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ABSTRACT

Quantitative phase imaging (QPI) has advanced by accurately quantifying phase shifts caused by weakly absorbing biological and artifi-
cial structures. Despite extensive research, the diffraction limits of QPI have not been established and examined. Hence, it remains unclear
whether diffraction-affected QPI provides reliable quantification or merely visualizes phase objects, similar to phase contrast methods. Here,
we develop a general diffraction phase imaging theory and show that it is intrinsically connected with Rayleigh’s resolution theory. Our
approach reveals the entanglement of phases under restoration, imposing diffraction bounds on spatial phase resolution and, unexpectedly,
on phase accuracy. We prove that the phase accuracy depends on the size, shape, and absorption of objects forming the sample and signif-
icantly declines if the object size approaches the Rayleigh limit (a relative phase error of —16% for an Airy disk-sized object with low phase
shift). We show that the phase accuracy limits can be enhanced at the cost of deteriorated phase resolution by attenuating the sample back-
ground light. The QPI diffraction limits are thoroughly examined in experiments with certified phase targets and biological cells. The study’s
relevance is underscored by results showing that the phase accuracy of some structures is lost (a relative phase error of —40%) even though
they are spatially resolved (a phase visibility of 0.5). A reliable procedure is used to estimate phase errors in given experimental conditions,
opening the way to mitigate errors’ impact through data post-processing. Finally, the phase accuracy enhancement in super-resolution QPI is
discovered, which has not been previously reported.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0232405
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I. INTRODUCTION

Phase contrast and quantitative phase imaging (QPI) are mile-
stones in developing optical microscopy, significantly impacting life
and material sciences. Phase contrast imaging transforms phase
variations induced by transparent samples into intensity varia-
tions, making subtle changes in refractive index visible without
staining or labeling." It highlights sample structures that are chal-
lenging to distinguish under traditional bright-field microscopy.
The QPI goes a step further by visualizing phase shifts and quan-
tifying them.” Phase shifts are measures of the sample optical
path variations, enabling cellular growth monitoring or the optical
weighing of cells through dry mass reconstructions. This quanti-
tative approach is valuable in biology and biomedicine, providing
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insights into dynamic processes and morphological changes at the
microscopic level." However, the QPI extends beyond biophotonics
and also allows for reconstructing a geometric phase.”® In poly-
mer liquid crystals, the geometric phase is modulated by changes in
their molecular alignment, which transforms the polarization and
shapes the wavefront of incident light.” Similarly, the orientation
and shape of nanoantennas in plasmonic metasurfaces control the
geometric phase and manipulate light.” '’ The high optical perfor-
mance of QPI is essential for the correct interpretation of phase
measurements throughout the applications, allowing artifact-free
examination of cellular structures or diagnostics of modern opti-
cal components.'"'* The QPI optical performance relies on various
factors, including the principles of phase reconstruction, the spatial
coherence of illumination, the implementation of experiments, and
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data processing algorithms, all of which have been recently exam-
ined by thorough numerical simulations based on the discrete dipole
approximation.'’

Although all QPI methods use interference-modulated inten-
sity to restore phase images, the experimental implementations can
be highly diverse. In widely used interferometric systems adapted
to imaging, called holographic microscopes, the sample phase infor-
mation carried by the sample field is compared with the known
reference phase. Double-path and common-path holographic con-
figurations have been developed to obtain the reference phase,
each existing in several designs. In double-path QPI, the reference
phase is sample-independent. The distinct sample and reference
paths enable spatial phase shifting and single-shot phase recon-
struction, thereby allowing the investigation of dynamic phenom-
ena. Digital holographic microscopy,'* Hilbert microscopy,'” and
optical quadrature microscopy'® are typical representatives of the
double-path configuration. The need for high robustness led to
the common-path QPI, spatially filtering the reference wave out
of the sample light. The phase reconstruction then requires tem-
poral phase shifting with repeated recording of holograms.!” This
approach was used in Fourier phase microscopy,'® diffraction phase
microscopy,'” and spatial light interference microscopy (SLIM).*
Single-shot phase reconstruction was advantageously demonstrated
in a robust common-path setup of geometric-phase microscopy
based on polarization light coding.”!

Attention was also focused on light coherence in QPI exper-
iments. Simple systems operating with laser light are prone to
speckle noise, and the definition of spatial resolution for coher-
ent light is not consistently standardized within the imaging
community.”” Reducing spatial coherence mitigates the effects of
coherent noise. Coherence-controlled QPI platforms using light
self-correlation were developed,”””* enhancing spatial resolution
and enabling imaging through turbid media thanks to coher-
ence gating.”” Broadband QPI with low temporal coherence light
was also demonstrated,”””” and the white light phase was intro-
duced and examined.”® Considerable effort was devoted to optical
QPI models, which become challenging under partially coher-
ent illumination.”””" As the dependence of the partially coherent
field on the sample parameters is nonlinear, approaches were pro-
posed to linearize the imaging, assuming a weak sample.’’ The
QPI was also described by the 3D coherent transfer function,
which reveals the dependence of spatial frequency passband on
the coherence properties of the source.”” The precision of mea-
surements depending on system inaccuracies was tested,”> and
fundamental QPI bounds based on the Cramér-Rao inequality
were investigated for noisy data from coherent phase microscopy.”
Efforts to improve QPI performance have led to the development
of super-resolution techniques”” ™ and reconstruction algorithms
incorporating machine learning.*

Over the past two decades, QPI has advanced significantly in
system design, experimental implementation, and digital support.
However, less attention has been given to evaluating the QPI opti-
cal performance in established techniques, making it challenging to
select the most suitable method for specific applications. A newly
published study addressed this issue by comparing the optical per-
formance of eight different QPI configurations using a developed
numerical toolbox.'” Despite advances in numerical simulations, the
QPI research still lacks a unifying concept with a clear optical insight
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into phase image formation and a strategy for assessing its optical
performance. In particular, three key issues remain unaddressed: (i)
a comprehensive diffraction QPI theory has not been developed, (ii)
the diffraction limits of QPI have not been established, and (iii) the
phase accuracy has not been systematically studied, so it is unclear
how it relates to QPI principles, light coherence, and the optical
properties of the imaged objects. This study introduces a diffrac-
tion and coherence QPI theory based on sample modeling, in which
phase objects forming the observed sample are associated mathe-
matically with their binarized amplitude replicas. The used approach
demonstrates that the phase and amplitude images are intrinsically
connected. The diffraction limitations of QPI are established for
optical performance metrics, namely, for phase accuracy and spatial
phase resolution assessed by phase visibility. The diffraction limits of
phase imaging are estimated theoretically in relation to the Rayleigh
resolution criterion and demonstrated experimentally with quanti-
tative phase resolution targets and biological cells. The dependence
of the phase accuracy and visibility on the object phase stroke, par-
tial light coherence, and optical aberrations are investigated in the
supplementary material. The deployment of the proposed concept
in different QPI modes, including super-resolution modality, is also
discussed.

