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KLÍČOVÁ SLOVA
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Introduction

Having originated in the ancient times, the conic sections have found many applications
since then, for example, in areas such as architecture, mathematics, physics, engineering
and many more, [9, 13]. The intense development of computer science in the 20th and
the 21st centuries has also encouraged the use of conic sections in computer graphics and
computer vision, [1].

In the thesis we present several algorithms concerning different kinds of geometric
problems related to conic sections, using so called Geometric Algebra for Conics (GAC)
which is a geometric algebra originally proposed by Perwass in [28], Hrdina et al. then
described the full concept including transformations and its structural position among
other geometric algebras in [17]. GAC has already proved a great framework for working
with conics in various fields, such as object detection, [2, 6], dynamical systems, [7],
electrical power quality analysis, [35], and geometry, [18, 3, 5]. In addition to GAC, there
are also references to 2D Conformal Geometric Algebra (2D CGA), [16], and classical
projective geometry of conics throughout the work.

In Chapter 1, we offer a brief introduction to GAC and also make a distinction between
proper points, i.e. points of the real plane R2, and improper points, that is, points at
infinity, also called ideal points, which constitute the infinitely distant points of the real
projective plane RP2. We also present an extended embedding that maps both proper
and improper points into GAC in a geometrically reasonable way. Such an extension of
the domain of GAC has already been presented by us in [21] and [22]. The notion of
proper and improper points is then further used across the whole work, since the use of
the elements at infinity is inherent to some types of conics.

Chapter 2 discusses conic fitting, i.e. fitting a conic section among the set of discrete
points as tightly as possible, which is used in several computer vision tasks. Typical
applications of conic fitting include object detection, [19, 4, 29], camera calibration, [25,
39], and miscellaneous problems in fields like reverse engineering, [30], or computer assisted
surgery, [8]. Nowadays, even though conic fitting is considered a classical problem of
mathematical optimisation, and many conic fitting algorithms have been invented over
time, novel algorithms have been being created in the recent years, too, [37, 38, 18]. For
a list of some of the standard ones, see for example [10]. Some of the fitting algorithms are
also type-specific, i.e. the type of the fitted conic is set in advance, for instance, ellipse-
fitting algorithms by Fitzgibbon, [11], and Rosin, [32], or a circle-fitting algorithm by
Gander et al., [12]. These can be convenient in practice, since the objects-to-be-detected
in computer vision are of circular or elliptical shape very often.

Consequently, in the chapter we discuss and present various conic fitting algorithms
based on GAC, namely, they are created by modifying the original GAC-based conic
fitting algorithm by Hrdina et al., [18]. Besides possible imposing of the type-specificity on
a conic fitting algorithm, there are also other additional geometric constraints which could
be a priori prescribed to the fitted conic, such as the tilt of the principal axes, the centre
position, or the lengths of the conic’s semi-axes. GAC-based algorithms fitting a conic
with some of these additional geometric conditions have been derived and presented by us
in [23, 24] and are described in the chapter, as well. Additionally, we describe two iterative
algorithms that were invented in order to overcome non-invariance w.r.t. translation of
the fitted data points, out of which one has appeared in [6]. Besides the geometric
constraints mentioned above, it is also shown in the work that constructing a conic through
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a prescribed point or a group of points called waypoints—while fitting a conic among
the other data points—is also possible, [21, 22]. Moreover, thanks to the inclusion of
improper points in GAC, they can be used as waypoints as well. Let us note that the
only other conic-fitting algorithm using some kind of additional geometric condition known
to us is [36], where an ellipse is fitted among the data set in such a way that its centre
approximately lies on a prescribed line.

Chapter 2 is also equipped with a number of examples using the presented conic fitting
algorithms on sample datasets and the influence of noise on functioning of the algorithms
is discussed, too. Furthermore, MATLAB implementation of the algorithms and their use
on the presented examples are electronically attached to the work.

Chapter 3 discusses the construction of conics using GAC outer product, called wedge
product, or simply, wedge. In compliance with the fact that a conic is generally determined
by five points, [27, 31], the beginning of the chapter deals with a construction of a conic
passing through a group of five points. The classification of such conics is accompanied
by the corresponding examples, including the conics passing through improper points.
Next, attention is drawn upon the intersection of two conics, which is represented in
GAC as a so called four-point. It is shown in the chapter that a conic can be constructed
by applying wedge product to the four-point and another point not lying on the four-
point. Also, a great portion of the chapter focuses on the concept of a pencil of conics,
[33, 31, 13], that is a set of all conics passing through the intersection of two generating
conics. Consequently, GAC wedge is used to construct two special subsets of conics that
are found in a pencil of conics, namely, the line-pairs and the generalised parabolas. In
particular, the alternative ways of constructing such conics using a four-point and another
point is described and demonstrated in examples. Furthermore, classification of a number
of generalised parabolas to be found in a particular pencil was described w.r.t. the relations
between the generating conics of the pencil.

The examples in Chapter 3 were implemented in Maple software and they are available
in the electronic appendix of the work.

All the examples, theorems, associated proofs and other material not present in this
short version of the thesis can be found in its full version.

1. GAC

1.1. Basics

Geometric Algebra for Conics (GAC), proposed by Perwass in [28], and further elaborated
by Hrdina, Návrat and Vaš́ık in [17], generalises the concept of 2-dimensional conformal
geometric algebra G3,1 (2D CGA) also known as Compass Ruler Algebra (CRA), [15, 16],
to represent conic sections. In particular, GAC constitutes a Clifford algebra G5,3 with
an embedding C : R2 → R5,3 of a proper point p = xe1 + ye2 from the plane R2 to
a 6-dimensional subspace of one-vectors in GAC, in the form

C(x, y) = n̄+ + xe1 + ye2 +
1

2
(x2 + y2)n+ +

1

2
(x2 − y2)n− + xyn×, (1.1)

where
{n̄×, n̄−, n̄+, e1, e2, n+, n−, n×} (1.2)
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is the 8-dimensional vector basis of G5,3, [18], together with an associated bilinear form
of the inner product of vectors in GAC given by the matrix1

B =



0 0 0 0 0 0 0 −1

0 0 0 0 0 0 −1 0

0 0 0 0 0 −1 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 −1 0 0 0 0 0

0 −1 0 0 0 0 0 0

−1 0 0 0 0 0 0 0


.

