEM system for structural
calculations of aircraft, SOFEM, developed in Kunovice specifically for aerospace applications
— I was drawn into the depth and beauty of this method.

When I later returned to my alma mater to teach structural mechanics and aircraft design,
the Finite Element Method became for me an indispensable tool. Only then did I fully realize
that our university significantly contributed to this method based on the theoretical work of
Professor Zlamal, who managed to transform an originally intuitive method into one of the
most important computational methods in engineering, and who, together with his colleagues
Professors Jiif Kratochvil and Alexander Zenisek, brought it into practical application.

The fact that mathematical foundations of the Finite Element Method were laid at Brno
University of Technology is truly unique. With deep respect and pride, I pay tribute to Professor
Zlamal and his collaborators. Their names must continue to be remembered and celebrated —
not only as part of our history, but as a lasting inspiration for future generations of academics
and researchers.
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Abstract: A brief biography of Professor Milo§ Zlamal is presented. Then we focus
on the mathematical problems he dealt with. In the first period there were various
properties of analytical solutions of ordinary and partial differential equations. His
main results are in the theory of the finite element method as the minimum angle
condition guaranteeing convergence, curved finite elements, superconvergence, the
so-called mortar finite elements and semiconductor equations.

Keywords: minimum angle condition, curved elements, mortar elements, super-
convergence, nonlinear equations.

AMS classification: 65N30, 01A60.

1 Brief biography of Professor Milos Zlamal

Milos Zlamal was born on 30 December 1924 in Zborovice, Kromériz region. From 1936 to
1945 he studied at the 3rd real gymnasium in Brno. However, he had to interrupt his studies
because he was totally deployed in Wroctaw in 1944-1945. On 6 February 1946 he was enrolled
at the Faculty of Science of Masaryk University and on 10 February 1949 he graduated there
and received the academic degree RNDr., rerum naturalium doctor. In the period 1950-1951
he was a postgraduate at the Mathematical Institute of the Czechoslovak Academy of Sciences
in Prague.

In 1951-1952 he completed his obligatory military service, during which he married Ludmila
Vichrova on 19 January 1952. In 1955 he received the scientific degree of Candidate of Sciences
(CSc.) by defending his thesis at the Institute of Mathematics of the Czechoslovak Academy
of Sciences: Study of oscillatory and asymptotic properties of solutions of differential equations.
His adviser was Prof. Otakar Bortuvka.

Milos Zldamal was appointed Associate Professor on 1 June 1956 at the Faculty of Science
in Brno. In 1956 he became a founding member of the Editorial Board of the newly established
journal Aplikace matematiky (later renamed Applications of Mathematics), which is still pu-
blished by the Institute of Mathematics of the Czech Academy of Sciences. He worked in this
board until 1992.

On 1st September 1961 he transferred to the Faculty of Mechanical Engineering of the VUT
(Brno University of Technology) and on 17 March 1963 he received the scientific degree of Doctor
of Science (DrSc.) which was awarded to him by the Czechoslovak Academy of Sciences.

In 1967, Jiti Kratochvil introduced him to a relatively new engineering method of finite
elements, which was perfectly suited for solving problems of continuum mechanics. This me-
thod allowed one to numerically calculate e. g. mechanical stresses and displacements of frame
structures, see [7, p. 12-18]. Zlamal liked this method so much that in 1968 he published the first
article on the mathematical theory of the finite element method, see [25]. Here, he proved its
convergence under the condition that all angles in the triangulation of the investigated region
are bounded from below by one fixed positive constant. This paper is still widely cited today
and has greatly influenced the development of numerical methods in this and the last century.

Another key work of Milos Zldmal [28] was related to the approximation of the curvilinear
boundary of the investigated domain by the so-called curved elements. According to the Ame-
rican MathSciNet database, it is one of Zlamal’s most cited papers. In it, an ideal finite element
is introduced which allows a perfect partition of the whole region into elements.
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Prof. Zldmal was also one of the first numerical mathematicians to develop the so-called
transition finite elements. They are used where one part of the region under investigation
is covered by a different type of finite elements than another part. These are, for example,
transitive finite elements that allow us the continuous connection of linear elements to cubic
elements, see [27].

Prof. Zlamal achieved great successes in the field of superconvergence of the finite element
method, see the series of his articles [I3] 29, 30]. He also dealt with the finite element method
for the numerical solution of the heat conduction equation, for the calculation of the magnetic
field, for the approximate solution of semiconductor equations, etc., see [14], 31, 32} 33, 34} 35].

In the period 1963-1990 M. Zldmal was the director of the Laboratory of Computing Machi-
nes at the VUT. On 28 May 1965 he was appointed Professor of Mathematics and on 16 March
1981 he was elected Corresponding Member of the Czechoslovak Academy of Sciences. For ten
years 1983—-1992 he held the position of chairman of the Scientific College of Mathematics of
the Czechoslovak Academy of Sciences. In 1990 he moved to the Department of Mathematics of
the Faculty of Engineering of the VUT and was retired in 1995. Professor Zldmal passed away
in Brno on 22 June 1997.

Let us still recall some of his important awards. In 1969 he was awarded the Bronze Comme-
morative Medal of the VUT and in 1974 the President of the Czechoslovak Socialist Republic
awarded him the State Prize for the development of the mathematical theory of the finite element
method and its applications. In 1979 the Presidium of the Czechoslovak Academy of Sciences
awarded him the Bernard Bolzano Silver Plaque for merit for the development of mathematical
sciences and in 1984 he was awarded the Bernard Bolzano Gold Plaque. Among his greatest
scientific honors is undoubtedly the award of an honorary doctorate from the Technische Uni-
versitat in Dresden in 1984. In the same year he was awarded the Gold Commemorative Medal
of the VUT. In 1987 he was elected an honorary member of the Union of Czechoslovak Mathe-
maticians and Physicists. In 1992, he received the Memorial Medal of Charles University for
his significant contribution to the development and application of the finite element method. His
other awards are listed in the book [7, p. 116].

Prof. Milos Zlamal is clearly one of the world’s top numerical mathematicians. He was
one of the founders of the famous Brno school of the finite element method, see e.g. [4, 8, 9]
14] 15, 16]. Besides Zlamal, its core was formed by Libor Cermsk, Jan Franct, Libor Holusa,
Jit1 Kratochvil, Vladimir Kolaf, Stanislav Koukal, Frantisek Leitner, Frantisek Melkes, Josef
Nedoma, Alexander ZeniSek and others. Zldmal’s extensive work contributed significantly to
the effective numerical solution of problems in mathematical physics.

2 Early mathematical results of Milos Zlamal

Milos Zlamal during his doctoral studies focused on properties of analytical solutions of ordinary
differential equations. In 1950, he published his first scientific paper [I7] on this topic. Here, he
investigates a self-adjoint differential equation

(r(=)y") +p(z) =0

with 7(x) > 0, r and p are smooth such that

@
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He proves that if there exists a positive function g € C* such that

00 g/2<x> o]
r(z) dr < oo and g(x)p(z)dr = oo,
0 9(z) 0
then there exist oscillatory solutions near x = oo. Note that the choice ¢ = 1 leads to the
well-known Leighton’s theorem which first appeared in [12].
In another paper [18], Zldmal examines forced oscillations of analytical solutions of a non-
linear ordinary differential equation of the second order

&+ f(o, ) + g(x) = p(w),

where p is periodic and f, g are given functions. In [I9], he considers the following differential
equation of the nth order
y™ + AA(w)y =0,

where n > 2 is a fixed integer, y(b) and y(®(a) =0 for a = 0,1,...k—1,k+1,...,n — 1 are
given boundary conditions, and A(z) > 0 is continuous on [a,b]. For this case he proves the
existence of infinitely many positive proper values 0 < \g < Ay < ....

In the 1960s, Zlamal also began to study partial differential equations. For instance, in [21]
he investigates the following singularly perturbed problem. Let u(x,y,¢) be the solution of the
Dirichlet problem for the second order partial differential equation

Le = Ugg + €uyy + Az, y)uy — B(y)u, + Cz,y)u = F(z,y),

where € > 0 is a small parameter, and A, B, C' and F are given functions. If U(z,y) is the
solution of the corresponding non-perturbed problem

Ly =Uy + A(z,y)U, — By)U, + C(z,y)U = F(z,y),
then under certain appropriate conditions Zlamal proves that
u(@,y,e) = Ula,y) + h(z,y,e)e @/ + O(e!?)

for e — 0, where h(z,y,¢) = O(1) and a(y) = fyyo B(s)ds for some suitable yo. He worked also
on parabolic equations as a limiting case of hyperbolic and elliptic equations, see [20)], 22].

In the middle of the 1960s, Zlamal started to concentrate on numerical methods. He inves-
tigates the error function

B(P) = [ fo)dz = Y wif(o)
0 k=1

which vanishes when f is a polynomial of degree n. Here, 0 < 21 < 29 < -+ < x,,, < 1 and
wy € R are appropriate weights. In the paper [23], Zldmal derives a formula for estimating
E" =sup{E(f) | f € H", ||fllo < 1}, where H" stands for the standard Sobolev space and
| - |lo is the Lebesgue L?-norm.

In another paper [24], Zlamal examines a finite difference approximation of the Dirichlet
problem for variable coefficient elliptic operator of the 4th order

L= 0? 1 O*u 5 0? ; 0?u 9? 1 0%u
U= o (“axZ) + axay( 8w8y> oz (Cay2>'

Using a clever interpolation of the boundary values, difference equations with 2nd order accu-
racy for smooth solutions are derived and their approximation properties are studied.
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3 Finite element solution of partial differential equations

Richard Courant (1888-1972) is generally considered to be the founder of the finite element
method. On June 16, 1942, he submitted a paper [0] (see also [I1]) to the Bulletin of the
American Mathematical Society, which was a crucial contribution to the development of the
finite element method. On page 21, he considers a triangulation of a two-dimensional multiply
connected rectangular domain with four holes. He looks for an approximate solution of a certain
variational problem in the form of a continuous piecewise linear function over this triangulation.

Zlamal achieved the greatest success in the investigation of the finite element method for
solving partial differential equations of various types. This active area of research has become
an essential part physics and engineering [9], for example in the study of problems involving
heat conduction, electrical superconductivity, fluid flows, elasticity, plasticity, semiconductors,
Maxwell’s equations, magnetic and gravitational fields. These problems require the simulation
of various phenomena and physical fields over complicated structures in two, three, and higher
dimensions.

At present the finite element method seems to be the most efficient numerical method for
solving problems of mathematical physics and engineering that are described by partial diffe-
rential equations, algebro-differential equations, integro-differential equations, systems of these
equations, and variational inequalities. The main advantage of the finite element method is
that it enables one to simulate the above mentioned problems on a computer. It thus replaces
the creation of expensive technical models (prototypes) or performing complicated measure-
ments. The whole computational process based on the finite element method can be essentially
automated, including the following steps:

preprocessing of input data,

generation of finite element triangulations (partitions),
assembling finite element matrices,

solving the corresponding discrete problems,
post-processing of output data,

a posteriori error estimation in some norm |[u — uyl|,

Ne T W

graphical illustration of results.

The classical solution of elliptic boundary value problems may not exist if the domain in
question has concave corners or if some coefficients have jumps or if mixed boundary conditions
are prescribed, where one type of boundary condition changes into another type, etc. Thus, the
following concept of a weak solution is usually employed.

Let V be a Hilbert space over real numbers R. A mapping a(-,-): V x V — R is called
a bilinear form, if for any fixed v € V' the mappings a(v,-): V — R and a(-,v): V — R are
linear. The following lemma plays a key role in the finite element method, see e.g. [3] [].

Lax-Milgram lemma. Let V' be a Hilbert space equipped with the norm ||-||y and let F: V — R
be a continuous linear form. Let a(-,-) be a continuous bilinear form, i.e., there exists a constant
Cy > 0 such that

la(v, w)| < Ciljvllv]lwlly  Vo,weV.

Further, assume that there exists a constant Cy > 0 such that

a(v,v) > Co||v||}; Vv e V.
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Then the problem: Find uw € V' such that
a(u,v) =Fv) YoeV (1)

has exactly one solution.
To explain the basic idea of the finite element method we present the following example.

Example. Let @ C RY d € {1,2,3,...}, be a bounded polytopic domain with Lipschitz
boundary 0€2. Consider the Poisson equation with homogeneous Dirichlet boundary conditions

—Au=f in (2)
u=0 on 01, (3)

where f € L*(). We look for a weak solution u in the Sobolev space
V =Hy(Q) = {veL*Q)|gradv € (L*(2))*, v =0 on 9N}

with the Sobolev norm || -1, see [5]. Multiplying (2|) by an arbitrary function v € V| integrating
by parts, and using the boundary conditions , one can transform the above problem into
problem with corresponding bilinear and linear forms

a(v,w)—/{zgradv-gradwdx, F(v)—/gfvda;.

Note that any classical solution in C?(Q) of problem — is the weak solution of and
that the assumptions of the Lax-Milgram lemma are satisfied.

Let Vj, C V be a non-empty finite dimensional subspace and let us look for u;, € V}, so that
a(uh,vh) = F(’Uh> Vvh € Vh.

By the Lax-Milgram lemma there exists one solution uy € Vj,. It is called the Galerkin solution
and can be considered as a discrete approximation of u. Here V}, usually consists of continuous
piecewise polynomial functions over some partition of {2 into simplices, e.g.,

Vh:{v 6H&(Q)|U|K ka(K) VKGﬁ},

where Py (K) is the space of polynomials of the kth order over K, 7}, is a triangulation, and V},
is called a finite element space, see Fig. 1 for Q = (0,1) x (0,1), the discretization parameter
h =0.1, and k = 1. It can be proved that V}, contains only continuous functions, see [, p.44],
[10], p. 27].
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Fig. 1 A continuous piecewise linear finite Fig. 2 A typical shape of a piecewise linear finite

element function over a triangulation element basis function with A = 0.2.

The finite element is a triple (K, Pk, Y ), where K C R? d € {1,2,...}, is a nonempty
convex polygon called an element, Pk is a space of polynomials over K, and > is a finite set
of degrees of freedom that enable us to define uniquely a polynomial p € Px for prescribed
values of all functionals from Y (see e.g. [5] for details). Finite elements are used to construct
finite element spaces V},, see [3], 9, [7].

Looking for u;, € V}, as a linear combination of basis functions v*,...,v" of the space V},
(N = dim V),

N
up = E cv?,
j=1

we obtain the following system of linear algebraic equations for the unknowns cq,...,cy € R,
N
Za(vj,vz)cj =F(@"), i=1,...,N,
j=1

whose (stiffness) matrix

A= (o', v
is positive definite.

The discrete solution wy is, of course, independent of the choice of basis functions. The
main idea of the finite element method is that we may choose the basis functions v’ having
small supports, see Figure 2. Then the matrix A is sparse, which means that only O(N) entries
are nonzero, in general. This enables us to solve the above system efficiently and to store A
with much less computer memory than in the case of a full matrix with N? nonzero entries, in
general.

By a partition (or triangulation) of a closed polytopic domain €2 we mean a set of elements
whose union is €2, any two elements have disjoint interiors, and each facet of an element is a
facet of another element from the partition, or belongs to the boundary 05, see Fig. 3 and 4.
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Fig. 3 Partitions of given domains into elements

in case of dimension d =1,2,3 Fig. 4 Triangulation of a wrench

A simplex K is the convex hull of points Ay, A1,..., Ag € R? not lying in one hyperplane.
We can easily find that

COS (uy5

dot- dovl = —
gradv" - grad v hh, ,

i,j:O,...,d7 Z#J;

where «;; is the dihedral angle between facets F; and Fj of the simplex K, vi(Aj) = 0;; 18

Kronecker’s symbol, and h; is the height in K above F;.
In Figure 5, we see that the above scalar

product can be positive when a;; > 90° and
1 # 7. In this case, the finite element method
may yield numerical results that violate basic
physical principles, see [3] and the following
definitions.

