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OPTIMAL STABILIZATION IN SYSTEMS OF LINEAR
DIFFERENTIAL EQUATIONS

Denys Ya. Khusainov? Josef Diblik! Andriy V. Shatyrko? Zhenya R. Hahurin®

Abstract. This article considers the optimal stabilization problems for complex dynam-
ical systems, which can be described in terms of linear differential equations. At the
beginning of the article, general provisions on optimal stabilization and the application
of the apparatus of optimal Lyapunov functions for the purpose of solving the formulated
problem are given. To ensure consistency and easier understanding of the obtained results,
the systems with scalar control are considered first. The main results were obtained for
systems with n-dimensional control and the presence of a diagonal matrix in the quality
criteria. Finally, the conditions are extended to the case when a matrix of the general
form is used in the quality criterion.
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1. Introduction

As is known, when we try to solve problems of optimization of dynamic sys-
tems, two approaches are used. The first of them consists in finding a fixed
control (program control), at which the system, described by differential equa-
tions, reaches a given value and minimizes the integral quality criterion at a finite
time period. This method was proposed by L.S. Pontryagin and practically was
the transfer of general optimization methods on dynamic systems [1,2]. The sec-
ond method was, in essence, not optimal control, but optimal stabilization. It
consisted of finding a control function in the form of feedback, at which the zero
solution was asymptotically stable (traditionary stabilization), and in addition,
some specific integral quality criterion reached a minimum value in an infinite pe-
riod of time (optimal stabilization). The last approach was based on the second
Lyapunov method and was proposed by N.N. Krasovskii [3,4]. Further develop-
ment of this direction was carried out, for example in the work [5] and others,
which were referred in it. It should be noted that the standard approach to
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studying the optimal stabilization problem involves the use of the dynamic pro-
gramming method [6]. But at the same time, constructing the Bellman function
causes significant difficulties for general classes of nonlinear systems. Therefore,
the development of other approaches, in particular Lyapunov methods, to solving
the problem of optimal stabilization is a current direction in mathematical con-
trol theory, which attracts the attention of leading specialists. Initially, and this
constituted a certain tradition, stabilization problems were problems of mechanics
about stabilizing the movement of certain mechanical systems [4,7]. Naturally,
the area of construction of stabilizing control, and especially its optimization, was
not limited to these issues. A number of similar problems were posed and solved in
various fields of technology, engineering, etc. [8,9]. Interesting results specifically
in the field of optimal stabilization, both for technical systems and for generalized
various mathematical abstractions, have been recently obtained in works [10,14].
Using the technique of the direct Lyapunov method, research was carried out in
the field of stabilization of systems with uncertain coefficients, both the system
and the observer [15]. The universality of the Lyapunov method in solving stabi-
lization problems can be evidenced by works in the field of research of difference
systems, stochastic systems, systems of functional differential equations [16,19].

In connection with the rapid development of Computer Internet Technologies,
the use of similar approaches, in particular, in the field of Artificial Intelligence
(artificial neural networks) is of interest [15,20].

The present article further examines the main provisions of the method of op-
timal Lyapunov functions, formulated in [5,12,21] at relation to dynamic systems,
which are described by ordinary differential equations.

2. Optimal Lyapunov functions of systems of nonlinear
differential equations

Let‘s consider general statements about optimal stabilization in differential
systems. The second Lyapunov method is chosen as the research apparatus [22,
23]. The problem of optimal stabilization of the zero state of equilibrium z(¢) = 0
of a system described by ordinary differential equations

&= f(t,z(t),u(t)), zeR" welR™ t>tp, (2.1)

that is, the task of constructing a control that provides the best quality of the
transient process can be written in the form of minimizing the integral criterion
of functional quality

Iz(t),u(z(t))] = /toow(t,a:(t),u(a:(t))) dt. (2.2)

0

along the solutions of the system (2.1). Here w(t,x, u) is a non-negative function
defined in the area

1
n 2
z(t) €R™, u(t) € R™, t > to,|z| = {Zﬁ} : (2.3)
=1
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which contains the origin. In particular, for systems of linear differential equations
with constant coefficients

& = Ax(t) + Bu(t), z(t) e R", u(t) e R™, t>tp,
the function of "quality of system dynamics" may have a quadratic form
w(z,u) = 27 Cx +u' Du

with positive-definite matrices C' and D.

