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ABSTRACT

In this thesis, we investigate the task of spatial function estimation from the viewpoint
of Gaussian Process Regression (GPR) while accounting for uncertain training positions
(uncertain sensor positions, uncertain inputs). We first present the theory behind GPR
with known training positions. The theory is then applied to derive the expressions for
the GPR predictive distribution at a test position under training position uncertainty.
Because these expressions are intractable, they are evaluated approximately using the
Monte Carlo sampling method. This method is demonstrated to improve the prediction
performance over the standard usage of GPR not accounting for uncertainty and also
compared to a simplified approach present in the literature.

We furthermore investigate the possibilities of performing GPR under training position
uncertainty while using closed form expressions for prediction reported in the literature.
It turns out that significant approximations are needed to obtain these closed form
expressions, which makes the resulting posterior distribution inherently approximate. In
fact, the resulting GPR method uses the standard form of GPR for prediction along
with a modified expression of the covariance function. A simulation shows that the
prediction results of this method are similar to those of standard GPR not accounting
for uncertainty. On the other hand, the posterior variance indicating the prediction
uncertainty was increased, which is the desired effect of incorporating uncertainty of
training positions.

ABSTRAKT

Tato prace se zabyva tlohou odhadovani prostorové funkce z hlediska regrese pomoci
Gaussovskych procesii (GPR) za soudasné nejistoty tréninkovych pozic (pozic senzori).
Nejdfive je zde popsana teorie v pozadi GPR metody pracujici se znamymi tréninkovymi
pozicemi. Tato teorie je poté aplikovana pri odvozeni vyrazi prediktivni distribuce GPR
v testovaci pozici prfi uvazeni nejistoty tréninkovych pozic. Kvili absenci analytického
feSeni téchto vyrazill byly vyrazy aproximovany pomoci metody Monte Carlo. U odvozené
metody bylo demonstrovano zlepseni kvality odhadu prostorové funkce oproti standard-
nimu pouziti GPR metody a také oproti zjednodusenému Feseni uvedenému v literature.
Déle se prace zabyva moznosti pouziti metody GPR s nejistymi tréninkovymi pozicemi
v kombinaci s vyrazy s dostupnym analytickym feSenim. Ukazuje se, ze k dosazeni téchto
vyrazll je tfeba zavést znacné predpoklady, coZz ma od pocatku za nasledek nepresnost
prediktivni distribuce. Také se ukazuje, Ze vyslednd metoda pouziva standardni vyrazy
GPR v kombinaci s upravenou kovariancni funkci. Simulace dokazuji, Ze tato metoda
produkuje velmi podobné odhady jako zakladni GPR metoda uvazujici zndmé tréninkové
pozice. Na druhou stranu prediktivni variance (nejistota odhadu) je u této metody
zvysena, coz je zadany efekt uvazeni nejistoty tréninkovych pozic.

KEYWORDS

Gaussian Process Regression (GPR), Uncertain sensor (training) positions, Uncertain
inputs, Machine learning, Monte Carlo sampling
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Introduction

Spatial function estimation or spatial regression is a task receiving a lot of attention
in multiple fields including astronomy, geostatistics, mining, meteorology, and re-
cently machine learning and telecommunications. In the field of telecommunications,
spatial function estimation finds its application in estimating channel quality met-
rics, for example building received signal strength indicator (RSSI) maps, which can

be further used for resource allocation and network performance optimization.
Spatial function estimation

A spatial function can be imagined as a distribution of some scalar quantity,
such as temperature, illuminance, underground gold density, or wind power in an
area. For these examples, we consider the area (space) to be two-dimensional. An
example of a spatial function is shown in Figure

Within the task of spatial function estimation, we want to predict the spatial
function value at a given position called the test position based on noisy observations
of the spatial function at several known positions termed the training positions.
An example of a set of training positions together with the corresponding spatial
function observations is shown in Figure[I] The extension to multiple test positions
in order to obtain a kind of map of the estimated function is straightforward by

performing the prediction separately for each test position.
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Fig. 1: An example of a spatial function (represented by gray levels) and training

positions (indicated by blue crosses) along with the observed function values.

Gaussian Process Regression

Gaussian process regression (GPR) , is a method for spatial regression that

is used in many fields including geostatistics, meteorology, astronomy and many
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more. Recently it has gained popularity because of its success in applications as
a general machine learning method. The advantages of GPR are its flexibility and
the availability of a closed form expression for the predictions. Another significant
advantage is the ability of GPR to indicate the level of belief (uncertainty) for
the provided predictions. A significant disadvantage of GPR is its computational
complexity, which grows cubically with the number of training positions. This issue
can be dealt with using multiple methods [2]. Another disadvantage of GPR is its
sensitivity to errors (uncertainty) in the training positions (inputs). This is the
problem addressed in this thesis. An introduction into GPR will be provided in
Chapter [1] [2]

Training position uncertainty

The presence of uncertainty in the training positions has a strong effect on the
quality of GPR predictions. One aspect is that the predicted function value is
likely to contain larger errors. A second aspect is that the prediction uncertainty
provided by the standard GPR framework is too confident, i.e. smaller than the true
uncertainty. This is important especially when GPR is used for decision making in

critical processes [3].
Problem formulation

We will investigate a GPR scenario where the training positions are uncertain
while the test position is known. This type of problem was chosen because it com-
prises most of the difficulties of the inference task while allowing for easy visualiza-
tion and evaluation of the prediction quality.

In contrast to the channel prediction and machine learning literature, we assume
complete prior knowledge of the statistical properties of the spatial function includ-
ing the hyperparameters of the Gaussian process. Thus, estimation (learning) of
these hyperparameters is beyond the scope of this thesis.

In addition, we also assume that the statistical distribution of the uncertain
training positions is known. In some sections, we will furthermore assume a specific

form of the distribution of the training positions.
Thesis outline

In Chapter [, we describe the theory behind GPR and interpret GPR from the
Bayesian perspective. In Chapter [2| we incorporate training positions uncertainty
and derive integral expressions of the posterior distribution and of the posterior
mean and variance. A Monte Carlo sampling method is then used to evaluate these
expressions. The resulting GPR performance is then compared via simulations to

the performance of standard GPR. We also describe a simplified approach for incor-
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porating training position uncertainty and compare it to the original approach. In
Chapter [3] we investigate the possibility of performing GPR under training position
uncertainty using closed form expressions proposed in the literature. We formulate
the underlying assumptions and compare the performance of the resulting GPR
method to that of the methods from Chapter [2]

21






1 Gaussian Process Regression

Gaussian process regression (GPR) is a relatively old framework dating back to
the times of Wiener and Kolmogorov in 1940’s and even further back to the work
of Danish astronomer Thiele in 1880. GPR finds its applications in geostatistics,
where it is termed kriging after a mining engineer Krige, whose findings were further
developed by Matheron in 1960’s [4]. GPR is also applied in meteorology and many
other fields including epidemiology [5]. More recently it has been considered in
the general regression and machine learning context, where it gained popularity
since the publication of Rasmussen in 1996 [6] comparing GPR to other machine
learning methods. The idea of GPR in the context of spatial function estimation
is to exploit the similarity of a spatial function in positions that are close to each
other, i.e. spatially close positions are expected to attain a similar value of the spatial
function. This similarity is statistically modeled using a covariance function, which
plays a key role in GPR.

The main sources for this chapter are [1, ch. 2] and [7, sec. 2.3] while some

derivations were carried out from scratch.

1.1 The Gaussian Process

Definition 1. A Gaussian Process (GP) is a collection of random variables, any

finite number of which have a joint Gaussian distribution.

The GP will be denoted as f to express that it is a spatial random function
of argument x, which is a D-dimensional vector such that @ € R”. Each one-
dimensional random variable contained in the GP will then be denoted as f(x),
where @ denotes the position of the random variable within the complete random
process.

To completely define a GP we use a mean function m(x) and a covariance func-

tion k(x,x’). The mean function is defined as
m(@) £ E{f @)} = [ f pra(F)df". (1)
where p(q)(f') denotes the Probability density function (pdf) of the random variable

f(x) evaluated at f’. The covariance function is defined as
k(z,2') £ cov{f (), f(a')} = B{(f(x) — m(z))(f(z') — m(z))}
= [ [ (F = m@) (" = m(@) proya (F ) df df"

where py(z) ) (f'; f") denotes the joint pdf of the random variables f(x) and f(z’)
evaluated at f’ and f”. Finally, the complete GP is expressed as

p(f(®)) = GP(m(z), k(z, x')) , (1.3)
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where the position & on the left side of (1.3) describes no specific position but

generally the complete space of positions R”.

1.2 Observation Model

We define a set of I known positions & with i = 1,2, ..., I called training positions,

which we stacked into a column vector of all training positions
x, 2 col(xW, 2@ .. x0)) e RPT. (1.4)

Correspondingly, we have a set of GP random variables at the training positions

2 which are arranged into the random vector

FE(f@D) f@®) .o f@)" eR". (1.5)

According to the Definition [I] f has a multivariate Gaussian distribution

p(f)=N(f; m, K), (1.6)

where m denotes the vector of the GP mean values at the training positions x(®,
i.e.,

m =E{f} = (m(z®) m@x?®) - mD)", eR’ (1.7)
where m(z”) is defined in (I.1). K denotes the GP covariance matrix at the

training positions w(i), ie.,

k(x® 2M) k(W @) ... kz® D)
k(z®, W) k(z®, 2@ k(z®, 2@

K £ cov{f} = ( ) M ( ) e R™ ,  (1.8)
k(D M) k(D 2®) ... kzD, D)

where k(z®, 2()) is the GP covariance function defined in (1.2)).
We assume we do not have access to the realization of the random vector f, but

we have access to a vector of observations y defined as
y= (0 @ oy eR (1.9)
that is a noisy version of f, i.e.,
y=1Jf+e, (1.10)

where € = (¢ ¢ . )T € R! is the vector of observation errors (measure-

ment noise). € is assumed to be zero-mean isotropic Gaussian according to

p(e) = N(e; 0, o71;) (1.11)
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where I; denotes the identity matrix of dimensions I x I. As the observation er-
rors € are jointly Gaussian and uncorrelated, they are also independent. It is
furthermore assumed that € is independent of f. From and our statistical as-
sumptions, it then follows that y is a Gaussian random vector distributed according
to

ply) =N(y; m, Q) , (1.12)

with a covariance matrix @ of the random vector y given as
Q = Q = cov{f} +cov{e} = K + o1, (1.13)

where we used the independence of random vectors f and e.

1.3 Regression Problem

In the regression problem, we are interested in the distribution of the GP at a single
known test position ) € RP, which is the distribution of the random variable
f(x™®). This random variable will be further denoted as f. £ f(x®)). The test
position ) is in general not contained in the vector of training positions & but the
regression method works the same even in case the test position is equal to one of
the training positions . Without performing any observations y® of the GP at
the training positions &®, the distribution of f, corresponds to our prior knowledge
about the GP, i.e. is the GP distribution. According to (1.3), the distribution of f.

1S
p(fe) = N(f; ma, ki), (1.14)

where m, is the mean value of the GP at the test position &,
m, = B{f.} = m(z,) , (1.15)
and k, is the variance of the GP at :I:(*),
k, 2 var{f.,} = k(=™ ™) . (1.16)

To incorporate the GP observations y* into the regression problem within the
Bayesian framework, we consider the conditional distribution of the test position GP
random variable f, given the random vector of observations vy, i.e., the posterior
pdf p(f.|y). Using Bayes’ theorem, we obtain
Sl PP pUy) .

p(y) p(y)

which will also be called the predictive distribution. This posterior pdf is the key to

estimating the desired parameter, i.e., the GP random variable at the test position,
fi. Next, we consider some of the individual terms in ([1.17)).
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The conditional pdf of random observations y given the GP random value at
test position fi, p(y|f.), will be termed likelihood. The likelihood will be further
studied in Section The unconditional pdf p(y) of the vector of observations y
is often called the evidence. According to (1.12)), p(y) is Gaussian.