A square matrix A is an M-matriz if all its
off-diagonal entries are nonpositive and if it
is nonsingular and A=! > 0. In particular,
A is a Stieltjes matriz if all its off-diagonal
entries are nonpositive and if it is symmetric

and positive definite. Fig. 5 A triangulation with one obtuse angle

4 The most important Zlamal’s results
on finite elements

In 1968, Zlamal developed the first mathematical theory of the convergence of the finite element
method. It was published in his pioneering paper [25] in the prestigious journal Numerische
Mathematik. Zlamal introduced the so-called minimum angle condition (see below) that
ensures the convergence of the finite element approximations in natural Sobolev norms when
solving linear elliptic boundary value problems of the second and fourth order on planar tri-
angulations. This condition requires the existence of a constant oy > 0 such that the minimal
angle ar of each triangle 7" in all triangulations involved satisfies the lower bound

ar > «. (4)
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To be more precise, Zlamal used the condition
sin ap > sin ag

which is equivalent to , since the minimum angle in each triangle is always nongreater than
60° and sin is an increasing function over the interval [0°,60°]. The same condition (4)) was also
introduced simultaneously by Alexander Zenfsek [I5] for the finite element method applied to a
system of linear elasticity equations of second order. For a generalization of Zlamal’s minimum
angle condition (4) to simplicial finite elements in R? see [2].

Céa’s lemma. Let the assumptions of the Lax-Milgram lemma be satisfied. Then there exists
a constant C' > 0 such that for any subspace Vi, C' V', Vi # 0, we have

lu—unlly <C inf [lu—wyv. (5)
v EVR

If u € H3Q) N C(Q) is the weak solution of a second order elliptic problem, then the
convergence of the corresponding finite element approximations uy follows directly from Céa’s
lemma and the interpolation theorem [5], since we can take v, = m,u, where mu is the Vj-
interpolant of u over a given triangulation. This is a continuous piecewise polynomial function.
Assume that the minimum angle condition (4)) is satisfied. The infimum on the right-hand side
of can be then estimated by the interpolation error for h — 0:

lu—uply < C inf fJu—wplls < Cllu — mhully < C hjul,.
v EVR

Hence, for smooth solution we have at least a linear rate of convergence of the finite element
method. The same convergence rate holds (see [3, p.27]) for the mazimum angle condition,
i.e., there exists a constant 7y < 7 such that the maximal angle vy of each triangle 7" in all
triangulations involved satisfies the upper bound

Yr < Yo-

In [I5, p.365] Alexander Zenisek proves that if the maximum angle condition does not hold
then the linear triangular finite elements may loose their optimal interpolation order, see also
[3, p.42].

Let us emphasize that the finite element method converges without any regularity assumpti-
ons on the true solution of the problem (2)-(3) when the maximum (i.e. also minimum) angle
condition is satisfied. To show this, let ¢ > 0 be given. If u € HJ(), then there exists an
infinitely differentiable function from the same space such that ||u —w||; < &/2. Then by Céa’s
lemma, the triangle inequality and interpolation theorem we have

lu—upl; < C Hel\f/ lu—vp|li < Cllu—mpwl)y < Cllu—wl1+C|lw—mw|; < Ce/24Ce/2 = Ce
Vh h

for h — 0. Hence, we have the convergence also of the gradient in the L2-norm, Note that the
classical finite difference method requires a higher regularity of the true solution to guarantee
at least some pointwise convergence.

Zlamal was one of the first mathematicians who invented the so-called mortar elements, see
[27]. They are employed when one part of the domain in question is covered by different finite
elements than in another part. For example, suppose that {2; and 2, are nonempty polygonal
subdomains of a bounded planar domain € and let ©Q; and Q, be separated by a tiny strip. Let
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Q1 by covered by the standard linear Lagrange triangular elements with 3 degrees of freedom.
Let €25 be covered by the cubic Hermite triangular elements with 10 degrees of freedom. Zlamal
invented two special mortar elements

T—6 and T-8

with incomplete cubic unsatz functions with 6 and 8 degrees of freedom. They are used to cover
the tiny strip between 2; and {25. These mortar elements thus enable us to define a continuous
finite element fields over the whole domain €.

The solution of elliptic boundary value problems is usually transformed to the minimization
of a convex coercive functional for solving the associated variational problem. This is their
variational formulation. However, in practical implementation of the finite element method in
order to solve elliptic boundary value problems numerically, the so-called wvariational crimes
are usually committed, see e.g. [3]. They include the following situations:

1) A given domain with a piecewise curved boundary is approximated by polygonal (in 2d)
or polyhedral (in 3d) domains.

2) Integrals are evaluated numerically with the use of quadrature formulae.

3) Boundary conditions are approximated (interpolated) by finite element functions.

To avoid approximation of a curved boundary by a polygonal one, Zlamal introduced an
ideal curved finite element in [28]. This is one of his most cited papers, see also [I]. The space of
the corresponding ansatz functions consists of nonpolynomial functions, in general. Therefore,
Zlamal was also intensively working on appropriate numerical quadrature formulae to evaluate
numerically integrals over particular elements, see e.g. [23], [30]. Note that special penalty me-
thods were used to handle nonhomogeneous Dirichlet boundary conditions.

During the development of the finite element method it has also been found that the rate of
convergence of finite element approximations at some exceptional points of a domain exceeds
the optimal global rate if finite element partitions have some regular geometric structure. This
phenomenon has come to be known as superconvergence. Zlamal in [29] 30] proved superconver-
gence of the gradient of finite element solutions of some elliptic boundary value problems, see
also his paper with Pierre Lesaint [13]. For instance, there is superconvergence of the gradient
of order O(h?) at centroids of bilinear rectangular elements under some regularity conditions.
Also in [26], Zlamal presents a special box finite element method giving solution gradients with
a high order accuracy.

In the 1980s, Zlamal started to investigate finite element solutions of various nonlinear
problems. For example, in [31] he considers the nonlinear heat conduction problem

c(u)g—? =V - (k(u)Vu) + q(u, x,t)

with some given boundary and initial conditions for d € {2, 3}, where ¢, k € L>(2) are bounded
from below by a positive constant and the function ¢ is integrable. Defining new variables

Hiu) = /0 Cs)ds, Glu) = /0 " (s)ds,

the above problem can be transformed to a variational minimization problem with a quadratic
functional.
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A series of papers [14] B2, 33] (the first one is with Frantisek Melkes) concerns finite element
approximations of magnetic fields. This is again a nonlinear problem which can be described
for stationary case by elliptic equations

> o (v IVu@IP) ) = £

=1

with some boundary conditions. Here, the magnetic reluctance v nonlinearly depends on the
magnetic potential u.

In [34, B5], Zldmal investigates the nonlinear equations of semiconductor device theory
consisting of a Poisson equation for the electric potential ¥ and two highly nonlinear continuity
equations for the electron and hole densities n and p in a bounded domain Q C R?, d = 2, 3,

AU = g(p —n+ N()),

on
i Vo[Dn(z, [VE[)Vn — pin(z, [VE|)nV ] — R, (n, p),
dp
5% = Vo Dy(z, [VU[)Vp + pp(, [ V| )nV U] — Ry (n, p).

Here, Dy(z,€) and s € {n,p} are related to mobilities us(n,&) by the Einstein relation
Dy(z,€) = Urps(x,€), where Ur is the thermal voltage, N is a given function of z € ,
and R; is a recombination term. The mesh is assumed to have acute simplices, see [3].

5 Concluding remarks

Professor Milo§ Zlamal usually worked alone on various mathematical problems, see the list
of references. He wrote only a few papers with coauthors, e.g., [T, 4, O 13| 14, 16]. Under his
condition he derived the optimal convergence order when solving the 2nd and 4th order
elliptic boundary value problems by the finite element method provided the true solution is
smooth enough, see [25].

However, the main advantage of the finite element method satisfying Zlamal’s minimum
angle condition is that it converges in suitable Sobolev norms without any regularity as-
sumption of the true solution as shown is Section 5 and also in [5], p. 134].

Finally, we have to emphasize that (4)) is only a sufficient condition for the convergence of the
finite element method. It is not necessary. In [3], pp. 42-44], we present a family of triangulations
which does not satisfy the minimum (and also maximum) angle condition and the finite element
method preserves the optimal convergence order in the Sobolev H!-norm. To find a necessary
and sufficient condition on families of triangulations for the convergence of the finite element
method is still an open problem.
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VAcLAv KUCERA

Abstract: We give a brief overview of some key moments in the history of geome-
trical conditions ensuring finite element convergence. Starting from the pioneering
work of Zldmal and ZeniSek and their minimal angle condition, continuing with the
maximal angle condition and the realization of its non-necessity for finite element
convergence, we present the newest development in this area, when these geometric
conditions can be circumvented in certain situations.

Keywords: Finite element method; maximum angle condition; mesh geometry.
AMS classification: 66N30, 65N15, 65N50.

1 Introduction

The finite element method (FEM) is one of the most important methods in numerical mathema-
tics. Nowadays it is the standard method of choice when solving problems described by partial
differential equations. In 2D the method works by constructing a mesh consisting of triangles
which partitions the computational domain. On this mesh a continuous piecewise linear (in
the basic version) approximation is chosen along with a standard weak formulation. Originally,
the method was a purely engineering approximation. However through the pioneering works of
Zlamal and ZeniSek, it has been reformulated in the context of pure mathematics, which allowed
the method to be rigorously analyzed for the first time, deriving estimates for the error between
the exact and approximate solutions. A key assumption of the theory is that the element of the
mesh cannot be too ‘flat’ to ensure convergence. This is the so-called minimum angle condition
or Zldmal’s condition, as named in [2]. Since these groundbreaking results, much progress has
been made, however the basic question of what is a necessary and sufficient condition on the
mesh geometry in order to ensure convergence of the FEM still remains open. In this brief
contribution we will sum up the basic facts and indicate what the future might possibly bring
us.

We note that we only deal with the simplest situation — linear finite elements in 2D. Even
here there are many open questions. If we move to 3D, the situation is much harder, when even
an equivalent condition on tetrahedra to ensure convergence of interpolation is unknown, let
alone an optimal condition ensuring FEM convergence. The same holds for bilinear elements
(i.e. quadrilateral elements), or higher order elements. Each of these generalizations bring a
new layer of added difficulty. We therefore restrict ourselves to the basic situation. Even that
is hard enough.

2 Finite element method

The finite element method is suitable for a wide range of differential equations, both partial
and ordinary, evolutionary and stationary, linear and nonlinear. The surprising fact is that the
basic questions of FEM convergence have not been resolved even for the most basic textbook
problem — Poisson’s equation — for which essentially everything is known from the viewpoint
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of theory of partial differential equations. We will therefore focus on this equation as a model
problem — for more complex problems the situation can only be more complicated with more
unanswered questions.

Consider Poisson’s problem in R2 Let Q C R? be a polygonal domain with Lipschitz
boundary 05, we solve the problem

—Au=fonQ, ulgg=0 (1)

with the weak form: Find u € H}(Q) such that
/Vu-Vvdx:(f,v), Vv € Hy(Q), (2)
Q

where HJ () is the standard Sobolev space of functions with square integrable derivatives and
a zero trace on JS2, while (f,v) = fQ fvdx is the L? scalar product.

In the finite element method, we consider a conforming triangulation 7 of €2, i.e. a parti-
tion into triangles (elements) with mutually disjoint interiors such that the intersection of two
neighboring elements is either a single vertex or a whole edge. Here h denotes the length of the
longest edge in the triangulation. This partition defines the continuous piecewise linear finite
element space

Vi = {vn € C(Q);up|x € PHK) for all K € Ty}, (3)

where P1(K) is the space of linear functions on the triangular element K € Ty,.
The finite element method is then defined as follows: Find u;, € V;, such that

/ Vuy-Vopde = (f,vn), Vo, € V. (4)
Q

It is desirable to obtain estimates of the error u — uy, in terms of the “fineness”of the mesh
measured in terms of the mesh parameter h. To this end, Céa’s lemma, cf. [2], gives us an
estimate in the H'()-seminorm:

\u— up|pr) = inf |u—vp|mo), (5)
v EVR

where |ulg1 ) = 1/ [, [Vu|?dz. We note that for other problems, one can expect an inequality

in and a problem-dependent constant in the upper bound.

Standard finite element estimates are typically derived by taking the piecewise linear La-
grange interpolation Il,u as vy, in . This is defined element-wise: on each element K € 7T}, the
function I,u|x = Hgu € P'(K) coincides with u at the vertices of K. Such a locally defined
function naturally gives a globally continuous piecewise linear function in Vj.

For triangles, there is an optimal estimate for the interpolation error u — IIxu in the H'!-
seminorm which interests us. Consider an arbitrary triangle X C R2. Denote the length of
its longest edge as hx and its height perpendicular to this edge as hx. Finally, define Ry as
the circumradius of K, i.e. the radius of the circumscribed circle to K. We have the following
optimal estimate, cf. [4].
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LEMMA 1 (CIRCUMRADIUS ESTIMATE) Let K C R? be an arbitrary triangle. Let u € H?*(K)
and let llgu be the linear Lagrange interpolation of w on K. Then there exists a constant C,
independent of u and K such that

h2
lu — HKU|H1(K) <C, RK‘U|H2(K) <C. E_K |U‘H2(K)- (6)
K

One is especially interested in optimal convergence results of the order O(h) in the
H'(Q)-seminorm, via (5). A sufficient (but not necessary!) condition for this to happen is
when Rix < Ch for all K € 7T;, with some constant C' independent of h. Geometrically, this is
equivalent to keeping the ratio hx /hx uniformly bounded for all elements K, which in turn is
equivalent to satisfying the maximum angle condition. This condition requires that all maximal
angles ay of all triangles K € 7T, are smaller than some oy < 7. Then we have the following
element-wise estimate, which can then be applied in ({5)).

LEMMA 2 (MAXIMUM-ANGLE CONDITION) Let K C R? be a triangle satisfying the mazimum
angle condition: ax < oy < 7 for some fized o. Let u € H?(K) and let Tixgu be the linear
Lagrange interpolation of uw on K. Then there exists a constant C; depending only on agy such

that

By taking the piecewise linear element-wise Lagrange interpolation in Céa’s lemma one
immediately obtains the following error estimate from Lemma (2)).

THEOREM 1 (BASIC ERROR ESTIMATE) Let u € H?(Q) be the solution of (4) and uy, € Vj, the
finite element solution of {4)). If ax < ag < for all K € Ty, we have

[ — up| 1) < Crhlulpe(o), (8)

where Cy is the constant from Lemma[3

3 Historical intermezzo

The maximum angle condition has a long and complicated history. Actually, the first condition
on triangular meshes for the FEM to converge, was derived independently by Zlamal and
Zenisek (taken here in alphabetical order) in the papers [I0], [IT]. In these papers the so-called
manimum angle condition is considered, written here as an estimate for the interpolation error:

LEMMA 3 (MINIMUM-ANGLE CONDITION) Let K C R? be a triangle satisfying the minimum
angle condition: yx > v9 > 0 for some fized 7y, where vi is the smallest angle of K. Then
there exists a constant C7 depending only on ~yy such that

]u—HKu]m(K) g C]hK’u‘Hz(K) (9)
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The three estimates and conditions mentioned so far — @, @, @D — can be summed up as
follows:

lu — Hgu|m ) < C(K)hg|u|g k), (10)
where the factor C(K') can be taken as

1

minimal angle estimate,

sinyg
C(K) = SmlaK, maximal angle estimate, (11)
%—K, circumradius estimate,
K

where vk, ak, Rk are the minimal angle, maximal angel, and circumradius of the triangle K,
respectively.

In order to bound the factor C(K') uniformly from above, thus obtaining O(h)-error estimates
in , one gets the corresponding minimal and maximal angle conditions, while bounding the
last line of is equivalent to maximal angle condition. Simple geometry tells us that
the minimal angle condition is the weakest (/K cannot contain one small angle),
followed by the maximum angle condition (K can contain one small angle, but not
two). We note that the added value of the last line of can be appreciated when deriving
error estimates with slower convergence rates than O(h).

The fact that the minimal angle condition can be improved to the maximal angle condition
was discovered independently by several groups, e.g. [1]. Its proof relies on a finer analysis of the
interpolation error terms and is rather technical due to the fact that integral-based norms are
used. If we consider the Sobolev norm W1 (i.e. the ‘maximum of the magnitude of gradients’)
instead of H', the proof turns out to be quite simple, based essentially on the remainder of
Taylor’s expansions, [5].