Consider the following problem. Let the process x(t)quality criterion be chosen
in the form of an integral (2.2). It is necessary to find a control ug(t) that ensures
asymptotic stability of the undisturbed motion z(t) = 0 of the system

il:Lf‘(-l(:7a;.?/l'l/)

and at the same time for any other controls u*(¢) the inequality is satisfied

o

/toow(t,:co(t),uo(xg(t)))dt §/ w(t, z(t),u*(x(t))) dt.

0 to

Thus, the problem was called the problem of optimal stabilization. The func-
tion u,(t) was called optimal control. The following expression was introduced

ov(z,t)
ot
The conditions for optimal stabilization were formulated and proved in the
form of the following theorem.

LV t,x,u] = + gradl V (z,t) f(t, z,u) + w(t, z, u).

Theorem 2.1 (on optimal stabilization). Let for the differential equation of un-
perturbed motion (2.1) we can find an additively defined function Vy(x,t) and a
vector function ug(x,t) admitting an infinitesimal higher bound, such that in the
domain (2.8) the conditions are satisfied:

1. the function w(z,t) = w(x,us(x,t),t) is positive-definite;
2. the equality holds L [Vy(x,t),t, z,up(x,t),] =0;
3. whatever other control functions u(x,t) are, the inequality is strict

B [Vh(x,t),t,x,u(z,t)] > 0.

Then the function ug(xz,t) solves the optimal stabilisation problem. And, more-
over,

/too w(t, (), ug(w (), 1)) dt = min { /too w(t, z(t), u(z(t), 1)) dt}
— Vo(z(to), to). (2.4)
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Proof. The proof is based on the following propositions. Let the control function
uo(x,t) satisfies the conditions of the theorem, and Vy(x,t) some additionally
defined function. As follows from the second condition of the optimal stabilization
theorem, its full derivative by virtue of system (2.1) is

%‘/O(xv t) = _w(t7 €L, UO(J;’ t))

and is a negatively definite function. Then, as follows from Lyapunov’s second
theorem, the zero solution of the system will be asymptotically stable. Thus, the
control function ug(z,t) solves the stabilization problem. It is shown that it also
solves the problem of optimal stabilization, i.e., with this control, the integral
quality criterion reaches a minimum value. Due to the asymptotic stability of the
zero state of equilibrium, for any solution x(¢) of system (2.1), the following will
be true

lim Vp(z(t),t) = 0.

t——+o0

By integrating the full derivative of the Lyapunov function along the solution
z(t) and using its limit value, we obtain

/toow(t,x(t),uo(as(t),t)) dt = — lim Vp(z(t),t) + Vo(x(to), to) = Vo(x(to), to).

o t—+o0
which is what we needed to show. Condition (2.4) ensures the optimality of the

solution to the problem. O

3. Optimal stabilization of linear systems

The problem of stabilization of linear control systems, i.e., the construction of
control laws that guarantee asymptotic stability of linear systems

i = Az + Bu, A € R™" B € R™"

has been considered for a long time and in detail. The main requirement for linear
stationary control systems is to fulfill the controllability condition of the system,
i.e., to fulfill the condition

det S, #0,5, = {B,AB, A’B, ..., A" B}.

Let us consider the application of the method of Lyapunov functions to the
problem of optimal stabilization of linear stationary systems.