The meaning of the basis vectors is following: n̄’s denote three orthogonal ’origins’, e1
and e2 stay for the basis vectors of the Euclidean plane and n’s represent three orthogonal
’infinities’, respectively. Let us note that a pair of an origin and the corresponding infinity
is called a Witt pair and that both origins and infinities are null vectors. Let us also recall
the types of representations given in GAC:

Definition 1.1. An element AI ∈ G5,3 is the inner product representation (or inner
product null space representation, abbr. IPNS representation) of a geometric entity A ⊂
R2 if and only if

A =
{
p ∈ R2 : C(p) · AI = 0

}
,

where “·” denotes the inner product between vectors in GAC, [17].

Consequently, the inner product null space (IPNS) representation of a general conic
section Q in GAC is given by 1-vector

QI = v̄×n̄× + v̄−n̄− + v̄+n̄+ + v1e1 + v2e2 + v+n+. (1.3)

In a similar way, IPNS representation of a proper point p = xe1 + ye2, p ∈ R2, is given
by embedding (1.1), therefore

PI = n̄+ + xe1 + ye2 +
1

2
(x2 + y2)n+ +

1

2
(x2 − y2)n− + xyn×. (1.4)

Thus, both a point and a conic are embedded into six-dimensional subspaces of R5,3. Let
us also state that, w.r.t. basis (1.2), an IPNS conic section (1.3) and an IPNS point (1.4)
can be represented, respectively, by usual vectors

QI =
(
v̄× v̄− v̄+ v1 v2 v+ 0 0

)T
, (1.5)

PI =
(
0 0 1 x y 1

2
(x2 + y2) 1

2
(x2 − y2) xy

)T
. (1.6)

Next, using the outer (wedge) product, we can represent objects in GAC as well:

1The order of the basis vectors and the elements of matrix B in the text follow notation of [18] and
not the one given in [17], where basis vectors n̄× and n̄+ are swapped and the corresponding coefficients
in matrix B are interchanged accordingly.
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Definition 1.2. An element AO ∈ G5,3 is the outer product representation (or outer
product null space representation, abbr. OPNS representation) of a geometric entity A ⊂
R2 if and only if

A =
{
p ∈ R2 : C(p) ∧ AO ∧ n̄− ∧ n̄× = 0

}
.

Pseudoscalar is in GAC given by

I = n̄×n̄−n̄+e1e2n+n−n×

and duality between IPNS and OPNS representation then reads

AO = (AI ∧ n− ∧ n×)
∗ ,

AI = (AO ∧ n̄− ∧ n̄×)
∗ .

Furthermore, the conversion between OPNS and IPNS can be carried out easily using two
“pseudoscalars”

IOI = n̄+n̄−n̄×e1e2n+,

IIO = n̄+e1e2n+n−n×,

and the inner product as
AO = AI · IIO,
AI = AO · IOI .

(1.7)

Additionally, an IPNS representation of the intersection of two conics is computed as
wedge of two IPNS conics, [17], i.e.(

Q1 ∩Q2
)
I
= Q1

I ∧Q2
I . (1.8)

Such a representation of the intersection of two conics is called a four-point.
Let us also note that a type and features of conic Q can be read off its matrix repre-

sentation, [20], which is obtained using (1.3), as the symmetric matrix

M =


−1

2
(v̄+ + v̄−) −1

2
v̄× 1

2
v1

−1
2
v̄× −1

2
(v̄+ − v̄−) 1

2
v2

1
2
v1 1

2
v2 −v+

 =


q11 q12 q13

q12 q22 q23

q13 q23 q33

 . (1.9)

Additionally, its principal 2× 2 submatrix is also used in classification:

M =

(
−1

2
(v̄+ + v̄−) −1

2
v̄×

−1
2
v̄× −1

2
(v̄+ − v̄−)

)
=

(
q11 q12

q12 q22

)
. (1.10)

The coefficients of matrix (1.9) also define usual equations of a conic in R2 and RP2,
respectively, [20, 13]:

QR2 :q11x
2 + 2q12xy + q22y

2 + 2q13x + 2q23y + q33 = 0, (1.11)

QRP2 :q11x
2 + 2q12xy + q22y

2 + 2q13xz + 2q23yz + q33z
2 = 0. (1.12)
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1.2. Projectivisation of GAC

Although the improper points are geometrically essential for conic sections, GAC orig-
inally covered the representation of proper points only, [17]. Fortunately, as shown in
[21, 22], GAC can be used for representation of both proper and improper points. Namely,
this GAC representation can be reached by extending the domain of the point embedding
C : R2 → R5,3 to RP2 according to the following definition.

Definition 1.3. Using embedding C : R2 → R5,3 of the form (1.1), we define projective
embedding CP : RP2 → R5,3 of a point p = (a, b, c), (a, b, c) ̸= (0, 0, 0), of the real
projective plane RP2 as

CP(a, b, c) = c2n̄+ + ace1 + bce2 +
1

2
(a2 + b2)n+ +

1

2
(a2 − b2)n− + abn×.

Corollary 1.1. Since a proper point p = (x, y) has homogeneous coordinates (x, y, 1),
both projective embedding CP and embedding C maps a proper point into GAC without
difference:

CP(x, y, 1) ≡ C(x, y) = n̄+ + xe1 + ye2 +
1

2
(x2 + y2)n+ +

1

2
(x2 − y2)n− + xyn×.

