
JOURNAL OF OPTIMIZATION, DIFFERENTIAL EQUATIONS AND THEIR APPLICATIONS (JODEA)
Volume 32, Issue 1, June 2024, pp. 84–96, DOI 10.15421/142405

ISSN (print) 2617–0108
ISSN (on-line) 2663–6824

OPTIMAL STABILIZATION IN SYSTEMS OF LINEAR
DIFFERENTIAL EQUATIONS

Denys Ya. Khusainov∗, Josef Diblik†, Andriy V. Shatyrko‡, Zhenya R. Hahurin§

Abstract. This article considers the optimal stabilization problems for complex dynam-
ical systems, which can be described in terms of linear differential equations. At the
beginning of the article, general provisions on optimal stabilization and the application
of the apparatus of optimal Lyapunov functions for the purpose of solving the formulated
problem are given. To ensure consistency and easier understanding of the obtained results,
the systems with scalar control are considered first. The main results were obtained for
systems with n-dimensional control and the presence of a diagonal matrix in the quality
criteria. Finally, the conditions are extended to the case when a matrix of the general
form is used in the quality criterion.
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1. Introduction

As is known, when we try to solve problems of optimization of dynamic sys-
tems, two approaches are used. The first of them consists in finding a fixed
control (program control), at which the system, described by differential equa-
tions, reaches a given value and minimizes the integral quality criterion at a finite
time period. This method was proposed by L.S. Pontryagin and practically was
the transfer of general optimization methods on dynamic systems [1,2]. The sec-
ond method was, in essence, not optimal control, but optimal stabilization. It
consisted of finding a control function in the form of feedback, at which the zero
solution was asymptotically stable (traditionary stabilization), and in addition,
some specific integral quality criterion reached a minimum value in an infinite pe-
riod of time (optimal stabilization). The last approach was based on the second
Lyapunov method and was proposed by N.N. Krasovskii [3, 4]. Further develop-
ment of this direction was carried out, for example in the work [5] and others,
which were referred in it. It should be noted that the standard approach to
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studying the optimal stabilization problem involves the use of the dynamic pro-
gramming method [6]. But at the same time, constructing the Bellman function
causes significant difficulties for general classes of nonlinear systems. Therefore,
the development of other approaches, in particular Lyapunov methods, to solving
the problem of optimal stabilization is a current direction in mathematical con-
trol theory, which attracts the attention of leading specialists. Initially, and this
constituted a certain tradition, stabilization problems were problems of mechanics
about stabilizing the movement of certain mechanical systems [4, 7]. Naturally,
the area of construction of stabilizing control, and especially its optimization, was
not limited to these issues. A number of similar problems were posed and solved in
various fields of technology, engineering, etc. [8,9]. Interesting results specifically
in the field of optimal stabilization, both for technical systems and for generalized
various mathematical abstractions, have been recently obtained in works [10,14].
Using the technique of the direct Lyapunov method, research was carried out in
the field of stabilization of systems with uncertain coefficients, both the system
and the observer [15]. The universality of the Lyapunov method in solving stabi-
lization problems can be evidenced by works in the field of research of difference
systems, stochastic systems, systems of functional differential equations [16,19].

In connection with the rapid development of Computer Internet Technologies,
the use of similar approaches, in particular, in the field of Artificial Intelligence
(artificial neural networks) is of interest [15,20].

The present article further examines the main provisions of the method of op-
timal Lyapunov functions, formulated in [5,12,21] at relation to dynamic systems,
which are described by ordinary differential equations.

2. Optimal Lyapunov functions of systems of nonlinear
differential equations

Let‘s consider general statements about optimal stabilization in differential
systems. The second Lyapunov method is chosen as the research apparatus [22,
23]. The problem of optimal stabilization of the zero state of equilibrium x(t) ≡ 0
of a system described by ordinary differential equations

ẋ = f(t, x(t), u(t)), x ∈ Rn, u ∈ Rm, t ≥ t0, (2.1)

that is, the task of constructing a control that provides the best quality of the
transient process can be written in the form of minimizing the integral criterion
of functional quality

I [x(t), u(x(t))] =

ˆ ∞

t0

ω(t, x(t), u(x(t))) dt. (2.2)

along the solutions of the system (2.1). Here ω(t, x, u) is a non-negative function
defined in the area

x(t) ∈ Rn, u(t) ∈ Rm, t ≥ t0, |x| =

{
n∑
i=1

x2i

} 1
2

, (2.3)
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which contains the origin. In particular, for systems of linear differential equations
with constant coefficients