3.1. Linear systems with scalar control

Consider linear systems with scalar control of the form

&= Azx(t) + bu(z), AcR™™ beR" zcR” wu(x)cR, t>0  (3.1)
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It is necessary to find a control ug(z) under which the system (3.1) is asymp-
totically stable and the quality criterion

Iz(t), u(z(t)] = /0 T T ()C(t) + dud(z () dt, (3.2)

will reach a minimum value. Here C € R™ ™ is a symmetric, positive definite
matrix, d € R! > 0. Let the matrix A be asymptotically stable and symmetric,
a H positive definite matrix that is a solution to the Lyapunov matrix equation

ATH 4+ HA = —C. (3.3)
The following result occurs.

Theorem 3.1. Let the matrix A be asymptotically stable. Then the stabilizing
control ug(x) that optimizes the integral quality criterion (3.2) has the form

up(z) = —ngHa:. (3.4)
Proof. The solution to the optimal stabilization problem is sought by the method
of Lyapunov functions. The function is taken in the form of a quadratic form
V(zr) = 2THz, H € R™", where the symmetric, additionally defined matrix
is the solution of equation (3.3). Checking that the conditions of the optimal
stabilization theorem are met.

1. A function w(z,u) = 27 Cx + du® with a positive definite matrix C' € R™*"
and d > 0 is a positive definite function;

2. The function L [V (x),z,u(x)] has the form

LIV (2), 2, u(z)] = %V(m) + 2T Cx + du.

Let’s calculate the total derivative of the Lyapunov function V(x) = 2T Hz
by virtue of system (3.1). It has the form

%V(m(t)) — T () Hat) + 2T (0 Ha(t)
= [Az(t) + bu(z ()] Hz(t) + 2T (t)H [Az(t) + bu(z(t))]
=27(t) [ATH + HA] z(t) + u(z(t)) [b" Hz(t) + 2" (t)Hb] .
Thus,

L[V (z),zu(z)] =z [ATH + HA] z+u(z) [bTHx + xTHb} + a2t Cx+du®.

Equating the resulting value to zero, and moving the last two terms to the
right, we get

o’ [ATH + HA] z + u(z) 0" Hz + 2" Hb| = —2" Cz — du?(x).
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By equating the corresponding terms, we obtain a system of two equations
zT [ATH + HA] z=—z"Cuz,
u(z) [bT He + 2T Hb| = —du?(x).

From the first system, we obtain that H is the solution of the matrix Lya-
punov equation (3.3). It is known that if a matrix A is asymptotically
stable, then for any positive definite matrix C', the Lyapunov matrix equa-
tion (3.3) has a unique solution, a positive definite matrix H. Let’s consider
the second system. Since the control u(x) is a scalar quantity, we can reduce
it by

V' Hz + 2T Hb = —du(z).

Thus
2T He = —du(z).

And, if the control u(z) is taken as (3.4), we will get

L[V(z),z,up(z)] =0.

. We will show that the third condition is also met. Namely, when u(x) #

uo(z)
LV (x),z,up(x)] #0.

Let u(x) = ug(x) + Au(z). Then
LV(z),2,uo(z) + Au(z)] = 2' [ATH + HA] x

+ (uo(z) + Au(x)) [p"Hr + 2T Hb] + 27 Cx
+ d(uo(z) + Au(z))* =27 [ATH + HA] z
+ug(z) (b He + 27 Hb]
+ Au(x) [bTHx + JZTHb} + 2T Cx
+ d(ud(x) + Au?(x) + 2up(z) Au(z)).

As follows from the choice of the function ug(z) , the equality

o’ [ATH + HA] 2 + 2ug(2)b" Hr + 27 Cx + dud(z) = 0.
Therefore, it remains
LIV (), z,uo(x) + Au(z)] = 2Au(z)bT Hz + 2dug(z) Au(z) + d(Au(zx))?.
Or
LIV (z), z,uo(x) + Au(x)] = Au(z)[2b7 Hzx + 2dug(x) + dAu(z)].

The resulting expression can be zero
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(a) or at Au(z) = 0;
(b) or at Au(z) =—2 (bTH:L‘ + duo(:v)).