Il. MATERIALS AND METHODS

A. Description of diffraction and coherence effects
in QPI

The theoretical QPI model is developed for thin samples con-
sisting of weakly absorbing objects (e.g., biological cells) chang-
ing the optical path and, thus, the dynamic phase of light. The
restoration of the sample phase is considered in a two-path holo-
graphic configuration, providing an independent reference phase.
The examined holographic QPI is shown in Fig. 1(a). Light from
a monochromatic spatially incoherent source LS is directed into
the sample and reference paths, providing Kohler illumination of
the observed sample S and reference sample RS with coordinates
rs = (xs,ys) and rgr = (xr, yr), respectively. Because the illumination
uses a spatially incoherent source, its complex amplitude u oscillates
randomly. The spatial correlation of light between points rs and rr
varies with their mutual distance and can be expressed by averag-
ingas I'(rs—rr) = (u(rs)u*(rR)). A full correlation occurs only at
such points of the observed and reference samples rs and rg, which
are images of the same point of the collector field diaphragm. At
each point of the object planes in the sample and reference paths,
the complex amplitude of the incident light is affected by the sam-
ple transmission functions Ts(rs) and Tr(rr), respectively. These
functions are complex, meaning the samples change the light ampli-
tude and phase. The light scattered at the sample point rs with a
complex amplitude us(rs)Ts(rs) is captured by a microscope con-
sisting of a microscope objective MO and a tube lens TL. The light
from the point rs is distributed across the image plane with coordi-
nates r' = (x,y") as us(rs) Ts(rs)H(r', rs), where H is the complex
impulse response of the microscope. By integrating the contribu-
tions of all points, the resulting complex amplitude Us(r') from the
observed sample is obtained. Since identical microscopes are used
in both interferometric paths, the light from the point rr is deter-
mined by the same complex impulse response H at the image plane,
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FIG. 1. Graphics supporting the calculation model. (a) Optical layout of the holographic QPI with independent sample and reference paths: LS: light source, IL: illumination
lens, BS: beam splitters, M: mirrors, C: condensers, S: sample, RS: reference sample, DG: diffraction grating, MO: microscope objectives, TL: tube lenses, and CL: camera
lens. (b) Phase sample composed of J weakly absorbing objects that have transmittances ¢; and impose phases ¢; on light passing through the areas Sj, j = 1, J, and are

embedded in the sample background with the transmittance tz and phase ¢;. Artificially created amplitude sample composed of binary amplitude replicas of phase objects

and mathematically assigned to the phase sample.

ur(rr) Tr(rr)H (r', R ) The resulting light fields from the observed

and reference samples, Us(r') and UR(r'), are directed to the same
image plane, where a CCD is placed [Fig. 1(a)]. Light fields originat-
ing from points rs and r interfere in the image plane depending on
their correlation given by I'(rs — rz) and create a hologram acquired
by the CCD. The intensity of the hologram is obtained by averaging
because the complex sample images stem from randomly oscillat-

ing illumination, IH(r') = (|Us(r') + UR(r')|2). In QPI, the phase
is restored from the cross term y(r') = <Us(r')U[§ (r')), separated
from the hologram using the spatial or temporal phase shifting.!”
In the experiment, the reference sample introduces a homogeneous
phase shift gr = arg (Tr) into transmitted light. The phase obtained
by the hologram processing is given by

¢(r') = arg {y(r') } = ps(r') - 9x.

In ¢(r'), the spatially varying phase (ps(r'), restoring the sam-
ple phase, is compared to a constant reference phase ¢,. In this
study, </>(r') given by (1) is referred to as the phase image. Dis-
regarding light diffraction, point-to-point imaging by microscopes
in interferometric paths is possible. Hence, only the light from one
point of the observed sample contributes to the related image point
r'. This results in a perfect reconstruction of the sample phase,
¢(r") = arg {Ts(+'/m)} — r, where m is a microscope lateral mag-
nification. In experiments, the image of a point object spreads to a
diffraction spot. The phase change of light introduced at different
sample points rs is then transferred to the same point r’ of the image
plane. This diffraction non-locality deteriorates the phase imaging
and imposes limitations on its performance, investigated here for
the first time.

The computational model is presented in Appendix, including
cases with disregarded diffraction and coherent and incoherent QPL
Thanks to its flexibility, the model simply adapts to imaging objects
affecting the geometric phase of light (e.g., liquid crystal molecules
or metasurface nanoantennas) and preserves validity for common-
path systems based on the self-reference principle (Sec. S II of the
supplementary material).

1
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B. Sample model connecting phase objects with their
binary amplitude replicas

To thoroughly explore the diffraction QPI limits, the sample
transmission function Ts(rs) must be related to a particular sam-
ple model well matched to experiments. Its design is based on the
idea of a sample with biological cells, but similar inspiration can be
found in material sciences. The model considers a sample consisting
of ] microscopic objects embedded in a homogeneous, nearly trans-
parent environment. This environment, called sample background,
is determined by the amplitude transmittance ¢z and the constant
optical thickness I, which introduces the phase shift ¢p = 27lg/) in
the passing light of the wavelength A. The objects forming the sam-
ple can be of arbitrary geometric shapes determined by areas S;. The
sample model assumes that these objects are thin and sufficiently
separated to prevent their overlapping. As the objects are weakly
absorbing and their transmittances t; approach tg, they differ from
the sample background only by optical paths ;, which introduce
phase shifts of light ¢;. The values of #j and ¢; are assumed to remain
constant within the areas §;, which is well justified for microscopic
objects [Fig. 1(b)]. To express the sample transmission mathemati-
cally, functions G; are introduced, determining the position and the
geometric shape of individual objects. The function G; takes a unit
value in the area S; with the center position rg ;= (xs »YS; ) and a zero
value outside this area [Fig. 1(b)],

1forrs—rs €S,
Gi(rs;rs)) = { o (2)

0 for rg — rs ¢ -

Hence, Gj can be considered as binary amplitude replicas of
phase objects that are assigned mathematically to them. They will
be referred to as assigned amplitude objects in this study. This
assignment is optically significant because it intrinsically links the
phase and amplitude images. It is important to note that the binary
amplitude objects are not intended to alter the light’s amplitude
but to delineate areas where phase objects differ in optical thick-
ness from the surrounding environment. The complex transmission
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function To(rs) of the entire set of phase objects is expressed
using (2) as

J .
To(rs) = 3 Gj(rsirs Jtie™. G)
j=1

Light not hitting the phase objects is affected by the complex
transmission function of the sample background Tg(rs),

J :
Ts(rs) = [1 - Gj(rs;rs,)]tge“”*’. (4)

j=1

In the QPI with an independent reference phase according to
Fig. 1(a), both the light scattered by objects and the background
light pass through the sample path. The transmission function of the
observed sample is then given as Ts(rs) = To(rs) + Tg(rs).