It can be shown that the maximal angle condition is optimal for error estimates of Lagrange
interpolation, and it cannot be improved. This is done by considering a special quadratic
function u and explicitly calculating the error of its Lagrange interpolation.

However, the situation is much more complicated for the finite element method. Taking
vp = llgu in Céa’s lemma gives only an upper bound, which, as it turns out can be a huge
overestimate of the true error. In such situations the maximal angle condition is too restrictive
and the FEM can have optimal O(h) convergence without it. This was first noticed in [3],
where it was proven by a simple geometric construction that the maximum angle condition
is not necessary for O(h) convergence. In fact 7, can contain many ‘bad’ triangles violating
the maximum angle condition while still exhibiting optimal O(h) convergence. In other words,
the finite element method can converge optimally even when the Lagrange inter-
polation error goes to infinity. This is especially important when we have a sequence of
meshes obtained e.g. by refinement and let h — 0. In this situation one usually considers a set
of triangulations 7, h € (0, hy) for some hy > 0. A more general approach to the problem is
taken in [6], where a more sophisticated interpolation is considered instead of Lagrange inter-
polation. This interpolation is non-local (i.e. not based on data from a single element), which
allows to transcend the locality of the maximum angle condition.

4 Optimality results

The question arises if there are situations, when we can optimally estimate the FEM error,
since the maximal angle (or circumradius) estimate is unable to do so in general. It turns out
there are two situations when this is possible.
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Fig. 1: Babuska-Aziz mesh with elements of width h and height A.

4.1 Babuska-Aziz meshes

The first optimally analyzed mesh type is the Babuska-Aziz counterexample, [I], where meshes
reminiscent of the famous ‘Schwarz lantern’ counterexample from measure theory are conside-
red, cf. Figure [ In these meshes all interior elements violate the maximum angle condition,
i.e. their height h goes to zero faster than their width k. The original analysis in [I] is however
suboptimal, the optimal estimate was obtained in [§], where it is proven that on these meshes

[ — up| (o) ~ min{1, h%/h}, (12)

where ‘~’ means that the left-hand side can be bounded form above and below by constant
multiples of the right-hand side. The two-sided estimate leads to the condition that h/h
must stay bounded if we want O(h) convergence. We note that the lower bound in means
that the Babuska-Aziz meshes provide an explicit construction of meshes on which

the FEM fails to have O(h) convergence, or fails to converge at all, depending on
the ratio h?/h.

4.2 Band of caps

The second optimally analyzed case of FEM convergence was given in [6]. Here the triangu-
lations 7, are assumed to each contain a so-called band of caps, cf. Figure 2] The band of
caps consists of triangles in a zigzag pattern, cf. Figure [2] where all of the elements violate
the maximum angle condition with the given «y. Specifically, we shall consider such a band of
length L and height h consisting of identical isosceles triangles with diameters h, cf. Figure .
We assume that every considered 7;, contains one such band, while all other elements satisfy
the maximum angle condition with a fixed maximal angle ag. It is important to note that the
length L of the band can also depend on h (e.g. L ~ Vh, etc.), although the most important
case in our situation is that L ~ 1 is independent of h.

Fig. 2: Band of caps of length L and height A.

The band of caps is important as a model for an approximated interface within the mesh
Tr. This is because it is an essentially 1D object (as an interface in 2D would be) with some
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nonzero thickness h. It is then desirable to have the thickness of the approximate interface as
small as possible without affecting the convergence rate of the finite element method. Due to
the regular structure of the band, the finite element error can be analyzed on meshes containing
these bands of caps. Specifically, what we seek are conditions on the geometry parameters L
and A in order to preserve O(h) convergence, or more generally O(h*) convergence for some
a € [0,1]. In [6], [7] the following result is proved as a special case of the main theorem of the
paper dealing with a band of general elements.

THEOREM 2 Let u € W>>(Q). Let Ty, contain a band of caps B of length L and height h, while
all other elements in Ty, satisfy the mazimum angle condition with some oy < w. Then there
exists a constant C(u) depending only on u such that

]u—uh|H1(Q) < C(u)h (13)
if and only if there exists C > 0 independent of h such that
h > Ch*L. (14)

In the special case of L ~ 1 independent of h, Theorem [ states that the FEM can have
O(h) convergence on meshes containing bands of caps if and only if these bands have height
not smaller than on the order of h2. This means that if A — 0 faster than A%, the FEM cannot
have O(h) convergence (actually it is proven also that if h — 0 faster than h*, then the FEM
does not converge at all). In the context of the maximal angle condition this means that the
band can violate this condition, but not too much (hx ~ h%). We note that the validity of
Theorem [2| has been verified by numerical experiments.

5 Circumventing the maximum angle condition

As stated, the band of caps can be viewed as an approximated interface within the mesh 7j,.
Problems with interfaces are ubiquitous in applications and such meshes are actually desirable.
Moreover, in these situations we want to make the interface as sharp as possible (i.e. h as small
as possible). However this runs into the limitations posed be Theorem [2| which states that the
best we can do in general is A ~ h%. This restriction is not purely theoretical or academic. In
practice, if this condition is violated, the numerical solution undergoes a locking phenomenon
which forces the numerical solution to be a single linear function on the whole band of caps,
which completely destroys the ability of the method to approximate any reasonable solution.

We note that if the mesh is tailored to one particular solution u (e.g. u containing a sharp
gradient at the interface), then the maximum angle condition need not apply since it is a
statement about approximating all functions from a given class. However when u has several
components (e.g. temperature and the level set function defining the position of the interface),
the interface band of caps is not tailored to the shape of all these functions (e.g. to capture sharp
gradients), but given by the physics. So while the mesh may capture one of the components of
u very well, this might not be the case for other components of u. Hence the maximum angle
condition would again come into play in these situations. Finally, we note that the 3D analogue
of a interface is a thin slab of somehow degenerating elements that approximates a 2D surface
within the 3D domain.

Now we briefly present a new idea that enables computation on meshes containing de-
generating bands of caps. The method is called the Tempered Finite Element Method
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Fig. 3: Mapping of cap K element onto a reference element K.

(TFEM), [9], and is based on a very simple idea. The standard FEM formulation of Poisson’s
problem leads to a system of linear equations, whose entries are computed from the elementwise
contributions

where ¢;, ¢; are standard ‘tent’ basis functions corresponding to individual vertices of the
mesh. The standard way how to compute these entries is by mapping the element K onto a
fixed reference element K as in Figure . The gradient of a basis function ¢ in the element K
can then be obtained via the chain-rule % = 9298 The calculation of the Jacobi matrix of the

— € 9x
transform % is given by:
_ o
o€ <0X) t_1 [a—% _g_fv] (16)
%\ A 7 _ 9y o
0x o€ J —8—2/ 8—2
where J = g—g%} — g—ig—g is the mapping determinant. For a triangular element, J is constant and

equals to two times the area of the element. When evaluating , each of the two gradients
results in a factor of 1/.J via (16). Furthermore, a factor of J appears due to the transformation
of the integral via dz = Jdz. Altogether, when evaluating on the reference element, we
get a total factor of 1/.J in the expression. In more detail, we get

1 gy _ax [ 9y _ 9y [%:

_ 0¢;  0¢i on on on o€ 73 S

Ky _/ 7 [35 aﬁ] [_@ @] [_a_w @] [%] dz. (17)
K o ¢ an € an

If we have an extremely flat cap element K, the corresponding Jacobian J which causes nu-
merical issues in the denominator in . The basic idea of TFEM is to replace the
value J =~ 0 by a certain minimal value J; that we are willing to divide by. The
question then arises how to choose this “magical” constant. As numerical experiments show,
the optimal choice in R? is Jyim ~ h®!. This choice leads to numerical solutions that have
optimal convergence rates in H' and L? even when the width of the band of caps is extremely
small. Actually, one can even compute on meshes where the band of caps has zero width, i.e.
h =0, in all its elements. In this case the TFEM approach avoids division by zero in and
gives a good numerical solution. In Figure [ we can see such a mesh on the unit square, where
the band of caps has zero thickness and effectively looks like a vertical line in the middle of the
square domain, on which the mesh seems so be nonconforming. While it would be impossible
to compute using standard FEM on such a mesh (multiple divisions by zero), TFEM gives a
very good solution. We note that the mesh is chosen so coarse only for illustration purposes,
so as the elements are clearly visible. Numerical experiments on much finer (and 3D) meshes
are performed in [9], including convergence tests.

75



Viclav Kucera

Fig. 4: Mesh with a vertical band of caps with zero width (left), numerical solution corresponding
to exact solution u(z,y) = sin(27x) cos(2my) (right).

We note that the TFEM approach can be rigorously analyzed, obtaining optimal error
estimates for the heuristic choice Jy;, ~ h*!'. Furthermore, one can show that in the case
of exactly zero-measure elements such as in Figure ] the TFEM approach is equivalent to a
mortaring scheme. In fact, one can use this approach to easily implement mesh mortaring and
even the discontinuous Galerkin method within an off-the-shelf FEM code. All of this is possible
by simply limiting the value of J away from zero by a pre-chosen value Jp;, in the code and
is therefore very simple to implement. In [9] the method is tested also on more sophisticated
problems, such as linear elasticity.

The TFEM technique possibly opens the door to very robust FEM implementations that
are able to compute on very distorted meshes. This is not so much of a problem in 2D, however
producing high-quality meshes on some geometries in 3D is near impossible and very time
consuming. A mesh-robust FEM method would certainly be of much value to the community.

6 Conclusions

We have presented key points from the history of geometrical conditions in the finite element
method. The history started with the pioneering work of Zldmal and Zenisek and their minimal
angle condition, and continued with the maximal angle condition. In a surprising turn of events,
it was realized that the latter condition (which cannot be improved for Lagrange interpolation)
is not necessary for FEM convergence. What condition is necessary and sufficient remains
a mystery. Finally, we presented a new technique, which allows to bypass the restriction of
the maximum angle condition in certain situation when this is desirable. The question arises,
whether there exists a FEM-like scheme that would be able to compute on arbitrary meshes.
Such a universally convergent scheme would be of much value.
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a posterior: error estimates
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Abstract: This short contribution is intended mainly for mathematicians who are
not specialists in numerical analysis but would like to understand better the fun-
damental features of the finite element method. First, we review the finite element
method for linear elliptic partial differential equations of second order. Then we con-
centrate on the main ideas of a priori and a posteriori error estimates, convergence
and adaptive mesh refinement. We especially emphasize the pioneering convergence
result of Professor Milo§ Zlamal and present some modern results from the theory
of the finite element method. We use several numerical examples to illustrate the
presented results.

Keywords: finite element method, convergence, a priori error bounds,
a posteriori error estimates, adaptivity.

AMS classification: 65N30, 65N15.

1 Introduction

The finite element method developed gradually and independently in different parts of the
world. It does not have a single inventor and it is hard to say when it was discovered. Its
beginnings can be traced back to the work of Alexander Hrennikoff and Richard Courant in
the 1940s. Its popularity and importance gained momentum worldwide in the 1950s with the
development of computers. Several pioneering works also appeared in the former Czechoslovakia
and a prominent place among them was the seminal paper [18] of Professor Milos Zlamal
published in 1968. In this paper, he proved one of the first convergence results for finite elements
under a novel minimal angle condition.

Later on, the convergence theory of the finite element method developed into an elegant
and versatile theory. One of the first, recommendable and still influential monographs on the
finite element theory are [§] and [15].

In this short contribution, we first review Zlamal’s a prior: error bound as an example of
the convergence result. We will comment on its aspects to motivate interest in a posteriori error
bounds. A pioneer in a posteriori error analysis is Professor Ivo Babuska, another prominent
Czech mathematician. His papers [2] and [3] belong among the very first ones on a posteri-
ort error estimates in the finite element method. A posteriori error estimates are crucial in
adaptive algorithms for automatic mesh refinement. This procedure enables us to construct
nearly optimal finite element meshes during the computation and, thus, achieve nearly optimal
computational performance in numerical solution of partial differential equations. The adaptive
algorithm is the final concept we present in this short contribution.

To ease the understanding, we illustrate all these prominent features of the finite element
method on simple numerical examples with numerous illustrations. For clarity, we do not com-
ment on some technical mathematical assumptions and subtle theoretical details.

The rest of this contribution is organized as follows. Section 2 introduces an elliptic linear
problem of second order and briefly explains how to solve it by the finite element method.
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Section 3 reviews the a priori error estimates on an example of Zlamal’s result and explains its
relevance for the convergence of the finite element method. Section 4 is devoted to a posteriori
error estimates and Section 5 provides a brief introduction to the mesh adaptive algorithms.
Finally, Section 6 draws the conclusions.

2 Linear elliptic problem of second-order
and the finite element method

As a model problem, let us consider a simple diffusion-reaction linear elliptic partial differential
equation of second order in a two-dimensional domain with homogeneous Dirichlet boundary
conditions. If Q C R? is a domain with sufficiently smooth boundary 9Q and if f = f (1, z2) is
a suitable right-hand side function defined in €2 then we seek the solution function u = u(xy, z5)
such that it satisfies

—Au+u=f in Q, (1)
u=0 on 0NQ.

Here, A stands for the Laplace differential operator defined as

*u  O%*u

=55t 53
Ory  0x3

Au

As an example, let us consider a square = (—1/2,1/2)?, right-hand side function and the
corresponding exact solution

cos(mxy) cos(mas)
212 4+ 1

f(z1,x9) = cos(mxy) cos(mxy) and  wu(zy,xe) =

Note that it is easy to verify by differentiation that this u satisfies the differential equation and
the boundary condition in . Further, note that we have chosen the solution u as the first
eigenfunction of the Laplace operator with homogeneous Dirichlet boundary conditions and,
therefore, functions v and f differ by a constant multiple only. For illustration, Figure (1| (left)
shows a three-dimensional graph of the function u(xy, z3) over the square €.

Fig. 1: Exact (left) and finite element (right) solutions of problem (L.
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Fig. 2: Sequence of three uniformly refined finite element mesh.

Most often, for a given right-hand side function f, the exact solution cannot be expressed
analytically in a closed form, especially, in the case of domains 2 with more complex geometries.
Therefore, we have to employ numerical methods and solve problems like numerically.

A very popular approach for numerical solution of partial differential equations is the finite
element method. It is flexible and can handle complicated geometries of €2. On top of that
it has an elegant convergence theory and various error estimates. To apply the finite element
method, we first construct a triangulation (or mesh) of the domain . Triangulation is simply
a splitting of the domain into triangles or other geometrically simple objects called elements.
The finite element solution is then sought as a continuous and piecewise linear function over
this triangulation.

Mathematically, the finite element method is a special case of the Galerkin method built
on the weak formulation of problem . After the discretization one obtains a system of linear
algebraic equations for unknown values of the approximate solution at the nodal points of the
triangulation. This system can be large, but the distinctive feature of the finite element method
is the sparsity of the system matrix. Hence, iterative methods together with suitable precondi-
tioning enable us to solve resulting linear systems with millions of equations on usual personal
computers. Figure [l (right) shows an example of the approximate finite element solution. Note
that this solution was computed on the mesh depicted in the left panel of Figure 2]

Let us remark that a method with a faster convergence rate can be obtained by approxi-
mating the solution u by a continuous and piecewise quadratic function over the finite element
triangulation. In such a case, we speak about the finite element method of second order. The
resulting system of linear algebraic equations is naturally larger, but the obtained approximate
solution is more accurate. For problems with smooth solutions (without singularities), the higher
order methods pay off, because the gain in the accuracy outweighs higher computational costs.

3 Convergence and a prior: error estimates

As we mentioned above, there is an elegant convergence theory for the finite element method.
One of the first convergent results for the finite element method was proved by Professor Milos
Zlamal in the 1960s. His result applies well to problem discretized by finite elements of
second order. Figure [3| literally quotes his famous result published in [I8]. The first two lines
of this quote formulate the assumption that the exact solution u must have all derivatives of
order three bounded in ). Simply speaking, the exact solution must be sufficiently smooth for
the validity of this convergence result.
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Fig. 3: A quote of the famous Zldmal’s convergence result from [I§].