ẋ = Ax(t) +Bu(t), x(t) ∈ Rn, u(t) ∈ Rm, t ≥ t0,

the function of "quality of system dynamics" may have a quadratic form

ω(x, u) = xTCx+ uTDu

with positive-definite matrices C and D.
Consider the following problem. Let the process x(t)quality criterion be chosen

in the form of an integral (2.2). It is necessary to find a control u0(t) that ensures
asymptotic stability of the undisturbed motion x(t) ≡ 0 of the system

ẋ = f(t, x, u)

and at the same time for any other controls u∗(t) the inequality is satisfied
ˆ ∞

t0

ω(t, x0(t), u0(x0(t))) dt ≤
ˆ ∞

t0

ω(t, x(t), u∗(x(t))) dt.

Thus, the problem was called the problem of optimal stabilization. The func-
tion uo(t) was called optimal control. The following expression was introduced

L [V, t, x, u] =
∂V (x, t)

∂t
+ gradTxV (x, t)f(t, x, u) + ω(t, x, u).

The conditions for optimal stabilization were formulated and proved in the
form of the following theorem.

Theorem 2.1 (on optimal stabilization). Let for the differential equation of un-
perturbed motion (2.1) we can find an additively defined function V0(x, t) and a
vector function u0(x, t) admitting an infinitesimal higher bound, such that in the
domain (2.3) the conditions are satisfied:

1. the function ω(x, t) = ω(x, uo(x, t), t) is positive-definite;

2. the equality holds L [V0(x, t), t, x, u0(x, t), ] = 0;

3. whatever other control functions u(x, t) are, the inequality is strict

B [V0(x, t), t, x, u(x, t)] ≥ 0.

Then the function u0(x, t) solves the optimal stabilisation problem. And, more-
over,
ˆ ∞

t0

ω(t, x(t), u0(x(t), t)) dt = min
u

{ˆ ∞

t0

ω(t, x(t), u(x(t), t)) dt
}

= V0(x(t0), t0). (2.4)
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Proof. The proof is based on the following propositions. Let the control function
u0(x, t) satisfies the conditions of the theorem, and V0(x, t) some additionally
defined function. As follows from the second condition of the optimal stabilization
theorem, its full derivative by virtue of system (2.1) is

d

dt
V0(x, t) = −ω(t, x, u0(x, t))

and is a negatively definite function. Then, as follows from Lyapunov’s second
theorem, the zero solution of the system will be asymptotically stable. Thus, the
control function u0(x, t) solves the stabilization problem. It is shown that it also
solves the problem of optimal stabilization, i.e., with this control, the integral
quality criterion reaches a minimum value. Due to the asymptotic stability of the
zero state of equilibrium, for any solution x(t) of system (2.1), the following will
be true

lim
t→+∞

V0(x(t), t) = 0.

By integrating the full derivative of the Lyapunov function along the solution
x(t) and using its limit value, we obtain
ˆ ∞

t0

ω(t, x(t), u0(x(t), t)) dt = − lim
t→+∞

V0(x(t), t) + V0(x(t0), t0) = V0(x(t0), t0).

which is what we needed to show. Condition (2.4) ensures the optimality of the
solution to the problem.

3. Optimal stabilization of linear systems

The problem of stabilization of linear control systems, i.e., the construction of
control laws that guarantee asymptotic stability of linear systems

ẋ = Ax+Bu,A ∈ Rn×n, B ∈ Rn×n

has been considered for a long time and in detail. The main requirement for linear
stationary control systems is to fulfill the controllability condition of the system,
i.e., to fulfill the condition

detSn ̸= 0, Sn = {B,AB,A2B, ..., An−1B}.

Let us consider the application of the method of Lyapunov functions to the
problem of optimal stabilization of linear stationary systems.

3.1. Linear systems with scalar control

Consider linear systems with scalar control of the form

ẋ = Ax(t) + bu(x), A ∈ Rn×n, b ∈ Rn, x ∈ Rn, u(x) ∈ R1, t ≥ 0. (3.1)
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It is necessary to find a control u0(x) under which the system (3.1) is asymp-
totically stable and the quality criterion

I [x(t), u(x(t))] =

ˆ ∞

0
{xT (t)Cx(t) + du2(x(t))) dt, (3.2)

will reach a minimum value. Here C ∈ Rn×n is a symmetric, positive definite
matrix, d ∈ R1 > 0. Let the matrix A be asymptotically stable and symmetric,
a H positive definite matrix that is a solution to the Lyapunov matrix equation

ATH +HA = −C. (3.3)

The following result occurs.