Furthermore, an improper point p∞ = (s, t) with homogeneous coordinates (s, t, 0) is em-
bedded into GAC in a similar way:

CP(s, t, 0) =
1

2
(s2 + t2)n+ +

1

2
(s2 − t2)n− + stn×.

Subsequently, creating an analogy with the IPNS vector form (1.6) of a proper point, we
can define an IPNS vector form of an improper point as

P∞I =
(
0 0 0 0 0 1

2
(s2 + t2) 1

2
(s2 − t2) st

)T
.

Figure 1.1: Improper points of a parabola and a hyperbola
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2. Conic fitting

2.1. Overview of algorithms

2.1.1. Original GAC fitting algorithm

The first implementation of a GAC-based conic fitting algorithm was proposed by Hrdina,
Návrat and Vaš́ık in [18], and the corresponding conic fitting problem is formulated as
follows: For ND data points embedded into GAC as vectors Pi of the form (1.6) and for
a conic represented by a vector Q of the form (1.5), let us minimise the objective function

Q 7→
∑
i

(Pi ·Q)2,

i.e. a sum of squared point-to-conic algebraic distances. The authors of [18] also assume
the normalisation constraint

Q2 = 1,

where the square is meant w.r.t. inner product in GAC. The algorithms presented fur-
ther are based upon this very algorithm, to which we refer throughout the work as to
algorithm Q.

2.1.2. Algorithms with additional geometric conditions

One of the main features of algorithm Q is that the sought conic is not limited in advance
by any prescribed geometric condition. In other words, parameters of the fitted conic
such as its axial tilt or the centre point position in the plane are not known beforehand,
being just a result of the optimisation process.

While this general type of fit may be useful in some cases, there are problems demand-
ing a fit with one or more additional geometric conditions constraining the output conic.
In this section, we focus on forming three types of fitting algorithms, each resulting in
either of following conics:

1. conic having its axes aligned with (i.e. parallel to) the coordinate axes

2. conic having its centre point at the origin of the coordinate system

3. conic satisfying both 1. and 2.

After inspecting the meaning of the coefficients of IPNS conic Q of the form (1.5) and
using a part of the conic section theory, it can be shown that either of conics of types
1.–3. can be obtained from the vector representation (1.5) simply by setting some of the
coefficients to zero, namely, according to Theorem 2.1, [21, 22].

Theorem 2.1. Conic Q represented in the form of vector (1.5) is

1. axes-aligned ⇔ v̄× = 0,

2. origin-centred ⇔ (v1 = 0) and (v2 = 0),

3. axes-aligned, origin-centred ⇔ (v̄× = 0) and (v1 = 0) and (v2 = 0).

6



In other words, after denoting the mentioned conics respectively as Qal, Q0 and Qal,0,
their general forms are:

Qal =
(
0 v̄− v̄+ v1 v2 v+ 0 0

)T
,

Q0 =
(
v̄× v̄− v̄+ 0 0 v+ 0 0

)T
,

Qal,0 =
(
0 v̄− v̄+ 0 0 v+ 0 0

)T
.

Following the example of the previous algorithms, let us call the algorithms with
additional geometric conditions presented above after their respective resulting conics,
i.e. algorithms QAL, Q0 and QAL0.

Moreover, as shown in [24], there are more ways to fit an origin-centred conic Q0 or
an axes-aligned, origin-centred conic Qal,0 to a point set. The first alternative way is
reached after inspection of the used matrices and vectors, using their elements and thus
yielding the direct computation of the fitted conics, without need to obtain the solution
with an eigenproblem. Let us denote these algorithms as Q0-dir and QAL0-dir and
remark that, as proved in [24], they produce conics equivalent to those of algorithms Q0
and QAL0, respectively.

The second alternative way of fitting Q0 and Qal,0 is symmetrisation of the point set as
a preprocessing step and then fitting the symmetrised point set using algorithm Q. Let us
denote these algorithms as Q0-sym and QAL0-sym and stress that, again, they produce
conics equivalent to those of algorithms Q0 (and Q0-dir) and QAL0 (and QAL0-dir),
respectively, [24].

Application of the presented algorithms (including the original algorithmQ) on a sam-
ple dataset of 10 points can be seen in Figure 2.1.

2.1.3. Iterative algorithms

As shown in [18], the original GAC-based algorithm possesses invariance w.r.t. rotations
and isotropic scaling, but it is not invariant w.r.t. translations, which is rather an incon-
venient property of the fit, since a point set is generally fitted with a different conic than
the same point set translated. Fortunately, we can largely remedy this flaw by using the
iterative algorithm described in [6], which is “almost invariant” (i.e. invariant up to the
prescribed precision) w.r.t. translations, rotations and scaling as well.

From now on, let us refer to the presented iterative algorithm as “Q-iter”. Detailed
steps of the algorithm can be found in [6].

Comparison of algorithms Q and Q-iter regarding the translational (non-)invariance
is shown by example in Figure 2.2, where an identical point set is translated to differ-
ent locations and then fitted by both algorithms. The prescribed precision for Q-iter
was ε = 10−6. Let us note that besides succeeding in terms of “imperfect invariance”
w.r.t. translations, iterative fitting also reduced overall point-to-conic distances. More-
over, all the ellipses obtained by Q-iter seem almost identical, only translated. It is also
apparent that the point set closest to the origin was fitted very closely even by algo-
rithm Q—indeed, empirical experience indicates that the point sets closer to the origin
are fitted more tightly by Q than those more distant.