Inequality (11) in this quote is the main statement. On the left-hand side, we see the
error, i.e., the difference between the exact solution u and the finite element solution U in the
WQ(I)(Q) norm. This norm measures the size of involved functions in terms of both their values
and derivatives. It is the most natural norm for the linear elliptic problems of the second order
and it is defined as

o]

ov  Ov )T

Oz, Oy

‘24/2(1)(9) = /Q (v* + |Vo]®) dzydzy, where Vo= (
The Wél)—norm of the error u — U is bounded by the term on the right-hand side of (11).
Important is the last factor A2. Symbol h stands for the mesh parameter and it indicates the
size of finite elements in the triangulation. In particular, h is the largest diameter out of all
(triangular) elements. The first factor Cz:=M; on the right-hand side of (11) is a positive
constant independent of h and we will comment on it later.

Zlamal’s a priori error estimate (11) tells us that the finite element method converges and
in addition that it converges quadratically fast. To understand the concept of convergence of
finite element solutions, we have to consider a sequence of successively refined triangulation.
For example, Figure 2] presents a sequence of three uniformly refined meshes. The coarsest mesh
is depicted on the left-hand side. The refined mesh, depicted in the middle, is obtained from the
coarsest one by splitting each triangle into four similar sub-triangles by connecting the centres
of its edges. The finest mesh (on the right) is constructed by the same procedure applied to the
already refined mesh. This refinement process can be repeated as many times as we wish and
produces a sequence of uniformly refined meshes.

Note that if the first triangulation has the mesh parameter h = ho (the largest diameter
out of all triangles) then the refined mesh has the mesh parameter hg/2, the twice refined
mesh ho/4, etc. Looking back at Zldmal’s a priori error estimate (11) in Figure [3 we see that
if we uniformly refine the triangulation then the error bound in (11) drops by the factor 4.
Indeed, if the bound on the right-hand side of (11) is C ﬁMghg for the first mesh then it will
be C ﬁMgh% /4 on the refined mesh. This bound is optimal and, therefore, the error on the
left-hand side behaves in the same manner during the process of uniform mesh refinement.

To sum up, Zlamal’s a priori error estimate tells us, roughly speaking, that the error of the
finite element approximation measured in the suitable norm will drop by a factor of 4 every
time we uniformly refine the mesh. In other words, the error behaves like h? and we speak
about the second-order convergence speed.
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This second-order convergence does not appear unconditionally. Besides the assumption of
the smoothness of u, the angle ¥ plays a crucial role here. Zlamal comments on it immediately
below his celebrated result, see Figure [3| To explain, ¥ is the smallest angle within the given
triangulation and it is important to guarantee that it stays bounded away from zero during the
refinement process. In other words, the smallest angle ¢ in the triangulation cannot degenerate
to zero. The point is that the mesh refinement needs not to be uniform. There are countless
ways how triangular meshes can be refined and it is not difficult to imagine a refinement process
that splits the angles. If such angle splitting happens infinitely many times then the smallest
angle converges to zero and the factor 1/sin? on the right-hand side of Zlamal’s bound (11)
blows up towards infinity. Therefore, we have to refine the meshes such that the smallest angle
in all triangulations stays bounded away from zero.

Let us note here that this well-known Zldmal’s minimum angle condition was generalized
to arbitrary dimension in [7]. However, it is not an optimal condition for convergence. The
finite element method can converge (even optimally fast) on a sequence of meshes where the
smallest angle degenerates towards zero. The right-hand side of Zlamal’s estimate will blow up
to infinity but the error on the left-hand side will converge to zero.

More recent results showed that the finite element method converges under the assumption
that the largest angles in triangulations are bounded away from 7, see e.g. [0l 11} 12]. Notice
that an obtuse triangle with one large angle has necessarily two small angles. On the other
hand, if a triangle has one small angle then the other two angles can be close to /2 and,
hence, bounded well away from 7. Therefore, Zlamal’s minimal angle condition is indeed less
general than the largest angle condition. On top of that, it turns out that the finite element
method can converge even on certain sequences of meshes, where the largest angle converges
to infinity. This brings us to a still unresolved question, what is the sufficient and necessary
condition for the convergence of the finite element method. See [13] [14] for more details.

Zlamal’s error bound (11) is a typical example of an a priori error estimate. We can hy-
pothetically evaluate it even before any computation (hence a priori). However, and it is a
characteristic feature of a priori error estimates, they contain unknown constants typically de-
noted by C. The right-hand side of Zldmal’s bound contains two such constants. Besides C|
it is M3 that can be theoretically derived from the third derivatives of the exact solution u,
but this solution is not known in practical applications and the value of constant Mj is, thus,
unreachable.

4 A posteriorit error estimates

In contrast to a priori error estimates the a posteriori bounds can be evaluated from the
knowledge of the approximate solution after it has been computed. Hence, the name a posterior:.
There are various types of a posteriori error estimates with various properties. Here, we present
one that currently seems most suitable for problem .

If u = u(z1,25) and U = U(x1, x2) stand for the exact and finite element solutions of (I)),
respectively, then a posteriori error estimator 7 satisfying

[ = Ullyym gy <0 (2)

can be computed as
= o= VUl|l2q + If —U+divolZsq), where [[v]72q) = / v? day das, (3)
Q
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Fig. 4: Convergence of the exact error and the error estimator for uniformly refined meshes.

see e.g. [I]. Here, the flux reconstruction o = (o1(x1,22), 02(21,22))" is a two-dimensional
vector field defined in € and divo = doy/0x; + 0oy /0xs stands for its divergence. Recall that
gradient V was already introduced above.

Interestingly, the error v — U on the left-hand side of is measured in the same
Wél)(Q)-norm as in Zlamal’s a priori bound (11). The square of the a posteriori error es-
timator n is given by as a sum of squares of two L?(2)-norms that can be evaluated from
the knowledge of the finite element solution U, right-hand side f and the flux reconstruction o.

The flux reconstruction o plays a crucial role in the definition of estimator n. Technically,
div o is required to be square integrable over €2, but otherwise o can be arbitrary. However, to
obtain a useful and accurate bound on the error, the flux reconstruction ¢ should approximate
the gradient of the exact solution u. There are various possibilities, how the flux reconstruction
o can be computed. It can be a postprocessing of VU or it can be computed by minimizing the
quadratic functional on the right-hand side of for o being in a suitable finite dimensional
subspace. Although these approaches can be technically involved, fast and accurate algorithms
for the flux reconstruction o are known, see e.g. [4l [5] 10, 16, [17].

A posteriori error estimator is especially useful in practical computations. It does not
contain any unknown constant, can be fully computed and the resulting number 7 is proven to
bound the (unknown) error from above. With this error estimator, we can guarantee that the
error of our finite element solution is below the required tolerance.

Let us illustrate the convergence of the finite element method and the accuracy of a po-
steriori error estimator (3) on an example. As above, we will solve problem on the square
Q= (—1/2,1/2) with the right-hand side f(z1,x2) = cos(mx1) cos(mxs). For simplicity, we use
finite elements of the first order. In this case, the expected order of convergence is one. This
means that every time we uniformly refine the triangulation, the error should drop by a factor
of two. To verify this fact, we solve the problem on a sequence of uniformly refined meshes,
as illustrated in Figure . For every mesh, we compute the Wél)(Q)—norm of the error u — U
and plot it versus the mesh size h. Figure 4| shows these values in the log-log plot as the blue
line with circular markers. We may observe that the error drops almost exactly as the theory
predicts.

Note that we can compute this error and plot this convergence curve thanks to the knowledge
of the exact solution u only. However, in practical computations the exact solution is unknown
and, therefore, a posterior: error estimates such as are needed. The red solid line with dot
markers in Figure |4/ plots the corresponding values of the error estimator 7 defined by . First,
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we see that the estimator 7 is larger than the true error |lu — Ul|,,o) )’ because of the result
2

. Second, the estimator 7 is a very accurate approximation of the true error.

5 Adaptive mesh refinement

Zlamal’s a priori error bound (11) assumes sufficient smoothness of the exact solution u, namely,
the boundedness of its third derivatives. This is a typical and important assumption in a prior:
error analysis of the finite element method. If the exact solution is not smooth, the finite
element method still converges but the convergence need not have the optimal speed. The
optimal speed of convergence, even for non-smooth (singular) solutions, can be restored by
applying the adaptive mesh refinement.

The main idea of the automatic mesh adaptation is to detect the size of the error on all
elements in the mesh and refine those elements, where a large error is indicated while keeping
the elements with small errors unchanged. The a posteriori error estimator described above is
especially suitable for detecting the error on individual elements because it can be localized.

Let us assume that the flux reconstruction o is already known. If we denote by K an element
(triangle) from the finite element triangulation 7, then the local error indicator 7k is given by
identity

i = llo = VUL + If = U+ div ol L. (4)

Note that the definition of indicators 1k is the same as the definition of the estimator n but
restricted from the global space L?*(€2) on the entire domain Q to the local space L?*(K') on the
single element K only. It can be easily shown that

772 - Z 773(7 (5>

KeTy

i.e., the square of the global error estimator n? can be computed by the sum of squares of all
local error indicators n?%.
Local error indicators ng given by are essential for the following adaptive algorithm.

Construct the initial mesh 771(0). Set k= 0.

Find the finite element solution U® on ’ﬁfk).

By , compute error indicators ng for all elements K € E(k).
Compute n by . If n < TOL, stop.

Mark elements with largest values of ng.

Refine marked elements and construct new mesh 7;(
Set k =k + 1 and go to 2.

k+1)

NS Gt W

This adaptive algorithm enables us to find an approximate solution U with the error below the
user-prescribed tolerance TOL (see Step 4). On top of that, this algorithm is nearly optimally
efficient in terms of the computational costs. These favourable properties are connected to
sophisticated theoretical results, such as the upper bound property . Most of these results
are beyond the scope of this paper. We just mention that the efficiency of this algorithm is
connected with the efficiency estimates of the error indicators . We do not comment on
geometric issues connected with the construction of the mesh in Step 1 and its local refinement
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Fig. 6: Sequence of adaptively refined meshes. Initial mesh (left), 7th adaptive step (middle), and
10th adaptive step (right).

in Step 6. Finally, we note that the choice of suitable marking strategy in Step 5 is important
for the convergence of this algorithm [9].

At this point, we present a numerical example illustrating the performance of the mesh
adaptive algorithm. Let us consider a domain consisting of three-quarters of the unite disc, i.e.
the domain Q = {(r,0) : r < 1 and 7/2 < 0 < 27}, where (7, f) are the usual polar coordinates.
In this domain, we define the right-hand side as f = (32/9 + 7%? — r?)sin(20 — 7)/3. It can
be verified that the corresponding exact solution of (I)) is u = (r?/® — r?)sin(20 — 1) /3. Notice
that the derivative of u with respect to r tends to infinity at zero, i.e. in the re-entrant corner.
We say that u has a singularity at this point.

First, we solve this problem on a sequence of uniformly refined meshes as we did above. The
first three meshes in this sequence are presented in Figure 5 For every mesh in this sequence,
we compute the error bound 7 by and plot it versus the mesh size h in the log-log axis, see
the blue solid line in Figure [ Note that after every uniform refinement step, the error drops
to about 70 % of its original value, while the optimal drop would be 50 %.

This suboptimal convergence rate is caused by the singularity of the exact solution and can
be improved by employing adaptive mesh refinement. The above-described algorithm leads to a
sequence of locally refined meshes illustrated in Figure [0 The corresponding convergence curve
is shown in Figure [7] as the red line with dot markers. Observe that it approaches a straight
line with a slope of 1, which corresponds to the optimal rate of convergence. In addition, using
roughly the same computational resources, the adaptive algorithm reached considerably more
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Fig. 7: Uniform and adaptive convergence curves.

accurate results. Note that the mesh size h does not have a good sense for locally refined meshes
produced by adaptive algorithms. Therefore, to plot the adaptive convergence curve, we use
h ~ /N, where N is the number of degrees of freedom, which is equal to the number of interior
nodes in the triangulation in this case.

6 Conclusions

In this short contribution, we reviewed the convergence theory of the finite element method for
a second-order linear elliptic problem for mathematicians without an expertise in the numerical
analysis and finite element method. We emphasized the early a prior: error bound of Professor
Milos Zlamal and used it as an illustrative example. Subsequently, we present more recent
developments in the finite element method and described the concept of a posteriori error
estimates and automatic mesh adaptation. These essential features of the finite element method
are illustrated in several numerical examples by many graphs.

Especially, we explained the concept of convergence on a sequence of uniform meshes. We
presented a problem with singularity in the re-entrant corner of the domain causing slower
convergence than optimal. Therefore, we introduced the basic ideas of the adaptive algorithm
and showed that it enables solving such problems efficiently even in the presence of singulari-
ties. We would like to emphasize the essential role of the a posteriori error estimates in this
approach. First, their localized version indicates, where there are areas of large error within
the computational domain and where we need to refine the finite element mesh. Second, they
provide a guaranteed upper bound on the size of the error (measured in a suitable norm) and,
thus, enable us to stop the adaptive algorithm at the moment, we reach the desired accuracy.
As a result, we can confirm what is the error of the computed approximation and we also
know that we stopped the calculations as soon as we reached it, so we did not use unnecessary
computational resources.

In this contribution, we also touched on the still open problem of finding the sufficient
and necessary conditions for the convergence of the finite element method and connected the
pioneering result of Professor Milos Zlamal with the current frontier research in the finite
element theory.
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Finite element hp-methods
for partial differential equations

Vit DOLEJST

Abstract: We deal with the numerical solution of partial differential equations using
finite element method whose mathematical background was built in 60’s by prof.
Zlamal. We focus on the Ap-mesh adaptive methods that combine the refinement of
mesh elements and the variation of the degree of polynomial approximation. The
hp-method can give the exponential rate of convergence of the error with respect to
the number of degrees of freedom. We present several theoretical results, which are
supported by numerical experiments.

Keywords: hp-mesh adaptation, finite element methods, minimization of degrees
of freedom.

AMS classification: 65M60, 656M15, 65M50.

1 Introduction

Starting from the seminal paper [23] of Prof. Zldmal, the finite element method (FEM) has
become a hot topic in the area of numerical solution of partial differential equations (PDE).
FEM exhibits a very efficient and powerful tool for the simulations of a wide range of physical
and /or engineering problems of human interest. The idea of FEM is to divide the computational
domain into a finite set of mutually disjoint elements that form a mesh 7,. The unknown
solution of the given PDE is approximated by a function from a finite-dimensional space V},
which usually consists of piecewise polynomial functions over 7. The dimension of V}, is called
the number of degrees of freedom (DoF). This approximation leads to an algebraic system of
size DoF that must be solved numerically.

In general, a finer mesh (larger DoF) results in a better approximation (smaller compu-
tational error) but leads to an increased computational cost. It is necessary to balance these
aspects, which is a challenging task. The goal of the numerical solution of PDEs is to achieve a
given error tolerance using the shortest computational time. One way to reduce computational
cost is to have a suitable (adaptive) setting of the space V},, usually by controlling its dimension
DoF. We note that the demand for the “shortest possible computational time” and the “minimal
number of DoF” are not equivalent since algebraic systems arising from strongly adapted finite
element space are usually more difficult to solve. However, the reduction of DoF tends to give
a large benefit in terms of computational cost, cf. [I4].

The core idea of the adaptive solution of PDEs is to perform the computation on an initial
mesh 7, and the corresponding space V},, estimate the error of interest, adapt (refine) the mesh
T, and space V}, using available information, and repeat the computation until the prescribed
error tolerance is achieved. There exist several basic mesh adaptation strategies which can be
employed:

e h-adaptation, which allows the local refinement (or coarsening) of the mesh elements,

e p-adaptation, which allows the local increase (or decrease) of the polynomial approxi-
mation degrees on mesh elements,
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e r-adaptation, which only adapts the position of the mesh nodes, keeping the number of
DoF.

Obviously, it is possible to combine some of these strategies. For example, hp-adaptive methods
are very efficient techniques that combine h- and p-adaptation, thus allowing adaptation of
element size h, as well as the polynomial degree of approximation p. Theoretical results, as well
as numerical studies, show that the computational error of an hp-method may converge at an
exponential rate with respect to DoF [5, [IT), 17, 19, 21].

In this paper, we discuss several aspects of hp-adaptive methods by recalling some theoretical
results that are further accompanied by numerical experiments. In Section 2, we present an
abstract concept of solving partial differential equations by finite element method. Its concrete
realization, with an emphasis on the hp-methods, is given in Section 3. An application of the
hp-adaptation method to a real example is presented in Section 4. Finally, Section 5 contains
several concluding remarks.

