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INTRODUCTION

Coordinating marketing and production decisions still ranks as one of the most challeng-
ing practical and theoretical problems of operations management. Indeed, a number of
producers have used innovative marketing strategies to gain effective control of their in-
ventories. The thesis discusses the problems of simultaneously determining the quantity
necessary to order and the related marketing decisions required for a product for which
demand is random. Recently, there has been an increasing focus on the development
of pricing as well as on marketing strategies and their further applications in industry.
These pricing problems involve the determination of sales prices as a decision variable for
a product under the relevant supply and demand constraints.

A simple newsvendor model platform may prove to be a relevant and principal “lab-
oratory” for an increased understanding of how management science may be applied in
order to solve these problems. The objective of such a stochastic single-period problem
is to determine the quantity for a fixed period of time, maximizing the expected total
profit. Although pricing is applied in the newsvendor problem (NP) in section (1| and
in the transportation network design problem (TNDP) in section [2] it is not limited to
these two problems but it can be applied in many other areas. See, e.g., its application
in lot-size problems [7], integrated forward logistics network design with pricing for the
collection of used products [6], or toll road pricing [41]. The author has already presented
some ideas for coordination between production and pricing decisions; see 10} |13] for the
NP-related stream and see |11, 15, [16] for the TNDP stream.

As the title Mathematical programs for dynamic pricing - Demand based management
indicates, the thesis presents the above-mentioned selected demand-based problems that
may be further extended to the concepts of dynamic pricing and marketing that drive
their development |25, 32].

(OAL AND CONTRIBUTION OF THE THESIS

e The goal was to to select illustrative (underlying) demand-based problems to provide
insights into decision-making within various marketing situations.

e The NP was selected as such a “laboratory” principle. The NP with pricing (NPP)
was reviewed and extended into the decision-dependent randomness case.

e Afterwards, the experience gained from the NPP was utilized and new results and
insights into decision-making as well as managerial interpretations (e.g., within the
effects of the parameters or the distribution) within NP with advertising (NPA) were
established.

e Last but not least, the pricing and advertising decisions were coordinated; thus, the
NP with joint pricing and advertising (NPPA) was introduced and investigated.

e The pricing results were then applied into the TNDP; its potential application in
waste management (among others) was also discussed.

e A hybrid algorithm was proposed as a tool to solve similar mixed-integer (non-)linear
problems; the portability of the algorithm usage is also verified and discussed.



1 NEWSVENDOR PRICING PROBLEM

1. NEWSVENDOR PRICING PROBLEM

The first mathematical formulation of price effects in inventory control problems was pro-
vided by Whitin [38] in 1955. Until this year, economic theoreticians had disregarded
several important aspects, causing Whitin to focus on the hitherto-neglected demand as-
pects. He adapted the NP, where the unit selling price is a decision variable and where
demand linearly depends on the selling price per unit, where the retailer knows a prob-
ability distribution of demand. Hence, he knows the amount demanded at any given
price. In [24], Mills extended the NPP by a specifying mean demand as a function of
the selling price. He refined Whitin’s work by modeling the uncertainty in additive form:
D(p,&) = d(p)+&, where d(p) is a decreasing demand function of price p and ¢ is a random
variable defined within some range. Mills established that the optimal price under uncer-
tain demand is never greater than the optimal price set in the equivalent deterministic
monopoly models, called the riskless price. Both Whitin and Mills considered the single
period form of the problem, where only a single price and an ordered amount need to be
determined. In [19], they employed the infinite-period approximation to the n—period
dynamic model. However, they did so under the assumption that a single constant price
needed to be determined at the beginning of the planning horizon. They established that
the optimal price under multiplicative uncertain demand is never smaller than the riskless
price, i.e., an opposite outcome to Mills’ outcome for additive uncertainty.

1.1. MODELING ISSUES

In the classical newsvendor model [§], the selling price is considered as exogenous, over
which the newsvendor has no control [5]. Here, the pricing problem is approached as a
price-setting newsvendor problem; two decision variables are defined: the selling price
p and the ordered quantity x. The following parameters are considered: buying cost c,
salvage value v, and shortage cost s. The demand D(p,§) is both stochastic and price
dependent, where ¢ presents the random term. Thus, for each pair (p,€) the retailer
knows the resulting demand, but he is unable to predict it in advance because he does
not know the demand value as a reaction to the random term. The objective function is:

| pr—cx—s[D(p,§) — ], for x < D,
m(p, 7, 8) = { pD(p, &) — cx +vjx — D(p,§)], for x> D, (1)

where x units are stocked at the beginning of the selling period for cost cx. If demand
D is greater than z, then the revenue is px and s[D(p,{) — x] denotes shortages mul-
tiplied by the shortage penalty cost per unit. Otherwise, if demand D is less or equal
to an ordered quantity z, the income is only pD(p,&) and v[x — D(p,&)] denotes left-
overs multiplied by salvage value per-unit. The goal is to maximize the expected value
of the objective function. For this stochastic optimization program the so-called expected
objective reformulation (see [29]) will be further used.

1.2. DEMAND FUNCTION AND RANDOMNESS

This section is focused on the demand function D(p,§). Price independent randomness
is further assumed in demand. More specifically, the demand function satisfies

D(p,§) = D(p,&a; Em) = d(p)ém + a, (2)

6



1 NEWSVENDOR PRICING PROBLEM

where ¢ is a two-dimensional vector, and £ = (&,,,, &) and &, &, are the random variables.
In principle, the stochastic demand curve given by should capture a real situation:
when the price rises then the demand decreases, i.e., d(p) is assumed as strictly decreasing,

ie., d(p) = %(;» < 0, that presents the dependency between demand and price; the
expected value of demand tends toward zero at sufficiently high prices, since demand
cannot be negative. The assumption of monotonicity satisfies all common items; only
special luxury items are excluded (i.e., Veblen paradox) [42]. Moreover, d(p) is assumed
to be a continuous function and twice differentiable. So, d(p) is defined on a closed interval
[c, D], where d(p) = 0, see [42].