C. Interconnection of phase and correlation images
in partially coherent QPI

In partially coherent QPI with two separated interferometric
paths [Fig. 1(a)], light affected by a sample S with the complex trans-
mission function Ts(rs) is correlated with light passing through a
reference sample RS with the constant transmittance ¢z and phase
@g» Tr = tre'™®. Since the optical paths of the sample and reference
arms are balanced in the QPI experiments, it is justified to consider
that ¢, = @,. As shown in Appendix, the phase image (1) can then
be written as

#(r') = arg{

M-

Pj(r')[@‘ei(%f(pﬂ) - l‘B] + tBP}: (5)

j=1

where

Pj(r') = [[:Gj(rs;rsj)l"(rs - rR)H(r',rs)H*(r',rR)ersder,
(6)

P= ffool“(rs - rR)H(r',rs)H*(r',rR)dzrstrR. (7)

The phase image (5) is affected by the transmittances ¢; and ¢ of
the sample objects and background. The terms with objects’ phases
¢(9798) are superimposed with the spatially varying weights P;(r").
They represent the images of the assigned amplitude objects G; given
by (2), depending on the light correlation I'(rs — rr) between sam-
ple and reference sample points and the complex impulse responses
H(r',rs) and H(r',rr) of identical microscopes in the sample and
reference paths. P does not change at the image positions #’ and
represents the normalization factor. The discovered relation (5) is
essential for phase imaging theory as (i) supports general insight
into the formation of phase images, (ii) reveals the intrinsic intercon-
nection between phase and amplitude images in QPI with partially
coherent light, and (iii) allows assessment of optical performances
and estimation of their diffraction limits in coherent and incoherent

QPL
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D. Interconnection of phase and intensity images
in incoherent (self-correlation) QPI

In the case of incoherent light with I'(rs — rr) o< 8(rs — rr)

(Appendix), the restored phase image preserves the form (5), and
the integrals determining P; and P simplify to

Pj(r') = [: Gj(rs;rsj)hz(r' - mrs)dzrs, (8)

P= [whz(r'fmrs)dzrs, 9)

where h and m denote the amplitude impulse response function
given in Appendix and lateral magnification of microscopes in the
sample and reference paths. Pj(r') is now determined as the con-

volution of G; and microscope Point Spread Function (PSF) h*
and represents the intensity image of the assigned amplitude object
Gj. The normalization factor P indicates the total optical power of
the PSF. Assuming that the differences between the objects’ phases
and the background phase are small, ¢; — ¢ < 7, the reconstructed
phase image (5) can be simplified to

_ i B()6(9 - 98)
S E(F ) ts) + 15

o(r')

(10)

where F j(r') =P j(r') /P are the normalized intensity images of the
assigned amplitude objects G; taking values 0 < F; < 1. This result
simply shows how the phase image arises in the incoherent QPI
and is well-suited for assessing images of phase targets and biologi-
cal cells used in the presented experiments. Differences between the
exact and approximate descriptions of the phase images (5) and (10)
are discussed in Sec. S I of the supplementary material, particularly
for higher phase strokes of the imaged objects.

lll. RESULTS OF NUMERICAL SIMULATIONS
A. Incoherent single-object phase imaging

As a particular case of (5)-(10), we examine the phase imaging
of a single phase object with a geometric shape S; and its cen-
ter at rs,, unaffected by any other objects. For the moment, we
assume that the object and background transmittances are the same,
t1 = tp. Using (10) with J = 1, the phase restored at the image plane
simplifies to

o() = Fi () e, (1)

where ¢g, = @1 — ¢ is the ground-truth object phase relative to the
background phase, and the spatially varying weight F, = P;/P is
given as the normalized intensity image of the assigned amplitude
object Gi. As (11) shows, the phase of the object is affected by the
diffraction in the image. The reconstructed phase ¢ does not keep
the constant value ¢g, in the region S;, but changes according to
Fy. At the boundary of the S area, the object phase ¢, abruptly
falls to the background phase ¢;. In the phase image, however, the
boundary of the object area is blurred, with ¢ exhibiting only a grad-
ual change. The steepness of this change depends on the size of the
phase object, which affects the spatial change in F;. Compared to
the phase object, the image deteriorates because the object phase
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¢, is coupled with the background phase ¢,. This interconnec-
tion is more apparent when the restored sample phase ¢, = ¢ + ¢,
is expressed in terms of F1, ¢s = Fig1 + (1 — F1)¢g. The influence
of ¢, causes the phase to be restored at the paraxial image of the
object center t’ = r5, = mrs, to deviate from the ground-truth value
¢c,. This deviation can be accepted as a measure of phase accuracy.
Its estimation is performed using the percent phase error, which is
defined by &, = (Ag, /9, )100, where Ay, = ¢(r5,) — pc,. The per-
cent phase error is negative or zero in the incoherent QPI and can be
written as

8, = [Fi(rs,) — 1]100. (12)

The phase error obtained in the low-phase approxima-
tion is independent of the phase shift ¢¢, introduced by the imaged
object. When evaluating the phase error using the exact descrip-
tion of the phase image (5), §,, remains independent of ¢g, only
for such objects whose shape and size result in F; (rgl ) = 0.5. In this
case, 8y, = 50% for any value of ¢, . For objects with Fl(rgl) > 0.5,
the phase error decreases as ¢, increases. Conversely, for F; (rgl) <
0.5, the error increases with increasing ¢g,. The dependence of
the phase error on ¢g, is explained theoretically and demonstrated
experimentally in Sec. S I of the

In , we demonstrate deteriorations caused by hght diffrac-
tion in the phase imaging of square and rectangular objects with
the same ground-truth phase ¢, = 1.9 rad. This value relates to the
ground-truth phase provided by the quantitative phase target used in

¢(rad) ¢(rad)
1.9 2.0 LI

¢c1=1.9rad

0.4} J
0 7,

-2-15-1-05 0 05 1 1.5 2
$(rad) Xs(m)
20T T
@c1=1.9rad

0—2 -1.5 -1-05 0 05 1 1.5 2

Xs(um)

©

experiments. The phase map and phase profile along the red dashed
line in were obtained for a square object with ¢} =t =1
(the black dashed line shows the object’s phase profile). The object
size 2a was equal to the Airy disk radius 7o in the object space,
2a = ry, given by the numerical aperture of the microscope objective
as 7o = 0.61A/NA. The phase map and red solid line phase profile
were calculated using (5), (8), and (9), while the red dashed line
profile resulted from the approximate relation . Although the
observed object was not influenced by any other objects, the phase
accuracy of its imaging dropped down to 8, = —26.2%. The loss of
phase accuracy has an illustrative graphical interpretation. Accord-
ing to , the intensity image reduces the ground-truth phase,
which takes on the value Fy(r§, ) = Pi(rs, ) /P at the image center r,.
The numerator P; given by (8) represents the optical power of the
PSF centered at rfg], which is captured in the area Sy = m>S; created
as the paraxial image of the object area S [ ]. The denomina-
tor P determines the total optical power of the PSF. When the object
is much larger than the object space Airy disk, a > r¢, almost all PSF
power is captured in S}. Hence, F; (rg1 ) ~ 1 and the image is restored
with the high phase accuracy, &y, = 0. The phase accuracy also
depends on the object’s shape if its size is close to ry. This is well doc-
umented by the phase imaging of the rectangular object in
Although the width remained the same as for the square ob)ect
2a =ro, the phase accuracy improved to &, =-15.2%. This
improvement comes from the higher PSF power captured in the
rectangular object area with the length 2L = 4r¢. The phase of the
restored image relates to the captured PSF optical power at any point

¢(rad) ¢(rad)
19 2.0 T

T T T T T T

©g=1.9rad

0.4-/‘
0 ol u/

2 151050 05 1 152
(b) xXs(pm)
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FIG. 2. Simulated phase imaging of single square and rectangular objects with the same ground-truth phase ¢g, = 1.9 rad (black dashed line). Phase maps and solid
line profiles were obtained by (5), (8), and (9); and dashed line profiles resulted from the low phase approximation . (a) Phase imaging of a transparent square object
with t4 = tg = 1 and the size of 2a = ry impaired by the phase error 6, = —26.2%. (b) Phase imaging of a transparent rectangular object with t; = tg = 1, width 2a = rq,
and length 2L = 4ry, providing improved phase error &, = —15.2%. (c) Phase imaging of the same square object as in (a) but with attenuated background light, t; = 1,
ts = 0.1, increasing the phase accuracy to 8,, = —2.5%. (d) Graphical illustration of creating the phase image ¢ = F¢g, (red line), where Fy = Py /P. At the image point
r’, the phase is proportional to the ratio of the optical power Py of the PSF captured in the region S to its total power P. The optical power P; is proportional to hatched
areas illustrated for five different positions r” at the phase image ¢, indicated by the red circles.
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r’ of the image plane. Five differently positioned PSFs with their cen-
ters at the object boundary and outside the object area illustrate the
captured optical power P [ ], which explains variations in
the phase image ¢ across the image plane.