2 Abstract concept of finite element discretization

2.1 Variational formulations

For a linear PDE of interest, we consider the following abstract variational (weak) formu-
lation: find u € V' such that

a(u,v) = {(v) Yv eV, (1)

where V' is a Hilbert space equipped with norm |||y, a : V x V' — R is a continuous bilinear
form, and ¢ : V — R is a continuous linear functional. It is possible to consider a more general
case outside of Hilbert spaces, e.g. [15].

The existence and uniqueness of the solution of problem is guaranteed by the Lax-

Milgram theorem.
Theorem 1. Let V' be a Hilbert space. Let a : V xV — R be a bilinear form and ¢ : V' — R
be a continuous linear functional. If the form a is coercive

Im>0:  a(v,v) > mlv|3 Yv eV, (2)
and bounded
M > 0: la(u,v)| < M||ullv|v|v Yu,v €V, (3)

then problem is posses a unique solution u € V.

2.2 Finite element approximations

The main idea of the finite element solution of is to replace space V' by a finite-
dimensional space V}. The subscript h formally represents the discretization parameters. For
simplicity, we assume that V;, C V' although the numerical examples presented in this paper
are carried out for the case Vj, ¢ V', we refer to [0l [13].

Definition 2. A function u, € V}, is called the approzximate solution of if

a(uh, ’Uh) == E(Uh) VUh € Vh. (4)
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Using the Lax-Milgram lemma, we can simply prove the existence and uniqueness of the
approximate solution since the assumptions and are valid for the form a;, : V), x V, = R
given by ap (v, wy) = a(vp, wp), vp,wy € Vi

2.3 Abstract error estimates

Finally, we present the abstract a priori error estimate which bounds the difference between the
exact and approximate solutions in the V-norm. To prove the convergence of the approximate
solution uy, with the exact one u for h — 0, the fundamental result is the Céa lemma.
Lemma 3. Let u € V and wu, € V) be the exact and approximate solutions given by
and , respectively. Then there exists a constant C' > 0 independent of the space V}, such that

lu—unlly <C inf [lu—wyv. (5)
v EVR

Proof. Subtracting from with v := v, we obtain the Galerkin orthogonality of the
error

a(u — up,vp) =0 Yoy, € V. (6)
Using the assumptions and , we obtain

mllu— |} < alu — up,u—up) = alu —up, u —v) < Mllu—up||v|lu —vallv,
for any v, € Vj, which implies with C':= M/m. a

Corollary 4. Lemma 3 implies that a sufficient condition for the convergence of uy to u as
h — 0 is given by the following approximation property:

lim inf [[v —wlly =0  VoeW. (7)

h—0 vy Evy

The condition (7)) guarantees the convergence of the Galerkin approximations and appears
in many monographs as the approximation property. However, there are many ways to satisfy
(7), including the global refinement of the grids on which the spaces {Vj,, h > 0} are de-
fined. Therefore, the approximability condition does not give any guidelines on the efficient
construction of trial spaces in practice. Nevertheless, for a given problem, in virtue of , it is
sufficient to construct spaces {V},, h > 0} such that

lim inf — =0 8
fi faf, I = wnlly ®
for each particular (unknown) solution u. Moreover, we are interested not only in satisfying ({]
but also in the rate of convergence [14].

Estimate is the core of many mesh adaptation methods. The idea is to define the finite
element space V}, (cf. 3) such that

inf |u— <
Jnf Ju—wlly <w, (9)
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where u € V' is the (unknown) exact solution, and w > 0 is a given tolerance. The condition
@D is clearly a mecessary condition for the common requirement that the error of the numerical
scheme satisfies

[ = unlly < w. (10)

Therefore, if condition @D (or its approximation) is valid, then the numerical method seeking
the approximate solution in v, has the chance of satisfying .

3 Finite element spaces

Let Q C R? d = 2,3 be a bounded polygonal (for d = 2) or polyhedral (for d = 3) domain.
We use a standard notation for Lebesgue and Sobolev space L(Q2) and H*(f2), respectively,
including the Sobolev-Slobodetskii spaces H* (€2 with non-integer derivatives s, cf. [II, 9].

We consider problem (1) whose solution is an unknown function v € V, v : Q@ — R.
In order to produce a finite dimensional approximation of u, we introduce a partition of the
computational domain € by simplexes K (triangles for d = 2 and tetrahedra for d = 3) and
denote it by 7. By hk, we denote the diameter of K € 7, and set h = maxge7;, hi.

Although the considerations in Section 2 have been carried out for the case V};, C V', we con-
sider here more general case when V}, consists of piecewise polynomial but discontinuous functi-
ons, hence V}, ¢ V. This approach is represented by discontinuous Galerkin method (DGM),
see [13], where the analysis from the previous section is generalized. DGM is more suitable for
the hp-method treated in this paper.

We introduce the space of discontinuous piecewise polynomial functions with a locally va-
rying degree of polynomials. Let P = {px, K € T} be a set of integers where px > 0 is the
polynomial approximation degree assigned to the simplex K € 7Tj,. Then we set

Vi, i= {vn € LA(Q); |k € PP<(K) VK € Ty}, (11)

where PP¥(K') denotes the space of polynomials of degree at most px on K € .

3.1 Approximation properties of finite element spaces

Let ITj, be an interpolation from L?(§2) to V},. There exist many results concerning estimates
of the interpolation error, that is, the difference between a given function v and its projection
II,u, for example, [10, Theorem 3.1.4] or [§].

Lemma 5 Let K € T, be a regular shape, v € H*(K), s > 1, and Ilv|x € PP(K) be the
interpolation. Then there exists a constant ¢ > 0, independent of v, s and p, such that

v =Tl gagrey < bl ?|ulmn), (12)

where p = min{p+1,s}, ¢ =0,1,...,u, and hg is the diameter of K € Tj,.

Using and the element-wise global projection I of functions defined on €2 in V},, we
obtain the global interpolation estimate in a straightforward way. Consequently, the combi-
nation of this result with Céa lemma yields the convergence rate of the numerical solution with
respect to the exact solution.

The theoretical convergence rate is supported by the numerical experiments presented
in Figure [l We solve the Poisson problem in unit squares by DGM where the exact solution
belongs to C=(Q) (left), H3?(Q) (center), and H'*(€) (right) using fixed polynomial approxi-
mation degrees px = p for all K € T;, with p=1,...,6. These figures show the dependence of
| — |2y on h. The rate of convergence O(h*) is easily observed.
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Fig. 1: Convergence rates of DGM in the L?(£2)-norm with respect to the mesh size h for different
regularity of exact solution w.

3.2 hp-adaptive methods

As mentioned in the introduction, the goal of the calculation is to obtain an approximate
solution such that the error u — u;, measured in a suitable norm, is within the given tolerance
w > 0 using a small number of degrees of freedom (DoF). It can be achieved by the following
abstract algorithm.

Mesh adaptive algorithm

(S1) let || - ||x be the norm of our interest and w > 0 be the prescribed tolerance,

(S2) let T, be an initial mesh, V;? the corresponding finite element space, cf. , set k=0,
(S3) compute approximate solution uf € V;* using a finite element method ,

(S4) estimate the error ey, := ||u — uy||x by ep = n = ZKeTh’v Nk

(S5) if n < w then stop the computation,

(S6) else construct a new mesh 77{““ and space thH based on the local estimators 1y, K € T,F,
(S7) set k:=k+ 1 and go to step (S3).

Step (S4) is based on a posteriori error analysis, cf. [22, [7, 2] for example, where various
techniques are described. Here, we discuss step (S6) of the algorithm. Using the variants of
h-adaptation, the fixed ratio elements, having the highest local estimator ng, are split into
several smaller elements (typically a triangle is split into 4 smaller triangles). On the other
hand, the p-adaptation variant keeps the mesh and increases the polynomial approximation
degrees. The p-adaptation is more efficient than the h-adaptation provided that the exact
solution is sufficiently regular, cf. and Figure , left. If the solution has a singularity, the
rate of convergence corresponds to the solution regularity, cf. Figure [T} center and right.

Therefore, a natural way is to combine both approaches, which gives rise to hp-adaptation,
[3, [4]. The idea is to estimate not only the error but also the local regularity of the solution.
Based on the regularity estimate, we decided if the h- or p-adaptation is carried out. There
exist many techniques for hp-adaptation; see survey [18]. Most of these techniques are based on
estimate . In particular, let sk be the (approximate) regularity of the exact solution on K,
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Fig. 2: Dependence of computational error with respect to number of degrees of freedom (left) and
the computational time (right) for p = 1,...,6 polynomial approximation and the hp-method.

that is, u|x € H**(K) then if px < sk, the p-adaptation is applied, otherwise h-adaptation is
carried out.

Theoretical and numerical results (e.g., [3, 4, 17, 19, 20]) show that hp-adaptivity can lead
to an exponential rate of the convergence with respect to the number of degrees of freedom
(DoF) in the sense that, in two dimensions,

IV (u—up)|| = Cexp <—b DoFl/S) , (13)

where C' > 0 and b > 0 are constants independent of DoF.

The efficiency of the hp-adaptive technique is demonstrated in Figure [2|showing the solution
of a convection-diffusion equation in unit square with a singularity in the left bottom corner.
We compare the calculations using h-adaptation having fixed polynomial degree p = 1,...,6
with the calculations using hp-adaptation. Namely, we present the convergence of the error
with respect to the number of degrees of freedom and the computational time. The dominance
of hp-method is obvious. Moreover, Figure |3| shows the hp-mesh and the comparison of the
approximate and exact solutions after 3 and 11 mesh adaptation loops. We observe a strong
h-refinement close to the singularity corner, whereas p-adaptation is carried out in the rest of
the computational domain.

3.3 Anisotropic hp-mesh adaptation

Although the techniques combining h and p refinement (cf. Section 3.2) are efficient for many
cases, they are not optimal for problems containing line singularities, e.g., interior and boundary
layers, material interfaces, etc. Furthermore, the hp-decision criterion based on (12)) need not
be optimal since the formula concerns the asymptotic limit. In particular, there exist other
techniques that achieve the same accuracy using a smaller number of degrees of freedom. We call
this approach the anisotropic hp-mesh adaptation (hp-AMA) since generate meshes consisting
of anisotropic elements (i.e., long and thin). For a survey, we refer to [14].

The idea of hp-AMA is to modify the size, shape, and orientation of triangular elements
such that the interpolation error is under the tolerance w and the number of degrees of freedom
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Fig. 3: The performance of hp-adaptation, the hp-mesh (left), its detail near the singularity (second
column), the approximate solution along the diagonal cut (third column) and its detail (right); results
after 3 (top) and 11 (bottom) loops of mesh adaptation.

is minimal. Additionally, in each adaptive loop, we admit an increase or decrease in the degree
of the polynomial px by 1 for each element K € T, so that the interpolation error is kept and
the number of degrees of freedom is smaller.

Let K € T;F and pg be the corresponding polynomial approximation degree. In step (S4)
of the Mesh adaptive algorithm, we construct a higher-order approximation uj; € Py, +2(K)
and put & = uj — M, unlx, j = —1,0,1, K € TF, where II,,, 1 ; is the L? projection in
the space of polynomials of degree P, ,;(K). Since &}, are polynomial functions, they can be
extended outside of K. Then the following substeps of step (S6) are performed for each K € T,F
separately.

hp-AMA algorithm

(S6a) set a new element K’ having the same shape and barycenter as K such that
€% x(x) = w/Ny, where Ny, is the number of elements of T,", i.e., the so-called equi-
distribution of the error estimate,

(S6b) fix the area |K'| of the element K’ from previous step, define elements K7, j = —1,0,1,
having the size
J (pK+1)(pK+2) ) Yy
which guarantees that density of the degrees of freedom is the same for all polynomial

degrees candidates px+7, 7 = —1,0, 1, elements KJ’-, 7 = —1,0,1 have he same barycenter
as K’,

(S6¢) modify the shape and orientation of elements K’ by minimizing the value of &5 x ()
j - _17 07 17

(S6d) selectj € {—1,0,1} such that éik is the smallest one and set the new polynomial degree
pr + 7 and element size, shape and orientation as Ké.
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Fig. 4: The meshes together with polynomial approximation degrees generated by hp-AMA algorithm;
total view (left) and zooms 200 (center) and 20000 (right).

This algorithm optimizes each element separately; the final mesh is then constructed iteratively
by an optimization process; see [14].

Figure [4] shows the possible output of hp-AMA algorithm, where we present a numerical
solution of a quasi-linear elliptic problem in the L-shape domain. This problem posses a sin-
gularity in the interior corner. We present the final Ap-mesh together with its zooms near the
singularity corner. We observe large elements with high degrees outside the corner and a very
strong h-refinement with low degrees in the vicinity of the interior corner. We note that weak
solution satisfies u € H*(Q2) but u & H?(Q), hence implies the optimal polynomial degrees
p = 1. However, we observe p = 3 in our case which is in agreement with [11].

4 Numerical experiments

Finally, we present a numerical example that represents a more complicated, practically moti-
vated problem. It comes from [I6], see also [12] where the magnetic state in the cross section
of an alternator was solved numerically. Due to symmetry, only one quarter of the alternator is
taken as the computational domain Q := Q, U Qg U Q,; see Figure [f], left, where the geometry
of the domain is shown. The alternator consists of the stator (€25) and the rotor (£2,) with a
gap filled with air (€2,).

We consider the Maxwell equations for the stationary magnetic field in the form

rot H=f in €, (15a)
divB=0 inQ, (15b)

where H = (H,, Hy) is the magnetic intensity field, B = (Bj, Bs) is the magnetic induction field
and f is the current density (its component perpendicular to the plane of the computational
domain). The differential operators appearing in are given by rot H = (0Hy/0x1, OH,/0x)
and div B =V - B = 0B /0x; + 0By/0xs in two space dimensions.

Moreover, we consider the constitutive relation

H(z) = v(z,|B(2)|*)B(z), z¢€Q, (16)
where
i for x € Q,,
Vo) = {ﬁ (a+(1-a)s) frzequa. (17)
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Fig. 5: Alternator, the computational domain with its components together with the initial mesh
(left), the isolines of the magnetic potential (center), and the final hp-mesh after adaptive refinement
(right).

The symbol g = 1.256 x 107%kg - m - A=2? - s72 denotes the permeability of the vacuum and
the material coefficients are a = 0.0003, § = 16000 according to [16]. We consider the constant
current density f =5 x 10* A - m~2.

Assuming that there exists a potential u : 2 — R such that
B = curlu = (0u/0z9, —0u/0z1), (18)

equation ([15b)) is satisfied directly. Obviously, |B| = |Vu| and, therefore, (15a) together with
gives

f =10t H = rot (v(z, |B(x)]>) B(z)) = rot (v(x, |Vu(z)2)curl u(z)) (19)
= V- (v(z, |Vu(2)])Vu) .

Consequently, we have the following problem. Find u : £ — R such that
—V - (v(z,|Vu(2)]*)Vu) = f in Q. (20)

The homogeneous Dirichlet boundary condition is prescribed on the curved part of the boun-
dary, where the iso-parametric approximation coming from [24] is employed. On the rest of
boundary, we consider the homogeneous Neumann boundary condition. Figure [5, center, shows
the corresponding isolines of magnetic potential u. Finally, Figure |5 right, shows the hp-mesh
obtained by hp-AMA algorithm. Obviously, a high resolution along the material interfaces is
observed.

5 Conclusion

We presented the role of the adaptive mesh algorithms for the numerical solution of partial di-
fferential equations using finite element methods. In particular, the anisotropic hp-mesh adap-
tation approach offers enough flexibility in minimizing the number of degrees of freedom ne-
cessary to achieve the given error tolerance.
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From HPC to Quantum at I'T4Innovations
ToMAS KOZUBEK

Abstract: This paper surveys the computing continuum at IT4Innovations (IT4I)
from petascale supercomputers (Karolina, Barbora/Barbora NG) and pilot plat-
forms to visualisation VR /labs and the VL(Q quantum computer together with user
access schemes, training programmes, and applied research outputs. It outlines the
centre’s role in the Czech e-infrastructure (e-INFRA CZ), its participation in the
EuroHPC ecosystem (including LUMI and forthcoming Al-capable services), and
the integration path for hybrid HPC-QC workflows. We summarise representative
user impacts across academia, industry, and public administration; describe service
routes (Open Access, institutional/community, fast-track, industrial cooperation);
and highlight recent project results (LEXIS platform, HEAppE, HyperQueue, ME-
RIC, ESPRESO, Floreon+), illustrating how platform engineering and methodology
transfer accelerate uptake and readiness for next-generation systems. Finally, we po-
sition Europe’s HPC landscape relative to the United States and outline near-term
directions: commissioning Barbora NG, scaling Al-ready services thanks to LUMI
AT Factory, and operationalising VLQ within EuroHPC federated workflows.