For the purpose of this thesis, two special cases of the demand function are men-
tioned. Mills in [24] defined the additive demand function, where &,, =1 (or P(§, = 1) =
1) and so D(p,&) = d(p) + &. Furthermore, for this case it is assumed that E[¢,] = 0.
Another special case of the demand function is the multiplicative demand case defined
by Karlin and Carr [19], where &, = 0 (or P({§, = 0) = 1) and so D(p,&) = &{nd(p).
Furthermore, here it is assumed that E[¢,,] = 1. For more details on special cases see [4].

Then, expectation of D is specified for both cases as E[D(p,&)] = d(p). Moreover, F(-)
represents the cdf and f(-) the pdf. It is also reasonable to consider that F' is invertible.

1.3. RISKLESS PROBLEM

In the riskless theory demand is considered as strictly a function of the price p, which
means that no random factor ¢ is considered, see [24]. The related objective function is
denoted by ¥(p) and so the problem is: max,{¥(p)|p > ¢}, where

Y(p) = (p—c)d(p), (3)
i.e., the profit for a given price in the certainty-equivalent problem. The optimal riskless
price py, can be determined by solving the first order condition d\g—]()p) = 0.

Yao, Chen and Yan [42] define a class of demand functions with an increasing price
elasticity (IPE), i.e., functions that satisfy g—; > 0, where e = —%}f;) denotes the price

elasticity of d(p) that gives the percentage change in demand in response to a one percent
change in price [43]; i.e., for the retailer, it is less desirable to raise the price; in other words,
if the price increases by a certain percentage, demand decreases by a larger percentage.
The following lemma guarantees uniqueness of the first order condition solution.

Lemma 1.1. If d(p) has IPE then the riskless profit ¥ is quasi-concave in p in the interval
[c,p]. The optimal riskless price pj, can be uniquely determined by solving ((11—% =0 [42].

See [42] for proof. In [42], the authors provide some typical examples with IPE property.

1.4. ADDITIVE DEMAND CASE
This case involves the demand function D(p, &) modeled as follows:

D(p7 5) = d<p) + gaa (4)

see subsection [I.2|for more (modeling) details. The objective function (1)) can be rewritten
by substituting and defining the stocking factor z, z = © — d(p), as:

w(p, 2,&q) = { plz +d(p)] —clz +d(p)] — s(§a — 2),  for z < &, 5)

pld(p) + &a] — e[z + d(p)] + v(z = &), for z > &,

7



1 NEWSVENDOR PRICING PROBLEM

This variable transformation (from z to z) is often used in the newsvendor-related litera-
ture (e.g., in [27]); it will be further shown to simplify the computations. It also provides
an alternative interpretation of the stocking decision: if the choice of z is greater than the
realized value of the random variable &,, then leftovers occur, otherwise shortages occur.

The convention put forth by[27] is further used, with the following quantities for ex-
pected leftovers A(z) and expected shortages ©(z):

AG) = El(= — £)"] = / (= — (), (6)

B
6(2) = El(6a— )] = / (- 2)f()d. ()

Then, the expected profit is expressed by:

z

B
(p,2) = (p— )= + d(p)] — (p— v) / (=~ ()t — s / (- fWa.  (®)

A
Considering () and (7)), the loss function can be expressed as: L(p, z) = (¢ — v)A(z) +
(p+s—c)O(z), where if z is chosen too high, an overage cost (¢ —v) appraises each of the
A(z) expected leftovers, and if z is chosen too low, an underage cost (p + s — ¢) appraises
each of the ©(z) expected shortages and the expected profit can hence be expressed by:

(p, z) = ¥(p) — L(p, 2), (9)

the riskless profit, which would occur in the absence of uncertainty, see , less the
expected loss that occurs as a result of the presence of uncertainty (see |26, 27]).
Through integration by parts, the expected profit can be expressed from as:

z

B
I(p,2) = (p— o)z + d(p)] — (p— v) / Flt)di — s / 1o F(@ld (10)

A
Whitin [38] established the sequential method for first determining the optimal value of
z as a function of p by using the famous fractile rule for determining z when p is fixed,

i.e., the result of the common NP. Let the subscript * denote optimality. By solving the
oll(p,z)

first ordered condition =2~ = 0, the following expression is observed:
+s—c
Y= el [ 11
= 2(p) (HS_U) (1)

Substituting into is p* obtained by solving %ﬁ?’m = 0. Then:

dIl(z(p), p)
dp

= i)+ (- ey /A o

The second derivative w.r.t. p is:

d?M(z(p),p) dd?(p)
dp> (P =) 2 Tap T FE s o




1 NEWSVENDOR PRICING PROBLEM

1.4.1. Linear pricing function

For the linear demand d(p) = b—ap, a,b > 0, Zabel [43] developed the following sequential
solution method. The optimal selling price can be determined as:

. _ 9(2)

=plz) =py — —— 12

pr=p(2) =py -, (12)

where pj, = bggc (see subsection . Equation implies that p* < p;(I,. Then the
boundary condition for p* is ¢ < p* < py,. The second partial derivative is 9 ggg@) = —2a

and so II is concave in p for a given z. Then, z* can be found by searching through the
resulting optimal trajectory to maximize I1(p, z*) [27} 43].