The first case cannot be assumed. Let’s consider the second case. Substi-
tuting for ug(x) its value, we get

2 2
Au(z) = —g<bTH£L' - 2bTH3:) = &bTHx = —Aug(z) # 0.

by assumption. Thus, under the control of (3.4), the system (3.1) will be
asymptotically stable and the quality criterion (3.2) will reach a minimum
value equal to I [xo(t), uo(z(t))] = 2 Hzy.

O]

Example 3.1. Let the system have the form

G0 =170 L G0) + (3) s,
with a quality criterion

(), y(8), u(z(t), y(1)] = /000(3562(75) +3y%(t) + (2 (t), y(1)) dt,

-2 1 1 3 0 .
HerevvehaweA—[1 _2],b—<2>,0—[0 3],d—1. In this case we get

a matrix equation to determine the matrix H
—2 1 hi11 his 4 hi11 his -2 1 _ 3 0
1 -2 h21 h22 h21 h22 1 -2 0 3|°

Solving it, we get hi1 = 1,hos = 1, ho; = hio = % Thus, the optimal Lyapunov
function is

1 % X 2 2
Vo(z,y) = (z,y) |1 | y) =T Tty

2
and the control function gets the following form

uo(z,y) = —2(1,2) E ﬂ (Z) = —dx + by.
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3.2. Systems with a diagonal matrix in quality integral control
This section describes the full management system
z(t) = Az(t) + Bu(z(t)), A € R"", B e R™" z(t) € R".

We should find the control function ug(x) at which the system is asymptotically
stable and integral quality criterion

Iz(t), u(z(t))] = /Ooo(fct(t)C:ﬂ(t) + ' (2(t)) Aqu(x(t))) dt

reaches a minimum value. Here C' € R™*" is symmetrical, positive-definite matrix,
Ag = diag(dj;),dj; > 0,7 = 1,m is a diagonal matrix. The following statement
is true.

Theorem 3.2. Suppose the matriz A is asymptotically stable and H the solution
of the matrix equation (3.3) with a positively definite matriz C' is included in the
integral quality criterion (3.2). Then the stabilizing control ug(x) , at which the
integral quality criterion reaches a minimum value, is as follows

1

A0 .0
T 0 di .. 0
UO(QC) - _2ALB H.’L'7 Al = 22
d d . e . .
1
0 0o ..  —

Proof. In this case, the Lyapunov function is also taken as a quadratic form
V(z) = 2T Hz. its total derivative is

%V(m(t)) = [Az(t) + Bu(z(t))]” Hz(t) + 27 (t)H [Az(t) + Bu(z(t))].

By equating it to the sub-integral expression of quality criterion (3.2), we get

[Az(t) + Bu(w(t))]T Hz(t) + 27 (t)H [Az(t) + Bu(z(t))]
= —2'(t)Cz(t) — u'(x(t)) Agu(z(t)).

By equating the corresponding terms, we obtain a system of two equations

{ aT(t) [ATH + HA] z(t) = —2T(t)Cx(t),
uT(z(t))BTHx(t) + 2T (t)HBu(z(t)) = —u’(2(t))Agqu(z(t)).

The matrix H , as in the previous case, is a solution of the Lyapunov matrix
equation (3.3). Let‘s take a look at the second equation and we consider the
b11 bim h11 hin,
. b b h h
following by = | 2 | b = | 2™ | by = | "2 |,.ihn = | 7* | Then

bnl bnm hnl hnn



92 D. Khusainov, J. Diblik, A. Shatyrko, Ye. Hahurin

the second equation can be rewritten as

blThl b{hg blThn x1
(w1, u2, ooy ) bihi bjhy .. bJhn| | w2
bghl b%hz bﬁhn T
R A
+(x17$2,-..7$n) h2b1 h2b2 hzbm U9
di; 0 0 uy
0 da 0 Uy
= _(u1>u2, >um)

And we can rewrite it and get

b?(hlxl + hoxo + ... + hnZEn)
(u1 s w ) bgT(hlxl + hoxg + ... + hnxn)
b%(hlxl + hoxg + ... + hn{Bn)