Keywords: High-performance computing, supercomputing, hybrid HPC-QC,
quantum computing, scientific workflows, EuroHPC.

AMS classification: 65Y05, 65Y10, 68Q12.

1 Introduction to IT4Innovations

[T4Innovations is the Czech Republic’s national centre for high-performance computing (HPC),
high-performance data analytics (HPDA), artificial intelligence (AI), and quantum computing
(QC). Based at VSB — Technical University of Ostrava, our mission is to deliver cutting-
edge computing capabilities and expert support to academia, industry, and the public sector.
We operate the most powerful supercomputers in the country and actively contribute to the
European HPC ecosystem through the EuroHPC Joint Undertaking (EuroHPC JU), Centres
of Excellence, and pan-European collaborations. Alongside operations, we conduct our own
research in algorithms, software, workflows, energy-efficient infrastructure, and hybrid HPC-QC
methods, and we run a comprehensive training programme serving thousands of users. For more
details, see [1].

2 IT4Innovations supercomputing infrastructure

In its second role as a member of e-INFRA CZ, IT4Innovations co-delivers the Czech Repub-
lic’s integrated e-infrastructure linking national supercomputing, quantum computing, and Al
technologies with shared data services, identity and access management, and high-speed ne-
tworking (with CESNET and CERIT-SC) to provide end-to-end digital support for research
and innovation.

Karolina

Karolina is a petascaleﬂ system acquired under the EuroHPC Joint Undertaking and put into
operation in the summer of 2021. It delivers a theoretical peak performance of 15.7 PF and

!Prefix peta, abbr. P, means (1024)5 = 259 = 10! and prefix exa, abbr. E, means (1024)5 = 260 = 1018,
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Fig. 1: Karolina and Barbora supercomputers at IT4Innovations

comprises CPU and GPU partitions connected by 200 Gb/s InfiniBand. The universal CPU
part consists of approximately 720 dual-socket AMD nodes, while the accelerated part has
72 servers each equipped with 8 NVIDIA A100 GPUs (576 GPUs in total) for Al and HPC
workloads. The platform also includes a large-memory node with up to 24 TB of shared memory,
cloud/virtualisation nodes, and a high-throughput storage with ~ 1.4 PB of user space and 1
TB/s speed. Karolina is tightly integrated with our software environment, documentation, and
user support services.

Barbora and Barbora NG

Barbora is a Bull Sequana XH2000-based cluster installed in autumn 2019 with a theoretical
peak performance of 849 TFlop/s. Its core configuration includes 192 CPU only Intel nodes for
general purpose HPC and 8 GPU nodes, each with 4xNVIDIA Tesla V100-SXM2 accelerators;
it is complemented by a 6 TB large memory (“fat”) node and two visualisation nodes. The
system uses a 100 Gb/s InfiniBand interconnect and is fully integrated with the centre’s shared
storage and services. Barbora NG is currently being installed and scheduled to enter production
by the end of 2025.

LUMI

The LUMI supercomputer (HPE Cray EX) in Kajaani, Finland, is one of Europe’s most power-
ful systems, with a theoretical peak of 531.5 PF and currently ranked 9th on the TOP500 list.
Its GPU partition (LUMI-G) comprises 2 978 nodes with four AMD Instinct MI250X GPUs per
node; the CPU partition (LUMI-C) provides 2 048 dual-socket AMD EPYC nodes for general-
purpose simulation. The platform is tied together by the HPE Slingshot 200 Gbit/s network
and a tiered storage system (8 PB all-flash, 80 PB disk Lustre, and ~ 30 PB Ceph for project
data). Through IT4Innovations’ membership in the LUMI consortium, Czech academic users
can apply for LUMI resources via I'T4l Open Access calls; T4l contributes to operation and
user support (LUST) and develops tooling such as HyperQueue to help users exploit the system
effectively. Together with Karolina and Barbora, these systems provide balanced capacity for
throughput-oriented and tightly coupled parallel jobs, as well as GPU-accelerated Al pipelines.

Complementary systems

Besides Karolina and Barbora, we run a small set of pilot platforms that let users try out new or
less common architectures and programming models. They help test and port applications for
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Fig. 2: LUMI and visualisation and virtual reality labs at I'T4Innovations.

future EuroHPC systems. Current examples include Arm A64FX nodes, FPGA-based servers,
and an NVIDIA Grace CPU Superchip server. These platforms complement the production
clusters and are used mainly for method development, training, and early industrial prototyping.

Visualisation and Virtual Reality Labs

Our labs enable large scale 3D projection and immersive VR to turn complex simulations into
clear, interactive experiences. Technical equipment includes a rear projection 3D wall with
a professional 4K laser BARCO projector, active stereo viewing and a 5.1 surround audio
system, linked to the data room via a 100 Gbit line for remote rendering. The VR Lab features
different headsets with a wearable backpack PC with Lighthouse tracking in a collaborative
area (up to four users). Both labs are powered by professional visualisation servers connected
to our supercomputers to render large simulation datasets at high quality.

Networking and storage

All major clusters are connected via high-speed InfiniBand fabrics (200 Gb/s class) and sup-
ported by high-throughput parallel storage with multi-tier scratch and project spaces, ensuring
predictable I/O performance for both compute- and data-intensive workloads. The central,
supercomputer-independent PROJECT Data Storage has been in operation since March 2021
to store and back up data produced on IT4I systems. It currently provides 15 PB of capacity
with high throughput and a default project space quota of 20 TB.

3 Who our users are and what they do

Academic research

From 2013, more than 2500 projects of users from research organisations used I'T4Innovations
resources across astrophysics, engineering, informatics, earth sciences, life sciences and materials
science. Most access is provided through our Open Access Grant Competitions, with many
teams now combining large-scale simulation and modern AI methods.

Industry and public sector

Companies and public institutions use our supercomputers for digital prototyping and design,
advanced data analytics and Al, rendering and visualisation, cybersecurity, and decision support
in areas such as environment and crisis management. Engagements range from open calls to
collaborative R&D and contract services.
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Fig. 3: Example application domains across academia, industry, and the public sector.

Representative outcomes

Recent Open Access projects illustrate the breadth of work: atomistic simulations of ribosomal
tunnels relevant to antibiotic discovery, Al-assisted virtual screening for new drugs, advanced
speaker recognition in challenging acoustic conditions, laser-driven particle acceleration models,
and video-language models that understand long videos. These examples sit alongside long-
standing strengths in engineering, astrophysics simulations, and environmental modelling.

4 How to obtain computing resources

[T4Innovations allocates computing resources through several routes. The Open Access Grant
Competition runs three times a year (February, June, October) for employees of Czech research
organisations, with allocations for 12, 24 or 36 months and decisions within 55 days of the
cut-off. For specific needs, there is Institutional & Community Access (12-36 months) and a
Fast Track scheme for short tasks and preparation, with decisions within seven working days.

Czech users can also reach LUMI via IT4] Open Access and apply directly to EuroHPC JU
calls (Benchmark, Development, Regular, Extreme Scale, and Al-oriented modes).

Industry partners may use Rental of computational resources or Contract Research, while
Teaching/Education and Important Societal Challenges are supported under thematic access.

5 Training and education activities

[T4Innovations delivers a year-round programme of courses, hands-on workshops, and bespoke
onboarding for academia, public institutions, and industry. The curriculum spans HPC funda-
mentals, parallel programming and performance engineering, GPU acceleration, data analytics
and Al workflows, remote visualisation, and introductory quantum computing helping teams
progress rapidly from first contact to production readiness. Each year, we deliver around 30
training events; in 2024, we organised 38 events attended by 886 participants (in person and
online).

IT41 also contributes to European education initiatives in HPC/QC/AI, notably
EUMasterdHPC — led by the University of Luxembourg and delivered by a consortium of
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universities, supercomputing centres, industry and other partners. The programme has laun-
ched Master’s tracks at eight awarding universities such as the University of Luxembourg,
Universitat Politecnica de Catalunya, Politecnico di Milano, Friedrich-Alexander-Universitat
Erlangen-Niirnberg, Sorbonne Université Paris, and KTH Royal Institute of Technology Stoc-
kholm with more participants, including VSB-TUO, expected.

In parallel, EVITA defines a competency framework (profiles and a skills tree), turns it into
modules and courses, funds high-quality training via open calls with cascading funding, and
provides an online platform with certifications, learner materials and trainer tools. Together,
these efforts build a connected community of students, educators and industry experts with
top-tier HPC/AI/QC skills and accelerate the uptake of advanced computing across Europe.

6 IT4Innovations’ own research

IT4Innovations’ standout recent results span software, middleware, applied Al and domain de-
monstrators: the LEXIS platform that enables seamless federated HPC-cloud workflows and
will be used to federate EuroHPC supercomputers, quantum computers, and Al Factories; Hy-
perQueue, a metascheduler that raises cluster utilisation for heterogeneous jobs; and HEAppE,
an HPC-as-a-Service gateway that broadens access for SMEs and non-specialists.

Complementing these are methodological advances — MFERIC for runtime energy optimi-
sation, the CyclesPhi multi-GPU renderer and the Highly Parallel Framework for Engineering
Applications ESPRESO that enable very large engineering and rendering workloads—and ap-
plied platforms such as HPC-backed crisis-management platform Floreon+ and an Al voicebot
for emergency calls, which demonstrate clear societal impact.

Earth-observation Al platforms developed with European Space Agency, and a set of perfor-
mance and I/O libraries and tools used across EU projects and pre-/exascale testbeds, together
improve portability, efficiency and readiness for next-generation systems.

IT4Innovations’ recent project portfolio concentrates on extreme-scale data and Al plat-
forms, national e-infrastructure, skills development, and domain demonstrators. Highlights
include coordination of the Horizon project EXA4MIND (2023-2025) for automated data ma-
nagement and staging across EU supercomputers; CLARA (2024-2030), a Horizon Europe
Centre of Excellence for Artificial Intelligence and Quantum Computing in System Brain Re-
search; EuroCC 2 (2023-2025) as the Czech National Competence Centre for HPC; EOSC-CZ
(2023-2028) to build the national node of the European Open Science Cloud; membership in
the MaX Centre of Excellence in Materials Design at the Exascale; and the e-INFRA CZ large
research infrastructure of the Czech Republic (2023-2026).

The newest Horizon projects span the LUMI Al Factory Service Center (2025-2028), EVITA
— EuroHPC Virtual Training Academy (2025-2029), DARE SGA1 for RISC-V chiplets (2025—
—2028), SEANERGYS for developing a nextgeneration software solution for the energy-efficient
operation of EuroHPC supercomputers and TerraDT (2025-2028) for Earth-system digital
twins, alongside applied industrial R&D (aerospace optimisation, pumps prototyping and
pharma production monitoring). These activities complement our applied research in scalable
algorithms, workflow and platform engineering, hybrid HPC-AI methods and early quantum
applications with outcomes routinely transferred into user support and training.

7 IT4Innovations in the European context

While the United States currently operates the largest exascale-class systems, Europe fields a di-
versified portfolio of pre- and exascale machines—such as LUMI (FI), Leonardo (IT), MareNo-
strum 5 (ES) and the modular JUPITER system (DE) — that together provide continent-wide
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Fig. 4: European projects and partnerships.

capacity for simulation, data analytics and Al training/inference. A hallmark of the European
approach is efficiency: many EuroHPC systems run on renewable power with heat reuse and
regularly rank among the most energy-efficient globally. Europe is also investing in Al-capable
HPC through initiatives like Al Factories, Al-optimised supercomputers with large-memory
nodes to support foundation-model workloads and hybrid workflows.

Strategically, EuroHPC couples infrastructure with software, skills and open-access schemes
(Benchmark, Development, Regular and Extreme Scale), narrowing the capability gap even
if the very top of the TOP500 remains US-dominated. For Czech users, this translates into
practical routes to world-class capacity via I'T4Innovations: national Open Access allocations,
coordinated access to EuroHPC systems and expert onboarding, optimisation and workflow
support—enabling competitive participation in large-scale science and industry and portability
across Karolina, LUMI, Leonardo and other partner systems.

IT4Innovations participates in or is a member of major European infrastructures, initiatives,
and organisations related to HPC, QC, DATA and Al: the FuroHPC JU — European High-
Perfomance Computing Joint Undertaking, PRACFE — Partnership for Advanced Computing
in Europe, BDVA — Big Data Value Association, ETP/HPC— European Technology Platform
for HPC, FUDAT CDI— EUDAT Collaborative Data Infrastructure, EFOSC — European Open
Science Cloud, I4MS — Innovation for Manufacturing SMEs, VI-HPS — Virtual Institute-High
Productivity Supercomputing, iRODS — Integrated Rule-Oriented Data System, and WHPC
— Women in HPC.

IT4Innovations also succeeded as a member of the consortium led by the Finnish centre
CSC-IT with the tender to build the Federation Platform for the EuroHPC JU. Components
of IT4Innovations’ LEXIS Platform and HEAppE Middleware are key tools for the delivery and
operation of this platform aimed at the seamless federation of the EuroHPC supercomputing
and quantum systems, Al factories and the interconnected data infrastructure.
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Fig. 5: VLQ quantum computer, its cryostat and quantum chip.

8 The VLQ quantum computer and its near term uses

VLQ is the LUMI-Q consortium’s quantum computer hosted at IT4Innovations in Ostrava. It
is a superconducting system with 24 physical qubits arranged in a star-shaped topology with
a central resonator, which reduces SWAP operations and enables deeper circuits. Installed and
commissioned in 2025, supplied by IQM (total cost EUR 5 million), VLQ is being integrated
with EuroHPC supercomputers—Karolina, LUMI and the Polish EuroHPC system—to support
hybrid HPC-QC workflows. It will be available to European researchers, industry and the
public sector for application pilots in optimisation, quantum chemistry and quantum-enhanced
machine learning.

9 Concluding remarks

[T4Innovations offers an integrated continuum of advanced computing—petascale HPC, GPU-
accelerated AI, complementary pilot platforms, visualisation/VR labs, and the VLQ quantum
computer—backed by expert support, structured training, and active R&D. Through Open
Access, thematic and fast-track schemes, coordinated EuroHPC pathways, Czech researchers
and companies can reliably access continental capacity with onboarding and performance en-
gineering that turn allocations into results. Looking ahead, we will expand hybrid HPC-QC
workflows, scale Al-ready services and commission Barbora NG, Karolina NG, and CLARA
testbed, strengthening Europe-wide collaboration and helping users deliver faster science, resi-
lient engineering, and data-driven innovation.
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From direct solvers to hybrid

TFETI domain decomposition
for solving huge 3D elastic problems
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Abstract: We first recall solving systems of equations discretized by FEM in
Prof. Zlamal’s times and the two most powerful modern iterative methods — mul-
tigrid and FETI domain decomposition. The core of this paper is the presentation
of the massively parallel hybrid TFETI method and experiments showing the power
and a large scope of scalability of hybrid TFETL
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1 Solving FEM equations in Zlamal’s time

When Prof. Zldmal submitted his seminal paper [I8] on the approximation theory of the solution
of boundary value problems by the finite element method (FEM), the finite element method
was a well-established tool for the practical discretization of PDE arising from engineering
problems [I7]. The method was also well known in Brno, where Prof. J. Kratochvil from the
Faculty of Civil Engineering of VUT Brno used it to assess the stability of dams. Just Prof.
Kratochvil drew Zlamal’s interest in the finite element method, which was not supported by
any convergence theory at that time.