The optimal strategy is to stock x* = d(p*) + 2™ units to sell at the price p* per unit.
1.5. MULTIPLICATIVE DEMAND CASE

The demand function is defined as (according to subsection 1.2 and 19} 27]):

D(p,§) = d(p)&m. (13)
Substituting and z = ﬁ (the stocking factor) to model , it can be obtained:
(p 2 ) = { pzd(p) — czd(p) — sd(p)(&m — 2), for z <&,
T pEmd(p) — czd(p) + vd(p)(z — &n)], for z > &y

It can be seen that the effect of z is the same as for the additive demand case model .
The following is defined: expected leftovers d(p)A(z), expected shortages d(p)O(z) and

the loss function: L(p,z) = d(p)[(c — v)A(2) + (p + s — ¢)O(z)], where A(z) and O(z)

are defined by expressions @ and @ Expected profit I1(p, z) is again expressed by @,

where L(p, z) assesses an overage cost (¢ — v) for each of the d(p)A(z) expected leftovers

when z is chosen too high and an underage cost (p + s — ¢) for each of the d(p)O(z)

expected shortages when z is chosen too low. The expected profit can be expressed as:

1(p,2) = (p = () ~ (0~ 0} [

B
F(t)dt — sd(p) / 11— F)ldt.  (14)
A z

The optimal stocking factor z* can be expressed by similar steps as in the additive case;
in addition, z* is observed identically to that of the additive case, i.e., ({11)). Substituting

2* into is p* obtained by solving %}f(p)) = 0. The related derivative is:

dIl(p, 2(p))
dp

z

=)+ (- 092 - =02 [ pa-ap) [ Foa

dp A A
B
—s%f)/z - F()de.

The second derivative w.r.t. p is:

d’I(p, 2(p)) _d?d(p) [(p+ s— )2 — (p+s—0) /Z F(t)dt+8/B F(t)dt — sB

*

dp? dp? A A

L o ddp) [Z_/ F(t)dt

dp A

1 (c —v)?
) (p+s—v)*

+ d(p)




2 TRANSPORTATION NETWORK DESIGN PROBLEM WITH PRICING

Remark 1.1. Considering @D, the necessary optimal condition of the price is as follows:

Bty - e~ 1(p,2)] - dp)l1 - ©)] =0

1.5.1. Isoelastic pricing function

Let the isoelastic demand curve d(p) be defined as d(p) = ap~?, where a > 0,b > 1,and,
moreover, A > 0 (see [27]). The related partial derivative w.r.t. p is:

oll(p, z) d(p) b |(c—v)A(z) +50(2)
——=(b—-1)—[1— g —
where pj, is the optimal riskless price maximizing the riskless profit W(p): the derivative
needed is d\I(;_}(jp) = —(b—1Dap™p - bb_—cl], where (b — 1)ap~®~! > 0 for p < oo and so

the maximum of function is U(p) is p§, = 2. Further, because 1 — ©(2) > A > 0, for a
given z, the unique optimal price p* as a function of z can be established:

pr= p(z) = pfp + bf 1 |:<C — UiA_(Z@)(—Z)S@<Z)] : (15)

For a proof see [27]. From the boundary condition for p* can be established: p* > pg,.

1.6. SOME UP-TO-DATE RESULTS

In order to review some selected up-to-date results, the following definitions are needed

[40, |42]: the failure rate function of the random variable r(§) = %, the generalized
failure rate function g(&) = &-r(€) as well as the related property called generalized strict
increasing failure rate (GSIFR): ¢’'(§) > 0 for all £&. For more details, see [42]. To the
author’s best knowledge, the GSIFR class of distributions and d(p)—functions with IPE
property are the major and most up-to-date class in the recent literature.

It can be shown that if the mean demand has IPE and the distribution has GSIFR, then

IT is quasi-concave in p in the range [c, p] and thus the first order condition %?’m =0

has a unique solution |40, |42].
The list of mean demand and random factor distributions used in recent literature
references for the additive demand case provided by [42] is also reviewed in the thesis.

2. TRANSPORTATION NETWORK DESIGN
PROBLEM WITH PRICING

In addition to the network-design decision variables, which represent the inclusion of
additional edges, pricing variables are included herein. If the network operator has the
possibility of decision on price(s) charged to the customers, the demand profile of the
customers can adapt and this can lead to overall more sensible network designs. Since
suppliers have imperfect information about the demands of their customers in real-world
problems, a scenario-based approach to the uncertain demand is used.

10



2 TRANSPORTATION NETWORK DESIGN PROBLEM WITH PRICING

Thus, the entire section |2| concerns the
problem of determining the pricing and pro-
duction decisions (i.e., transportation and
network design) of a single continuously di-
visible item in TNDP over a single period
for a stochastic price-dependent demand.
More specifically, in subsection it is
considered that demand is linearly price-
dependent, while it is considered that de-
mand is a nonlinear (isoelastic) function of
the price in subsection 2.2l Remind paper
[27] for the linear as well as nonlinear case
and [42] for an even more general pricing ap-
proach which was mentioned in subsection
[1.6] See Figure[] for testing example of the

TNDP that is used throught the network

design part of the work.

Figure 1: Testing example.

2.1. WS REFORMULATION OF STOCHASTIC TNDP WITH

LINEAR PRICING

Here, the demand is a linear function of price. More specifically, the demand is considered
to be decreasing, continuous, and defined on a closed interval [27]. Thus, the demand
function is defined as (for each scenario s and each customer 7): b; s(pis) = Bi,s — Qi sPi.s,
where o; s and 3;  capture the uncertainty in the demand function b; s that may differ for
each customer 7 in each scenario s. The scenario-based approach assumes to have enough
observations of the parameters (for each customer, one observation presents one particular
market situation). Then, the selling price p; s is the decision variable (as it is described
below). For concrete examples see results and figures presented in the dissertation thesis.
Then, the following WS (stochastic) mixed-integer bilinear program is defined:

Vs e S:
max g g Ai,e$e7spi,s - g Cele,s —
i€l eeF

s.t. Z Az’,el’e,s

eckE
D Ajetes

eckE
Z Ak,exe,s

ecE
xen
J’_
yi,s
Te,s
5en,s
y@s’ yi,s
Pi,s
Pis
bi s

eel

IN

ATV IV MV IA

en€E,

bis = Yils + Yig

b

b,

66”78 Z (_b]>7
jed

bi,S7

0,

{0, 1},

0,

Py,

Py,

Bi,s — Q4 sPis,

Z den 5en,s

=Dy )

el
Viel,

Ve J,
Vk € K,
Ve, € By,

Vi e l, (16)