The shape of the phase image is further influenced by the trans-
mittances ¢; and tg. When they differ, the phase error &, is given

by

Fl(tl,B - 1)(1 -F

)
Sp, =|F1 -1+ 100, 13
i ! F1(t1)3—1)+1 ( )

where t15 = t1/tg and F; = Fl(rgl ) The F; — 1 term is always neg-
ative in incoherent QPI experiments and corresponds to §,, given
by for 1,5 = 1. When the light from the sample background is
attenuated (t1,3 > 1), the fraction in becomes positive, reduc-
ing the error’s magnitude. This is shown in , obtained for a
square object with 2a = rg and 1, = 10. By weakening the influence
of the background phase ¢, the reconstruction of the object phase
¢g, in its center is less affected. Thanks to this, the phase image of
the same object, as shown in , is restored accurately with
8y, = —2.5%. However, this effect is unfavorable at the object bound-
ary. The dominance of ¢g, is extended even into the near sample
background area, which causes the undesirable spatial spreading of
the phase image.

Perfect phase imaging should faithfully restore the constant
phase ¢ = ¢, in the object area and zero phase ¢ = 0 outside this

— Sf’m = (Pcz =1 9rad
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1.9 20 J
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FIG. 3. Simulated phase imaging of two square objects with the same size 2a,
profiles were obtained by (5), (8), and
sample background, 4

= 2ay = ro and ground-truth phase ¢g,
; and dashed line profiles resulted from the low-phase approximation
=t, = tg = 1. (b) Phase image with improved phase accuracy achieved by attenuating the background light (t; = t, = 1, tz = 0.1). (c) Phase image

area. As shows, this is possible only when Fi (') = 1 for r' € S}
and Fi (') = 0 for ¥’ ¢ S]. These conditions correspond to an ideal
point imaging with the PSF given by the Dirac delta function. This
agrees with , examining the perfect QPI disregarding light

diffraction.

B. Incoherent two-object phase imaging

To assess how the phase objects influence each other, the phase
image was examined for two objects with their centers at posi-
tions rs, and rs,. The objects introduce constant phase shifts ¢, and
@, in the areas S; and S, and the change in the light phase com-
ing from the sample background is ¢ . If we assume that the objects
and background are fully transparent, t; = t, = 1, t3 = 1, the restored
phase image can be written as

o(r') =
The phase image is determined by the superposition of objects’

phases referenced to the background phase, ¢, = ¢; — 95, j=1,2.
The constant phases ¢g,; get spatially varying support from the

Fl(r')(p(;] +F2(r')(p(;z. (14)

weighting functions F; (r') =P; (r') /P, which represent the normal-
ized intensity images of the assigned amplitude objects G;. When
restoring the phase at the paraxial image of the first object’s center
rs,, the PSF centered at this point determines the factor F; (rgl ) sup-
porting the phase ¢g,. Its value is proportional to the PSF optical

o) (rad)

¢(rad)
t,=1, t,=1, t=0.1 20T

[~ <PG1— (Pcz =1 9rad
&1-

1.6

T eE o o5 T e
®) xo(um)

P, (751)

' T, =/ 21
S Py (rst) =P, (rst)
(d)

= ¢g, = 1.9 rad. Phase maps and solid line
. (@) Phase image for full transparency of objects and

demonstrating degradation of phase accuracy caused by reduced transmittance of one of the objects (t; = 1,t = 0.5, tg = 1). (d) Graphical illustration of creating the
two-object phase image ¢ = [Pﬂp@ + Pz(p(;z] /P, where P is the total PSF optical power. The weights Py and P,, which determine the image phase at the points rg1 and

’s (red circles), are proportional to the hatched areas of the PSFs centered at ’s and ’s respectively. From the phase values at the object center and in the middle

between the objects, the phase visibility K is determined according to
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power Py (rgl) captured in the area S| formed as the paraxial image
of the object area S;. The weighting factor F>(r§, ) determines how
the phase of the second object ¢, affects the reconstruction of phase
gb(rgl ) The value of this factor is determined by the optical power of
the PSF centered at rgl , which is captured in the S5 area, Pz(rgl ), as
shown in Fig. 3(d). The phase error §,, indicating the reconstruction
accuracy of phase gl)(rgl ) at the point r§, is given by

3, = [F1 (r6) =1+ Fo(r%) Z;GZ ]100. (15)
1

The factor Fz(rgl) strongly depends on the distance between
objects and is negligible when their images are well resolved. The
phase accuracy is then the same as that of a single object (12).
Figure 3(a) well documents this case. Two identical square objects
with sizes 2a; = 2a, = ry, ground-truth phases ¢g, = ¢g, = 1.9 rad,
and transmittances t; = f = tp = 1 are restored there with the same
phase accuracy 8y, = 0y, = —26.1% as the single object in Fig. 2(a)
with the same parameters. This shows that the phase accuracy was
not affected by the second object of the sample when the objects’
centers were 2rg apart.

We quantify the spatial phase resolution using the phase visi-
bility, which is introduced for two objects with identical geometric
shapes S1 = S,, equal ground-truth phases ¢g, = ¢g,, and centers
at positions rs, and rs, (paraxial images of the objects’ centers
are r5, = mrs, and rg, = mrs,). The phase visibility is defined by
K =|¢1 = ¢12l/I¢1 + ¢12], where ¢y = ¢1(rs,) and ¢12 = ¢12(r5,,)
are the image phases (10) restored at r5, and rgu = (rgl + rgz) /2,
respectively. Using (10) and assuming that the sample objects and
background do not absorb light, ¢, = ¢, = tp = 1, the phase visibility
can be written as