In contrast to the typical usage of Bayesian inference, here we have a direct
access to the joint distribution of f, and y. According to the definition of the GP,

this distribution is Gaussian and given by

oD+ 6) () (9 o

where ¢ £ cov{y, f.} (a column vector of dimension I) is the cross-covariance of
the vector of observations y = f + € and the GP random variable f, at the test

position ™). We obtain

c=cov{f+e€ f.} =cov{f, f.} +covie, f.} €R’. (1.19)

Since € and f, are independent, cov{e, f.} = 0 and thus we obtain

c=cov{f, f.} = (k(zM, ") kx® z®) ... ka® z®)T. (1.20)

1.4 Posterior Distribution

Since f, and y are jointly Gaussian according to (1.18)), the mean of the posterior
distribution ([1.17) is obtained using formula in Appendix as

pry =E{fly} =m.+c"Q (y—m). (1.21)

Similarly, the posterior variance is using Appendix given as

1
Var{f*|y} = 0'J2:*|y = E = ]{7* — CTQ_IC . (122)

*

These results are derived in Appendix [Blusing completing the square method and
formulated firstly using precision submatrices and then using covariance submatrices
of the joint distribution in (|1.18]).

1.5 Likelihood Function

Next we shall express the likelihood function p(y|f.). We must note that the likeli-

hood function is considered as a function of GP test position value f, while having
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the observations vector y given. Therefore the likelihood function is not a probabil-
ity distribution as it in general does not integrate to one over the parameter f, as
in

[ purwlfdr #1. (1.23)

where pyr. (y|f.) denotes the probability density of the vector y given the GP real-
ization f! at the test position ).
Using the product rule we express the likelihood function similarly to (1.17)) as

p(fe,y)
p(fe)

Further considering the terms of the joint distribution submatrices and the prior
(1.14) we can express the likelihood function similarly as in (B.3]) obtaining

(-G () (=)
Yy m Y m
(2mk,) " 2exp(—5(f. — m)k= (o — ma))
p(ylf.) = (2m) 72| Ax|2k?

(30 G (6)-C)

e (G0 = mak (L —ma))

p(ylf) =

(1.24)

(27)~ 5 | An|Zexp -3

p(ylf) =

(1.25)

Observing the two rightmost exponents in (1.25)) we see that they both contain
a quadratic function of f,. Therefore the likelihood function takes the form of a
Gaussian distribution up to a normalizing constant. Further we use completing the
square method to obtain the mean and variance of the normalized version of the

likelihood function

Prorm (Y1 f2) = N(Y5 piyir., os.) < p(ylfe) (1.26)

that is a valid probability distribution

2
2ay|f*

(f2 - 2fspiy . + ,U?/f*))

2
20y

pnorm(y|f*) = (27T0'§|f*)_%exp <_(f*_’uy|f*>2)

(1.27)

= (27m§|f*)_%exp (—
[ f«

It shall be noted that the normalized likelihood function parameters fi,y, and 0§| 1

are scalars and therefore indicate that we are considering the likelihood as a function
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of f.. If we were considering the likelihood as a function of y, the likelihood would be
a multivariate Gaussian distribution with vector mean g, s, and covariance matrix

as parameters, which ensures distinct notation of these parameters.

Normalized likelihood function mean and variance with precision subma-

trices

Using the precision submatrices in (B.2)) we can develop the rightmost exponent

of ((1.25) as

1 1
= U= mIAL(f =) = S(f = m ATy = m)

5= m)TAL(f—m) — Sy - M)Ay~ m)

+ ;(f* - m*)k»:l(f* — my)

- _;(f* - m*)Af* (f* - m*) - (f* o m*)A?*7y(y N m)

— Sy = M)Ay =)+ S = m )k (= )

(1.28)

1
= _if*g(/\f* — k7Y + fo(Apmy — A};,y(y —m) — k;'m,) + const. ,

where we in the last step disregarded the terms independent of f,. Taking the
term quadratic in f, from (1.28) and placing it equal to the term quadratic in f, in
rightmost exponent in (|1.27)) we get
1 1
—S LA k) == f
2 2ay| 1

which can be rearranged to express the variance of the normalized likelihood phorm (Y| f+)

(1.29)

as
1

2 _
Tylfe = Ag, — k1 :
Next, taking the linear term in f, from (1.28)) and placing it equal to the term
linear in f, in the rightmost exponent in (1.27) we get

(1.30)

— M *

o
ylfs
which can be rearranged to express the mean value of the normalized likelihood

Prorm (Y| f+) as

_ 1 A AT k—l
= m( e — Ay (y —m) — k7 m.)

m. — A};,y(ly - m)
* Af* — k*_l ’

(1.33)
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where we used the expression for normalized likelihood variance in (|1.30)).

Normalized likelihood function mean and variance with covariance sub-

matrices

The normalized likelihood function variance in (|1.30)) can also be expressed only

using joint covariance submatrices in (B.1)) by inserting (B.15]) obtaining
1
o2, = .
ylf (k, — cTQ1e)t — k1
The same can be done for the normalized likelihood function mean in (1.33)) to
express it using covariance terms by inserting (B.15)) and (B.17)) obtaining

= Aj Yy —m)
Yl fe * Af* — k1

(1.34)

T ()
=m, + Z*g/—czbc)((k* —c'Q eyt =kt (1.35)

1.6 Bayesian View of GPR

In the derivation of the GPR posterior distribution p(f.|y) in [1.4| we directly used
the known joint distribution p(f,,y) as our basis. The joint distribution is in more
common cases of Bayesian inference not directly known. In these cases we resort to
decomposition of joint distribution using the product rule into product of likelihood
and prior given by
p(fe,y) = p(ylfe) p(fe) (1.36)
where we will consider the likelihood p(y|f.) and prior p(f.) to be known, which is
true even in this case given the derivation in and the prior expression in (|1.14]).
Considering the Bayes’ rule expression in we can now express the posterior

distribution

_ p(ylf) p(f)
p(fily) = W o< p(ylfe) p(fe) (1.37)

where in the last step we disregarded the normalizing constant not dependent of f,.

Inserting now the normal distribution expressions from (|1.26|) and (|1.14)) into ([1.37)

results in
p(fily) < N (fsi gz, oypp )N (fu ms ki) (1.38)

which can be further expanded while disregarding the normalizing constants as

p(fsly) o< exp (_(f*;agylf*)) exp (_(ﬂ;}:ﬂ))

Y| f

: Wlhylf M 2 fome omd
MXp(_ R U I TR L | |

2 2 2 -
20y‘f* T, 20y‘f* 2k, k. 2k,

(1.39)
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Because of the presence of the quadratic term f2 in the exponent we know the
posterior distribution is Gaussian the same way as in (B.5)) in the form

f=2fmrn 15\ 4
202 B
Fly

p(fly) = N(fs gy, 03,) = (2702, ,) Zexp (—

which suggests that we can employ the same method as in previous sections, com-

pleting the square, to express the posterior mean iy, ), and variance Ufﬂy.

Comparing the terms containing f? in exponents of ((1.39) and (1.40]) we obtain

o f 2
Uy|f* * 0f*|y
From here we can express the posterior variance as
1
P R—— (1.42)

g =
Yl fx -2 -1
Ty 1. + K

which after inserting the result for normalized likelihood function variance (|1.30))

becomes
1 1

0'2 = = —
W T Ap — kU RS Ay

Now expressing the GP precision Ay, using covariance submatrices as in (B.15]) we

(1.43)

obtain
oy = ke —c'Q7'c, (1.44)
which is identical result as in (|1.22]).
Further comparing the terms linear in f, in exponents of ((1.39) and (1.40) we

obtain
f*ﬂylf* n Jem, . f*,uf*\y

1.45)
2 7 (
Uy|f* k* Uf*|y
from where we can express the posterior mean as
Foylfe T}
=|—=—+-—]0%,, 1.46
e (ﬁm m) v o

which can be expanded using precision terms for posterior precision in (B.7)) and
normalized likelihood mean in ((1.32)) as

) ) m.\ 1
tpgy = | oyp o (Apme — Af (y —m) =k 'm,) + —
k| A
_ Agm, — A (y —m) (1.47)
Ay,

=m, — A_*lAT*,y(y —m) .
This is the same expression as derived in (B.11)) directly from the joint distribution

p(f«,y), i.e., showing the equivalence of the Bayesian approach.
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2 Sampling Methods for GPR Under
Position Uncertainty

Until now we considered the training positions ¥ and test position ™) as being
perfectly known known vectors. This is an unrealistic assumption in practical appli-
cations and may lead to significant errors in spatial function estimation. The posi-
tion information obtained using a localization technique is subject to measurement
errors, which lead to position estimation errors. In this section we shall consider
methods for coping with position uncertainties to enhance the performance of GPR

in this more general setup.

2.1 Incorporating Uncertain Training Positions

This approach for incorporating location uncertainty into GPR is based on [2]. To
address the uncertainty in the training positions, we will consider the vector of the
stacked training positions x; defined in as being random from now on. Until
now we considered implicit training positions x; of the random variables f within
the GP. From now on, it needs to be explicitly specified which positions in the GP
we consider. This will be represented by conditioning the GP random variables on
the vector of training positions a;. Thus, the random vector f from (|1.5)) is written

floo= (f@D) f(@?) ... f@D)T R, (2.1)

where ® for i = 1,...,I are the individual random training positions contained
in ;. The vector of random training positions x; will be considered to have a
known prior distribution p(x;). The localization technique outputs an estimate of
the training positions. We will consider the estimate to be the observation @, of the

true training positions in the form

&, = col(zW, 2@ ... W) e RPT. (2.2)
This observation involves a random position observation noise vector

w = col(wV, w?, ... w?)eR (2.3)

according to
aN;'t = Tt + w s (24)

which can be decomposed into the individual training position observation vectors

20 — 20 4 w® | =11, (2.5)
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The pdf p(w) of the observation error vector will be considered to be known; it will
be denoted by p., () when evaluated at a specific position.

The observation vector of training positions @&; is related to the vector of the
true training positions x; according to a known conditional pdf p(&|x;), which can

be expressed using the known pdf p,(-) of the observation noise vector w as
p(&i|xe) = pu(@y — ) - (2.6)

The posterior pdf p(x¢|Z;), i.e., the pdf of the vector of the true training positions
x; given the observation vector &, will be important later. It can be obtained from
the prior pdf p(x;) and the likelihood p(&|x;) using Bayes’ theorem as
pla|#:) = p(it|wt~)p(mt) _ p(if]mt)p(mt) , (2.7)
p(2:) Jror (@] 2t)p(})
where x| denotes the integration variable corresponding to .
In contrast to the setup in Section [I.2] the available observations for GPR now

consist only of the vector of spatial function observations y at the true training

positions x; and the vector of observation of training positions @;.