Ve € F,
Ve, € E,,
Viel,
Vi e I,
Viel,
Viel,
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2 TRANSPORTATION NETWORK DESIGN PROBLEM WITH PRICING

where the following notation is used:

e the decision variables are:
Dis - the unit selling price of the product at a node 7 in scenario s,
Tes - the amount of a given product to be transported on edge e in scenario s,
de,s € {0,1} : 1 if new edge e, is built in scenario s,0 otherwise,

e the second-stage variables (that relate to the particular scenarios):

yi’; :  shortages for customer ¢ in scenario s, where 3/:3 = max{b; s — Y o Aiere, 0},
y; . = leftovers for customer ¢ in scenario s, where y;s = max{z o Aiete — bis, 0},
e parameters:
ajs o the slope of the linear demand function b; ¢ for customer ¢ in scenario s,
Bi.s :  the intercept of the linear demand function b; s for customer 7 in scenario s,
1 if edge e leads to node v,
Ape :  incidence matrix, A, .q —1 if edge e leads from node v,
0 otherwise,
bi s : the demand in node ¢ for scenario s; b; s >0Vie I, Vs € 5,
b . the production in node j; b; <0 Vj € J,
bi . the (zero) demand/production in node k; by = 0 Vk € K,
Ce : unit transporting cost on edge e,
de, : cost of building of a new edge e,
;’”” . a price lower bound for customer ¢,
pi** :  a price upper bound for customer ¢,
s : probability that scenario s occurs, where 0 < g5 < 1,Vs € 5,
and ) qs =1,
7"? unit penalty cost for shortages (unsatisfied demand) at customer node 1,
T unit penalty cost for leftovers (redundant units) at customer node i.
e and index sets:
E . setof edges, e € F,
b, set of newly built edges, e, € E,,, £, C E,
I set of customers (or locations with a non-zero demand), i € I,
J set of production locations (or warehouses), j € J,
K set of traffic nodes, k € K,
S set of all possible scenarios, s € S, s =1,2,...,m,
Vv set of all nodes (vertices) in the network, v e V..V =TUJ UK.

Note, that b; s are the the linear demand functions capturing the decision-dependent
stochastic (scenario-based) demand parameter.

2.1.1. Computational results and discussion

The aforementioned model was programmed in GAMS and solved through the use
of CPLEX and XA solvers for small test instances obtaining acceptable results. See the
dissertation thesis and author’s papers 31} 14, [15] for more details on the algorithm.
Comparing the obtained results with the results published in [14], it can be seen that
the total number of the designed edges (the 0-1 variables) as well as its variability have
decreased due to the pricing strategy used. Moreover, pricing usually leads to a significant
improvement in the objective function value (it should never obtain the worst solution).

12



2 TRANSPORTATION NETWORK DESIGN PROBLEM WITH PRICING

Even if the linear pricing does not capture reality very well, it helps us to understand how
the pricing technique works; see the obtained results provided in the dissertation.

2.2. WS REFORMULATION OF STOCHASTIC TNDP WITH
NONLINEAR PRICING

This subsection presents a scenario-based WS stochastic MINLP, which models the de-
sign of a transportation network under nonlinear price-sensitive stochastic demand. The
author follows up on previous modeling ideas presented in subsection [2.1] (or [15]), where
a MILP with linear price-dependent stochastic demand was modeled. Therefore, the
authors also modified the previously used hybrid algorithm [15, |31].

2.2.1. WS stochastic TNDP model with isoelastic
pricing function

Consider a price-setting firm that faces a price-dependent demand function, b; s(pi s),
describing the dependency between price p; s and demand b; ; for each customer denoted
by i and for each possible scenario s. For most goods the elasticity (the responsiveness
of quantity demanded to price) is negative, so it can be convenient to write the constant
elasticity demand function with a negative sign on the exponent, in order for the coefficient
to take on a positive value: b; ¢(pis) = %‘,spi_f “*: such isoelastic function should capture
(the most common) real-world situations; see also subsection [1.5.1]
The following notation is changed comparing to that used in the model :

e the (scenario-based) parameters:

a;s  effectiveness of the pricing function b; s for customer ¢ in scenario s, ;s > 0,
Bis = elasticity of the demand function b; 4(p;s) for customer 7 in scenario s, ;s > 1.

Thus, the stochastic TNDP with isoelastic pricing is formulated using the WS approach:

Vs e S:
max Z Z Ai,exe,spi,s - Z CeTe,s — Z den(sen,s - Z(Tz_yz_,s + rjyz—s)
1€l eelE eckE en€E, el
s.t. Z AieTes = bis— y;rs + y;s, Viel,
ecl )
Z Aj7exe7s = bj,s’ \V/j E J’
ecE
Z Ak,exe,s = bk,s, Vk € K,
eceFE
Le,,s < 567“8 Z (_bj)a Ve, € E,,
jedJ
vis < bis, Viel, (17)
Zes > 0, Ve € E,
5en,s € {07 1}7 Ven S ETU
Ui Vs = 0, Viel,
pis > pn, Viel,
Dis < pzma"”, Vi e I,
bi,s = Ozi75pi_7§i’s, Vi e 1.
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2 TRANSPORTATION NETWORK DESIGN PROBLEM WITH PRICING

2.2.2. Computational results

The problem is mixed-integer nonlinear, but it seems that the exact solvers deal with
a linearized version of the problem. Such nonlinear problems (especially large-scale) often
require a heuristic approach. Therefore, a
hybrid algorithm is proposed in the thesis.