Theorem 3.1. Let the matrix A be asymptotically stable. Then the stabilizing
control u0(x) that optimizes the integral quality criterion (3.2) has the form

u0(x) = −2

d
bTHx. (3.4)

Proof. The solution to the optimal stabilization problem is sought by the method
of Lyapunov functions. The function is taken in the form of a quadratic form
V (x) = xTHx,H ∈ Rn×n, where the symmetric, additionally defined matrix
is the solution of equation (3.3). Checking that the conditions of the optimal
stabilization theorem are met.

1. A function ω(x, u) = xTCx+ du2 with a positive definite matrix C ∈ Rn×n
and d > 0 is a positive definite function;

2. The function L [V (x), x, u(x)] has the form

L [V (x), x, u(x)] =
d

dt
V (x) + xTCx+ du2.

Let’s calculate the total derivative of the Lyapunov function V (x) = xTHx
by virtue of system (3.1). It has the form

d

dt
V (x(t)) = ẋT (t)Hx(t) + xT (t)Hẋ(t)

= [Ax(t) + bu(x(t))]T Hx(t) + xT (t)H [Ax(t) + bu(x(t))]

= xT (t)
[
ATH +HA

]
x(t) + u(x(t))

[
bTHx(t) + xT (t)Hb

]
.

Thus,

L [V (x), x, u(x)] = xT
[
ATH +HA

]
x+u(x)

[
bTHx+ xTHb

]
+xTCx+du2.

Equating the resulting value to zero, and moving the last two terms to the
right, we get

xT
[
ATH +HA

]
x+ u(x)

[
bTHx+ xTHb

]
= −xTCx− du2(x).
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By equating the corresponding terms, we obtain a system of two equations{
xT
[
ATH +HA

]
x = −xTCx,

u(x)
[
bTHx+ xTHb

]
= −du2(x).

From the first system, we obtain that H is the solution of the matrix Lya-
punov equation (3.3). It is known that if a matrix A is asymptotically
stable, then for any positive definite matrix C, the Lyapunov matrix equa-
tion (3.3) has a unique solution, a positive definite matrix H. Let’s consider
the second system. Since the control u(x) is a scalar quantity, we can reduce
it by

bTHx+ xTHb = −du(x).

Thus
2bTHx = −du(x).

And, if the control u(x) is taken as (3.4), we will get

L [V (x), x, u0(x)] ≡ 0.

3. We will show that the third condition is also met. Namely, when u(x) ̸=
u0(x)

L [V (x), x, u0(x)] ̸= 0.

Let u(x) = u0(x) + ∆u(x). Then

L [V (x), x, u0(x) + ∆u(x)] = xT
[
ATH +HA

]
x

+ (u0(x) + ∆u(x))
[
bTHx+ xTHb

]
+ xTCx

+ d(u0(x) + ∆u(x))2 = xT
[
ATH +HA

]
x

+ u0(x)
[
bTHx+ xTHb

]
+∆u(x)

[
bTHx+ xTHb

]
+ xTCx

+ d(u20(x) + ∆u2(x) + 2u0(x)∆u(x)).

As follows from the choice of the function u0(x) , the equality

xT
[
ATH +HA

]
x+ 2u0(x)b

THx+ xTCx+ du20(x) = 0.

Therefore, it remains

L[V (x), x, u0(x) + ∆u(x)] = 2∆u(x)bTHx+ 2du0(x)∆u(x) + d(∆u(x))2.

Or

L[V (x), x, u0(x) + ∆u(x)] = ∆u(x)[2bTHx+ 2du0(x) + d∆u(x)].

The resulting expression can be zero
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(a) or at ∆u(x) = 0;

(b) or at ∆u(x) = −2
d

(
bTHx+ du0(x)

)
.

The first case cannot be assumed. Let’s consider the second case. Substi-
tuting for u0(x) its value, we get

∆u(x) = −2

d

(
bTHx− 2bTHx

)
=

2

d
bTHx = −∆u0(x) ̸= 0.

by assumption. Thus, under the control of (3.4), the system (3.1) will be
asymptotically stable and the quality criterion (3.2) will reach a minimum
value equal to I [x0(t), u0(x(t))] = xT0Hx0.