Let us note that a similar iterative adjustment can also be made with algorithm QAL,
since it also entails non-invariance w.r.t. translation. By adding the same iterative fitting

7



10 5 0 5 10
10

5

0

5

10
Data points
Q

Q

(a) general conic Q

10 5 0 5 10
10

5

0

5

10

QAL

(b) axes-aligned conic Qal

10 5 0 5 10
10

5

0

5

10

Q0, Q0-dir

10 5 0 5 10
10

5

0

5

10

Q0-sym

(c) origin-centred conic Q0

10 5 0 5 10
10

5

0

5

10

QAL0, QAL0-dir

10 5 0 5 10
10

5

0

5

10

QAL0-sym

(d) axes-aligned, origin-centred conic Qal,0

Figure 2.1: Conics with different geometrical conditions fitted by the respective algorithms

and final inverse translation of the conic into this algorithm, we can define an iterative
GAC-based algorithm capable of fitting axes-aligned conics, algorithm QAL-iter.

2.1.4. Fitting through waypoints

In addition to fitting a conic among the data points as closely as possible, we can also guar-
antee that the sought conic passes exactly through one or more points called waypoints.
To achieve this type of fitting we can, again, make use of the vector-matrix formulation
of conic fitting in terms of GAC by solving a certain eigenproblem, [21, 22].
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(d) Iterative fitting (algorithm QAL-iter)

Figure 2.2: Comparison of the conic fitting algorithms applied on a differently translated sample
point set. Precision prescribed for the iterative algorithms was ε = 10−6, in all cases 4 or 5
iterations sufficed to achieve the precision.

Next, let us list two conic fitting algorithms solving the given optimisation problem.
The first algorithm is algorithm QW-pseudoinv, which has already been introduced

in [21] as algorithm QW2.
To also cover the cases in which algorithm QW-pseudoinv fails to fit the conic

through all the waypoints (as will be further elaborated later) we introduce a new conic
fitting algorithm, algorithm QW-null, [22]. As indicated by its name, the algorithm
computes the fitted conic passing through given waypoint(s) using a null space of a certain
matrix.

In Figure 2.3, we can see four cases of fitting the elliptical dataset, each fit being the
result of fitting a conic with one more proper waypoint than in the preceding subfigure.
In case 1A, both algorithms fit an ellipse passing through the waypoint, as expected.
Although both algorithms work in case 2A as well, the result is still somehow unex-

2Renaming of the algorithm was done in order to distinguish it from a newer algorithm which fits
a conic through given waypoint(s) as well. Moreover, the new name of the algorithm stresses that it
reaches the solution using the Moore-Penrose inverse, also called pseudoinverse, [26]
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pected, since both fitted conics are not only similar, they are actually (both algorithms
are equivalent when exactly two points are employed, as discussed in [22]).

A striking difference between the two algorithms can be seen in cases 3A and 4A—
whileQW-pseudoinv fails to fit a conic through the given waypoints, QW-null succeeds
in that. In particular, when we employ more than two waypoints in our conic fitting
problem, an overdetermined system of linear equations occurs in the process for QW-
null (for details see [22]). On the other hand, conics fitted by QW-null pass (and must
pass) through the given waypoints because of the definition of the solution given as a part
of the null space of a certain matrix.

6 4 2 0 2 4 6
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0

2

4

6

1A

6 4 2 0 2 4 6
6

4

2

0
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6

4

2

0

2

4

6

3A

6 4 2 0 2 4 6
6

4

2

0

2

4

6

4A

Figure 2.3: Conic fits through 1–4 proper waypoints (QW-pseudoinv red, QW-null green)

2.2. Influence of noise

Generally, noise is a natural part of empirical data, and, as such, its influence on practical
functioning of the fitting algorithms is worthy of attention. In addition to the previous
subsections—where the algorithms were demonstrated on small datasets—let us further
evaluate stability and meaningfulness of the presented algorithms by using them on bigger
point sets corrupted by noise.

Let us show functioning of the algorithmsQ,QAL,Q0 andQAL0 under the influence
of noise. For a more detailed analysis of influence of noise on the algorithms, see the full
version of the thesis.
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Example 2.1. Let us assume a group of reference ellipses, each characterised by a quin-
tuplet of parameters of the form

{xc, yc, a, b, θ} ,
i.e. the coordinates of the centre, the lengths of semi-major and semi-minor axes and the
angle of tilt between the positive x-axis and the major principal axis of the ellipse. In
particular, the first reference ellipse reads

Eal,0
ref = {0, 0, 6, 3, 0} ,

so it is origin-centred, it has the lengths of semi-major and semi-minor axis 6 and 3,
respectively, and it is axes-aligned. By successive rotation and/or translation, we create
the other reference ellipses:

Eref =
{
−8, 5, 6, 3,

π

6

}
,

Eal
ref = {−8, 5, 6, 3, 0} ,

E0
ref =

{
0, 0, 6, 3,

π

6

}
.

Therefore, Eref , E
al
ref , E

0
ref and Eal,0

ref comprise an ellipse in general position, an axes-
aligned ellipse, an origin-centred ellipse and an axes-aligned, origin-centred ellipse, re-
spectively.

Now, let us create four reference point sets by dividing the circumference of the ref-
erence ellipses into 50 equidistant points, and consequently corrupt these point sets with
additive zero-mean Gaussian noise with standard deviation σ. Namely, let us alter the ref-
erence point sets using the noise with σ varying within the values {2−5, 2−4, 2−3, 2−2, 2−1},
hence, we obtain 5 noisy reference point sets for each of the original reference point sets.

Next, let us use the algorithms Q, QAL, Q0 and QAL0 on the noisy reference point
sets with the corresponding geometric characterisation—for instance, algorithm Q can be
used for fitting the general conics, so it will be used on the noisy reference points created
from Eref , algorithm QAL fits the axes-aligned conics, so it will be tested on the points
from Eal

ref , and so on.
Visual results of such an experiment can be found in Figure 2.4: each algorithm fitted

the noisy reference point sets with an ellipse (red), which should—as much as possible—
resemble the original reference ellipse (dark blue, dashed). As apparent from the figure,
lower levels of the noise affect the resulting fitted ellipses very little, indeed, it is rather
difficult to distinguish the fitted ellipse and the reference one. Although these differences
are more evident for σ = 2−2, 2−1, the fitted ellipses still resemble the reference ellipses to
a great extent.