The dissertation thesis presents visual-
izations of the example; see also Figure 2] ;8\5}
The thickness of the lines represents the fre- ‘
quencies of usage in m scenarios, and hence,
the probabilities that variables x. related to
the edges are non-zeros. The fixed lines are
drawn as dashed lines to emphasize the role
of the edges generated by the WS computa-
tions. It may also be seen that the stochas-
tic demand usually requires new edges to
bring about the necessary adaptation in the

results. In comparison with the HN solu- ;F.’-"";K 30
tions (cf. [31]), it can be done in a more flex- $

ible and cheaper way. Figure [2| also shows
that only suboptimality has been reached Figure 2: Visualization of results for

by computations for some scenarios, as ex- 47, hybrid algorithm for 100 scenar-
tra unnecessary edges are switched on by .

the GA runs (e.g., 5-28). L0S.

2.2.3. Discussion

The entire section [2| presents a stochastic programming approach to the TNDP with
stochastic price-dependent demands while subsection deals with the isoelastic form of
the price-demand function. The developed mixed-integer nonlinear model is solved with
the original hybrid algorithm involving GA for the solution of the WS network design
problem. The previously introduced hybrid algorithm (see [15, |31]) has been modified
and successfully tested. This reconfirms authors’ conclusions in [31] about the portability
of the approach to other problems.

In author’s further research, it is planned to compare (or improve) the proposed hybrid
algorithm with similar ideas dealing with differential evolution, specifically with multi-
chaotic success-history based parameter adaptation for differential evolution [12], which
is a novel version of the standard GA that, hopefully, may achieve better computational
results for the MINLP problems. Moreover, some obvious suboptimalities (see, e.g., Figure
produced by the GA can easily be eliminated by appending a local search procedure
to the GA run.

Similar mixed integer (nonlinear) stochastic programs may appear in many applica-
tion areas, including NDP [28], traffic networks [9] or waste management problems [12].
Therefore, the suggested hybrid algorithm can be modified and widely applied.
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3 NEWSVENDOR PROBLEM WITH ADVERTISING

3. NEWSVENDOR PROBLEM WITH ADVERTISING

A typical NP reveals that the quantity ordered maximizes the expected profit. In the set-
ting given herein, the newsvendor is faced with advertising-sensitive stochastic demand
where the demand-related random element depends on advertising decisions. It is as-
sumed, that a suitable advertising strategy can lead to increases in sales. Note that the
assumption of a fixed price corresponds to an instance of the buyers effectively represent-
ing mere price-takers.

Although, NP has been studied for decades, it still serves as a suitable tool to illustrate
many new marketing situations [5, |17 33, 39]. In this chapter, it is used notation that is
frequently utilized for the newsvendor problem with pricing (NPP, see section [1)) in order
to show how marketing aspects interact with production decisions in the newsvendor
problem with advertising (NPA). Moreover, inspired by [27], who presented findings on
NPP for the linear price-demand function in an additive demand model, as well as the
hyperbolic price-demand function for a multiplicative demand case (higher prices cause a
decrease in demand), suitable (and more complex) functions related to various advertising
situations for additive and multiplicative cases (an increase in advertising expenditure
brings about higher sales) are presented. Using suitable notations and procedures, it is
the aim to further the understanding of the matter and to present new results.

Note, that this chapter is mostly based on material that was published in [10].

3.1. PROBLEM FORMULATION AND DEMAND FUNCTION

In the classical NP or in the NPP (section , the newsvendor’s marketing effort, which
can be used to enhance the demand, is not taken into consideration at all [5]. Therefore,
the following situation is assumed: First, the retailer has to decide about an amount a
to advertise for a product to be sold and simultaneously has to buy and stock x units of
the product for a unit cost ¢. Then, the selling period begins. If demand D is greater
than z, all stocked units are sold for revenue px, where p is a unit price, p > ¢. In this
case, a loss given by a unit shortage penalty cost s for all shortages, D — x, is considered.
Otherwise, if demand D is less or equal to x, the revenue is only pD and leftovers, x — D,
are salvaged through a unit salvage value v, v < ¢. Then, the objective (profit) function
is denoted by 7(a, x,&m, &) being defined as follows:

pr — cx — s|D(a, &g, ém) — 2] — a, x <D,
pD(aafmgm) —CT +U[x - D(a,fa,é’m)] —a, z>D.

The decision variables are the order quantity = and the amount spent on the advertising
a, while the demand D(a, &, &), which depends on the amount a and is affected by the
random elements &, &, is not completely known when the decisions are made.

One of the keys to understanding the marketing problems lies in the relation between
demand and advertising response function. Therefore, the next section focuses on the
demand function together with the definition of its related uncertainty. Then, the basic
concepts of the advertising response function are presented.

m(a,x,8q,&m) = { (18)

3.1.1. Demand function and randomness

The demand is further modeled using a (response) function, which can be affected by the
advertising expenditure and which somehow depends on a random element.
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3 NEWSVENDOR PROBLEM WITH ADVERTISING

Inspired by many papers on the NPP [19] |24} [27, 42] and some on the NPA |20}, |35, 136],
it is further assumed that advertising-related randomness is independent of the demand,
which helps to avoid complexities.

Let the demand function be denoted as D(a, &g, &) now and let it satisfy

D(CL, €a gm) = d(a)fm + &a,

where &, &, are independent continuous random variables. Further, one special case of
demand function D(a, &g, &) is presented: the multiplicative demand case (section ,
while the additive demand case is analyzed in the dissertation thesis. In order to define
the multiplicative demand case, let P({, = 0) = 1 and let the random variable &, be
defined on the domain [A,,, B;,| and satisfy E[&,] = 1.

This section examines the effects of the multiplicative form on the optimal advertising
strategy for the concave and the S-shaped functions. Before the multiplicative demand
is modeled and examined in section [3.3] assumptions and properties of the advertising
response function d(a) are introduced.

3.2. ADVERTISING RESPONSE FUNCTION

The response function describes the sales effect of additional amounts of advertising, even
though it sometimes illustrates the amount of advertising needed to trigger buying [18§].
Two (general) functions that are often used are further assumed: a) the concave response
function [18| |21] and b) the S-shaped response function [18§].