Example 3.1. Let the system have the form

d

dt

(
x(t)
y(t)

)
=

[
−2 1
1 −2

](
x(t)
y(t)

)
+

(
1
2

)
u(x(t), y(t)),

with a quality criterion

I [x(t), y(t), u(x(t), y(t))] =

ˆ ∞

0
(3x2(t) + 3y2(t) + u2(x(t), y(t)) dt,

Here we have A =

[
−2 1
1 −2

]
, b =

(
1
2

)
, C =

[
3 0
0 3

]
, d = 1. In this case we get

a matrix equation to determine the matrix H[
−2 1
1 −2

] [
h11 h12
h21 h22

]
+

[
h11 h12
h21 h22

] [
−2 1
1 −2

]
= −

[
3 0
0 3

]
.

Solving it, we get h11 = 1, h22 = 1, h21 = h12 = 1
2 . Thus, the optimal Lyapunov

function is

V0(x, y) = (x, y)

[
1 1

2
1
2 1

](
x
y

)
= x2 + xy + y2,

and the control function gets the following form

u0(x, y) = −2(1, 2)

[
1 1

2
1
2 1

](
x
y

)
= −4x+ 5y.
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3.2. Systems with a diagonal matrix in quality integral control

This section describes the full management system

ẋ(t) = Ax(t) +Bu(x(t)), A ∈ Rn×n, B ∈ Rm×n, x(t) ∈ Rn.

We should find the control function u0(x) at which the system is asymptotically
stable and integral quality criterion

I [x(t), u(x(t))] =

ˆ ∞

0
(xt(t)Cx(t) + ut(x(t))Λdu(x(t))) dt

reaches a minimum value. Here C ∈ Rn×n is symmetrical, positive-definite matrix,
Λd = diag(djj), djj > 0, j = 1,m is a diagonal matrix. The following statement
is true.

Theorem 3.2. Suppose the matrix A is asymptotically stable and H the solution
of the matrix equation (3.3) with a positively definite matrix C is included in the
integral quality criterion (3.2). Then the stabilizing control u0(x) , at which the
integral quality criterion reaches a minimum value, is as follows

u0(x) = −2Λ 1
d
BTHx, Λ 1

d
=


1
d11

0 ... 0

0 1
d22

... 0

. ... . .
0 0 ... 1

dmm

 .
Proof. In this case, the Lyapunov function is also taken as a quadratic form
V (x) = xTHx. its total derivative is

d

dt
V (x(t)) = [Ax(t) +Bu(x(t))]T Hx(t) + xT (t)H [Ax(t) +Bu(x(t))] .

By equating it to the sub-integral expression of quality criterion (3.2), we get

[Ax(t) +Bu(x(t))]T Hx(t) + xT (t)H [Ax(t) +Bu(x(t))]

= −xt(t)Cx(t)− ut(x(t))Λdu(x(t)).

By equating the corresponding terms, we obtain a system of two equations{
xT (t)

[
ATH +HA

]
x(t) = −xT (t)Cx(t),

uT (x(t))BTHx(t) + xT (t)HBu(x(t)) = −uT (x(t))Λdu(x(t)).

The matrix H , as in the previous case, is a solution of the Lyapunov matrix
equation (3.3). Let‘s take a look at the second equation and we consider the

following b1 =


b11
b21
...
bn1

 , ..., bm =


b1m
b2m
...
bnm

 , h1 =


h11
h21
...
hn1

 , ..., hn =


h1n
h2n
...
hnn

 Then
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the second equation can be rewritten as

(u1, u2, ..., um)


bT1 h1 bT1 h2 ... bT1 hn
bT2 h1 bT2 h2 ... bT2 hn
. . ... .

bTmh1 bTmh2 ... bTmhn



x1
x2
...
xn



+ (x1, x2, ..., xn)


hT1 b1 hT1 b2 ... hT1 bm
hT2 b1 hT2 b2 ... hT2 bm
. . ... .

hTn b1 hTn b2 ... hTn bm



u1
u2
...
um



= −(u1, u2, ..., um)


d11 0 ... 0
0 d22 ... 0
. . ... .
0 0 ... dmm



u1
u2
...
um

 .

And we can rewrite it and get

(u1, u2, ..., um)


bT1 (h1x1 + h2x2 + ...+ hnxn)
bT2 (h1x1 + h2x2 + ...+ hnxn)

...
bTm(h1x1 + h2x2 + ...+ hnxn)


+ ((hT1 x1 + hT2 x2 + ...+ hTnxn)b1, (h

T
1 x1 + hT2 x2 + ...+ hTnxn)b2, . . . ,

(hT1 x1 + hT2 x2 + ...+ hTnxn)bm)


u1
u2
...
um


= −d11u21 − d22u

2
2 − ...− dmmu

2
m

Equating corresponding terms we obtain a system of equations
2(hT1 x1 + hT2 x2 + ...+ hTnxn)b1u1 = −d11u21,
2(hT1 x1 + hT2 x2 + ...+ hTnxn)b2u2 = −d22u22,
...