Zlamal limited his research in PDE to the study of approximation properties of FEM discre-
tization. In the '60s, the solution of the discretized systems was possible only for small systems
that standard direct solvers could solve, optionally exploiting the sparsity pattern of their mat-
rices. The limited memory and processor’s speed enabled the solution of systems with just a few
hundreds or thousands of variables by direct methods. I heard about the statement attributed
to Zlamal that he did not believe in the solution of a system with more than two thousand
unknowns. A colleague later confirmed that he had heard the statement with the updated limit
of seven thousand unknowns, which enables solving realistic 2D elastic problems.

Understanding approximation errors was necessary for the reliable approximation of realistic
problems by coarse grids. The approximation theory was essential to answer the question often
asked by Prof. Babuska: Would you sign under your results?

2 Multigrid

Computer performance improved in the early 70s with faster computers equipped with larger
internal and faster external memory. Technological progress opened the way to implementing
iterative methods. Still I was shocked when I learned from Doc. P. Janas about the code he
developed with Prof. Z. Weiss in the early '70s. The two engineers used the code on IBM370 to
solve 3D elastic problems discretized by 50,000 unknowns in less than 50 minutes. Even though
the precision of their solution was low, the result was surprising and helpful in assessing the
stability of underground openings. Our discussion took place on a trolley bus, and we closed
our discussion only after observing that we should have left at one of the previous stops.
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Prof. Marek later identified their method as a variant of the two-level multigrid method.
Unfortunately, they have never published their results. Multigrid was proposed in 1962 (see
Fedorenko [9]), but the result had to wait for practical applications till the '70s. Multigrid uses
the discretization of the problem by several grids and the operators that transfer the solution
from the coarser grid to the finer one and vice versa. The basic idea of multigrid is to accelerate
the solution of discretized problems by combining solutions at different scales (or grid levels).
Instead of solving the problem directly on a fine grid, multigrid methods exploit coarser grids to
eliminate “smooth”errors on the nearest finer grid and use the resulting preconditioning effect
to speed up the finer grid solution. The problems on the coarsest grid are often solved by a
direct method.

Multigrid enjoys asymptotically linear complexity and is widely used for solving huge engi-
neering problems. Multigrid was used for solving huge problems. In Mohr et al. [14], the authors
describe the modeling of the dynamics of the Earth’s mantle. The discretization of the problem
resulted in the system of linear equations with 1.1 x 10'® unknowns. The solution required nine
iterations executed on the Peta-Scale machines with 327 680 cores in 776.09 seconds.

3 FETI and BETI methods

The FETI (Finite Element Tearing and Interconnecting) methods introduced by Farhat and
Roux [8] is a powerful tool for the parallel solution of large discretized partial differential
equations. The basic idea is to decompose the domain into subdomains, interconnect them by
Lagrange multipliers, and eliminate the primal variables to get a smaller, better-conditioned
dual problem. The elimination of primal variables amounts to the solution of local problems
defined separately for each subdomain. These local problems can be solved in parallel by direct
methods. After Farhat, Mandel, and Roux [7] proved that the condition number of the dual stiff-
ness matrix is uniformly bounded on the subspace defined by the kernels of subdomain stiffness
matrices, FETI became one of the most successful theoretically supported scalable and massi-
vely parallel solver for elliptic PDE. The subspace is also called the natural coarse grid. More
on FETT and other domain decomposition methods can be found, e.g., in Tosseli and Widlund
[15]. The performance of the FETI method can be further improved by preconditioning.

Alternatively, we can use singular solutions, provided they are available, to eliminate the
subdomains’ interior unknowns from continuous problem. This approach results in higher pre-
cision of the solution at the cost of more laborious formulation and discretization. The basic
idea is due to Langer and Steinbach [11] who called it BETI (Boundary Element Tearing and
Interconnecting). Though the technique is more complicated as compared with FETI, it reduces
the discretization to the subdomains’ boundaries and, somewhat surprisingly, generates consi-
derably better-conditioned Schur complements (i.e., discretized Poincaré-Steklov operator) and
global systems (see Vodstréil et al. [16]).

Since the duality transforms the linear inequality constraints describing the non-penetration
in contact problem to the bound constraints, FETI and BETI can also solve large contact
problems. In [3, Sect. 20.9], there is a solution to an academic contact problem discretized by
5.7 x 10° nodal variables and decomposed into 64,000 subdomains. The problem was solved
on 1008 nodes of the Salomon computer after 149 matrix-vector multiplications that took 497
seconds.
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4 Hybrid FETI and BETI methods

The dimension of the coarse problem limits the scope of parallel scalability of the original
FETI. A direct solver typically solves the coarse problem with at least quadratic complexity
— its cost is negligible for a small number of subdomains, but it dominates the computations
when the number of subdomains is large, currently some tens of thousands of subdomains. To
overcome the latter limitation, Klawonn et al. [I0] used the idea of FETI-DP (dual-primal,
see, e.g., Farhat, Lesoinne, and Pierson [0]) to enforce some constraints on the primal level by
interconnecting the groups of subdomains into clusters as in Fig. 1. For example, the elastic
bodies can be interconnected by enforcing the same rigid body modes of the interiors of adjacent
faces.
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Fig. 1: Domain Q decomposed into 4 x 4 x 4 subdomains and 2 x 2 x 2 clusters.

Thus, the defect of each cluster is the same as that of each of its subdomains. Klawonn and
Rheinbach [12] proved the scalability of the resulting hybrid FETI (H-FETI) or hybrid TFETI
in the context of preconditioned FETI methods.

However, H-TFETTI is highly scalable even if it is preconditioned only by the coarse grid
defined by the kernels of clusters [I]. The latter authors used a variant of FETI called Total
FETI (TFETI), which enforces the Dirichlet conditions by Lagrange multipliers [2] so that all
subdomains are floating and their stiffness matrices have a priori known kernels. The methods
that combine FETI-DP with TFETT are called H-TFETI-DP (hybrid TFETI-DP) or briefly
H-TFETI. Notice that H-TFETTI is a unique three-level domain decomposition method with
the coarse grids split between primal and dual variables. We can apply the same procedure to
the problem decomposed into subdomains and discretized by the boundary element method.
The resulting method is called H-TBETI (hybrid TBETT), see Dostél et al. [5].

The parallel scalability of hybrid methods stems from a nice structure of the stiffness mat-
rices of the clusters. Implementing the hybrid methods can exploit the node-core architecture
of modern supercomputers. If the unknowns in clusters are properly ordered, we can partially
block diagonal stiffness matrices of the clusters that are easy to decompose.

The condition number of a cluster defined on a fixed cube domain, decomposed into m x m x
m subdomains interconnected by the face’s rigid body modes and discretized by a regular grid,
increases proportionally to m. The estimates show that the cost of the coarse problem decreases
with m® while the number of iterations increases only proportionally to y/m. The theoretical re-
sults and numerical experiments indicate that H-TFETI is a competitive computational engine
for solving huge elastic problems discretized by a sufficiently regular grid.

The results in Table 1 illustrate the performance of H-TFETT (see [1]). The number of subdo-
mains and primal unknowns ranged from 729 to 110,592 and from 15,000,633 to 2,275,651,584,
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respectively (see Table 1) The relative precision of the solution obtained by the conjugate gra-
dient method was prescribed by ¢ = 107%. Similar results were obtained for the variational

inequalities.
iter/time[sec] iter/time[sec| iter/time[sec]
clusters subdomains unknowns H-TFETI TFETI DirTFETI
27 729 15,000,633 89/27.7 60/17.3 20/40.0
343 9261 190,563,597 105/35.1 59/20.3 19/46.2
1000 27,000 555,579,000 104/35.2 na na
2197 29,319 1,220,607,063 104/59.8 na na
4096 110,592  2,275,651,584 104/58.7 na na

Table 1: Billion clumped cube - unpreconditioned H-TFETI and TFETI, and TFETI with Dirichlet
preconditioner (DirTFETI), times include initiation, m = 3.

It is also possible to treat the whole problem as one cluster to get FETI-DP method. The

preconditioned variant of the FETI-DP algorithm was tested on a larger academic benchmark
discretized by 8 x 10% to 2.2 x 10! nodal variables with the number of clusters ranging from 64
to 17576. Using the standard Schur complement preconditioners, the numbers of iterations and
the solution times ranged from 29 to 31 and 46.6s to 51.8s, respectively (see Riha et al. [I3]).
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Parallel implementation
of immersed boundary adaptive FEM

or how to avoid mesh generation
in a mesh-based method
JAKUB SISTEK

Abstract: Finite element method (FEM) typically relies on computational meshes
composed of elements forming a nonoverlapping partition of the computational do-
main. However, generating these meshes of sufficient quality can be challenging and
time-consuming, especially for very complex geometries used, e.g. in 3D printing. As
a potential remedy, ideas of the immersed boundary method have been incorporated
into FEM. We present a parallel implementation of an immersed boundary adaptive
FEM. In order to achieve sufficient resolution at the boundary, local mesh refinement
driven towards boundary is used. For large meshes distributed over a large number
of processors, the resulting systems have to be solved by parallel iterative solvers.
We present the method and demonstrate its performance for a complex problem of
linear elasticity with meshes refined adaptively towards the area with the largest
stress for achieving better accuracy within these regions.

Keywords: immersed finite elements, adaptive mesh refinement, domain
decomposition methods .

AMS classification: 65N50, 65N55, 65Y05

Introduction

Finite element method (FEM) relies on computational meshes. These are typically composed
of elements forming a nonoverlapping partition of the computational domain. While the success
and the wide adoption of FEM stems also from its flexibility to incorporate unstructured meshes
for general geometries, mesh generation of high-quality meshes can be challenging and time-
consuming, especially for very complex geometries used, e.g., in 3D printing.

A number of approaches have been developed to circumvent the need for generating body-
fitted meshes. For example, this issue was the main motivation for developing isogeometric
analysis (IGA) using as basis functions the same splines as used in computer-aided design
(CAD) [1]. Rather different approach is based on the idea of embedding the computational
domain into a larger, simpler domain with a simple, e.g., structured, grid. There are many fla-
vours of adopting this idea in the context of FEM. The unfitted FEM [2], finite cell method [3],
CutFEM [], or shifted boundary methods [5] are examples of such approaches. While these
methods share many building blocks, they are different in others. The main issues are related
to imposing boundary conditions on the immersed boundary, numerical integration over ele-
ments intersected by the boundary, and stabilizing the basis functions that are not sufficiently
supported within the domain.

In [6], we have presented the three-grid immersed FEM. The main idea of the method is
to use three separate grids; one for representing the implicit geometry, which needs to be very
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fine at the boundary and coarse elsewhere, the FE grid for approximating the solution, with
refinement driven towards areas of large variations of the solution, and the quadrature grid for
numerical integration, which is local to cut elements, and it uses only their part inside of the
domain for accurate integration. Due to these different requirements, it is not possible to serve
all these needs by a single grid.

A parallel implementation combining parallel adaptive mesh refinement (AMR) and iterative
solution of the arising linear system using a nonoverlapping domain decomposition method was
presented in [6]. A number of applications to large-scale Poisson problems on complex 3-D
geometries were included in that paper. In this paper, we present an application of the method
to linear elasticity problems using adaptive mesh refinement towards regions of high stress,
demonstrating the versatility of the parallel AMR combined with immersed FEM and domain
decomposition.

Three-grid immersed FEM for linear elasticity

We consider the following problem of linear elasticity in a domain Q C R? with boundary
00 =T'p UT'y. In the strong form, we seek the displacement vector u : Q — R? satisfying

—V-o(u)=f in Q, (1)
o(u)-n=gy on [y, (2)
u=gp on I[p, (3)

where f : 2 — R" is the body force vector, n is the outward vector of the unit normal, gy and
gp are prescribed Neumann and Dirichlet data. The Cauchy stress tensor o and the symmetric
infinitesimal strain tensor € are defined as

o(u) = 2ue(u) + Atr(e(u))l, (4)
() = 5 (Vu+ (Vu)"), )

with Lamé parameters p and A, and the identity tensor I.

Let us now turn our attention to deriving the weak formulation. Unlike as in the standard
FEM, in the current setting, Dirichlet boundary conditions cannot be directly incorporated into
the definition of the function spaces for approximating the solution and test functions. Instead,
a suitable weak formulation of the boundary conditions has to be considered.

When we multiply [1| by a vector test function v € [H'(Q2)]?, integrate over 2, and apply the
divergence theorem, we arrive at the following weak formulation. Seek u € [H'(Q)]® such that

a(u,v) — / (o(u)-n)-vdl'=1I(v) (6)
I'p
where the bilinear form a(-,-) and the linear form I(-) are defined as

a(u,v) = /QQME(U) : €(v) + Atr(e(u))tr(e(v))dS2, (7)

l(v):/Qf-VdQ—i-/FNgN-VdF. (8)
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Now we need to take the Dirichlet boundary condition [3|into account. To this end, we employ
the (symmetric) Nitsche method [7]. It provides a way to enforce the boundary condition
weakly by adding suitable terms to the variational formulation [0}

We begin with multiplying the boundary condition u — gp = 0 by a specially chosen test
function

w=—0o(V) n+yv, 9)

followed by integrating over I'p. Here v is a suitably chosen penalty parameter. Finally, we add
the derived weak formulation of the Dirichlet boundary condition

/r (u—gp) -wdl'=0 (10)

to [6] and obtain the Nitsche’s weak formulation of the linear elasticity problem:
Find u; € V}, such that

Ap(ap, vi) = Lp(vy) Yvy € Vi, (11)

where V}, is the finite element space (e.g., piecewise polynomials on the background grid) without
essential boundary constraints, and Ay(-, ) and Ly(-) are defined as

Ap(u,v) = a(u,v) — /

I'p

(o) m) - var -

I'p

(o(v) -n)-udl + 7/ u-vdl, (12)

I'p

Lp(v)=1(v) — /F (o(v)-n)-gpdl +’y/F gp - vdl. (13)

D

The term scaled by v ensures stability for a sufficiently large penalty parameter . Typically,
v = "0/hs, where hy is the characteristic finite element size.

In the three-grid immersed FEM, the solution is approximated on the FE grid obtained by
the following procedure. First, the geometry of interest is enclosed into a cube with a single
hexahedral element. This element is then uniformly refined several times to obtain a reasonably
fine grid for representing the solution inside of the domain.

At this point, the geometry grid representing the signed distance function and thus implicitly
the boundary of the domain is taken into account. Every element of the FE grid determines
whether it is inside, outside, or cut by the boundary. This allows us to refine the cut elements
further to obtain a sufficiently fine resolution of the boundary. Due to the enforcement of the
2:1 ratio between sizes of neighbouring elements, the refinement propagates also to the elements
farther from the boundary.

The third grid is constructed within the cut elements to approximately tessellate the part of
the element inside the domain using cubes and tetrahedrons. Although the automatic algorithm
may lead to very distorted tetrahedra, they are only used for numerical integration, and do not
influence the space of finite element functions and its approximation properties.

The final yet important issue of FEM with immersed boundaries is the small cut-cell issue.
Namely, some basis functions may have only arbitrarily small part of their support inside
Q). Consequently, the resulting system matrix may be ill-conditioned. Several approaches for
tackling this issue have been developed in literature, e.g., the ghost penalty stabilization [4],
or element aggregation [§]. In the current method, we use extrapolation of such basis functions
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from the neighbouring elements with sufficient support within 2 which very much resembles
elimination of degrees of freedom at hanging nodes.

The arising system of linear equations is solved using nonoverlapping domain decomposition
method. In particular, we use the preconditioned conjugate gradient (PCG) method with mul-
tilevel BDDC preconditioner [9, 10]. We have combined the method with parallel AMR using
the pdest library [I1] in [I2]. All details of the algorithm and its parallel implementation for
the three-grid immersed FEM can be found in [6].

Numerical results

We demonstrate the performance of the method on a problem of linear elasticity on a box
with a spherical hole pulled by two opposite faces. This is a problem inspired by the classical
Kirsch problem in 2D. The largest stress appears along the circle at the intersection of the
symmetry plane parallel to the pulled faces of the box and the sphere. While the method works
well also for more complex geometries, we demonstrate its ability of adaptively refining the FE
grid based on solution properties. In particular, we refine 5 percent of elements with the largest
von Mises stress in each grid adaptation step. Only one eighth of the box is considered in the
computation, see Fig. [2| In this figure, four subsequent steps of the adaptive mesh refinement
are shown. In particular, we plot the von Mises stress on elements and the partitioning of the
elements into four subdomains.