Although the S-shaped function is very important from the marketing literature per-
spective, it has not yet been considered by researchers dealing with operational research
in the discussed context. According to the marketing literature trying to approximate
the advertising situations, the S-shaped function is defined as a bounded real function
defined for all nonnegative input values with a positive derivative at each point, which
is first convex and then concave. It means, in the beginning, when advertising budgets
are low, sales do not respond significantly to advertising. It supposedly takes time for
advertising wear-in. It can be seen the point of increasing returns, as sales really begin
to respond to increased advertising, as the advertising budget exceeds some minimum
critical-level threshold. Finally, the curve begins to slope downward again, as once again
the diminishing-returns phase appears, see [3] and [1].

Let the response function d(a) be continuous, nonnegative, twice-differentiable and
increasing on its domain [0, a;mey| in the advertising expenditure a [20, [22]. Moreover,
since d(0) > 0 holds, d(a) is positive.

3.3. MULTIPLICATIVE DEMAND MODEL

Let the demand function D(a, &4, &) be defined in the multiplicative form (see subsection
3.1.1) and let F'(-) denote a cdf and f(-) be a pdf of &;,. In order to assure that demand
is positive, it is required that A,, > 0. Then, the demand is in the multiplicative form

Dr(a,&m) = d(a)ém, (19)

see [19] for similar ideas in the NPP. The objective function can be rewritten by
substituting and utilizing the ’stocking factor’ defined as

z= m, (20)
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3 NEWSVENDOR PROBLEM WITH ADVERTISING

where z > 0. A similar variable transformation of the objective has already been used
to simplify the calculations in the NPP. It provides an interpretation of the stocking
decision: if the choice of z is greater than the realized value of random variable &,,, then
leftovers occur, otherwise shortages occur [27]. An important managerial interpretation
for z demonstrates that, although z is defined differently for each of the two mentioned
demand cases, its meaning is consistent for both: z represents a stocking factor that [27]
defined as a surrogate for safety factor by [34]. Then, the NPA is as follows:

pzd(a) — czd(a) — sd(a)[&y — 2] —a,  for z < &,

a5 En) = {zfmd@J—cmﬂ@-%wﬂaﬂz—émk—aa1bfz?fm‘

The expected profit I1(a, z) can be expressed as:

z

(a, z) = Eln(a, z,&m)] = d(a)/ [pt +v(z —t)|F(t)dt

Am
Bm
+d(a) / [pz — s(t — 2)|F(t)dt — czd(a) — a (21)
z
Defining the riskless profit [24, [27], which would occur in the absence of uncertainty, as
¥(a) = (p — c)d(a) —a, (22)
and the so-called expected loss per unit as
[(2) =(c—v)A(z) + (p+ s —)O(2), (23)

where d(a)A(z) denotes expected leftovers and d(a)O(z) expected shortages, the expected
profit given by can be rewritten as

(a,z) = ¥(a) — L(a,z) = d(a)[p — c = I(2)] — a. (24)

Note that L(a,z) = d(a)l(z) is the expected loss that occurs as a result of the presence
of uncertainty [27, [34] and p — ¢ — I(2) denotes the so-called per-unit expected benefit,
i.e., margin minus expected loss. If z is chosen too high, in or in , respectively,
an overage cost (¢ — v) appraises each of the d(a)A(z) expected leftovers, and, if z is
chosen too low, an underage cost (p + s — ¢) appraises each of the d(a)O(z) expected
shortages. The equivalence of expressions and can be obtained by a sequence of
straightforward substitutions.

3.3.1. Optimal stocking quantity

To maximize II(a,z) over two variables, the first order condition (with respect to z)

is considered; then, an expression for optimal z is expressed as F(z*) = %. It is
2
comparatively easy to show that II(a, z) is concave in z on [0, 00): ag—g‘;’z) =(v—p-—

s)F(z)d(a), where v — p — s < 0. Moreover, assuming that F' is invertible, the optimal
and unique z* can be expressed as in which is the standard NP/NPP result 38, [30].

3.3.2. Optimal advertising expenditure

Substituting into leads to the following expected profit expression:
M(a,2%) = d(@)[p — ¢ — 1(=")] — a, (25)
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3 NEWSVENDOR PROBLEM WITH ADVERTISING

where [(z) is given by (23). Notice in that, if p — ¢ — 1(2*) < 0, the expected profit
II(a, z*) is, under our assumptions about d(a) in subsection [3.1.1] negative and strictly
decreasing in a, which does not capture any real situation [35], similarly if p—c—1(z*) = 0.
This leads to the following assumption.

Assumption 3.1. The per-unit expected benefit must be positive, i.e., p — ¢ — [(2*) > 0.

This assumption simply means that the expected profit per unit (price p minus cost ¢
minus expected loss per unit [(z*)) is greater than zero. Otherwise, if a loss is expected,
the only good strategy is to ”do nothing” (x = a = 0 and so z = 0). As Assumption
depends on the expected loss function {(z), it also depends on the distribution F.
The more shortages or leftovers are expected (caused, for example, by greater variance
of the distribution), the greater is the expected loss I(z). Similarly to other parameters
from the expected loss function given by , e.g., as s increases, so does [(z). Since
the assumption is crucial for further analysis, more detailed insights for the uniform
distribution is provided in the dissertation thesis.

Further, the expected profit expression given by is assumed. Solving the first order
condition of II(a, z*) with respect to a, leads to the following remark.

Remark 3.1. The optimal advertising expenditure a* must satisfy the (necessary) opti-
mality condition, which is given by:
dd(a) 1

da p—c—1(z*) (26)

3.3.3. Monotonocity

Consider the second derivative of the expected profit given by :

’(a, 2* 2d(a
: Hd<a27 - ddcig )[(p— ¢ —1(z")). (27)

Then, due to Assumption , the following lemma is obtained from .

Lemma 3.1. The intervals of concavity and convexity of the expected profit I1(a, z*) with
respect to a are identical with the intervals of concavity and convexity of d(a).

The following assumption, together with Assumption [3.1] will further help us to guarantee
optimality uniqueness for selected types of demand functions (i.e. for the concave and the
S-shaped function). The assumption results from expression , or respectively.