We will consider the posterior predictive pdf in and further condition it
on the observation vector of training positions @;. This added condition represents
the fact that in the random training positions setup the GP random variables are
explicitly linked to the specific training positions. The posterior pdf of the GP at
the test position *) therefore takes the form p(f|y, Ty, and using the product rule

it can be further developed as

p(f*7 y|£t)
p(ylz:)

Using the sum rule, we now add to the probability densities in the numerator and

p(fuly, @) = (2.8)

denominator in the right-hand side of (2.8) the true vector of training positions @,

ie.,

Jror p(fo, Y, x| @) da
Jror p(Y, | Z¢) dzoy
Jror D(fily, @4, B)p (Y, T B1) dy
Jror (Y|, To)p (@] 2¢) dey
_ Jror p(fely, @o, &) (Y|, T )p(:|E1) das (2.9)
Jror p(yl@e, To)p (@] 21) dey ’ ‘

where we in the second and third step used the product rule. Considering the

p(f*|y71~3t) =

conditional independence of f, and y of &; given x;, we can simplify (2.9) into

(foly. ) = Jror p(fely, @, )p(yle)p(x| @) da
PAAY, T = fRDIp<y‘$t>p(mt|53t)d$t

(2.10)
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Examining the terms in (2.10)), we recognize that
o p(fi|y,x) is the GPR posterior pdf as in (B.5|) while considering the training
positions given by xy,;
« p(y|x,) is similar to (L.12)), i.e., the pdf of the GP observations at the training
positions x;
o p(xi|xy) is the posterior pdf of the training positions given the observation of
training positions, cf. .
In contrast to the posterior pdf p(f.|y) of GPR with known training positions in
(B.5)), the posterior pdf p(f.|y, &) is not Gaussian, but we will approximate in by

a Gaussian pdf, i.e.,

p(fuly, &) ~ N (fo; E{fuly, &}, var{f.|y,&:}) . (2.11)

Posterior mean

The mean value of the posterior pdf p(f.|y, &) is

E{f.ly. @} = [ fo(fly.2)d. . (2.12)
By inserting (2.10)) into (2.12)) and then rearranging the integrals we obtain

Jr [eUror p(foly, 2 )p (Yl p(2: | 24) dey) df
Jror p(ylz)p (@ |2) doy
Jro1 (f]R fo(fily, ) df*)p<y|$t)p(wt|jt) dx

- Jeor (gl p(@i ) das ' (2.13)

E{f*|y7 jt} =

The inner integral in the numerator is the posterior mean of f, conditioned on the

vector of training positions x; is given by

pu@) B{Lly. ) = [ fo(fly.@) df. (2.14)

which is a standard GPR posterior mean value according to (1.21)). After plugging
that into (2.13)) we get

_ Jror @) p(yla)p (@ ) da

E{fily,xz} = — 2.15
Wl = e (e, da. (219)
Posterior variance
To express the variance of the posterior pdf, we first consider
E{f2y.@} = [ Fp(Fly.20)df. (2.16)
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which after inserting ([2.10)) and then rearranging the integrals becomes

Jr F2(mor (fily, @ )p(ylay)p(a &) do,) df.
Jror p(Y|ze)p (2|20 ) de
Jror(Jr ffp(f*|ya x) df)p(y| e )p (e |2 ) doce

N Jror p(Ylz)p(@:|2:) ey ' (217)

The inner integral in the numerator is the posterior mean of f? conditioned on the

vector of training positions x; as
{2y @) = [ Fo(fly,a) df. = (@) + o) (218)
where p,(x;) was defined in (2.14) and

o2(xy) £ var{f.|ly,xz} . (2.19)

Note that, similarly to p. (@), 02(x;) is a standard GPR posterior variance according

to (1.22)). After plugging (2.18)) into ([2.17)), we get

o Jror E{fZ|y, 2 }p(yl|z)p (x|, ) d;
E{f*|vat} = / 1~ /
Jrpr p(y|zt)p (x| 2, ) dact
 Jror (W) + ol (x))p(y |y )p (2| 2:) dg
Jror p(ylx)p(zt|2:) oy

Now expressing the variance of the posterior distribution as

var{f.ly, @} = E{(f.—E{fily. 2})’ly. &} = E{fZ|y. &} — (E{f|y. 2.})* (2.21)

and by further inserting (12.20]), we obtain

(2.20)

Jror (2 () + o3 (@) )p (ylao))p (i) da]

f]RDI p(y|w§)p(:p”;ﬁt) dwé - (E{f*’yﬂit})z s

(2.22)

Var{f*]y, C~Ct} =

where E{f.|y, &} is already known from ({2.15)).

2.2 Monte Carlo Evaluation

The integrals in the expressions for the posterior mean and the posterior
variance cannot be computed in closed form in general. In our, simulations
we will therefore need an approximation method to compute them. One such method
is the Monte Carlo (MC) evaluation as explained in |8} sec. 2.1]. To explain the basic
idea, we will first consider the approximation of the expected value of some scalar
function ¢(q) € R of a random variable ¢ € R with respect to a pdf p(q),

B {o(q)} = [ o(@p(@)da . (223)
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using a point-mass function

1 S
pMC(Q) = ;Z 5((] - Qi) ) (2-24)

i=1
to approximate p(q). Here ¢;,7 = 1,...,s is a set of iid random samples drawn
according to the pdf p(q) and d(q) is the Dirac delta function. Using pyc(q) as

an approximation of p(q), we can express the approximate expectation of ¢(q) by

inserting ([2.24]) into (2.23)) as
B0 {o()) 2 [ olapmica) da

/ Z5q—qz
Z/qb (¢ —a)

— 52 o(q:) (2.25)

This approximate expectation can be shown under mild conditions [8, Sec.2.1] to

converge to the true expectation as N goes to infinity, i.e.,

lim EPC@{¢(q)} = lim — Zd) Ep(Q)W(CI)}:/Rd)(Q)P(Q)dQ- (2.26)

S5—00 S5—00 8

Erve@{g(q)} can also be shown to be an unbiased estimator of ¢(q) even for finite

s. If we further assume the variance of the random variable ¢(q), i.e.,

var’ W{p(q)} = EXO{¢?(q)} — E"7{g(q)}* < o0 (2.27)

then the variance of the MC approximation can be shown to decrease with increasing

S as

varP(@)
var? @ {EPe@ ()} } = M : (2.28)

s
Monte Carlo approximation of the posterior mean
Let us return to our original problem of approximating the posterior mean

E{f.y, &} in (2.15). This mean can be reconsidered as the ratio of two expec-
tations with respect to the pdf p(x¢|Z),

Jror (@) p(y|2e)p (20| 20) de _ Ep(mjt){ﬂ*(wt)p(mwt)}
Jror p(Ylz)p(|2:) da Er@ @) {p(y|z,)}

This corresponds to our MC evaluation example (2.23)): p(q) corresponds to p(x;|Z:)

E{fdy, &} = . (2.29)

and ¢(q) corresponds to . (x)p(y|x:) in the numerator of (2.29)) and to p(y|x;) in
the denominator of (2.29)).
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Accordingly, we will approximate p(x|Z;) with a point-mass function

pMC<$t’wt) = gz (5(:1% — wt,i) (230)
i=1
using a set of samples x;,7 = 1,...,s drawn according to p(ax¢|®;). Then, we

can approximate the posterior mean E{f,|y, @} in (2.29)) using the approximation
relation ([2.25)) as
MC 1A EpMC(mt‘ﬁt){M*("Bt)P(miBt)}
E {f* |y7 mt} = =
EPMC(wtlwt){p(y|wt)}
% i1 (i) p(Ylae = @)
L p(yle = ay)
i1 M (T Ly = Lty
_ Z_llj (z4:)p (Y| ti) . (2.31)
i1 P(Ylze = @)
All the terms in (2.31]) can be calculated using the standard GPR expressions with

known training positions, i.e., u.(xs;) can be calculated according to (1.21)) and
p(y|xy = @) according to (1.12)).

Monte Carlo approximation of the posterior variance

Similarly to the posterior mean, we will also approximate the posterior variance

var{ f.|y, &} in (2.22)). We express the left term on the right-hand side of (2.22)) as
the ratio of two expectations with respect to the probability density p(x:|Z:), i.e.,

Fly @) = Jror (15 () + 02 (@) )p(y e )p (@] 21 ) e
VU T = Jwor p(ylz)p(a @) da,

B Er@d@of(2(xy) + o?(xy))p(y|xe)} o,
- Ep(wt|@t){p(y|wt)} - (E{f*‘yaajt}) . (2.32)

This again corresponds to our MC evaluation example ([2.23): p(q) again corresponds

— (E{f.]y, 2:})’

to p(x¢|x;), and ¢(q) corresponds to (u?(x) + o2(x,))p(y|x;) in the numerator of

(2.32)) and to p(x¢|®;) in the denominator of (2.32]).

accordingly we again approximate p(x|&;) with the point-mass function pyic (x| 2+)
in (2.30). Then, using the approximation relation (2.25)), we obtain the following
approximation of the posterior variance in (2.32)) as

Eprvc (@] @) z . +Uf X . o
vartt i foly, 2 £ E;(A/;L«Ef@)){p(y\(ai))]?p(wm D mveqsiy, a0

S () + o2 () )p (Yl = X44) MC =2
= s — — (B fuly, ®:})
s 2ui=1 p(ylre = x;)

i1 (15 () + 02 (@) )p (Yl = @44) -
N 1 2;1 p(y|m:: T ;) t - EF Ly @)
(2.33)
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where we replaced E{f.|y,®:} by its MC approximation EMC{f,|y, &} as given by
(2.31). Here again, all the terms in (2.33)) can be calculated using the standard GPR
expressions with known training positions. We note that in [2], identical results were

derived using the importance sampling method. The derivation from [2] is reviewed

in Appendix [C]

2.3 Sampling from the Posterior Position Distribution

In order to use the MC approximation EMC{ f,|y, .} in (2.31) and varMC{f,|y, &}
in (2.33) we have to sample from the posterior distribution of training positions

p(xt|&:). According to (2.7)), we have

p(xy| &) o< p(&i |y )p () (2.34)

where the denominator in (2.7)) has been disregarded because it does not depend on
xt. The likelihood function p(&|x:) is given by (2.6)), i.e.,

(| t) = P (Xe — ) - (2.35)

We assume the observation noise pdf p,, () is zero-mean isotropic Gaussian with a
2

v

known variance o

p(w) = N(w; 0, 071p;) , (2.36)

which implies that the individual noise components for the same training position
as well as the noises for different training positions are independent. It follows that
the distribution of the noise for one (dth) spatial coordinate of one training position

is
plwy =N@w; 0,02, d=1,2,....,D, i=12,...,1. (2.37)

With (2.5) the likelihood for a single spatial coordinate of a single training position
is obtained as
p(xd|$d)_ ($daxd70)' ( )

v

According to (2.34), we also need to specify the prior distribution of the training
positions, p(x;). There are a few reasonable ways to express the prior, namely
considering improper prior, Gaussian prior or uniform prior. Further we shall con-
sider the individual true training positions are iid resulting in We assume that the

individual training positions are iid, i.e.,

plxy) = Hp(ac(i)) ) (2.39)
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This means that we can generate the samples of the individual training positions

) separately. Moreover, we assume that the individual spatial coordinates of each

training position are independent but not necessarily identically distributed, i.e., for
D =2,

(i)Y _ (4) (@) 2.40

p(x™) = p(zy”)p(zy”) - (2.40)

By inserting ([2.40)) into (2.39) we obtain
! (@) (4)
p(x) = Hp(fl p(@y”) - (2.41)
i=1

This means that we can draw samples for each training position dimension sepa-

rately. The posterior pdf of each spatial dimension of each training position is given

by (cf. (2.34))
p(aP1ED) o p(@P 2 Np (), d=1,2,...,D, (2.42)

with p(igmxff)) given by (2.38]). Next, we shall consider three different choices of
the prior distribution p(xg)) used to obtain the posterior distribution in (2.42)) in
order to be able to draw samples from it.
Improper prior
Our first choice is the improper prior, which expresses our lack of prior knowledge
about xfj). It is given by
p(ry) =1, (2.43)

which is not a valid probability distribution as it does not integrate to one. The
joint prior distribution of all the training positions is then obtained from (2.41)) as

p(@) = [t = 1. (2.44)

Inserting this into (2.42)) and using ([2.38) yields for the posterior distribution

pi(@170) o (@2 i)

< p(ig )
=) (D)2
x (2m02) " Zexp (_W) , (2.45)

which is recognized to be a Gaussian probability distribution for the random variable
xg). Therefore we can replace the proportionality with equality and get
@) _ 5@

. . 2 . .
pi(zy)|7y)) = (2702) " Fexp (—(20)) =Ny 20, 02y (246)
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This is a valid distribution, from which we can draw samples using methods im-
plemented in many programming and simulation environments. We also note that
using the improper prior amounts to a classical (non-Bayesian) estimation frame-

work because the prior distribution is totally noninformative.
Gaussian prior

Another option for the prior distribution of asg), as suggested in [2], is the Gaus-
sian distribution
pa(ry)) =Nz pa, o3) - (247)

Here, the mean py may depend on the dimension index d whereas the variance o2

is fixed Inserting ([2.47)) and (2.38)) into (2.42]), we get for the posterior distribution

pa (P17 oc p(P |28 pa (=)

~ (%) (9)\2 (@) 2
T T T %
X (27((73)7%6X ) (—( d d )> (271()}2()7%8)([:) (_< d d> )

202 202
IO O €2 A O 2 et 0
P 202 20?2
(i))2 d d\ () d Hd
Ocexp(_(%%+2<f}%>($d)+<ai+@% o e e )

(2.48)

Noticing that the exponent is a mixed quadratic-linear-constant function of x((f), we

recognize this distribution to be Gaussian. To obtain the mean (405 and variance

cripost of this Gaussian distribution, we employ the competing the square method.