FO)
T

FO SR () + B(4) T2R(4.). (9

To achieve acceptable phase imaging accuracy, the size of the
sample objects rescaled to image space must be larger than the
Airy spot. Fz(rgl) can then be neglected in (16), as evident from
Fig. 3(d). When the objects are far enough apart, their images are
well resolved with K = 1, as Fi(r§ ) > 2Fi(r5,). As the objects
approach, the phase visibility decreases and completely vanishes
(K = 0) in close objects’ contact when Fl(rgl) = 2F1(r§12) [Fig. 3(d)].
Square objects of equal size 2a; = 2a, = ro with centers 2ry apart
are imaged with the high phase visibility K = 0.85, as Fig. 3(a)
shows. The influence of background light attenuation (tz = 0.1) on
the phase image is shown in Fig. 3(b), which illustrates the results
obtained using (5), (8), and (9). Compared to the image of the same
objects in Fig. 3(a), phase accuracy was improved more than tenfold
(8¢, = 8y, = —2.4%) at the cost of contrast decreasing (K = 0.27).
This occurs because the dominance of objects’ phases ¢, and ¢, = ¢,
over ¢, is strengthened not only in the areas S; and S, but also
outside of them in the sample background area. On the contrary,
if the phase weight of the second object was weakened by reduc-
ing the transmittance to t, = 0.5, its image was reconstructed with
degraded phase accuracy (8, = —48.7%) compared to the trans-
parent object with t; = 1, whose phase error remained unchanged
(8y, = =26.2%) [Fig. 3(0)].
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IV. EXPERIMENTAL RESULTS
A. Experiments with quantitative phase targets

In experiments, we focused primarily on exploring the limits of
phase accuracy and spatial phase resolution in incoherent QPI and
comparing them with the developed theory. Using extensive numer-
ical calculations, the effects of partial light coherence and optical
aberrations were also investigated. Measurements were conducted
using the coherence-controlled holographic microscope in Fig. 1(a),
commercially available as Telight Q-Phase. To create phase images
approaching the diffraction limits, external effects and disturbances
reducing the measurement precision were effectively suppressed
during the experiments. This was achieved by using thermal enclo-
sures, vibration isolation, and software-controlled autofocus. With
these measures, a phase precision of 0.01 rad was ensured, as speci-
fied by the manufacturer. Phase measurements were performed with
the quantitative phase target (Benchmark Technologies) with seven
distinct nominal feature heights varied from 50 to 350 nm (step of
50 nm). The phase target used in the experiments was certified as
fully transparent and is composed of an acrylate polymer on Corning
Eagle XG glass. Due to the very low absorption of both materials, the
target exhibits uniform transmittance. The presented measurements
were performed with four target elements with geometrical heights
of 58.6, 172.5, 272, and 383.7 nm. These refined values were obtained
by the atomic force microscopy (AFM) measurement in the area of
250 x 250 ym* and were taken from the manufacturer’s protocol.
For the light wavelength A = 660 nm and the refractive index of the
target material n = 1.52, the geometrical heights determine the phase
shifts 0 0.29, 0.85, 1.35, and 1.9 rad. The images of groups 6 and 7 of
the quantitative phase target are shown in Figs. 4(a)-4(d) for these
four ground-truth phase shifts. The images were reconstructed from
incoherent off-axis holograms recorded with illumination and imag-
ing numerical apertures of 0.52 and 0.3, respectively. Figures 4(e)
and 4(f) show the phase profiles along the dashed lines marked in the
square elements in Figs. 4(a)-4(d). The squares of size 2a = 35 ym
are much larger than the Airy disk in the object space, a/ro = 13. In
this case, the square object area captures most of the optical power of
the PSF located at its center; hence, high phase accuracy is achieved
according to theory. In numerical simulations performed using (5),
(8), and (9), the relative phase error §, ranges from —0.5% to —1%
for four evaluated phase shifts [Fig. 4(¢)]. In experiments, the phase
error was determined by averaging the measured phase over the
square area and using the related ground-truth phase. The phase
profile of the image obtained experimentally [Fig. 4(f)] agrees with
that calculated, and the phase error is better than —5% for all four
phase shifts.

The discovered diffraction limitations of phase accuracy and
spatial phase resolution were demonstrated by imaging individual
elements of groups 8 and 9, introducing the ground-truth phase
shift of ¢, = 1.9 rad [Figs. 5(a) and 5(b)]. Phase profiles along the
dashed lines marked in Fig. 5(b) are shown by blue full lines in
Figs. 5(c) and 5(d) for group 8, elements 2-6 and group 9, ele-
ments 1-6, respectively. The ratio of the linewidth 2a and the
object space Airy disk diameter 2r( varies for individual elements.
The highest ratio, a/ry = 0.65, corresponds to element 2 of group
8, while the lowest ratio, a/ry = 0.2, is obtained for element 6 of
group 9. According to theory, phase accuracy is affected by cou-
pling the phase of individual lines with the background phase, which
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FIG. 4. (a)-(d) Incoherent quantitative phase images of groups 6 and 7
of the phase resolution target with four distinct ground-truth phase shifts
¢ = 0.29,0.85,1.35, and 1.9 rad. The image phase profiles of marked square
objects with a/ro =13 (2a=35 um, rop =1.34 um) comparing numerical
calculations (e) and experiments (f).

deteriorates the phase accuracy. This is evident from and

, where the deviation A, of the restored phase profiles from the
ground-truth phase ¢ = 1.9 rad gradually grows with decreasing
a/ro ratio. Both theoretical and experimental results demonstrate
this trend well. In and , the gray solid line shows the
ground-truth object phase ¢, while the blue solid line represents
the phase profiles ¢ reconstructed in the experiments. The experi-
mental data match well the simulation results provided by (5), (8),
and (9) (black solid line). The deterioration of the phase error &,
with the decreasing a/r ratio is demonstrated in . The black
solid line shows the simulation results obtained for the incoherent
diffraction-limited QPI, and the square signs represent &, assessed
from the experimental phase profiles of individual elements in

and

From the experimental data in , the spatial phase res-

olution was also evaluated and compared with the theory of the
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FIG. 5. Experimental phase images of (a) groups 6 and 7 and (b) groups 8 and 9
of the phase resolution target with the ground-truth phase shift ¢, = 1.9 rad. (c)
and (d) Phase profiles taken along dashed lines marked in (b): experimental pro-
files (blue solid line), profiles obtained by calculation (5), (8), and (9) for incoherent
diffraction-limited QP! (black solid line). () Dependence of the percent phase error
38, on the a/rq ratio: numerical calculation for incoherent diffraction-limited QPI
(black solid line), experimental values assessed from the images of individual ele-
ments in (c) and (d) (blue square signs), numerical calculation for partially coherent
diffraction-limited QP! (red dashed-dotted line), and numerical calculation for inco-
herent QPI with spherical aberration (red dashed line). (f) The same as in (e) but
for the dependence of the phase visibility K on the a/ry ratio.

incoherent diffraction-limited QPIL. The phase visibility was deter-
mined according to , where the image phase at the r§ point
was determined by averaging three phase values taken at the cen-
ters of the lines. Similarly, the phase at rgm point was obtained as the
average of two phases measured between the lines. The phase visi-
bility K degrading with the decreasing a/r, ratio was evaluated from
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the phase images in Figs. 5(c) and 5(d) and graphically illustrated
in Fig. 5(f). The black solid line represents the theory of incoherent
diffraction-limited QPI, while the blue squares come from experi-
ments. The experimental data in Figs. 5(¢) and 5(f) show that phase
accuracy is lost, although the lines are still well resolved. For exam-
ple, element 1 from group 9 is in experiments imaged with sufficient
visibility approaching K = 0.5, while the phase error increases to a
hardly acceptable value of §, = —40%.