For the statistical evaluation of the repeated version of the experiment and other ex-
amples see the full version of the thesis.

3. Construction of conics using the wedge product

In contrast with the previous chapter where the conic fitting was discussed, the problems
investigated here substantially differ in their geometrical nature. While the main goal of
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(a) Q, general ellipses
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(b) QAL, axes-aligned ellipses
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(c) Q0, origin-centred ellipses
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(d) QAL0, axes-aligned, origin-centred ellipses

Figure 2.4: One realisation of the experiment from Example 2.1: Noisy data fitted with the
respective algorithms and comparison of the fitted ellipses (red) with the reference ellipses (dark
blue, dashed).

conic fitting is to find a conic reasonably approximating given data, the wedge product
construction of conics creates a curve that passes exactly through a small set of points. In
light of this, conic fitting through given waypoints can be viewed as a kind of intermediate
problem between ordinary conic fitting and the construction of conics using the wedge
product described in this chapter.

3.1. Five distinct points

As shown in [17], an outer product null space (OPNS) representation of conic Q can be
generally constructed from five distinct GAC points P1, . . . , P5 of the form (1.4) using the
wedge product:

QO = P1 ∧ P2 ∧ P3 ∧ P4 ∧ P5.
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Consequently, the resulting conic either passes through all the points P1, . . . , P5 or cannot
be determined uniquely, that is, it does not exist, and in such a case it holds that

P1 ∧ P2 ∧ P3 ∧ P4 ∧ P5 = 0.

Now, let us further inspect examples of the construction of conics using GAC wedge
product: An example of a non-degenerate conic spanned by 5 points in a general linear
position can be seen in Figure 3.1 (a). The case when 3 out of 5 points in the set are
collinear is depicted in the same figure, subfigures (b), (c)—in both (b), (c), the point set
spans a unique but degenerate conic, in particular, a pair of lines (3 collinear points form
the first line and the remaining 2 points form the second one).
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(a) 5 points in general lin-
ear position
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(b) 3 collinear points
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(c) 3 collinear points

Figure 3.1: Conics spanned by a set of 5 proper points

An example of a parabola spanned by 4 proper points and 1 improper point can be
seen in Figure 3.2 (a). For the sake of comparison, let us also examine subfigures (b),
(c), where a set of 4 proper points and 1 improper point spans different conics: In (b),
the improper point made a direction of an asymptote of the spanned hyperbola, while
the other asymptote was a mere by-product of the construction. In (c), the situation is
similar to (b), but the improper point was chosen in such a direction that it coincides with
the direction connecting two of the proper points, thus resulting in a pair of lines out of
which one connects the two aforementioned proper points and the other one necessarily
connects the remaining two proper points.

6 4 2 0 2 4 6
6

4

2

0

2

4

6

(a) parabola
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(b) hyperbola
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(c) intersecting lines

Figure 3.2: Conics spanned by a set of 4 proper points and 1 improper point
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3.2. Four-point and another point

Let us reiterate that by means of GAC, we can represent the intersection of two conics as
a four-point (1.8). In the current subsection, we examine the construction of a conic as
wedge product of a four-point and another point. Such a construction is possible, even
without the necessity of computing the individual points of the four-point used, as shown
by the following theorem:

Theorem 3.1. Let Q1
I , Q

2
I be IPNS representations of two distinct conics Q1, Q2 ⊂ RP2

and PI be an IPNS representation of point p ∈ RP2 which does not lie at the intersection
of the conics Q1

I , Q
2
I . Then QO computed as

QO =
(
Q1

I ∧Q2
I

)* ∧ PI (3.1)

where * signifies duality between IPNS and OPNS given by transition equations (1.7) and
QO of the form (3.1) is an OPNS representation of conic Q ⊂ RP2.

Now, before applying the wedge product construction of a conics described above
to some special problems, let us recall a term closely related to the four-point and the
intersection of conics—a pencil of conics (also called bundle of conics), [31, 13].

Definition 3.1. Pencil of conics generated by conics Q1 and Q2 is a family of all conics
passing through the points of intersection of Q1 and Q2. Moreover, if Q1 and Q2 are
represented by equations E1 = 0 and E2 = 0, respectively, such a pencil can also be
characterised as a set of all conics represented by a non-trivial linear combination of the
equations E1 = 0 and E2 = 0, i.e. as

{Q : λE1 + µE2 = 0, λ, µ ∈ R, (λ, µ) ̸= (0, 0)} .

E1 = 0 and E2 = 0 are equations of the form (1.11) or (1.12), depending on whether the
conics are considered in R2 or RP2, [27, 31, 5].

The points of intersection of the two generating conics in the pencil are then called
the base points.

With the knowledge of the concepts of a four-point and a pencil of conics, construction
of a conic by wedging a four-point and another point can be perceived as choosing one
conic out of the whole pencil of conics. In the following text, we will use this finding as
a means to constructing some of the geometrically significant conics that are contained in
pencils of conics.

3.2.1. Line-pairs in a pencil of conics

One of the important sets of conics found in a pencil of conics is the set of degenerate
conics, consisting of at most three line-pairs passing through all the base points of the
pencil. Furthermore, a point where two lines of an intersecting line-pair intersect is called
a double point (or a diagonal point), therefore, every pencil also contains at most three
double points. An example of a pencil of conics and the corresponding line-pairs can be
seen in Figure 3.3. Moreover, let us note that not all the base points, double points and
line-pairs are necessarily real, [31, 34, 13].
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10.1 Conic through Five Points 169

1
3

2 4

Fig. 10.1 Bundle of conics through four points. Three degenerate special cases.