We formally set

pa(@P178) = N (@) traposts 02 post)

( (x&Z) - Nd,post)Z)
xexp | —

20->2<,post
1 : Md,post (i 14
(i)N\2 ,POSt (7) d,post
x exp | —=———/z;")" + x,; — : (2.49)
( 20’3{,post d U)%,post d 20')2<,post

Comparing the quadratic terms in equations (2.48)) and ([2.49)), we obtain

1 1 1 550
20_)2(,post - T.-?/ - T‘?{ ( ‘ )
and in turn
) 1
Ux,post = 1 1 . (251)
252
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Similarly, comparing the linear terms in equations (2.48)) and ([2.49)), we obtain

Pdpost Tq  [d
=—+t = 2.52
0->2<,post 0\2; 0)2( ( )
and thus
~ (%)
9 Lq Hd
Hd,post = Ox post ( 0_3 + 0_7)2( . (253)

Based on these expressions of the Gaussian distribution parameters figpost and

2 . . . .
Oy post» We can sample from the posterior distribution

po (e 157) = N2 papost: 7% pos) (2.54)
for each spatial dimension d.

Uniform prior

In our simulations, we will assume that the support of IE((;) is a subspace X; C R.
Therefore, the pdf of x&i) is zero outside X;. Moreover, having no further prior
knowledge, we assume the distribution of xg) to be uniform within X, i.e.,

, L f (4) X
polef) =UXe) = 18] TS
0 for a:g) Z X,

(2.55)

where |Xy| = [y, dycg). By plugging this position prior into (2.42)) and using ([2.38]),
we obtain the posterior pdf

pu (a7 oc p(E3 |28 )pu (=)

(@) (1)y2
_1 (Zq" —2q) 1 i
N (2m02) zexp (— 202 ) A for z1¥) € X,
0 for xg) Z Xy
(e — 7)) :
e (—zaz for 2’ € X, (2.56)
0 for x((;) X, .

Samples can be drawn from this distribution by first drawing samples from the
Gaussian distribution and then rejecting those samples that are outside Xj. This is

illustrated for a one dimensional training position sample generation in Figure 2.1]
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Fig. 2.1: Posterior position pdf pU(xEZ) |f((;)), for a uniform prior, with support | x| =

[0, 3] for one spatial coordinate.

2.4 Simulation

We simulated the method of GPR operating under training positions uncertainty,
as derived in previous sections of this chapter. For the simulation we used a similar
setup as in [2]. The Gaussian process was considered to be zero-mean, i.e., m(x) = 0,

with squared exponential covariance function

ko) — o%exp 12 2T (2.57)
: p 202 : :
Here, 0% = 2 is the variance of each GP random variable and o, = v/2 is the spatial
covariance length scale. This covariance function is positive definite [1, p. 86] and
is known to result in a positive definite matrix K according to (1.8]). The complete

GP can be expressed similarly to ([1.3) as
f() ~ GP(0, k(x, 2)) (2.58)

We performed the GPR on a subset X; x X, C R? where X; = [0,6] and
X, = [0,3]. We randomly generated I = 20 random training positions x*, i =
1,...,1 using a uniform distribution according to , ie., p(xgi)) = U(X;) and
p(xg)) = U(X;). We can sample from these distributions using common packages in
most programming environments, e.g. package NumPy in PYTHON as used for our
simulations. We sample from this uniform distribution to obtain s, which will be
further considered to be the realization of the vector of random training positions

x; and also referred to as the vector of the true training positions xs. The vector
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Fig. 2.2: Example of the region of interest along with the true training positions

(blue), the observed training positions (yellow) and the test positions (red).

of the true training positions is created by stacking the individual training position

samples in single dimension according to
T = col(xgl),xgl),x?), o ,azél)) € (X x &) c R¥ . (2.59)

The random training positions observation &; is then generated by adding Gaussian
noise to the true training positions @ s according to (2.38) as

P(it|ﬂ3t = mt,s) = N(ii?ﬁ Lt s, U\Q,IDI) ) (2-60)

where the observation noise standard deviation is chosen as o, = v/0.1. From this
conditional distribution we draw a sample @ representing the known vector of
training positions observation.

To observe the GP realization and GPR results we will consider a stacked vector
of individual known test positions xie; being in a rectangular grid covering the
region of interest X'. The density of the test positions grid is 3 samples per spatial
unit giving us

T=(6-3+1)(3-3+1)=190 (2.61)
test positions :L'ggt with j = 1,...,T stacked to a vector Tieey € RP? similarly as
for x; in . A sample of the vector of the true training positions x; s, observed

training positions & s and test positions @ are visualized in figure 2.2}
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Generating the GP realization

For simulation purposes we will be considering the vector of GP random variables
similarly to ([1.6) while now omitting the conditioning on the vector of random

training positions a;. This vector f is then distributed according to
p(f)=N(f; m, K), (2.62)

with the difference to (1.6]) that to the GP random variables at true training positions
x;s we include the test positions @ies. All these positions are stacked to a known

vector

$t7ext = CO].(mt,S, a)test) S RD(I+T) . (263)

This gives us the vector of GP random variables at & . positions extended from

(L.5)) as
fext = COl(fa ftest) € ]RI+T (264)

with GP random variables at training positions @

f=f=h) f=?) ... fl@D)" eR! (2.65)

and GP random variables at test positions ;e

Frest = (f(had) f(@iD) .. flazi) € RT. (2.66)

The extended vector of GP random variables fe,; is then distributed according to

p(.fext) = N(.fext; Miext, Kext) (267)

with vector of GP mean values m, € R!*7T similarly extended from ((1.7) and
covariance matrix Koy € RUTD*UHT) extended from (I.8)).

A realization of the GP random vector fex at positions @ ey is generated as
suggested in [1, sec. A.2] using Cholesky decomposition L of the covariance matrix
K.y as

LL" = K. + €lpir) (2.68)

where the regularization term elp(;47) with chosen small parameter € = 1073 ensures
positive definiteness of the matrix on the right-hand side of in contrast to the
positive semidefinite matrix K. This is required because Cholesky decomposition
needs to operate on positive definite matrix. We will consider a random vector

u € RUFT) distributed according to isotropic Gaussian as in

p(u) =N(u; 0, Lizir)) | (2.69)
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which we can obtain samples of using common packages in most programming envi-
ronments, e.g. package NumPy in PYTHON as used for our simulations. The random

vector fey is than related to the random vector w according to
fext = Myt + Lu . (270)

The relation for f..; can be shown to produce the desired distribution of f.. as in
(2.67) by firstly expressing its mean

BN ey + Lu} = B {me } + LR} = mx (2.71)

where we used the independence of m. on w and that w is zero-mean. Further

expressing the covariance

CcoV{Mexy + Lu} = Ep("){(mext + Lu — M) (Mg + Lu — M)}
= E'{(Lu)(Lu)"}
= EPW{ Luu"L"}
= LEP™ {uu"}L" (2.72)
= LIpginL"
=LL"

~ ext

where we used the identity covariance matrix of vector w. By obtaining a sample of
random vector u we calculate the realization fey s of the random vector fex using
(2.70). The realization fiests of GP random variables at test positions fiest as a
subvector of fext s is than displayed in part a) of figure including indication of
the true training positions @ g.

Having the true realization fex s of GP vector fe we can obtain the probability
density of the random observation vector y of GP random variables at the true
training positions x;s by taking the generated values of GP at training positions
fs and adding observation noise as in ((1.10). From the observation noise distribu-
tion ((1.11) and from (1.10) we can express the conditional distribution of the GP

observation vector y given a GP realization vector at training positions fs as

p(ylf = f) =N(y; fs, o21)) , (2.73)
where the additive zero-mean Gaussian noise is chosen to have standard deviation

0. = 0.01. By sampling from this distribution we obtain the realization GP obser-

vation ys at true training positions & .
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Fig. 2.3: GP estimation:

a) Realization of a GP and true training positions (indicated by blue crosses),

b) GP estimates using the true training positions,

c) GP estimates using the observed training positions (indicated by yellow crosses)
directly,

d) GP estimates using the observed training positions and the MC approximation
with uniform position prior.

The same scale is used in (a)-(d).
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GPR using the true training positions

As the next step we will perform GPR using the true training positions x; s as
derived in section according to the GPR posterior mean given by (|1.21))

frgy = me+TQ 7y —m) . (2.74)

It shall be noted that for the regression we can now use only true training positions
x.s, GP observation at that positions ys and information about the GP itself as in
(2.58)).

We start by calculating the covariance matrix of GP observation at training

positions @y ¢ as in ({1.13])
Q = cov{y} = cov{f} + cov{e} = K + o’I; (2.75)

while employing the chosen covariance function in (2.57)) to calculate the individual
elements of matrix K. This covariance matrix @ stays the same for all the individual

test positions within x.. Further we shall calculate the cross-covariance vector as
in ([1.20) for a single test position a:Ejegt given by

) = cov{y, f(zi)}
= (]{J({B(l), wgégt) k(m(2)7 wéjegt) cee k(w(l)7 wgggt))T € RI ' (276>

We are now ready to insert the results of (2.75)) and (2.76) into the GPR posterior
mean expression in (2.74) while considering a zero-mean GP obtaining

,uf(w(j) )y = (C(j)>TQ_1yS . (277)

test

Evaluating this posterior mean expression for every test position méggt N Tpegy WeE

obtain a vector of GPR mean predictions pf(z,...)y € R”, which is visualized in part

b) of figure

Further we shall evaluate the posterior variance according to (|1.22))
0%y =k —c'Q7'c, (2.78)

from where we after inserting the results of (2.75]), (2.76)) and noticing that k, = o
obtain
2 — 52— (cINTO~ 1)
Ty = 0 (€)@ (2.79)

Evaluating this posterior variance expression for every test position wgégt N Tieg WE
obtain the GPR variance prediction visualized in part a) of figure .

GPR using the observed training positions directly
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Fig. 2.4: GP variance estimation:

a) GP variance estimation using true training positions,

b) GP variance estimation using the observed training positions directly,

¢) GP variance estimation using the observed training positions and the MC ap-
proximation with uniform position prior.

The same scale is used in (a)-(c).
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Next, we are going to use the noisy training positions observation &; s instead of
the true training positions x ¢ within the standard GPR framework i.e. considering
the noisy positions observation to be the true training positions. The posterior mean
can be obtained by using training position observation &; s for calculating the GP ob-
servation covariance matrix @ in and cross-covariance vector cov{ f (a:test) y}

in (2.76). These results are then used for calculating the posterior mean p F@9 )1y
()

according to ( - ) for each individual test position @;’),. This posterior mean is
depicted in part c) of figure . Same procedure applies to calculating the posterior
variance 0 @ )iy according to with a result displayed in part b) of figure .
We observe even in this single realization that the posterior mean prediction has

larger posterior mean error than in part b), where we used true training positions.