As incoherent diffraction-limited QPI is experimentally
unattainable, partial light coherence and optical aberrations were
incorporated into the numerical simulations (Sec. S III of the
supplementary material). The effect of partial coherence was ana-
lyzed for a diffraction-limited optical system with the illumination
and imaging numerical apertures of 0.52 and 0.3, respectively, as
used in the experiments. In this case, the spatial coherence was still
low, as the coherence area was ~1.7 times smaller than the Airy disk
in the sample plane. The phase error and phase visibility obtained for
the partially coherent diffraction-limited QPI are shown by the red
dashed-dotted lines in Figs. 5(e) and 5(f). The phase error remains
almost unchanged for line tests with lower spatial frequency, but it
deteriorates more significantly for the a/ry ratio from 0.35 to 0.2.
The phase visibility is slightly improved for the a/r, ratio from 0.5 to
0.3. The effect of aberrations was analyzed assuming fully incoher-
ent light. Numerical simulations were conducted for a third-order
spherical aberration characterized by a coefficient of Agso = A/4 (Sec.
S II of the supplementary material). Although the intensity imaging
maintains high quality with this aberration (a Strehl ratio of 0.8), the
phase error and phase visibility are adversely affected [red dashed
lines in Figs. 5(e) and 5(f)] and approach experimental values (blue
square marks).

The measured data presented in Fig. 5 for ¢, = 1.9 rad were
supplemented with results obtained for other ground-truth phase
shifts of the target ¢ = 0.29, 0.85, and 1.35 rad. The reconstructed
phase images are shown in Fig. S1 of the supplementary material.
These measurements enabled us to compare the dependences of
phase accuracy and visibility on the a/ry ratio for individual phase
shifts (Fig. S2 of the supplementary material). The experimental
results were further supplemented by simulations for large phase
shifts, and variations in the phase error with ¢; and a/ro were
explained theoretically (Sec. S I in the supplementary material).

A comparison of images from QPI and direct intensity imag-
ing is performed through numerical simulations in Sec. S IV of the
supplementary material for elements E1 and E6 of group G9.

The loss of phase accuracy in the image of spatially resolved
structures is a critical effect that deserves attention. We further
investigated it experimentally by imaging a phase Siemens star,
which was previously used in the study of coherent microscopy reso-
lution.” Figure 6(a) shows the entire phase image of the star, while a
detail of the square area marked by the blue dashed line is illustrated
in Fig. 6(b). Color-coded phase profiles taken along the semi-circles
marked in the respective colors in Figs. 6(a) and 6(b) are shown in
Fig. 6(c). Although the correct phase does not change radially and
holds a constant value of ¢ = 1.9 rad in all sections of the star, the
image phase ¢ decreases when the semi-circle radius rs is reduced.
The steep radial phase drop resulting in an unacceptable phase error
is evident from the phase profile in Fig. 6(d), which was evaluated
along the blue dashed line marked in Fig. 6(b). The radial drop of the
image phase ¢ can be explained according to (11) and Fig. 2(d). The
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FIG. 6. Experimental phase images of a phase Siemens star with the ground-
truth phase shift ¢, = 1.9 rad obtained with MO 10x, NA = 0.3. (a) Phase image
of the entire star. (b) Phase image of the square area marked in blue dashed
line in (a). (c) Color-coded phase profiles taken along semi-circles with radii
rs = 11,18,37,75, and 150 um, marked in (a) and (b) by respective colors. (d)
Radial profile of the phase image taken along the blue dashed line marked in (b).

best phase accuracy is achieved along the outer semi-circle marked
in dark blue, whose radius is rs = 150 ym. On this semi-circle, the
star sector is the widest and receives most of the optical power of
the PSF located on its symmetry axis. The phase weight F; in (11)
thus acquires the largest value in this position. The image phase
¢ = 1.85 rad is reconstructed with a phase error §, = —2.6%. On the
inner semi-circle with rs = 11 ym, where the sector is the narrowest,
only a small part of the PSF optical power is captured by it. The low
factor F; in (11) significantly reduces the ground-truth phase, which
leads to an incorrect image phase of ¢ = 0.65 rad related to a phase
error of 8, = —65.7%. Although the star sectors are well resolved,
the capability of phase quantification is lost, and the imaging pro-
vides only the phase contrast when using NA = 0.3 microscope
objectives.

B. Experiments with biological cells

Diffraction phase accuracy deterioration demonstrated by
quantitative phase target experiments was also investigated under
application-appealing conditions. In experiments using a specimen
with spontaneously transformed rat embryonic fibroblast (LW3K12)
cells, we measured the same field of view with two different micro-
scope objectives, namely, MO 10x, NA = 0.3, and 20x, NA = 0.55.
For comparative measurements, we chose three various cells and
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FIG. 7. Experimental phase images of spontaneously transformed rat embryonic fibroblast (LW3K12) cells. (a) Phase image of the cell with inset showing cytoplasmic
vesicles. (b) Phase profiles along the dashed line in (a) measured with MO 20x, NA = 0.55 (blue) and MO 10x, NA = 0.3 (red). (c) Phase image of the cell with inset
showing phase structure of the nucleus. (d) Phase profiles along the dashed line in (c) measured with NA = 0.55 (blue) and NA = 0.3 (red). (e) Phase image of the cell with
inset showing components of the nucleus and cytoplasmic vesicles. (f) Phase profiles along the dashed line in (e) measured with NA = 0.55 (blue) and NA = 0.3 (red).

evaluated cross-sectional phase profiles in their different regions.
The phase images of the cells in Figs. 7(a), 7(c), and 7(e) were cut out
from the image captured with the MO 20x, NA = 0.55. The entire
field of view captured by both MOs is presented in Fig. S5 of the
supplementary material. For the first comparison of phase images
taken by MOs with different diffraction limits, we selected the cyto-
plasmic vesicles in Fig. 7(a). The restored phase was evaluated along
the blue dashed line intersecting vesicles marked by arrows in the
enlarged inset in Fig. 7(a). The obtained phase profiles are presented
in Fig. 7(b), where the blue and red lines represent the measurements
performed with MOs 20x, NA = 0.55, and 10x, NA = 0.3, respec-
tively. The profiles show that approximately the same phase values
are measured in vast cytoplasmic areas with a gradual phase change.
On the contrary, the phases in the centers of microscopic vesicle
areas significantly differ for both measurements. When expressing
the phase difference A, marked in Fig. 7(b) as a percentage of the
phase value from the blue curve, a phase error of d, ~ —30% is
obtained. This is a consequence of the diffraction effect on the phase
accuracy in single-object imaging, as described by (11) and (12) and
demonstrated in Fig. 2. The phase error increases as the ratio of
the object and the Airy disk sizes decreases. Considering the radius
of the vesicle area of ~1 ym and Airy disk radii of 1.3 and 0.7 ym
for NA = 0.3 and NA = 0.55, respectively, the phase error evaluated
theoretically well agrees with that obtained from measurement. The
phase accuracy achieved with different numerical apertures was fur-
ther assessed in the phase image of the cell nucleus in Fig. 7(c).
The phase was evaluated along the blue dashed line passing through
the nucleus components, marked by arrows in the enlarged inset of
Fig. 7(c). The blue and red lines in Fig. 7(d) represent the phase
profiles measured with MOs 20x, NA = 0.55, and 10x, NA = 0.3,
respectively. The phase profiles are close to each other in the cyto-
plasmic cell area, but the phases differ at centers of areas in size
comparable to the Airy disk. The phase difference A, from Fig. 7
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corresponds to §, ~ —10% when expressed as previously. The dif-
ference in measurement results is reduced because the nucleus
components are larger compared to cytoplasmic vesicles and the
diffraction effect is less pronounced. For the last measurement in
Fig. 7(e), we selected the area incorporating cytoplasm vesicles and
nucleus components [inset in Fig. 7(e)]. The phase profiles along
the blue dashed line are color-coded as before and presented in
Fig. 7(f). Here, the significant phase errors in vesicle areas and minor
errors within the nucleus structure are presented together, further
supporting demonstrations in Figs. 7(b) and 7(d).