One of these two degrees of freedom goes into the homogeneity of the conic
parameters. Therefore we have a bundle of geometric solutions with one de-
gree of freedom. Figure 10.1 (left) illustrates such a bundle of conics. Among
these conics there are three degenerate conics, each of them equal to a pair of
lines spanned by the four points. In Figure 10.1 (right) these pairs of lines are
marked by identical colors. They correspond to the following three quadratic
forms:

[p, 1, 2][p, 3, 4] = 0, [p, 1, 3][p, 2, 4] = 0, [p, 1, 4][p, 2, 3] = 0.

A linear combination of two of these forms (say the last two)

λ[p, 1, 3][p, 2, 4] + µ[p, 1, 4][p, 2, 3] = 0

again generates a quadratic form. The set of points p satisfying this equation
again forms a conic. This conic passes through all four points 1, . . . , 4, since
both summands vanish on these points. If λ and µ run through all possible

1

3

2

4

q

Fig. 10.2 Constructing a conic through five points.

Figure 3.3: Pencil of conics through four points and three degenerate conics, i.e. line-pairs ([31])

The most usual way of finding the degenerate members of a pencil is by exploiting the
algebraic characterisation of a degenerate conic, i.e. that a degenerate conic is represented
by a singular matrix. As stated earlier, any conic Q in a pencil generated by conics Q1 and
Q2 can be expressed as a linear combination of these two conics and the same holds for the
matrices representing the conics. Thus, if conics Q1 and Q2 are represented by matrices
M1 and M2 of the form (1.9) then Q is represented by M = λM1 + µM2. Consequently,
for Q to be degenerate, M must satisfy

det(M) ≡ det(λM1 + µM2) = 0 (3.2)

which comprises a cubic equation in variables λ and µ. Algorithm for solving the equa-
tion (3.2) is in detail described in [31]. Let us note that since equation (3.2) is cubic, it can
have either three real solutions corresponding to three real line-pairs or one real and two
complex solutions leading to one real line-pair and two complex line-pairs. Moreover, the
solutions are three including possible multiplicities, so the line-pairs are not necessarily
distinct.

Now, let us describe an alternative way of computing the line-pairs of a pencil in
terms of GAC setting: Since each line-pair passes through all the base points of a pencil
(which are represented by a four-point) and through its double point, we can construct
each of the line-pairs exactly as wedge product of the four-point and the double point
corresponding to the particular line-pair.

While the idea of the construction is quite straightforward, finding the three double
points without the explicit knowledge of the individual points of intersection is not so
evident. Fortunately, double points of a pencil of conics can be computed using the
concept of polarity, [14].

Definition 3.2. Let Q be a conic represented by matrix M and p = (xp, yp, zp)
T be

a homogeneous point in RP2. Furthermore, by abuse of notation, let us identify a ho-
mogeneous line l : ax + by + cz = 0 with the vector of its coefficients, i.e. l = (a, b, c)T .
Then a homogeneous line l = Mp is called a polar line (or simply a polar) of point p with
respect to conic Q. Point p is then called a pole, [31].

Definition 3.3. Let Q be a conic and p1, p2, p3 three homogeneous points in RP2. If polar
of any of these points with respect to conic Q passes through the remaining two points,
then the triangle △p1p2p3 is called a self-polar triangle of conic Q, [14].
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Definition 3.4. Let Q1 and Q2 be two conics and p1, p2, p3 three homogeneous points in
RP2. If p1, p2, p3 form a self-polar triangle of both conics simultaneously, the triangle is
then called a common self-polar triangle of conics Q1 and Q2, [14].

Theorem 3.2. The double points of a pencil of conics form the vertices of a common
self-polar triangle of the generating conics Q1 and Q2, [33].

Using the self-polarity of the double points of a pencil, their computation can be
derived and summed up in the following theorem:

Theorem 3.3. Let Q1 and Q2 be generating conics of a pencil of conics and M1 and M2

their matrices. Then, if a common self-polar triangle of the conics Q1 and Q2 exists, its
vertices can be found as eigenvectors p of generalised eigenproblem

M1p = λM2p. (3.3)

Now, to construct the line-pairs in a pencil generated by conics Q1 and Q2 we can first
find the double points pi according to equation (3.3) and wedge their GAC representatives
with the four-point Q1 ∧ Q2 as in (3.1). In other words, we can construct an OPNS
representation of the i-th line-pair LP i of the pencil as

LP i
O =

(
Q1

I ∧Q2
I

)* ∧ CP(pi).

Example 3.1. Let us consider two ellipses E1, E2 with equations

E1: 9x2 + 25y2 − 225 = 0,

E2: 4x2 + y2 − 16x− 2y + 1 = 0,

IPNS representations

E1
I = 16n̄− − 34n̄+ + 225n+,

E2
I = −3n̄− − 5n̄+ − 16e1 − 2e2 − n+,

and the associated matrices

M1 =


9 0 0

0 25 0

0 0 −225

 , M2 =


4 0 −8

0 1 −1

−8 −1 1

 .

Consequently, the solution to generalised eigenproblem (3.3) is given by
λ1

λ2

λ3

 ≈


13.0501

21.6502

2.7997

 ,
(
p1 p2 p3

)
≈


2.4167 2.2320 10.1865

−1.0921 −6.4631 −0.1261

1 1 1

 ,

and the IPNS representation of the points of intersection P1, P2, P3 of the sought line-pairs
are computed as an embedding of the obtained eigenvectors to GAC, i.e.

Pi = CP(pi), i = 1, 2, 3.
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Finally, each of the line-pairs is computed using wedge product according to (3.1):

LP i
O =

(
E1

I ∧ E2
I

)* ∧ Pi, i = 1, 2, 3.

After conversion to IPNS, the representations of the acquired line-pairs read

LP 1
I ≈ −6181.4079n̄− + 5067.3281n̄+ − 11348.6259e1 − 1418.5782e2 − 57712.2031n+,

LP 2
I ≈ 602.7278n̄− + 341.5317n̄+ + 2281.9561e1 + 285.2445e2 + 2601.6050n+,

LP 3
I ≈ −3231.0342n̄− − 2963.6289n̄+ − 13826.2175e1 − 1728.2772e2 − 9844.7100n+.