GPR using the observed training positions while accounting for their

uncertainty

Further we are going to use the observation of training positions & while ac-
counting for the position uncertainty. This shall be done by employing MC sampling

of training positions distribution as in (2.31])

> i1 M*(wt,z’)p(y’mt = wt,i)

EMC f* y7 :i =
Ul g i p(ylze = a:m-)

(2.80)

We will start by generating s = 100 training positions vector samples Zyc,; €
RP! with i = 1,...,s from the position posterior distribution described in section
2.3l For doing this we choose the uniform training positions prior as the most

appropriate for our simulation setup.

For each individual training positions sample @inc,; we calculate the covariance
matrix of GP observation Q); as in ([2.75)) and a cross-covariance vector cov{ f (acggt), Ymc,i
with regards to a single test position acgjegt and a vector of GP random values yyc; at

sample training positions Zimc,i as in (2.76). The posterior mean g f@d) )|y(53tMc ;) at

test posmon thest for given training positions sample iy, is then Calculated using

and the respective posterior variance af (=) )‘y(thC,i) using (2.79). Further

test

we shall evaluate the marginal likelihood p(y|x;), which is in contrast to ((1.12))
conditioned on @x; to indicate that the true training positions considered are not

implicit. By inserting our intermediate results we can express it as
p(Y|&: = Boncd) = N(y; 0, Qi) . (2.81)

All s training positions samples are then combined to evaluate the MC approxi-
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mation of the posterior mean by inserting into (2.80) obtaining

Zf:l lif(wgzmy(i’tMC,z)P(y = yslit = thC,i)

EMC w(-j) y —_— ys’ j pr— fé s = ~ ~
{f( test)| t t } lep(y = ys|iBt = thC,i)

(2.82)
This posterior mean is then evaluated for all test positions contained in @i.. We
can see a visualization of these predictions in part d) of figure It can be seen
even from this single realization that the prediction performs better in contrast to
the direct usage of training positions observation in part c).
Similarly as in we obtain the MC approximation of the posterior variance
according to (|2.33]) as

VarMC{f(;cggtﬂy =Y, Ty = Ty} =

i1 (0 31, (Brvaci) + 07 ) (Benci) )P(Y = Ysl 8o = Braci)

f(wtesg)‘y
1 p(y = ys|Zy = Tomac,)
— (BN f @)y = yo & = B5})?

(2.83)

which after evaluating for all test positions contained in @ gives results displayed
in part c) of figure 2.4]

Performance evaluation

To evaluate how each of the regression methods performed we will use the root-
mean-square error (RMSE) of predictions at the test positions in @ In general,
a prediction for a single test position wéigt will be denoted as a posterior mean 7).
For this posterior mean we will be inserting the prediction obtained by each of
considered GPR methods. Still in general, the GPR for a single simulation run can

be expressed as

T ( G) _ £0) 2
= IJ' ftest,s)
ERMS(IJ’a ftest,s) - \J = T )

(2.84)

where ) denotes the jth element of the vector of mean predictions p at test
positions @ and ft(ggtvs is the jth element of the vector of GP realizations, both
corresponding to the test position azgigt In this form the Eryg is an estimator of
the RMSE within a single simulation with constant training positions and 7' test
positions.

Because of the numerous sources of randomness in our simulation it is necessary
to carry out multiple simulation runs and after that evaluate the RMSE for each of

the discussed GPR methods. We performed R = 100 GPR simulation runs, each
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time generating new training positions and GP realization. The resulting RMSE

metric comprising all the simulation runs is calculated according to

(2.85)

Y (Brus™)?
ERMS - R 5

where ERMS(T) denotes the RMSE result of rth simulation run.

Firstly we evaluate the RMSE of the GPR operating with the true training
positions @s. Similarly we evaluate the RMSE for GPR using training position
observations & ; directly and for GPR accounting for training positions uncertainty.
The resulting RMSE for each of performed GPR scenarios is summed up in table[2.1]
We can see that our results show a significantly decreased RMSE when employing
GPR accounting for position uncertainty in comparison to the GPR using noisy
positions observation directly. Nevertheless, our results differ from the ones provided
in [2, tab. 2], which could be caused by some differences in simulation setup, namely
the ambiguity in number of MC samples used, number of simulations performed and

different training positions prior distribution.

Evaluated | RMSE from
RMSE [2, tab. 2]

GPR using the true training positions 0.3837 0.1281
GPR using the observed training posi-

GPR method

} ) 1.516 0.9126
tions directly
GPR using the observed training posi-
tions while accounting for their uncer- 0.8683 0.3403

tainty

Tab. 2.1: RMSE of the considered GPR methods.

A second metric to evaluate the quality of predictions as suggested in [3] and [1]
is the mean negative log-predictive density (MNLPD), which employs not only the
posterior mean as for the RMSE but also the posterior variance. The general idea is
to consider the Gaussian approximation of the posterior pdf at the test position and
to evaluate its probability density at the point of spatial function true realization
value. The closer the posterior mean to the true realization value, the higher is the
density. And, the posterior variance determines how quickly the posterior density
decreases when the true realization goes away from the posterior mean. Therefore
this metric penalizes for prediction errors more strongly in test positions, where
predictive variance is lower. To obtain the negative log predictive density for a single

test position a:ggt for which we have already calculated the posterior mean ) and
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the posterior variance o) we start by expressing the posterior pdf evaluated at
the true spatial function value ft(gs)tjs as

) () 1 ( t(gs)t s T H(j))2
p(f<$test) = ftest,s|y) = mexp - 20-(,7),2 ’ (286)
which can be in the following steps
- ; ; ( t(gs)t,s - M(j))Q
270'(3)’219“(33%20 = t(gs)t,s|y) = €Xp (_ 20 ()2
1 , < : ( t(ej)t, - N(j))Q
510g (27“7(])’2) + log (p(f<a3ggt) = ft(gs)t,s’y» == 82;@)3
(2.87)
transformed into the negative log-predictive density
A ) 1 ~ ( t(g;)t,s - M(j))Q
—log (p(f(mggﬁ = ft(gs)t,s|y)) D) (log (2m) + log (U(])’Q) + o):2
(2.88)

To obtain an estimator of the mean negative log-predictive density we average over

all the T test positions within one simulation to obtain

EMNLPD(M» o, ftest,s) =

T

2T

@ ()2
(ftest,s IJ’J ) ) ‘ (289)

(4),2
(log (2m) + log (V%) + )2

Similarly as for the RMSE we carried out 100 GPR simulations to obtain a
MNLPD comparison of discussed GPR methods, now with averaging of the results
of each of the simulations. The resulting MNLPD values can be found in table
2.2l The lower the MNLPD value the better are the predictive mean and predictive
variance matched. We can see that GPR method accounting for training positions
uncertainty performed much better than the GPR method using the noisy training

positions directly.

2.5 Disregarding the Dependence between x; and y

In our derivation of the posterior pdf in (2.10) under training positions uncertainty
we accounted for the statistical dependence between training positions @; and the
spatial function observations y. By omitting this dependence (as shown in |14], [16])

we can reach a simpler form of the predictive pdf, but at the cost of not utilizing all
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Evaluated
MNLPD

GPR method

GPR using the true training positions 0.4632

GPR using the observed training posi-

35.54
tions directly
GPR using the observed training posi-
tions while accounting for their uncer- 16.99

tainty

Tab. 2.2: MNLPD of the considered GPR methods.

the information provided by our statistical model. We start our derivation similarly
as in (2.8) but firstly using the sum rule as

plfly.@) = [ p(femily. @) do

= ]Rmp(f*klft,y7it)p($t|y7fit) dzy . (2-90)

Here we can again use the conditional independence of f, of & given x; just as in

(2.10) to rewrite the term p(fi|x, y, &;) equivalently as p(fi|xi, y). By expressing
the term p(x|y, &) as

p(ylze, To)p(|24)
p(yl:)
- (Y|, To)p (|24
o Jror (Y, T |®,) da,
B (Y|, To)p (2| 24)
 Jwor p(ylEy, T )p (x| 1) d
o p(y|x)p(x:| 24
a Jror p(y|2)p (2| 24 ) dee ’

p(wt|y753t) =

(2.91)

where we in the first step used the Bayes’ rule, in the second step used the sum rule,
in the third step used the product rule and in the last step used the conditional
independence of y of &, given x;. From (2.91]) we can see that p(x|y, &) # p(x:|Z¢).

However, if we within this section take the assumption that a; is independent of y

given &y, i.e. p(x|y, &) = p(a|x;), we can express (2.90) as
plfly.@) = [ p(fleny. @)p(@)a) d. (2.92)

This equation can be found in |14, eq.14], where it is in a more general form con-

sidering also an uncertain test position. Here the authors later perform a simulation
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of a scenario with uncertain training positions and posterior mean prediction at a
known test position. In this setup the provided equation for posterior pdf |14} eq.14]
collapses into the derived form (12.92)).

MC approximation of the posterior mean

The equation ([2.92)) is used to express the posterior mean using a similar deriva-
tion as for (2.15]) resulting in

E{fly.:} = [ fp(fly.@)df.
= [ £ [ pUleey @0p (@) dedf.
R R
:/DI/ fp(fil@e, y, @) dfep(@e| ) day
R R

= oo fhs (1) (T | T ) dpy

= BP@lm0{p, ()} . (2.93)

This term is again approximated using a MC method with samples of vector of
training positions x; drawn according to the pdf p(x|@;). These samples provide
us with a pmf approximation pyc(xi|@i) of p(a|®;) just as in (2.30)). Using this

pmf we can express the approximate posterior mean as
-~ x| T 13
EY fuly, @} = B ()} = = 3 (@) (2.94)
i=1

The individual random training positions in [14] were considered to be independent
and to have isotropic Gaussian distribution. This is equivalent to our discussion
in training positions sampling section [2.3| considering improper prior. However, as
there is no necessary assumption about the Gaussianity of the training positions
distribution, we used the uniform prior for generating our samples of training posi-
tion. This was motivated by the fact that this prior is most suited to our simulation
scenario and that the results of this section hold also for the improper prior case.
In figure you can see the results of a single GPR simulation. Here we com-
pare the realization of a GP to the posterior mean obtained with (disregarding
statistical dependence between &; and y) and to the posterior mean obtained with
, which accounts for the statistical dependence between @; and y. We can
observe that omitting the statistical dependence assumption leads to a significantly
different posterior mean prediction. That means the statistical independence as-

sumption has a significant effect on the prediction quality.
MC approximation of the posterior variance

Considering the posterior pdf according to (2.92)) we can find the expression for
the posterior variance by following the derivation of (2.22)). This results in the exact
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Fig. 2.5: GP estimation:

a) Realization of a GP and true training positions (indicated by blue crosses),

b) GP estimates obtained from (disregarding the statistical dependence be-
tween &; and y),

c) GP estimates obtained from accounting for the statistical dependence be-
tween &y and y).

The same scale is used in (a)-(c).

o4



posterior variance term

varl £y, @) = [ (@) + X @)p(a) doy — (E{ Ly, 8.1, (2.95)

where E{ f.|y, &} is already known from ({2.93)). By approximating the training po-
sitions posterior pdf p(a¢|®;) by the pmf pyc (x| Z¢) as in (2.30) we can approximate
the posterior variance in (2.95) as

S

vy, @ = D (@) + o2 @) - (BN Ly @) (2.96)
i=1
with samples of the vector of training positions drawn according to p(a|Z;).