2(hT1 x1 + hT2 x2 + ...+ hTnxn)bmum = −dmmu2m.

Considering and transforming each of the equations separately, we obtain that
the optimal control is u0(x) = (u01(x), u

0
2(x), ..., u

0
m(x)), where

u01(x) = − 2

d11
(bT1 h1x1 + bT1 h2x2 + ...+ bT1 hnxn),

u02(x) = − 2

d22
(bT2 h1x1 + bT2 h2x2 + ...+ bT2 hnxn),

...

u0m(x) = − 2

dmm
(bTmh1x1 + bTmh2x2 + ...+ bTmhnxn).
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Or, in a more compact form

u0(x) = −2Λ 1
d
BTHx,Λ 1

d
=


1
d11

0 ... 0

0 1
d22

... 0

. ... . .
0 0 ... 1

dmm

 .

Example 3.2. Consider system (3.1) with quality criterion (3.2). Let the matrices
have the following form

A =

[
−2 1
1 −2

]
, B =

[
1 0
1 1

]
, C =

[
3 0
0 3

]
, D =

[
1 0
0 1

]
.

Matrix equation

ATH +HA = −C,

as in the previous example, has the solution H =

[
1 1

2
1
2 1

]
. And the optimal

control is 
u01(x, y) = −2 [(1, 0)x+ (0, 1)y]

(
1

1

)
= −2x− 2y,

u02(x, y) = −2 [(1, 0)x+ (0, 1)y]

(
0

1

)
= −2y.

3.3. Linear systems with matrices of general form in the quality
integral

Consider linear systems with a quality criterion of the general form

I [x(t), u(x(t))] =

ˆ ∞

0
(xT (t)Cx(t) + uT (x(t))Du(x(t))) dt,

Here the matrix D is symmetric, but not diagonal.

Theorem 3.3. Let H be the solution of matrix equation (3.3) with positive-
definite matrix C, included in the integral criterion. Then the stabilising control
u0(x) that minimizes the integral criterion (3.2) has the following form

u0(x) = −SΛ 1
d
BTHx.

S is orthogonal matrix, leading to matrix D to a diagonal form.
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Proof. Let‘s do the following transformation. Vector control function u0(x) ∈ Rm
is found as

u0(x) = Sz0(x),

where S is some non-specific matrix. The quality criterion takes the form

I [x(t), Sz(x)] =

ˆ ∞

0
(xT (t)Cx(t) + zT (x(t))STDSz(x(t))) dt.

If the matrix D is real, symmetric, then it is orthogonally similar to some diagonal
matrix Λd, i.e. there exists real orthogonal matrix S , that

S−1DS = Λd,Λd = diag (d11, d22, ..., dmm).

Here 0 ≤ d11 ≤ d22 ≤ ... ≤ dmm are eigenvalues of matrix D. Since for an
orthogonal matrix S−1 = ST , then the quadratic form uTDu under orthogonal
transformation u = Sz(SST = 1) changes to the form

zTΛdz =
n∑
j=1

djjz
2
j .

Thus, after transforming (3.2) the quality criterion for the control system will
has the following form

I [x(t), z(x)] =

ˆ ∞

0
(xT (t)Cx(t) + zT (x(t))Λdz(x(t))) dt,

with diagonal matrix Λd. And back to the previous case. The optimal control
would be

z0(x) = −2bTΛ 1
d
Hx.

And the output control

u0(x) = −2SbTΛ 1
d
Hx,Λ 1

d
=


1
d11

0 ... 0

0 1
d22

... 0

. ... . .
0 0 ... 1

dmm

 .

4. Conclusion

Based on the application of Lyapunov’s direct method and using the appa-
ratus of Lyapunov’s optimal functions, the authors proved sufficient conditions
for stabilization in systems of linear ordinary differential equations to the state of
asymptotic stability with the provision of optimality of additional quality criteria.
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In the future, applying the proposed methodology and the ideas of the this article
authors, which was presented in papers [14, 24], it is possible to conduct similar
studies with nonlinear control systems and complex systems, the functioning of
which is described in terms of functional-differential or difference equations.
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