+ (AT + oo+ .+ hIx)by, (WT 2y + hEao 4+ .+ Rl 2o, . ..

uy
(hTay + hEao + ...+ hlx,)by) 2
Um,

= —dpu — dogul — ... — dypmtu?,

Equating corresponding terms we obtain a system of equations

2(hfx1 + hgxg + ...+ h%mn)blul = —dnu%,
2(h¥1£€1 + hg$2 —+ ...+ h£$n)62u2 = —dQQU%,

2(hfzy + hlzo + ..+ Rz o = —dmmu?,.

Considering and transforming each of the equations separately, we obtain that
the optimal control is ug(z) = (u)(x), ud(x), ...,ud,(z)), where

ceey Uppy

( 2
TM@:—aﬂﬁmM+fMM+m+§%%%
2
1&@:—£;£mm+£m@+m+£m%%
2
um@:774@mM+ﬂm@+m+%m%y
\ mm
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Or, in a more compact form

1
o 0 0
T 0 -+ 0
UO(I‘):—2AlB H.I‘,Al: 22
d d
1
O O d'mm

O]

Ezample 3.2. Consider system (3.1) with quality criterion (3.2). Let the matrices
have the following form

S e EE B R R A R

Matrix equation

ATH+ HA=-C,

— N[

as in the previous example, has the solution H = [ ] And the optimal

1
. 2
control is

wf(a,y) = ~2((1,0)z + (0, 1)y (i) = —22 -2y,

uY(,y) = —2[(1,0)z + (0, 1)y] (f) S

3.3. Linear systems with matrices of general form in the quality
integral

Consider linear systems with a quality criterion of the general form

I[e(t), u(a(t))] = /0 @I (0)Cr(t) + uT ((8) Dula(t))) db,

Here the matrix D is symmetric, but not diagonal.

Theorem 3.3. Let H be the solution of matriz equation (3.3) with positive-
definite matriz C, included in the integral criterion. Then the stabilising control
uo(x) that minimizes the integral criterion (8.2) has the following form

up(x) = —SA%BTH:E.

S is orthogonal matriz, leading to matriz D to a diagonal form.
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Proof. Let‘s do the following transformation. Vector control function ug(x) € R™
is found as
uo(x) = Szo(x),

where S is some non-specific matrix. The quality criterion takes the form
Iz(t),Sz(x)] = / (T (#)Cx(t) + 27 (x(t))ST DSz (x(t))) dt.
0

If the matrix D is real, symmetric, then it is orthogonally similar to some diagonal
matrix Ay, i.e. there exists real orthogonal matrix S , that

S_lDS = Ad,Ad = dlag (dn, d22, ceey dmm)

Here 0 < di1 < dos < ... < dpym are eigenvalues of matrix D. Since for an
orthogonal matrix S~! = ST, then the quadratic form «” Du under orthogonal
transformation u = Sz(SST = 1) changes to the form

n
2T Agz = Z djjzjg-.
=1

Thus, after transforming (3.2) the quality criterion for the control system will
has the following form

Iz(t), 2(x)] = /Ooo(wT(t)Cm(t) + 27 (a(t)Aaz(x(t))) dt,

with diagonal matrix Ay. And back to the previous case. The optimal control
would be

zo(x) = 72bTA§H93.

And the output control

1
d(l)l (1) 8
up(z) = —2Sb" AL Ha, Ay = T2
d d e
0 0 o

4. Conclusion

Based on the application of Lyapunov’s direct method and using the appa-
ratus of Lyapunov’s optimal functions, the authors proved sufficient conditions
for stabilization in systems of linear ordinary differential equations to the state of
asymptotic stability with the provision of optimality of additional quality criteria.
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In the future, applying the proposed methodology and the ideas of the this article
authors, which was presented in papers [14, 24|, it is possible to conduct similar
studies with nonlinear control systems and complex systems, the functioning of
which is described in terms of functional-differential or difference equations.
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