In figure you can see a visualization of the variance prediction for the same
simulation as in figure 2.5 It is a comparison between the posterior variance ob-
tained with (disregarding statistical dependence between &; and y) and the
posterior variance obtained with , which accounts for the statistical depen-
dence between ¥; and y. We can see that omitting the statistical dependence as-
sumption leads to a significantly higher posterior variance expressing a higher level
of prediction uncertainty. This leads to a conclusion that the amount of information

lost by omitting the statistical dependence is significant.
Performance evaluation

Similarly as in section we compared the currently studied GPR methods
using the RMSE an MNLPD metrics. Again, 100 simulations were carried out to
obtain results displayed in table 2.3] Considering the RMSE metric we can notice
that disregarding of the statistical dependence between &, and y leads to an increase
in the posterior mean error. The situation regarding MNLPD metric is different as
it favors the simplified GPR method over the original one. This can be explained
by the high predictive variance provided by the simplified GPR method that allows
for higher RMSE while reducing the MNLPD metric.

Evaluated | Evaluated
GPR method
RMSE MNLPD
GPR according to ([2.94]) 1.026 0.9206
GPR according to ([2.31]) 0.8683 16.99

Tab. 2.3: Comparison in terms of the RMSE and MNLPD metrics of the simplified
GPR method according to (2.94]) (disregarding the statistical dependence between
& and y) and the originally derived GPR method according to (accounting
for this statistical dependence between @&, and y).
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Fig. 2.6: GPR variance estimation:

a) using the approximation according to (disregarding the statistical depen-
dence between & and y),

b) using the approximation according to accounting for the statistical depen-
dence between &; and y).

The same scale is used in (a) and (b).
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3 GPR Closed-form Prediction under Posi-
tion Uncertainty

One of the important advantages of the GPR is the availability of the closed-form
expression for the posterior pdf mean and variance. In Chapter [2] we described
a method to incorporate training positions uncertainty. But, at the same time,
we lost the closed-form expressions and needed to approximate the posterior pdf
using the Monte Carlo sampling. In this chapter we will investigate the possibilities
of performing GPR operating on uncertain training positions while using closed-
form expressions describing the posterior pdf. This chapter was mostly inspired
by [3, Ch.3], [15], [14] and [16], while some necessary assumptions were formulated

independently.

3.1 Incorporating Uncertain Training Positions

The setup considered will be almost identical to the one in Chapter [2] but here we
will take the perspective of the individual random training positions ® rather than
the whole batch x;. The true training position ¥ is unknown but a localization

technique is considered to provide us with an observation of it corrupted by an
additive noise as in (2.4), i.e.

20 =z f w® (3.1)

The noise w® will be considered iid for individual training positions with a known
distribution p(w). Combined with the prior distribution of the training position
p(x®) we can express the posterior pdf p(x®|£") as shown for the complete batch
of training positions in . For now we will consider the posterior pdf p(x®|£®)
known but still general.

The random variable corresponding to a GP at the random training position =

observed as &) is then expressed as

fl@)z® = f(29 +w®) (3.2)

Approximation with a GP

As stated in [9, page 48], [3, page 51], (3.2]) considered as a function of () is
not a GP anymore. This can be shown considering two random training positions
x® and x). Considering the joint distribution of the GP f(z) at these two posi-

tions conditioned on them, i.e. we suppress the positions randomness, we obtain a
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Gaussian distribution as discussed in Chapter (1| in the form

P, S 20)
(), (e (He0e0) ma N
fi m(z)) k(W) 2®) k(x0), x0))
Here m(x) and k(x,a’) are the mean function and the covariance function of the

GP f(x). To obtain the joint distribution as in (3.3)) but conditioned on the training
positions observations & and &) we proceed as

f :
/ p(f(@®), f(@9), 20, 2939 59) dz® dat)
0, 0 )p(@®, 29|20, 39) dpt) dg?)

_ /RD /]RDp(f(w(i)),f(:c(j))\az(i),w(j))p(m(i)|:i(i))p(w(j)|a~3(j))dm(i) dz | (3.4)

(o]
5
v}
=
=
a/\
=
S/-\
ot}
EX
a/\
>
5

where we in the first step used the sum rule, in the second the product rule and
in the third notice the conditional independence of f(z®), f(z") of 2@ £0) given
2@ 20) In this step we also used the independence of the individual training
positions ¥ and ).

The resulting expression in can be seen as not a multivariate Gaussian
distribution in general. Nevertheless we will approximate it to be a Gaussian dis-
tribution. This allows us to consider a new GP g(£%) ~ f(z™)|® operating on
the random position observations. With this GP we are able to use the standard
GPR formulas for predictions from Chapter For this we will use, as in , a

new version of the mean and the covariance function defining the GP as
p(g(@)) = gP(m' (&), K (&9, &) . (3.5)

To obtain them we start by expressing the pdf of the random variable f(a®)|&®
as

p(f@NE) = [ p(7@?)20]a?) dat)
R
I/Dp(f(:c(i))]w(i),i(i))p(w(i)|zﬁ(i))dw(i)
R
= [ p(U @) 2)p(@] ) dat (3.6)
R
= EP@EV RO L f ()| g0} |
where we in the first step used the sum rule, in the second the product rule and in

the third the conditional independence of f(x®) of &) given x.
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GP mean function

The mean of the approximate GP g(£®) will be expressed as the mean of the

random variable f(x®)|£®, which can be obtained as

m'(Z l)) E{f(z ® )\a: }
:/prf(sc(w)\gz(i)(f)df
= /Rf/]RD Pz (o@D @) de' df
B /RD /]R D5 e (F) df p(@|2) dzt
= BB f ()]}
= B ()20} (3.7)

where we in the first step inserted , in the second rearranged the integrals,
in the third expressed using expectations and in the forth step used the GP mean
function at a known position as in . Considering a zero-mean GP f(x) as in
Chapter I i.e. m(x) = 0, we can now see that the approximate GP g(£®) is also

zero-mean with mean function m/(2%) = 0.
GP covariance function

The covariance function of the approximate GP g(£®) will also be derived from
the random variables f(z®)|2® and f(x™)|z") as

k’(:’é(i)’j(j))zcov{f( (i)) f(x (j))‘:;;(i) j;(j)}
_/ / fzfjpfz(Z))fgc(J N2 & (fl?f])dfzdf]
—/ / fifip sy a0 (fi)Proyyew () dfi df
:/]R/Rfifj /]RDpf(w(i))‘m(z')(fi)p(m(i)|j(i))dw(i)
-/]RDpf(mun\mm(fj) (V&) da' df; df;

= /}RD /RD/]R/Rfifjpf(mwnx(z')(fz')pf(xu)”mu)(fj)dfi df;
p(x (i)|a~3(i)) (|2 da® da'?

_/ / 2@ 20z )
RP JRD
.p(w |a: z))p(w J)|w j)) dx® dx)
— Ep(w@la”:“))p(sc(j)Iﬁs“)){k( @ 20 |2® 2@} (3.8)

where we sequentially expressed the covariance in integral form, assumed statistical
independence between p(f(x™))|£®) and p(f(x))|£)), inserted the pdf term
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(3.6), rearranged the integrals, inserted the term for GP covariance function at
known positions (1.2)) and in the last step reformulated the expression using expec-
tation. It shall be noted that k(z®, £0))|x®, £ is a known covariance function of

the original GP f(x) operating on the known positions.

3.2 GPR Posterior Distribution

As we previously approximated the process g(£) to be a GP, the derivations for
posterior mean and variance from Chapter |1l hold and the predictive pdf is Gaussian

with mean according to ([1.21)) expressed as

E{f(x)ly, &} = m(z") + ' Q7' (y —m) , (3.9)
which becomes after considering a zero-mean GP f(x)
E{f()|y, &} =c"Q 'y . (3.10)

The posterior variance is then similarly as in ([1.22)) expressed as
var{f(@")|y, &} = k(z),z™) - c'Q 'c . (3.11)

Here we must note that the cross covariance vector ¢ and the covariance matrix
Q are different to the ones used in Chapter [I] and [2] as they are now composed of
elements calculated using the new covariance function mentioned previously in ((3.8]).

The covariance matrix @ is, similarly as in (1.13)), given by

k’(i:(l), 53(1)) k/(@(l)’ 53(2)) e k/(j;(l)’ (D)
Ez® &) E@® &) ... @®, g0

Q= ( : ) : ) . ( : ) +o1; . (3.12)
k/(;;;U)j 5;(1)) k’(zE(I), 53(2)) e k/(;@U)j ;;3(1))

The cross covariance vector ¢ is formed similarly as in (1.20) with the difference
that it considers random training positions and known test position, which results
in

c= (k@M ™) k(@® z®) ... k@D )T (3.13)
with individual elements formed using a new covariance function k*(£®, 2®)) oper-
ating on random training positions &? and known test position ).

Using a similar argument as for &'(£%, £%)) in (3.8), it can be shown that the
individual covariances k*(£®),2*)) in ¢ can be expressed as

k(&9 x™)) = COV{a,;(i) (*)|5,;(i)}
_ / k2, £)|20)p (20|29 dat)

= EPE I (o (2 )2 D) (3.14)
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3.3 GP Covariance Functions

To be able to perform the GPR in closed-form we still need to find a closed-form
expressions for the individual elements of the covariance matrix Q in and the
cross covariance vector ¢ in (3.13)), i.e. closed-form expressions for k'(2", £9)) and
E*(2® 2)). Considering a general form of the covariance function k(z, ') and the
training position posterior pdf p(x®|£®), a closed-form expression for &’ and k*
can be obtained by approximating it with the Taylor series as suggested in [10].
To avoid approximation of the covariance function, we can choose a specific com-
bination of k(x, ') and p(z|£®) leading to a closed-form of k" and k* inherently.
One of such combinations is a linear covariance function and Gaussian position
posterior pdf as discussed in [3, page 43]. Another combination is the squared ex-
ponential covariance function and Gaussian position posterior pdf. This case will
be further studied as it corresponds to the setup considered previously in Chapter
. The covariance function is then in the same form as considered in ([2.57)), i.e. is

expressed as

(i) _ 02
k@® a9)|a®, 29 = 52%exp (_”202“) (3.15)

The assumed squared exponential covariance function in (3.15]) can be expressed as

a scaled Gaussian pdf according to
K, D), 20 = o*(2m) ¥ oTp |+ (2m) ¥ o3Tp|

1 . , . _
. exp (_2(33(2) — 2N (215) (2 — m(y)))
= c N, 29 o21p) | (3.16)

where ¢ = 02(21)% |02Ip|2 is the scaling constant and D is the size of a position
vector x.

The Gaussian position posterior pdf corresponds to the setup in section
considering the improper prior. The posterior pdf for a single spatial dimension in
(2.46)) can be extended using the previous assumptions of independence in individual

spatial dimensions into single training position posterior pdf as
p(x?|2D) = N(x®; 29, o2Ip) . (3.17)

We could possibly also choose the Gaussian prior from section which also re-
sults in the Gaussian posterior pdf, but the choice of improper prior simplifies the

derivation as then the observation &® represents the mean of the posterior pdf.
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GP covariance function for single random position

For simplicity we will start by expressing the covariance function k:*( @ a:( )
of a random training position and a known test position. By inserting and

into (3.14)) we obtain
k*(a}(i)’w(*)) — AD(k(w(i),w(*))|w(i))p(m(i)|5z(i))daz(i)
=] b cN (@D 2% 2 Ip)N (2; 29 021p) de' | (3.18)
To simplify the product of two Gaussian pdfs we use the formula from appendix

[A.2] This enables us to express it as a single scaled Gaussian pdf given as
k(&9 x™)) = / . cz N(x9; z, Z)dz®
R
= cz/ N(zY; z, Z)de®
RD
=cz, (3.19)

where z is the scaling constant evaluated according to (A.8). z and Z are the mean
and the covariance matrix of the resulting normalized pdf, which integrates to 1.
By inserting the term for constant ¢ from (3.16)) and the term for z we obtain

F (@D, 1) = 62(21) 7 |02 + 021p|2(27) 7 021 p| 2

1 .
- exp (—2(:1:(*) — N ) + 0%1p) (™ —:I:(’))>

o\ &) — &0 o
= \ore) T ) (3.20)

GP covariance function for 2 random positions

Nl|s]

Next we shall express the closed-form expression for the covariance function

E' (29, 29) of two random training positions. For that we will apply the same
procedure as described in equations (3.18)) to (3.20]) twice. The term in (3.8]) can be

in this way developed as

k/ j ] /D/D |w m(]))
R R

p(a! \w“)( &) da'® dz'?