Conclusions

We have presented a combination of the multilevel BDDC method with parallel adaptive mesh
refinement, and with the three-grid immersed FEM for solving a large-scale problem of li-
near elasticity. The approach combines several features, namely parallel octree-based AMR,
immersed boundary FEM, and a scalable algebraic solver. These three components provide a
synergistic effect. The octree-based AMR allows the immersed FEM to achieve sufficient resolu-
tion at the boundary without requiring fine resolution also inside the domain of interest, which
is the case of structured meshes often considered with immersed FEM in literature. Vice versa,
the immersed FEM allows the octree-based AMR to be used on complex geometries, which is
not straightforward otherwise. Although an adaptive FEM is efficient in terms of degrees of
freedom for a certain solution accuracy, for large complex domains in 3D, the problem sizes
grow beyond the capabilities of a single computer. For this reason, employing a scalable parallel
method for solving systems of algebraic equations such as the multilevel BDDC is crucial for
achieving parallel scalability of the whole approach.

References

(1] T. J. R. Hughes, J. A. Cottrell, Y. Bazilevs: Isogeometric analysis: CAD, finite elements,
NURBS, exact geometry and mesh refinement, Computer Methods in Applied Mechanics
and Engineering 194 (2005), 39-41, 4135-4195.

[2] A. Hansbo, P. Hansbo: An unfitted finite element method, based on Nitsche’s method, for
elliptic interface problems, Computer Methods in Applied Mechanics and Engineering 191
(2002), 5537-5552.

115



Jakub Sistek

Fig. 2: Deformed shape of a cube with a spherical inclusion. Four subsequent steps of the
adaptive mesh refinement towards the area with the largest von Mises stress (from top to
bottom). In each step, five percent of elements with the largest stress are refined. Von Mises
stress on elements (left) and distribution of elements into four subdomains (right).

116



Parallel implementation of immersed boundary adaptive FEM or how to avoid mesh generation. . .

3]

[4]

J. Parvizian, A. Dister, E. Rank: Finite cell method, Computational Mechanics 41 (2007),
121-133.

E. Burman, S. Claus, P. Hansbo, M. G. Larson, A. Massing: CutFEM: Discretizing geo-
metry and partial differential equations, International Journal for Numerical Methods in
Engineering 104 (2015), 472-501.

A. Main, G. Scovazzi: The shifted boundary method for embedded domain computations.
part I: Poisson and Stokes problems, Journal of Computational Physics 372 (2018), 972—
995.

E. Febrianto, J. Sistek, P. Kis, M. Kecman, F. Cirak: A three-grid high-order immersed
finite element method for the analysis of CAD models, Computer-Aided Design 173 (2024),
103730.

J. A. Nitsche: Uber ein variationsprinzip zur losung von Dirichlet-problemen bei verwen-
dung von teilraumen, die keinen randbedingungen unterworfen sind, Abhandlungen aus
dem Mathematischen Seminar der Universitdt Hamburg 36 (1971), 9-15.

F. Verdugo, A. F. Martin, S. Badia: Distributed-memory parallelization of the aggregated
unfitted finite element method, Computer Methods in Applied Mechanics and Engineering
357 (2019), 112583, 1-32.

C. R. Dohrmann: A preconditioner for substructuring based on constrained energy mini-
mization, STAM Journal on Scientific Computing 25 (2003), 246-258.

B. Sousedik, J. Sistek, J. Mandel: Adaptive-Multilevel BDDC and its parallel implemen-
tation, Computing 95 (2013), 1087-1119.

C. Burstedde, L. Wilcoz, O. Ghattas, p4est: Scalable algorithms for parallel adaptive mesh
refinement on forests of octrees, STAM Journal on Scientific Computing 33 (2011), 1103—
1133.

P. Kus, J. Sistek: Coupling parallel adaptive mesh refinement with a nonoverlapping do-
main decomposition solver, Advances in Engineering Software 110 (2017), 34-54.

Jakub Sistek is a researcher at the Institute of Mathematics of the Czech Academy of Sciences,
Zitna 25, 115 67 Prague 1, Czech Republic, e-mail: sistek@math.cas.cz

Acknowledgement The paper is based on joint work with E. Febrianto, F. Cirak, P. Kis,
M. Kecman, and J. Musil.

The author was supported by the Czech Science Foundation through GACR 23-06159S, and by
the Czech Academy of Sciences through RVO:67985840. Computational time on the Karolina
supercomputers has been provided thanks to the support of the Ministry of Education, Youth
and Sports of the Czech Republic through the e-INFRA CZ (ID:90140).

117



Numerical techniques for solving
conservation laws: continuous and
discontinuous approximations

MAREK BRANDNER, JIRI EGERMAIER,
HaNA KOPINCOVA

Abstract: In this text, we address issues related to continuous and discontinuous
data approximation in the framework of numerical methods for conservation law
problems. We briefly suggest that the choice of approximation is a complex issue,
and that there is no clear answer as to which approximation is generally better.

Keywords: conservation laws, finite volume method. Godunov method, active flus
scheme, continuous and discontinuous approximation, property-preserving scheme

AMS classification: 76M10, 76M12, 76M20

1 Introduction

Numerical techniques for approximating solutions to conservation law problems are now a well-
established and rapidly developing field within computational fluid mechanics and numerical
mathematics. In this context, when we refer to conservation laws, we mean hyperbolic partial
differential equations. These equations have important applications, such as the Euler equations
that describe inviscid compressible flow, the Saint-Venant equations that describe shallow water
flow, and the Lighthill-Whitham-Richards equations that model traffic flow.

The solutions to initial or initial-boundary problems for these equations may involve shock
waves, rarefaction waves, contact discontinuities, and other phenomena. To address this, we
introduce weak solutions within the framework of mathematical theory. However, these solutions
are not uniquely determined. Consequently, we further introduce vanishing viscosity solutions
or implement entropy conditions to refine our approach.

There are several numerical methods available for solving the problems mentioned above.
These include: finite difference method (FDM) [1], finite volume method (FVM) [2, 22], Go-
dunov type methods [2], finite element method (FEM, including its variations SUPG , AFC,
edge based finite element) [3], 4, [9], discontinuous Galerkin finite element method (DGFEM)
[5], evolution Galerkin method (EGM, including its variation FVEG) [6, [7], residual distribu-
tion schemes (RDS) [8], active flux schemes (AFS) [10, 1], spectral difference schemes (SD)
[12], T3], 14], flux reconstruction schemes (FR) [15], [16].

Some of these approaches rely on a continuous approximation of the solution, while others
utilize a discontinuous approximation. In some instances, the distinction may largely depend
on interpretation. Within this context, the appropriateness of using continuous versus disconti-
nuous solutions in numerical methods for conservation laws is often questioned and discussed.
We will demonstrate that the answer to this question is not straightforward or clear-cut. Before
that, we will outline two numerical methods.
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2 Godunov method — discontinous approximation

In this paragraph, we provide a brief description of the Godunov method [I7, 18] [19]. Consider
the following system of partial differential equations in one spatial variable

w + [f(u)], =0

where u = u(z,t) : R x Rf — R™ and f = f(u) : R™ — R™. Further, consider the uniform
discretization z; = jAz, j € Z, Ax > 0, t, = nAt, n € No, At > 0, xj11/0 = x; + Ax/2,
tn—i—l/? =1, + At/27 11?; = U(lL'j,tn), U? = U(l'],tn) ~ 11?.

The integral formulation of the conservation law has the following form

Tjt1/2 Tjit1/2

[ u(z,tyy)de= [ wu(z,t,) de—
Tj—1/2 Tj—1/2
tn1 tn+1

— tf f(u(zjy1/0,t)) dt + tf f(u(zj_1/9,t)) .

We can adjust this equation to emphasize the integral averages

Tjt1/2 Tjt1/2

~ [ u(zten) de==% [ u(zt,) de—
Tj—1/2 Tj—1/2

tnt1 tn+1

— 8% [ fulagiaget) dt— a5 [ f(a(zqge,t)) dt
tn tn

The equality mentioned above can be expressed as follows

At - -
—ntl _ =n n+1/2 n+1/2
u;  =u; — A_x(fj+1/2 - fjﬂ/z)
where

1 Tjt1/2

uj = N u(z,t,) dz,
X
Tj—1/2
) tn+1
rn+1/2

tn

We need to accurately approximate the numerical flow functions F‘;irll //22 ~ f;fll/; now. We must

use approximation because we do not know the point values of the function we are seeking;
we only have the integral averages for time layer ¢,,. The Godunov method is based on using
integral averages of the function u™ = u(z,t,) to construct a piecewise constant discontinuous
approximation. At the points of discontinuity in this approximation, we solve either exactly or
approximately the Riemann problems, which involve the original equation but with a specific
initial condition. The solutions to the Riemann problems are then incorporated into the integrals
that appear in f;fll/f The numerical scheme then takes the form

_ _ At _
n+l _ T1n n+1/2 n+1/2
Uj - Uj - A_x(Fj+1/2 - F]'71/2)
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Fig. 1: Godunov scheme — reconstruction

where [_J';-I ~uj.

The Godunov method is a prototype for high-resolution finite volume methods (high or-
der Godunov type methods), for the discontinuous Galerkin method and for the evolutionary
Galerkin method.

3 Active flux scheme — continuous approximation

The basic version of this method dates back to 1977 and is one of the schemes proposed by
Bram van Leer, known as Scheme V. Interest in this method was revived after 2010, leading to
the proposal of a general variant systems of partial differential equations in multiple dimensions
[20], 10, [T1]. Let us now consider, for the sake of simplicity, the scalar conservation law

u + [f ()] = 0.

This method combines a conservative approach that works with approximations of inte-
gral averages and the method of characteristics (CIR). It is based on a continuous piecewise
quadratic approximation, making it a third-order method. The quadratic approximation is con-
structed in each cell using the integral average U /'~ uj and two point values U} | o AUy

J
and U\, , & uj,, o, which are identical for adjacent cells (i.e. the reconstruction is continuous).

Fig. 2: Active flux scheme — reconstruction

The basic form of the active flux method is the same as the Godunov method

_ _ At - _
nt+l _ 7rn n+1/2 n+1/2
Uj - Uj - E(Fjﬂ/z - Fj—1/2 )

However, we determine the numerical flux function using the quadrature formula

_ 1
n+1/2 n n+1/2 n
B = < [P + A1) + 1L
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In this case, the required point values U;Z:rll/; and U;ﬂ:“ll/Q are determined using an appropriate

version of the method of characteristics. Thus, we obtain a conservative third-order method (for
sufficiently smooth solutions) that uses a continuous approximation. As a result, the numerical
method does not require exact or approximate solvers for the Riemann problems.

4 Property-preserving numerical schemes

Let us summarize what properties the method should have for solving partial differential equati-
ons of hyperbolic type or for solving singularly perturbed problems [21].

e [t should be a high-resolution method that accurately approximates both smooth and
rapidly varying or non-smooth solutions.

e The method should mitigate the Gibbs phenomenon (numerical oscillations).
e The method is invariant domain preserving.
e The method is conservative.

e The method should accurately represent the physical model, ensuring that it aligns with
the principles of physics in multiple dimensions.

e The method is expected to converge to a weak solution that satisfies entropy conditions.
e The scheme should be compact and not have a wide stencil.

e The convex hull of the data employed must contain the exact domain of dependence. The
stencils should only contain data to which the desired output is sensitive.

e The stencil should be as symmetrical as possible with respect to the domain of dependence.

e The necessary stability condition based on the Courant-Friedrichs-Lewy inequality should
be as unrestricted as possible.

e The method should be both computationally efficient and robust.

It’s important to note that the linear monotonicity-preserving methods are at most first or-
der. Consequently, we adopt nonlinear methods by switching between higher and lower order
techniques based on the data [23, 2]. (There are exceptions for certain problems, such as li-
near acoustics, where odd high-order methods can be utilized. These methods are stable and
can accurately approximate rapidly varying data [24].) It is also important to select conserva-
tive methods as this helps in accurately approximating shock waves. Additionally, the correct
application of entropy fixes aids in the proper approximation of rarefaction waves [2].

5 Advantages and disadvantages of the discontinuous
approximation

Discontinuous data approximation has several advantages. An integral formulation leading to
conservative methods can be easily used, limiting (restriction of the Gibbs phenomenon) can
be easily implemented, and (approximate) solvers of Riemann problems can be included in the
procedure [I8] 2]. Implementing hp-adaptivity and general grids, including the so-called space-
time DG, is also relatively easy [26]. Unfortunately, the discontinuous approximation also has
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Fig. 3: (a) Godunov method 2. order (MUSCL); (b) residual distribution scheme (RDS);
(c) RDS with elliptic-hyperbolic splitting. Flow around the cylinder, Mach number [33].

many drawbacks. Riemann problems have to be solved unnecessarily in many cases (at each
cell boundary). Usually, only (approximate) solvers of 1D Riemann problems are included in
the procedure. Thus, the algorithms contain some form of splitting. The choice of the grid thus
affects the formulation of 1D Riemann problems [25]. The methods are usually not compact
enough (the stencil expands as the order of the technique increases). A description of several
failings of one-dimensional Riemann solvers applied to multidimensional equations can be found
in [34] 35].

If we wanted to construct a purely multidimensional method, we would use an approach
based on multidimensional Riemann problems. However, the exact or approximate solution
of these problems is very complicated, except in special cases. The use of alternative multi-
dimensional approaches (for example approximate evolution operators) with the attempt to
simultaneously realize a compact reconstruction also leads to very complicated procedures [7].
An even more complicated situation would arise if we use high-order reconstruction and are
forced to solve multidimensional generalized Riemann problems [25]. A comparison of the three
approaches is illustrated in Figure . Philip Roe (author of Roe’s Solver of Riemann’s Problems,
among other things) offers a very insightful critique in this sense [27]. Let us highlight one of
his significant arguments: “Acoustic waves, on the other hand, behave one-dimensionally only
in one dimension. In n dimensions they have an n-dimensional domain of dependence that does
not have a simple mapping onto the grid, and cannot be represented by any finite number of
one-dimensional interactions.”

6 Advantages and disadvantages of the continuous
approximation

The advantage of the continuous approximation is that the method based on it can avoid
solving Riemann problems. The solvers of Riemann problems can be replaced, for example, by
the use of characteristics, bicharacteristics or the Poisson formula [6], [32]. The approaches just
mentioned can be implemented in a genuinely multidimensional form. However, it is important
to note that not all methods based on continuous approximation are purely multidimensional.
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When dealing with exact solutions that are discontinuous (i.e., containing a Riemann pro-
blem), the Gibbs phenomenon can occur, particularly with high-order methods leading to nu-
merical oscillations. Thus, shock-capturing becomes necessary, and a suitable limiter must be
employed [28], 29].

Unfortunately, the use of a limiter (together in conjunction with a continuous approxi-
mation) generally results in a non-conservative method. To maintain conservativity, we must in-
troduce specific corrections and distribute these corrections among the grid nodes [30]. However,
this process can cause the solution to oscillate again since we are modifying the values adjusted
by the limiter. Therefore, a significant drawback of methods based on continuous approximation
is the complicated and unresolved challenge of integrating a conservative method with a limiter
[31].

Additionally, we must ensure that weak solutions, which do not satisfy the entropy condition,
are eliminated; this requires the implementation of an entropy fix procedure.

7 Conclusion

This text aims to argue against the simplistic idea that using continuous and discontinuous
approximations in numerical methods for solving conservation laws is a straightforward choice.
Specifically, it challenges the notion that when dealing with discontinuous or rapidly varying
solutions, the discontinuous approximation is always the better option. Both options have
notable advantages and disadvantages that we have highlighted.

Our goal should be to develop a method that meets as many of the required properties as
possible. This can be very challenging in many instances. Therefore, selecting an appropriate
method is always a compromise. The development of a robust and efficient method is influenced
by the intricate interplay of the need for conservativity, suppression of the Gibbs phenomenon,
and consideration of the multidimensional nature of the problems. It should also be noted
that meeting individual requirements is also difficult in more general cases. For example, the
question is how to create a limiter if the exact solution does not have bounded total variation
or does not preserve monotonicity.

In conclusion, the development of new efficient and robust numerical methods for fluid flow
simulation is still an area of intense research, among other reasons mentioned above.
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