Both conics, the intersection four-point and the constructed line-pairs with their points of
intersection can be seen in Figure 3.4.
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0
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6
p1, LP1

p2, LP2

p3, LP3

Figure 3.4: Four-point obtained as an intersection of two conics from Example 3.1. Each of
the three line-pairs was constructed by wedging the four-point and the corresponding point of
intersection.

Furthermore, a construction of the line-pairs of a pencil can be particularly easy in
certain settings, e.g. the cases when two intersecting conics are concentric, as seen in the
following example.

Example 3.2. Let us consider two concentric ellipses E1, E2 depicted in Figure 3.5(a).
Since both are concentric, it is obvious that their intersection points are symmetric with
respect to their common centre, hence, one of the line-pairs passing through the intersec-
tion four-point must also pass through the centre, which is the point (0, 0, 1) in this case.
Additionally, because of concentricity of both conics, the other two line-pairs must be pairs
of parallel lines intersecting in improper points. Also, both conics are axes-aligned, there-
fore, the parallels pass through the improper points corresponding to the directions of the
x-axis (point (1, 0, 0)) and the y-axis (point (0, 1, 0)), respectively. Thus, thanks to the
trivial setting of the intersecting conics and the possibility of expressing improper points
in terms of GAC, the construction of the line-pairs may proceed in a more straightforward
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way than in Example 3.1, without a need to compute the eigenvectors. Wedging in this
case simply proceeds in following way:

LP 1
O =

(
E1

I ∧ E2
I

)* ∧ CP(0, 0, 1),

LP 2
O =

(
E1

I ∧ E2
I

)* ∧ CP(0, 1, 0),

LP 3
O =

(
E1

I ∧ E2
I

)* ∧ CP(1, 0, 0).

Ellipses E1, E2 in Figure 3.5 (b) are also concentric with the common centre (0, 0, 1),
but one of the ellipses is rotated by 30°. The situation is almost the same as in case (a):
there will be a line-pair passing through the common centre and two remaining line-pairs
will be two pairs of parallels. A crucial difference between cases (a) and (b) is that the
directions of the parallels do not coincide with the directions of the coordinate axes and
must be computed using eigenproblem (3.3). The eigenvectors for these two conics yield

(
p1 p2 p3

)
≈


0 −0.2525 2.2281

0 1 1

1 0 0

 ,

and the construction of the line-pairs is given as

LP 1
O =

(
E1

I ∧ E2
I

)* ∧ CP(p1),

LP 2
O =

(
E1

I ∧ E2
I

)* ∧ CP(p2),

LP 3
O =

(
E1

I ∧ E2
I

)* ∧ CP(p3).
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(a)
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Figure 3.5: Four-point as an intersection of two concentric conics. One out of three line-pairs
passing through the four-point is constructed by wedging the four-point with the common centre;
the remaining two line-pairs were obtained by wedging the four-point with an improper point.

3.2.2. Generalised parabolas in a pencil of conics

Another special subset of conics found in a pencil of conics consists of so called generalised
parabolas. As will be shown further, there can be either none, one, two or—under special
circumstances—an infinite number of generalised parabolas in a pencil of conics.
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Let us recall that a parabola is a non-degenerate, non-central conic, therefore, if it is
characterised by matrix M and principal submatrix M̄ , it holds that

det(M) ̸= 0,

det(M̄) = 0.

Nevertheless, as a hyperbola can degenerate into a pair of intersecting lines, so a parabola
can degenerate, in particular, into a pair of parallel lines or into a double line. Moreover,
the double line can also be a double line at infinity. Consequently, when looking for
parabolas in a pencil of conics, let us further assume parabolas in a more general sense,
i.e. all non-zero, non-central conics. Therefore, such generalised parabolas should satisfy
relations

M ̸= 0, (3.4)

det(M̄) = 0. (3.5)

Furthermore, in addition to the mentioned generalised parabolas, let us also add that
a union of an ordinary real line and the line at infinity also constitutes a generalised
parabola, since it satisfies both (3.4) and (3.5).

As proved in the full version of the thesis, existence and the number of generalised
parabolas in a pencil of conics is summarised by following theorem.

Theorem 3.4. Let us assume two conics Q1 and Q2 represented by matrices M1 and M2

of the form (1.9) and principal submatrices M̄1 and M̄2 of the form (1.10). Moreover, let
us suppose matrix

N =

(
δ1 γ12

γ12 δ2

)
,

where

δ1 = det(M̄1),

γ12 =
1

2
Tr
(
adj
(
M̄1

)
M̄2

)
,

δ2 = det(M̄2).

Then the number of generalised parabolas in the generated pencil can be classified w.r.t. M1,
M2 and N according to the overview given by Table 3.1.

Every generalised parabola (except those containing the line at infinity) has exactly one
improper point, i.e. a point at infinity associated with the direction of its axis of symmetry,
therefore, it is natural to wedge a four-point with this particular improper point. As will
be shown further, the way of computing the improper points of the conjugate parabolas
structurally resembles the computation of the vertices of the common self-polar triangle
of two conics, although its geometric meaning is slightly different.

The concept of so called conjugate directions will enable us to compute the improper
points of the generalised parabolas in a pencil, as we will see in the following theorem.
For the details on the term, see the full version of the thesis.
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Table 3.1: Number of generalised parabolas found in a pencil generated by conics Q1 and Q2

with matrices M1 and M2 w.r.t. their relationship and to the matrix N . Cases denoted with
bold style.