_/ / eN(x9; 29 021))
RP JRP
:1:('); &, QID)N(w(j); zV), o 15 dx® dx)

) o2 - 2@ — 0|2
= S - - - " |. 3.21
7\ 021202 Pl 7202 1 202) (3.21)

D
2
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With the terms in and we can construct the cross covariance vector
c and covariance matrix @ in closed-form, which enables us to perform GPR and
obtain posterior mean at known test position according to (3.10) and posterior
variance according to . We note that the currently described approach is
similar to the direct usage of the GPR noisy observation of training positions in
Chapter [2] on page [46] The difference to the previous approach is that the currently
derived covariance functions &’ and k* have a widened length scale o2 and the vertical

scale o2 is decreased.

3.4 Simulation Results

We performed a simulation with an identical setup as in section to evaluate the
performance of the current prediction method based on the uncertain covariance
functions. We compared it to the standard GPR method operating directly on the
observed training positions. We also compared it to the GPR method accounting for
training positions uncertainty using MC as derived in section with a difference in
the prior distribution of training positions. Here we consider the prior distribution
to be improper as in Chapter [2] page [38] because it results in a Gaussian posterior
distribution with mean located at the observation of training positions. This pos-
terior is the same as the one considered in section [3.3] and therefore it enables to
perform a more relevant comparison.

In figure [3.1] you can see a comparison of the discussed methods in a single
simulation performing the posterior mean evaluation. We can see that the currently
derived GPR method with uncertain covariance functions (d) produces an almost
identical result as the GPR operating directly on the observation of training positions
(b). At the same time, this prediction shows a higher error in comparison to the
true GP realization (a) than the GPR MC method (c).

The posterior variance of the discussed methods in a single simulation scenario
can be found in figure |3.2l There we can observe that the current GPR method
based on uncertain covariance functions (c) produces a slightly increased level of
the posterior variance, i.e. a higher uncertainty in the produced predictions, which
is the desired effect of incorporating training positions uncertainty.

By performing 100 simulation runs we obtained results used to evaluate the
performance of discussed methods in terms of the RMSE and MNLPD metrics. The
results can be found in table[3.1} As expected, The GPR method based on uncertain
covariance functions shows only a little decrease in the RMSE in comparison to the
GPR method using the observation of training positions directly. Still, the GPR
method using MC outperforms both the other methods in terms of RMSE. The
situation is different with the MNLPD metric, where the GPR method based on
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Fig. 3.1: GP estimation:

a) Realization of a GP and true training positions (indicated by blue crosses),

b) GP estimates obtained using the observed training positions (indicated by yellow
crosses) directly,

c¢) GP estimates obtained using the observed training positions and the MC approx-
imation with improper position prior,

d) GP estimates obtained using uncertain covariance functions.

The same scale is used in (a)-(d).
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Fig. 3.2: GPR variance estimation:

a) GP variance estimation using the observed training positions (indicated by yellow
crosses) directly,

b) GP variance estimation using the observed training positions and the MC ap-
proximation with improper position prior,

¢) GP variance estimation using uncertain covariance functions.

The same scale is used in (a)-(c)
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uncertain covariance functions shows a significant improvement over both the other
methods, which accounts to the increased level of the posterior variance and therefore

the prediction uncertainty.

Evaluated | Evaluated

GPR method
RMSE MNLPD

GPR using the observed training posi-

. . 1.516 35.54
tions directly
GPR using the observed training posi-
tions & the MC while accounting for 0.8398 16.78
uncertainty
GPR using the observed training posi-
1.505 5.786

tions & uncertain covariance functions

Tab. 3.1: Comparison of the direct application of the noisy training positions to
GPR, the Monte Carlo method derived in chapter [2] with improper positions prior
and the method using uncertain covariance functions derived in this chapter in terms
of the RMSE and MNLPD metrics.

3.5 Avoiding Approximations in a Different Problem

Formulation

As it was shown in section there are significant approximations needed to be able
to perform GPR in closed-form under uncertain training positions. However, there
exists a different prediction problem setup, where these assumptions are not needed
and the expressions for the posterior mean and variance can be expressed exactly
in closed-form. This setup was considered in [3| ch.3] as a first step to incorporate
position uncertainty in general. In this problem setup we will consider the training
positions &; to be known, while the test position «*) is considered random with a
known pdf p(x™*)|£™)) conditioned on a test position observation &)

The predictive distribution conditioned on the test position observation &™) can

be developed as

p(f.ly, &%) =/ p(f, x®y, &%) di)

RD

= Joo p(folz®, y)p(x™|z™)) dz™)

= BP0 (1,129, y)) (3.22)
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where we in the first step used the sum rule and in the second the product rule. In
the third step we considered the conditional independence of f, of & given x*)
and also the conditional independence of *) of y given ™). Since p(f.|z™,y)
is not a linear function of ™), p(f,|y, ™)) is not Gaussian. Just as in Chapter
we will approximate this posterior pdf as a Gaussian by expressing its mean and

variance. The posterior mean can be developed as

Ep(f*|y,i:(*)){f*}:/ f*p f*|y,5i3(*))df
= [ £ [ p(Fle y)p@ |z ) da® df,
=/, / bl f*\w(* ) df.p(a]a) di

_ / (9)|20) dz®

Ept)at )){M( ) y)}, (3.23)

where we firstly inserted (3.22)), then rearranged the integrals and in the last step
recognized the term for the GPR posterior mean p(z™),y) operating on known

training and test position. Replacing this term by the GPR predictive mean in

(1.21)) we can further develop (3.23) as

EPF )y = g f (200) 4 T () Q (y — m)}
= B (20)Q Ny}
= EPE N ozt TQ 1y | (3.24)

where we considered a zero-mean GP and moved the terms independent of ) out of
the expectation. We notice that the covariance matrix @ can be calculated directly
using the standard covariance function as training positions are known. What is left
is to evaluate the expectation of the cross covariance vector c¢(z™*)), which can be

expressed as the expectation of the individual vector elements as

EJD(OE(*)WC(*)){]{;(33(1)7 :B(*))}

p(x(*)|2(*) (2) p*)
Ep(w(*”i(*)){c(m(*))}: b k(@™ 2} ) (3.25)

Ep(w(*)@(*)){k(m(l)’ ZB(*))}

If we further consider the case of the square exponential covariance function k as
in (3.15) and the Gaussian posterior pdf p(x®)|£*)) of the test position similarly
as in , the individual elements of this vector can be evaluated using the same
procedure as in section [3.3] just with the difference that we take the expectation with

respect to the test position and not the training position. Following the derivation
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of ([3.20) with this slight modification we obtain the elements of the vector ¢(z*)

in a closed-form expression as
20 —a0y
exp | — 20Tt o7 ) (3.26)

N[e)

ROTO) i N1 2 0)2(
Ept™] Wk(z®, ")) =6 (M)
A closed-form expression for the posterior variance can be derived in a similar man-
ner. This derivation shows that in the scenario considering uncertain test position
and known training positions and a suitable choice of the covariance function and
the test position distribution, the closed-form expressions for the posterior mean and
variance are exact. This confirms the results in [3, Ch.3] describing this scenario.
However we must keep in mind that for uncertain training positions the estimation

task is more complicated as described earlier in this chapter.
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Conclusion

Summary

In Chapter [1] of this thesis, we investigated the theory behind Gaussian Process
Regression (GPR) and applied it to the task of spatial function estimation with
uncertain training positions. This was motivated by the expectation that properly
accounting for training position uncertainty will result in a better performance than
standard GPR.

In Chapter , based on the method suggested in [2], we derived exact integral
expressions for the posterior distribution as well as the posterior mean and variance.
Because these expressions can not be evaluated in closed form, we resorted to an
approximate evaluation by means of Monte Carlo (MC) sampling method. We
also considered different choices of the prior distribution of the training positions
and described how to draw samples from the posterior distribution of the training
positions. Finally, we described a simplified model disregarding certain statistical
dependencies, which led to simplified expressions of the posterior mean and variance
as presented in [14].

In Chapter |3] we a closed form expression for GPR under training position un-
certainty as reported in [2], [3] and [9]. Whereas this approach does not require an
approximation as in Chapter 2] we demonstrated that it relies on strong approxi-
mating assumptions. This makes the closed form approach inherently approximate
even though no MC approximation is needed. On the other hand, the computational
complexity is lower because only a single matrix inversion is required, instead of one
matrix inversion for each MC sample. Finally, we discussed a relevant method in [3],
where a different scenario with uncertain test position is used. We showed that in
this scenario the approximating assumptions are not necessary and the terms for

the posterior distribution in closed form are exact.
Performance evaluation through simulations

To support our understanding, confirm the underlying theory, and evaluate the
performance of the discussed methods, we created a simulation script in PYTHON .
The script allowed us to obtain and visualize numerical results of a single simulation
trial and also to perform multiple simulation trials and average the results over all
trials. These results were used to evaluate and compare the performance of the
discussed GPR methods.

The MC GPR method discussed in Chapter [2] was observed to outperform the
method using the observed training positions directly (naively) in terms of two
different performance metrics (RMSE and MNLPD). The simplified GPR method
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disregarding certain statistical dependencies produced an increased RMSE, which
indicates a poorer performance. However, the posterior variance in a single simula-
tion trial was observed to be significantly increased in regions far from the training
positions. This led to a decrease in the MNLPD metric, which indicates a better
performance.

The GPR method in Chapter 3| exhibited only a slightly smaller RMSE than the
method using the observed training position directly (naively). At the same time,
its RMSE was significantly lower than that of the MC GPR method from Chapter
2] On the other hand, the MNLPD from Chapter 3] was observed to be significantly
smaller than the MNLPD of both the method using the observed training positions
directly and the MC GPR method.

Contributions

To our knowledge, a detailed derivation of the MC GPR method such as the one
provided in Chapter [2|is not available in the literature. We also discovered a com-
mon misconception present in the literature regarding omitting certain statistical
dependencies of the model, which is discussed in Section 2.5 We conjecture that
this misconception was caused by a misinterpretation of the derivation in [3, ch. 3],
which was carried out for different problem scenario. Furthermore, we formulated
the approximations that are required to obtain the closed-form GPR method from
Chapter [3] Finally, we believe that a comparison of the performance of the closed-
form method in Chapter [3] with the MC GPR from Chapter [2] considering all the
relevant statistical dependencies, as presented in Section [2.1], cannot be found in the

literature.
Further topics

We investigated possible localization algorithms that could be employed to obtain
training position observations, to be used as input to the considered GPR methods.
One such algorithm is the nonparametric belief propagation algorithm considered
for distributed localization of sensor nodes in |11]. In particular, combining the
MC GPR method of Section [2] with this localization method would be interesting
because of the nonparametric representation of the distribution of training positions
using samples, which could be directly used by the MC GPR method.