Assumption 3.2. The demand function d(a) satisfies that limag—0, d(ACZ;d(O) > p_c_ll(z*)

d(amaz)_d(amaz_Aa) 1

and limag—o, <

Aa p—c—l(z*)"
Remark 3.2. In such case, where the function d(a) is defined on a higher range than
[a, amaz], the conditions can be rewritten to: dfligo) > p_c_ll(z*) and dd(g’;”) < p—c—ll(z*)’

Concave response function

Suppose that the demand/response function d(a) is strictly concave in domain of a [21].
Then, the following theorem can be deduced.

Theorem 3.2. If the response function d(a) is strictly concave, then, under assumptions
and , the expected profit I1(a, z*) is strictly concave in a and so the globally optimal
advertising expenditure a* is unique and is given by solution of with respect to
decision variable a.
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3 NEWSVENDOR PROBLEM WITH ADVERTISING

Proof. Since the response function d(a) is considered to be strictly concave in its domain
then under Assumption and Lemma 7 then I1(a, z*) is also strictly concave in a, see
. Moreover, under Assumption , the expected profit II(a, z*) is to be increasing at
the initial point and decreasing at the end point. Then, the critical point determined from
the optimality condition (26]) is unique and is the optimal advertising amount a*. ]

S-shaped response function

Theorem 3.3. If the response function d(a) is S-shaped, then, under assumptions and
, the expected profit I1(a, 2*) is strictly quasi-concave in a and so the globally optimal
advertising expenditure is unique and is given by .

Proof. Since the response function is supposed to be S-shaped, under Assumption [3.1],
the expected profit II(a, 2*) is also first convex and then concave in a. Moreover, using
Assumption , the expected profit I1(a, z*) increases at the initial point and so it will
increase until it reaches its maximum. In other words, I1(a, z*) is strictly quasi-concave in
a. Then, from the optimality condition , one critical point a* can be expressed that
presents the optimal advertising amount, which always lies in the concave range. O

In order to solve the original problem of maximizing the expected value of the objective
function given by with respect to decision variable x, a final step is to determine an
optimal order quantity z* from (20)). The pair [a*, z*] then presents the optimal solution
of the original NPA given by or the multiplicative demand case defined by for
the expected objective function case, see and .

3.3.4. Comparison with riskless problem

Consider the advertising decision without demand uncertainty and note that the profit
of such a deterministic problem is called riskless profit, ¥(a), given by (22)). Solving the
first order condition of W(a) leads to the following necessary optimality condition:

dd(a) _ 1 (25)
da p—c’
which must be satisfied by the optimal riskless advertising ay,.

Remark 3.3. If the response function d(a) is either concave or S-shaped, then, under
Assumption , the necessary optimal condition is also sufficient for the optimal
riskless advertising ay, as and Lemma can be adequately applied.

Based on the optimality condition , the following theorem can be proved under
assumptions [3.1] and [3.2] considering concave and S-shaped functions.

Theorem 3.4. For the multiplicative demand model, the optimal advertising a* is always
less than or equal to the optimal riskless advertising ag,.

Proof. Using expressions and , it can be expressed that — < % =

p c = p—c(
ddc(la‘l’) < ddé m ). For both functlons concave and S-shaped, the optimal advertising a*

if it exists and is greater than zero, belongs to the concave part of d(a). Then, for the

concave part of d(a), dcé(a) is decreasing and so if dd(a“’) < dd( ) then ay > a* O
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4 NEWSVENDOR PROBLEM WITH JOINT PRICING AND ADVERTISING

Remark 3.4. Recall that the optimal price for multiplicative uncertain demand is not less
than the riskless price in the NPP [27].

Even though there are similar structures of the the expected profit functions, which is
(©) in the NPP case, while the NPA equivalent is given by (24), the demand function is
defined differently: d(p) is decreasing in p in the pricing case, but d(a) increases in a in
the advertising case. Therefore, it is not surprising that the observation on the effect of
uncertainty given by Theorem is opposite to its NPP equivalent (see Remark .

4. NEWSVENDOR PROBLEM WITH JOINT
PRICING AND ADVERTISING

Coordination between advertising, pricing, and production decisions still falls within the
very challenging problems associated with operations and computational management;
see, e.g., |2, 23]. Typically, marketing decisions (e.g., pricing and advertising) are made
independently of knowledge of production and logistics constraints, possibly leading to
the sub-optimality of the decisions. Here, marketing decisions are seen together with
logistic decisions aiming for improved company performance.

In the aforementioned models the retailer/distributor cannot jointly adjust the price
and the advertising amount (marketing effort) to stipulate the market demand. Here,
a decision-maker may adjust the current selling price in order to increase or reduce the
demand in most cases; moreover, he has the opportunity to influence the final demand
by choosing appropriate marketing activities, e.g., providing shelf spaces, promotional
displays, advertising, after-sales service support, and other demand-enhancing activities
[5]. In a word, price and marketing efforts can be used to affect the final sale of the
products ordered, and hence to exert influence on the initial ordering decision [5].