M2 ̸= kM1,

k ̸= 0

M2 = kM1,

k ̸= 0

det(N) < 0
A1

2 real parabolas

B1

–

det(N) = 0,

N ̸= 0

A2

1 real parabola

B2

no parabola

det(N) > 0

A3

no real parabola

(2 imaginary parabolas)

B3

–

N = 0

A4

infinite number

of distinct real parabolas

B4

coincident real parabolas

Q1 and Q2

Theorem 3.5. Let Q1 and Q2 be generating conics of a pencil of conics and M̄1 and M̄2

their principal submatrices. Then, if common conjugate directions of conics Q1 and Q2

exist, they can be found as eigenvectors p̄∞ of generalised eigenproblem

M̄1p̄∞ = λM̄2p̄∞. (3.6)

Now, to construct the generalised parabolas in a pencil generated by Q1 and Q2, we
will first find the directions p̄∞j according to equation (3.6), construct the associated
improper points p∞j by adding zero as the third coordinate and then wedge their GAC
representatives with the four-point Q1 ∧ Q2 as in (3.1). More mathematically, we can
construct an OPNS representation of the j-th generalised parabola P j of the pencil as

P j
O =

(
Q1

I ∧Q2
I

)* ∧ CP(p∞j).

Now, since construction of general parabolas using the wedge product proves especially
useful for cases A1 (as can be seen in the full version of the thesis), let us offer some
examples of them.

Example 3.3. (1) Let us consider two settings from where both pairs of conics have four
distinct intersection points. In the first case, the conics intersect in two real and two
imaginary points of intersection, nevertheless, two axial directions were computed and
two associated real parabolas of the pencil were successfully constructed using the wedge
product. The second case may come as a bigger surprise, since the conics have no real
intersection points, yet two real distinct parabolas of the pencil were found as well. These
settings are depicted in Figure 3.6 (a,b).
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(2) Now, let us assume a few pairs of conics with other relative positions. In each
case, both axial directions are computed and the associated pair of generalised parabolas is
constructed. Respective situations can be seen in Figure 3.6 (c)–(f). It is apparent that
in addition to parabolas in usual sense, other generalised parabolas, like parallel lines or
a double line, may truly appear in a pencil.

Finally, inspection of matrix N in the mentioned cases would confirm that, indeed, all
the cases fall under the category A1, where two real distinct parabolas are found, regardless
the relative position of the conics.
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Figure 3.6: Two conics in different relative positions from Example 3.3 generating a pencil and
the parabolas of the pencil constructed with wedge product
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[2] Byrtus, R., Derevianko, A., Vaš́ık, P. (2020). Outline of tube elbow detection based
on GAC. In Lecture Notes in Computer Science (pp. 482–491). https://doi.org/
10.1007/978-3-030-61864-3_41
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[17] Hrdina, J., Návrat, A., Vaš́ık, P. (2018). Geometric algebra for Conics. Advances in
Applied Clifford Algebras, 28(3). https://doi.org/10.1007/s00006-018-0879-2
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Abstract
We present several algorithms for conic fitting and conic construction based on Geomet-
ric Algebra for Conics (GAC). First, conic fitting with additional geometric constraints
is presented, i.e. fitting a conic among the dataset while also prescribing some geometric
properties of the conic in advance. In particular, constraints successfully incorporated
into the offered algorithms are: principal axes parallel to the coordinate axes, position
of the centre at the origin of the coordinate system, and, finally, combining both con-
straints at the same time. Next, the iterative versions of two GAC-based algorithms were
described, aiming to overcome the non-invariance w.r.t. translations of the original GAC
fitting methods. Additionally, two algorithms fitting a conic among the data points in
such a way that it also passes through up to four prescribed points, called waypoints, are
presented as well. The second group of algorithms uses GAC outer product, wedge prod-
uct, for the construction of conics, including the construction of conics from five points.
Also, we propose the way of using wedge product for the construction of special conics
of the pencils of conics, namely, the line-pairs and the generalised parabolas. Moreover,
thanks to the projective extension of GAC presented here, both ordinary (proper) points
of the Euclidean plane and the points at infinity (improper points) are used. MATLAB
implementation of the conic fitting algorithms and Maple scripts for the wedge construc-
tions presented in the thesis are a part of the electronic appendix of the work.

Abstrakt
Představujeme několik algoritmů na fitováńı kuželoseček a konstrukci kuželoseček za-
ložených na Geometrické algebře pro kuželosečky (zkr. GAC). Nejdř́ıve je představeno
fitováńı kuželoseček s dodatečnými geometrickými podmı́nkami, tj. fitováńı kuželoseček,
které maj́ı apriori předepsané vybrané geometrické vlastnosti. Jmenovitě se do fitovaćıch
algoritmů podařilo začlenit tyto geometrické podmı́nky: osy jsou rovnoběžné s osami
souřadné soustavy, střed lež́ı v počátku a nakonec obě předešlé podmı́nky současně. Dále
byly popsány iterativńı verze dvou fitovaćıch algoritmů založených na GAC, které si
kladou za ćıl vypořádat se s neinvarianćı v̊uči posunut́ı dat u nemodifikovaných algoritmů.
Mimoto jsou představeny dva algoritmy, které kromě fitováńı kuželosečky mezi body
dokáž́ı nalézt kuželosečku tak, aby zároveň přesně procházela až čtyřmi předepsanými
body. Druhá skupina algoritmů využ́ıvá vněǰśı součin definovaný v GAC, zvaný wedge, ke
konstrukci kuželoseček, a to včetně konstrukce kuželosečky procházej́ıćı pěti body. Také
navrhujeme použit́ı wedge ke konstrukci speciálńıch kuželoseček ze svazk̊u kuželoseček,
konkrétně dvojic př́ımek a zobecněných parabol. Dı́ky projektivńımu rozš́ı̌reńı GAC,
které je zde představeno, jsou nav́ıc v práci použ́ıvány jak vlastńı body euklidovské roviny,
tak nevlastńı body, tj. body v nekonečnu. Implementace fitovaćıch algoritmů v softwaru
MATLAB a skripty určené ke konstrukci kuželoseček v softwaru Maple jsou součást́ı elek-
tronické př́ılohy práce.
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