Besides the MC approach considered in this thesis, another approach to dealing
with uncertain training positions within GPR is provided by stochastic variational

inference |12].
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Notation

Real numbers

Space spanned by a column vector of real numbers of dimension 7
Space spanned by a matrix of real numbers with ¢ rows

and j columns

Scalar

Column vector

Matrix

Identity matrix of dimensions i X ¢

Absolute value of a variable x

Norm of a vector @

Determinant of a matrix

Inverse of a matrix

Transpose of a vector or matrix

Observation of a random quantity

Column vector composed of elements x at top and y at bottom
Probability density function of a random variable z

Joint probability density function of a random variables x and y
Conditional probability density function of a random variable x
given random variable y

Probability density function of a random variable x parametrized by
a deterministic parameter y

Probability density function of a random variable y evaluated

at the position x

Expectation of a variable x with respect to a probability density p(z)
Variance of a random variable x with respect to

a probability density p(x)

Covariance of random variables x and y with respect to

the corresponding joint probability density p(x,y)

Covariance matrix of a random vector & with respect to

the corresponding probability density p(x)

Precision of a random variable x

Cross precision vector of a random variable x with random vector y
Precision matrix of a random vector y

Mean of a random variable = equivalent to EP@®){z}

Mean of a random vector @ equivalent to EP®) {x}

Standard deviation of a random variable z

Variance of a random variable 2 equivalent to var?@® {z}
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N(z; p, 0?)

N(z; p, C)

%

Q

const.
o(+)

Ts

Univariate Gaussian pdf with mean p and variance o>

evaluated at x

Multivariate Gaussian pdf with mean vector p

and covariance matrix C evaluated at @

Uniform distribution over subspace X

Proportionality up to a multiplicative constant
Approximately equals

Distributed according to; formal similarity of expressions
Constant factor shaped according to context

Dirac delta function

Realization, sample of a random variable x distributed according to
a probability density described in the context
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Symbols and abbreviations

GP
GPR
MC
RMSE
MNLPD
pdf

iid

Gaussian Process

Gaussian Process Regression

Monte Carlo

Root-mean-square error

Mean negative log-predictive density
Probability density function

Independent and identically distributed
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A Mathematical formulas

Here is located a list of common mathematical formulas used within the thesis.
Some of the formulas were included in the relevant literature but a comprehensive

overview can be found in [13].

A.1 Conditional Gaussian pdf

Consider a two random vectors x and x. The vectors are considered to be jointly

Gaussian according to

p(xa, xB) =N(<zg>; (Zi), (ng S'z)) , (A1)

where pup and C are the mean and the covariance matrix of vector xx. Cg is
the cross covariance matrix of vectors &, and xg. The posterior distribution of x

given xp can be shown to be given as

p(xalxs) = N(xa; pap, Cap) - (A.2)
Here, the posterior mean is given as

pap = pa + CcCx' (s — ps) - (A.3)
The posterior variance has the form

Cap = Ca — CcC;'CJ (A.4)

A.2 Product of Gaussian pdfs

Consider two Gaussian pdf considered as a function of vector «, i.e.
pa(@) = N(z; pa, Ca) (A.5)

and
pe(z) = N(z; ps, Cp) . (A.6)

The product of the pdfs is then given by

pa(x) pp(x) = N(x; pa, Ca) N(z; pp, Cp)
=co N(z; pe, Ce) . (A7)
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Here, the scaling constant is evaluated as
cc = N(pa; ps, Ca + Chg)

= (27)7%|Ci + Cp| Zexp (—;(MA — ) (Ca + Cp) ™ (pa — MB)) , (A8)

where D is the dimension of the vector &. The mean of the normalized product
distribution is
pe = (Cy' + Cy') H(Cx'pua+ Cylpip) - (A.9)

The covariance matrix of the normalized product distribution

Cec=(Cy'+CghH)t. (A.10)
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B Derivation of the Gaussian posterior
distribution

To derive the posterior pdf p(f.|y) we employ the completing the square method.
In this method, we express the exponent of the posterior pdf as a quadratic form.
Let us denote the covariance matrix of the joint pdf p(f,,y) in (1.18) as N, i.e.,

A [k T
vlt2) .

We will also consider the precision matrix of the joint distribution as

N = A= [ Al : (B.2)
Af*,y Ay

where the precision Ay, , cross-precision vector Ay, ,, and precision matrix A, corre-
spond to the variance k., cross-covariance vector ¢ and covariance matrix cov{y}
respectively. We can now develop the posterior distribution ((1.17) as

(6)-G) ~(C)-C2)
Yy m y m
(27?)‘% |Q|_%exp(—%(y —m)TQ ' (y — m))

p(f.ly) = (27) 2| Ax|?|Q2

ﬁq,_;(<§)_(23)TAN(<§)—(jj)+§;y—nw%r%y—nw

(B.3)

I+1

(27) "= |Ax|zexp | —

N =

p(fily) =

For further reference, using (B.2)) we develop the term in the rightmost exponent of
(B.3) containing f, as

() Ga) () ()

= S mIAL = m) = S (- mAE —m) Y

N | —

Sy )AL () — Sy —m) Ay —m)

Posterior mean and variance using precision submatrices

Here we are considering the posterior distribution in (1.17)) as a function of f,.
This conditional distribution is under the stated assumption of joint Gaussianity
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again Gaussian, which is indicated by the presence of quadratic term f2? in the
exponent. Therefore, we can express it in terms of parameters, i.e., posterior mean

. . 2
[tf.y and posterior variance 0%, |, as

_1
p(f*|y) :N(f*7 Ky 0-]2"*|y) - (271—0-?;@) 2exp <_ 2%
f2 =2 gy + 115
— (9752 -1 _I= * fxly
( 77‘7f*|y) eXp( 2sz‘*ly

(f* - :uf*y>2)

2
fely (B.5)

Considering that equations (B.3) and (B.5|) express the same quantity, the factors
of f, in the rightmost exponent of each equation must be also equal. Now we can

put equal the coefficients of quadratic terms f2 in each equation

17 (B.6)

1
_7Af*f3 = B
2 fely

This equation can be rearranged to express directly the posterior variance

1

2
O—f*|y = Tﬂ . (B?)

Further we shall consider the terms linear in f, contained in rightmost exponent of

(B.5) and of (B.4)) and place them equal as follows

273/ = - if*Af*(_m*) - 5(_m*)Af*f*
o2 (B.8)
1

ALy - m) — Sy - m)ef.

Noticing the equality of the two rightmost terms in (B.8) we can further simplify

into

f*:uf*\y
= fhpma — [ (y —m)
o 1y Je (B.9)

= f(Apme — Af L (y —m)) .

Now we can express the posterior mean value as

irly = LA — A (y —m)) . (B.10)

Considering that posterior variance equals inverse prior precision 012“*|y = A;l as

*

shown in (B.7)) we can unify the expression to use precision terms as

Pfly = M — A#Aﬁ,y(y —m) . (B.11)
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Posterior mean and variance using covariance submatrices

Until now we expressed the posterior distribution parameters using the joint
distribution precision submatrices as in (B.2)). To express the parameters using
covariance submatrices as in (B.1]) we will use the block matrix inversion formula

according to [7] in a form

A B\ M —MBD!
— : (B.12)
C D _D'CM D '+D'CMBD!

where M~ is known as the Schur complement and is defined as
M'=A-BD'C. (B.13)
Forming (B.1]) and (B.2)) into single equation according to N—! = Ay gives us
-1
T A AT
ey (A Ay (B.14)
C Q Af*,y Ay

Comparing (B.14) to (B.12) we can work out the precision submatrices of interest.

Firstly, considering the correspondence of precision Ay, to submatrix M we get
Ap, = (k. —c'Q7te) ™. (B.15)

Secondly, considering the correspondence of the cross-precision vector A};y to sub-
matrix —M BD™! we obtain

Aj ,=—(k.—c'Q'e) ' c"Q ! (B.16)

CT

e B.17

k.Q — c'e ( )

Plugging (B.15)) into (B.7]) we get the variance of the posterior distribution as in
(B.5)) expressed with the joint distribution covariance submatrices as

1
2
o = — =
Fely Af*

Further, plugging (B.15) and (B.16]) into (B.11) we get the mean of the posterior

distribution as in (B.5|) expressed with the joint distribution covariance submatrices

k. —c'Q 'c. (B.18)

as

Ppgy =ms = AfIAG  (y —m)
— = (ke — €T Q) (— (k. — Q1) TQ )y — m)
=m,+c'Q ' (y—m). (B.19)
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C Alternative view of the MC evaluation
using importance sampling

One alternative view of the application of Monte Carlo evaluation to approximate
the predictive mean is shown with importance sampling as suggested in [2].
Here, we keep the general problem setup of approximating expected value of ¢(q)
with respect to a general probability density p(q) as in (2.23), i.e.,

EO16(q)} = [ dlap()dg (CBY

The difference considered now is that we may not be able to sample directly from
p(q). Instead, we propose to sample from a different distribution, i.e., a proposal

distribution p(q) which is related to p(q) according to

pl) = w(g)p(q) (C.2)

where w(q) is the importance weight. In order for the importance weight to be finite
we must choose the proposal distribution p(q) such that its support includes the
support of p(q). We can then express the approximate of distribution p(q) using the

point-mass function

Yo w(q)6(q — ¢W)
i w(g®) ’

pumcrs(q) = (C.3)
where ¢,i =1,...,sis a set of random samples drawn from proposal distribution
p(q). Using pumcis(q) as an approximation of p(q), we can express the approximate

expectation of ¢(q) as

Emms(q){qg(q)} = /]R d(q)pmcis(q) dg
S w(g®)d(g — ¢)
/]R ¢(q) S w(g®)
Yot Jr o(@w(@?)d(q - q") dq
i w(q)
izt (g w(g®)
i w(g®)

dq

Monte Carlo approximation of the posterior mean

We will now apply this approximation to the posterior mean ([2.29)) expressed as a

ratio of expectations with respect to the distribution p(y|x)p(x| i) = p(y, 4| Z1),
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ie.,

Jror p (@) p (Y| @) p (20| 21 ) dey
Jror p(ylze)p (@ |2) doy

Bl {1, ()

~ Erlvale) {1}

_ Ep(y@tlfct){lu*(mt)} . (C.5)

E{f*‘ya :it} =

We note that ¢(q) from corresponds to the term g, (x;) in and the term
p(q) corresponds to p(y, x¢|Ey).

Noticing that we cannot sample directly from p(q), we consider the factoriza-
tion of this distribution according to . The proposal distribution p(g) then
corresponds to p(xi|&;) and the importance weight w(q) corresponds to p(y|xy).

Expressing now the posterior mean from ((C.5)) using the approximate point mass
function (C.4]) results in

S () p (Y| s)

EMOS{ |y, @} = EPves@ ()} =
(fly, &) {pe(a0)} Pyl

(C.6)
The set of samples @ ;,7 = 1,...,s is drawn from p(x|Z;). (C.5) is the same result

as in (2.31)). Similarly we would proceed also for the posterior variance derivation
using importance sampling, finally obtaining the expression (|2.33]).
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D Content of the electronic attachment

The electronic attachment of this thesis is an archive with the following structure:

+---Generating_graphs

| uniformPosPrior.py

| uniform_pos_prior.pdf

|

\---GPR_loc_uncertainty

| GPR_Jadaliha_mean_prediction.pdf

GPR_Jadaliha_positions.pdf
GPR_Jadaliha_var_prediction.pdf
GPR_mean_prediction_simplified.pdf

GPR_mean_uncertain.pdf

GPR_var_prediction_simplified.pdf
GPR_var_uncertain.pdf
GPR__loc_uncertainty.py

|

|

|

|

|  GPR_realization.pdf
|

|

|

| resultsCurrent.tex
|

util.py

The file uniformPosPrior.py produces the plot in Figure 2.1}
The file GPR__loc_uncertainty.py is producing all the following plots in this thesis.
These are located as .pdf files in the folder GPR_loc_uncertainty. For that it
utilizes the tools in util.py. The simulation results are then printed into the file
resultsCurrent.tex, which is formatted such that it can then be an input to IXTEX.
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