As demonstrated in Fig. 7, QPI provides a high level of
detail when observing biological specimens. Consequently, QPI has
become an effective tool for the quantitative study of all struc-
tures visible in the reconstructed phase images. This allowed the
tracking of vesicles and organelles in living cells,’ QPI-based
Lagrangian velocimetry for intracellular net growth, mapping intra-
cellular biomass production and degradation,*” or digital staining of
quantitative phase images.*’ These advanced QPI applications, along
with many other phase-sensitive measurements, investigate struc-
tures close to the standard optical limit, where the quantitativeness
of QPI is significantly compromised. Utilizing the presented QPI
diffraction theory and considering its implications can ensure the
correct acquisition of experimental data and avoid artifacts during
processing.

V. DISCUSSION

The developed diffraction theory brings new findings affecting
a wide range of holographic QPI techniques. We will briefly discuss
their impact on incoherent and super-resolution QPI. The advan-
tages of these modalities over the common-path QPI are highlighted
in the supplementary material.
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A. Phase error estimation in incoherent QPI

In this study, increased attention was focused on the ground-
truth phase accuracy and its diffraction limitations. The phase image
of a single transparent object obtained by an incoherent QPI is dete-
riorated by the phase error (12), which can be assessed through
factor F;. Its value is determined by the object’s shape and size,
the numerical aperture of the microscope objective, and the light
wavelength. This way, the phase accuracy of typical observations
performed with the microscope objectives used in the experiments
(NA = 0.3and NA = 0.55, A = 660 nm) can be easily estimated. Con-
sidering an ideal optical system with a circular aperture, the PSF
is given as Ipsr(p) = [2]1(p)/p]>. The optical power of the PSF
encircled in the area specified by the parameter p,, Pi(po), and
normalized by the total PSF power, P, is obtained as F; = P1(po)
/P=1-J3(po) - Ji(po). When measuring a transparent circular
object with a diameter of 2a = 30 ym (e.g., average human body
cell size) by the objective with NA = 0.3 (a/ro = 11), F; is calcu-
lated using p, = 27aNA/A = 42.8 and gets the value F; = 0.985. The
relative phase error (12) of this measurement is d¢, = -1.5%. If
the same object is imaged with NA = 0.55 (a/ro = 20), resulting in
po = 78.5and F; = 0.992, high accuracy measurement determined by
the relative phase error of ¢, = —0.8% is realized. Phase accuracy is
significantly reduced in the phase images of objects with sizes closer
to Rayleigh resolution. When measuring a transparent object with
a size of 2a = 3 ym (e.g., extracellular vesicles) by an objective with
NA =0.3 (afro 2 1.1), F is determined with po =43 and acquires
a value of F; = 0.84. The relative phase error of this measurement
is 8¢, = —16%. Using an objective with NA = 0.55 (a/ro = 2), giving
po = 7.9 and F; = 0.914, the phase error is reduced to ¢, = —8.6%.
The phase error estimation is simple and reliable, aligning well with
experiments using certified phase targets and biological cells. This
procedure significantly enhances QPI, as the accuracy of phase mea-
surements determines whether the imaging is truly quantitative or
merely qualitative.

B. Phase accuracy in super-resolution QPI

Techniques of synthetic apertures providing super-resolution
in directly detected intensity images were also deployed in holo-
graphic microscopy.” ** Recently, single-shot super-resolution
imaging was demonstrated by shaping a coherence gate in a holo-
graphic microscope using partially coherent light.** In all these
implementations, the particular focus was on the transverse spatial
super-resolution of phase images, demonstrated through the nar-
rowing of the PSF below the Rayleigh limit. The theory presented
here proves that the super-resolution QPI also significantly increases
the phase accuracy. In the super-resolution QPI, the reference path
is supplemented with amplitude or phase masks, forming a sub-
diffraction impulse response.”*"” Following this design, the PSF h*
was replaced by the product of the amplitude responses of the sam-
ple and reference paths hshr when calculating the factors P; and P
by (8) and (9). For the reference path, a sub-diffraction hr given
by the zero-order Bessel function J, was considered,”” whose cen-
tral area is reduced compared to hs providing the diffraction-limited
spot [Eq. (A5) in Appendix]. The phase images of the resolution tar-
get reconstructed in incoherent light achieved higher phase accuracy
and visibility when compared to the diffraction-limited incoher-
ent image for all examined target groups and elements (Fig. S3 in
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the supplementary material). The demonstrated almost threefold
increase in phase accuracy deserves particular attention. This pre-
viously unreported capability of super-resolution QPI fits well with
the presented theory, and Fig. 2(d) provides an illustrative insight.
The PSF h? located in the center of the object is replaced by the
product hshg, which forms a pattern with reduced central area and
side oscillations. This leads to an increase in the optical power P;
captured in the object area and, according to (12), to a decreased
phase error. The phase accuracy enhancement can also be found in
experimental super-resolution QPI obtained by the synthetic aper-
ture method, where it remained overlooked. The color-coded phase
achieves higher values for super-resolution than for a diffraction-
limited image affected by a negative phase error [cf. Figs. 6(b) and
6(c) in Duris et al.*®].

Enhanced phase accuracy in super-resolution QPI has signif-
icant real-world implications. In biophotonics, true quantitative
phase information is crucial for the measurement of dry mass, a key
parameter of cells and their compartments. Similarly, in nanopho-
tonics, the fabrication quality of plasmonic metasurfaces is assessed
by analyzing the phase response of sub-diffraction nanoantennas.
In both cases, inaccuracies in reconstructed quantitative data can
lead to erroneous interpretations and flawed conclusions. Therefore,
both high resolution and accuracy are essential, as fine sample details
must be paired with accurate quantitative data to ensure reliable
results.

VI. CONCLUSION

In conclusion, we developed the first comprehensive diffrac-
tion theory of QP], revealing the diffraction limitations on imaging
performance across various coherence states. An innovative phase
sample modeling intrinsically connected the diffraction phase imag-
ing theory with Rayleigh’s resolution theory. This approach led
to a deeper understanding of incoherent QPI and brought new
ideas and stimuli throughout quantitative phase microscopy. The
importance of phase accuracy was highlighted by showing that it
can drop sharply, thereby compromising the quantitativeness of
QP], even when the phase image is well-resolved spatially. The role
of coherence in QPI was clarified, and image restorations using
either an independent reference phase or a self-reference princi-
ple were compared (Sec. S II of the supplementary material). In
terms of phase accuracy, a low-coherence QPI system with an inde-
pendent reference phase was proven to outperform self-reference
systems that require increased spatial coherence of light. Diffrac-
tion deterioration of phase accuracy was examined theoretically and
experimentally, revealing its critical sensitivity to the shape, size,
and absorption of the imaged objects. The proposed phase error
estimation reliably identifies experimental conditions under which
the quantitative nature of imaging is compromised. This eliminates
artifacts when converting the measured phase to the dry mass of
cells and diagnosing phase modulation by liquid crystals and pho-
tonic metasurfaces. The discovered relationship between diffraction
phase error and experimental parameters can be used to enhance
phase accuracy through data post-processing or the application of
machine learning. Since the QPI is closely related to optical diffrac-
tion tomography (ODT), new findings could advance this area as
well. ODT employs QPI to capture 2D phase images from various
illumination angles, which are subsequently used to reconstruct a
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3D distribution of the sample’s refractive index.** Therefore, previ-
ous studies that have extensively examined ODT spatial resolution®
should be enhanced by incorporating accuracy assessments to esti-
mate the deviations of the reconstructed refractive index from the
ground truth values.

SUPPLEMENTARY MATERIAL

The supplementary material includes experimental data show-
ing the dependence of phase accuracy and resolution on ground-
truth phase stroke; simulation imaging of a phase resolution tar-
get using coherent, incoherent, and super-resolution QPIL; and
incoherent QPI images of biological cells supporting Fig. 7.
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APPENDIX: THEORETICAL APPROACHES

1. Calculation model of partially coherent QPI

In the holographic QPI [Fig. 1(a)], two identical microscopes
with the same complex impulse response function H create images
of the observed and reference samples with coordinates rs = (xs, ys)
and rr = (xg, yr), respectively, in the same image plane ' = (x', y').
The complex amplitudes of the images can be written as

(") = [T uTopH(E ) En =Sk (AD

where Ts and Tr are the complex transmission functions of the
observed and reference samples, and u denotes the complex ampli-
tude of the illumination. The impulse response is obtained by solving

APL Photon. 9, 126111 (2024); doi: 10.1063/5.0232405
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Fresnel diffraction integrals for a system consisting of a microscope
objective (MO) and a tube lens (TL). The paraboloidal wave is emit-
ted from points r; of the front focal planes of identical MOs in the
sample and reference paths (j = S, R). The MOs have a focal length of
fo and are transversely unbounded, transforming the incident diver-
gent wave into a plane wave. The light wave incident on the TL with
focal length fr is bound by the lens aperture determined by the pupil
function Pr. In the approach used, the complex impulse response at
the back focal plane of the TL can be written as

H(r 1) oc & Dn(s' — mry), j=S.R, (A2)
where an unimportant term was omitted and
k(mz\rj|2 - |r"2)

2fr ’
h( / _ & . k / 2
r— mrj) = Pr exp 17[17 . (r - mrj)] d'rr.  (A4)
oo T
With Pr determining the circular aperture and providing the

numerical aperture NA of the TL, the integral (A4) gives the Airy
pattern,

Q(r',r,-) = (A3)

mr;) = (Vi) , (A5)

h(r - v,

where
Vi = kNAT|r' - mrj|.

In the Fresnel approximation, the isoplanatic shift appears in the
amplitude of complex impulse response while is not justified in
its quadratic phase. The images Us and Ugr are superimposed
on a CCD, creating a holographic record. Since the illumina-
tion field u comes from a spatially incoherent source and oscil-
lates randomly, the hologram intensity is obtained by averaging as
Iy = (\US + UR|2). The observed sample phase is stored in a cross-

holographic term y = (Us Ur > When using the Kohler illumination,
the light u entering the sample and reference object planes is given
by Fourier transforming the complex amplitude A of the light
leaving the source, u = F{A}. The considered spatially incoherent
source is delta-correlated, (A(R)A* (R')) =I(R)5(R-R'), mean-
ing the light from different source points is completely uncorrelated
and has intensity I at a source point R = (X,Y). In this case, y is
calculated as

y(r') = /f I(rs— rR)Ts(rs)T{{(rR)H(r',rs)H*(r',rR)dzrsder,

- (A6)
where I' describes the light correlation between different points of
the object planes in the signal and reference paths. According to
the van Cittert-Zernike theorem, I' is calculated by the Fourier
transform of the source intensity I,

(rs —rg) = Fi [T R exp [-2nR- (15 - ) AR, (A7)
0J—o0
where f is the focal length of the condenser lens, A denotes the light

wavelength in vacuo, and I'y = I'(0). In QPI experiments, the ref-
erence sample is homogeneous; hence, the constant transmission
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Ty can be placed before the integral (A6). The phase ¢ obtained
from y then provides the difference between the reconstructed sam-
ple phase ¢ and the constant reference phase ¢r = arg (Tr) given
by (1) and referred to as the phase image. The phase image recon-
struction given by (A6) and (A7) and (1) includes three specific
cases with different manifestations of diffraction and coherence
of light.

2. Perfect QPI disregarding light diffraction

Light diffraction inevitably accompanies all QPI experi-
ments. Diffraction effects disappear only in the calculation model
describing the interferometer optical systems by ray optics. In
this approach, the optical systems provide point imaging whose
amplitude impulse response becomes a Dirac delta function,
h(r' - mrj) = 6(1" - mrj),j = §,R. The phase image obtained from
(A6) and (A7) and (1) is given by ¢(r') =arg{Ts(r'/m)} -
arg {Tr}, which means that the difference between the sample
and reference phases is faithfully restored irrespective of the light
coherence. In the perfect QPI, the light originating from optically
conjugated points of the sample and the reference object with the
coordinates rs and rr is focused by optical systems to the same image
point t' = mrs = mrg. This ensures that the phase from each sam-
ple point is restored without damage at the related image point. In
real QPI experiments, light transfers the phase from the single sam-
ple point to a small image area determined by the diffraction spot.
Consequently, the phase reconstruction at a given sample point is
affected by the phase at other nearby sample and background points.
This results in a diffraction deterioration of the restored phase,
depending on the light coherence.

3. Coherent QPI

The correlation of light illuminating the sample and the ref-
erence object increases as the source size decreases. In the limiting
case of a point source with intensity given by I o< §(R), fully coher-
ent illumination with I' = 1 is obtained, as follows from (A7). In this
case, the phase of the complex impulse response H acts unfavor-
ably. The reconstruction of the sample phase is undesirably affected
by the phase differences AQ = Q(r',rs) - Q(r',rR) at individual
points of the sample and the reference object, which are integrated
into (A6).

4, Incoherent (self-correlation) QPI

In another theoretical coherence limit, a constant intensity
I=1Ip is assumed across an infinitely large source. In this case,
Eq. (A7) results in I' o< 8(rs —rr), meaning the illumination is
completely incoherent. The interference then occurs only for light
emanating from points whose paraxial-ray images coincide in the
image plane (so-called self-interference). When incoherently illumi-
nating the sample and the reference object, the phase restoration (5)
is performed with y given by

y(r') = / Ts(rs) Tx (rs)|H(r - mrs)|2d2rs. (A8)
In the incoherent QPI, the phase is restored through the intensity

impulse response |H|> = h*, known as the Point Spread Function
(PSF). This is an advantage over the coherent QPI, as undesirable
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effects of the quadratic phase and 7 phase jumps of the complex
impulse function H are eliminated. The image is further enhanced
by removing the speckle noise.
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