This thesis follows two papers on the NPPA: [5] and [37]. In the paper [37], they deal
with the multiplicative demand form, where the demand D(a,p) is nonnegative, twice-
continuous differentiable, strictly concave, and is defined on [0, 00) X [0, 00); conceivably,
D(a,p) is strictly increasing and concave in the advertising premium, while it is strictly
decreasing and convex in the sale price. In the paper [5], which combines the NPPA
with its risk-averse form, two demand cases are investigated: the marketing-dependent
price-multiplicative case and the marketing-dependent price-additive case; see section [4.1]

4.1. PROBLEM FORMULATION AND DEMAND FUNCTION

The NPPA model is similar to the NPA model ; the crucial difference is that p is the
decision variable, so the newsvendor faces stochastic demand D(a, p,&q,&mn). Thus, the
newsvendor simultaneously decides on: the advertising amount a, the selling price p, and

the amount x of a product to be stocked and sold. Fsubs Replacing D(a,&,, &) with
D(a,p,&q,&m) in the NPA model (18)), the NPPA model is expressed as

T {px —cx — s[D(a,p,&q,&m) — x] — a, for v < D, (29)

pD<aap> faafm) —CcT + U[iL’ - D(aapa faafm)] —a, for x Z D.
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4.1.1. Demand function and randomness

Let the demand function be denoted as D(a,p, &4, &m) and let it satisfy
D(a7p7 fm é'm) = dl (a>[d2(p) + fa]gmy

where &, &, are independent continuous random variables. [5] refers to two special cases
of the demand function D(a,p,&.,&mn): a) the marketing-dependent price-multiplicative
(MDPM) case and b) the marketing-dependent price-additive (MDPA) case.

In the MDPM case, let P(§, = 0) = 1 and let the random variable &, be defined on the
domain [Ay,, By,| and satisfy E[¢y,] = 1. In the MDPA case, let P(§,, = 1) = 1 and let
the random variable £, be defined on the domain [A,, B,| and satisfy E[{,] = 0. Then, for
both cases, the expectation of D is specified as: E[D(a,p,&q,&m)] = di(a)da(p) = d(a, p).

In this thesis, the MDPM case is further investigated.

4.2. MDPM DEMAND MODEL

Let the demand function D(a,p,&q,&n) be defined in the MDPM form and let d(a, p)
denote a general demand function. Then, the demand is in the MDPM form

Dii(a,p,&m) = d(a, p)ém- (30)
The objective function (29)) can be rewritten by substituting and defining the “stock-

ing factor” as z = d(“’p) :

(a z 5 ) — pzd(a,p) o CZd(a,p) - Sd<a7p)(£m - Z) —a, for z < fm,
Py % &m pEmd(a, p) — czd(a,p) + vd(a,p)(z — &n) — a, for z > &p.

The objective is to maximize the expected profit II(a, p, z); therefore, the expected profit,
where 11(a, p, z) = E[n(a,p, z,&m)], is expressed as:

(a,p,z) = ¥(a,p) — L(a,p,z) = ¥(a,p) — d(a, p)l(p, 2),

where U(a,p) = (p —¢)d(a,p) —a and l(p, z) = (c —v)A(z) + (p+ s — ¢)O(z). Remember
that d(a,p)A(z) denotes expected leftovers and d(a, p)O(z) expected shortages.

4.2.1. Optimal stocking quantity

To maximize I1(a, p, z) over three variables, according to the previous experience from the

NPP and NPA, the optimal stocking quantity is expressed as first. Taking M =0,

the following expression for the optimal stocking quantity z* is expressed as in ‘.D This
quantity corresponds to the standard NP, NPP as well as the NPA results.

4.2.2. Optimal price

Taking % = 0, it can be observed: (gp’p) p—c—1Uz,p)] —d(a,p)O©(2) —1] = 0.
Substituting d(a, p) with its multiplicative form d; (a)dg (p), the following is expressed:
dd
20y — e 1(e,p)] - do(p)O) ~ 1] =0 31
dp
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Theorem 4.1. Under our assumptions (i.e., if d(p) has IPE and cdf has GSIFR), I1(a, p, 2)
is quasi-concave in p, and optimal price of the MDPM model is unique and is always equal
to that of the multiplicative form in the NPP.

Proof. The proof is obvious comparing two optimal price conditions, the NPP condition
(1.1) and the NPPA condition (31); see also [3]. O

Optimal p and z can then be found similarly as in the NPP case; see section [I}

4.2.3. Optimal advertising expenditure

Taking 22220 — (it can be observed: 242 — ——J Substituting the de-

mand function d(a, p*) with its multiplicative form dj (a)da(p*), the following is expressed:
ddi(a) 1
da  da(p*)[p* — e = U(z%p*)]

Optimal advertising depends on the choice of p as well as da(p*); see . Moreover,
with increasing p (or p*, respectively) the optimal value of da(p*) decreases. Therefore,
optimal advertising for the NPPA depends on specification not only d;(a) but also da(p).
Remember that p* is equivalent to that of the NPP (see Theorem [4.1)).

(32)

4.2.4. Comparison with riskless problem

Let the riskless objective function be defined as

U(a,p) = (p — ¢)di(a)da(p) — a.

Taking % = 0, an optimality condition for ay, is expressed as:

ddi(a) _ 1 ' (33)
da  da(p)(p—c)
Then, an equivalent result to that of NPA is observed: if the response function dj(a) is
either concave or S-shaped, then, under Assumption [3.2] the necessary optimal condition
is also sufficient for the optimal riskless advertising ay,.
Based on the optimality condition , the following theorem can be proven under
assumptions and considering concave and S-shaped functions.

Theorem 4.2. For the MDPM, the optimal advertising a* is always less than or equal to
the optimal riskless advertising ay,.

Proof. See proof of Theorem [3.4] O

Theorem 4.3. For the isoelastic pricing function in the MDPM, the optimal pricing p* is
always greater than or equal to the optimal riskless pricing py,.

Proof. See |19, |27] for similar observations and related proofs. O
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CONCLUSIONS

The thesis is based on two underlying demand-based problems: the NP and the TNDP.
Both problems are used throughout the work as tools for examining how marketing deci-
sions may affect particular decisions.

As to the NP branch, the thesis subsequently presents NP, NPP, NPA, and NPPA.
From a managerial perspective, most of the findings given herein might seem somewhat
theoretical. However, a problem that simultaneously comprises advertising and pricing
decisions should be of greater practical importance. Clearly, the same holds for the
indication that uncertainty does not necessarily lead to greater advertising expenses. It is
the intention to continue to pursue such a direction in future research, with the expectation
of achieving results that are both theoretically and practically relevant. The results add
valuable managerial insight into these problems, which may be of higher importance in
future volatile and globalized markets. The newsvendor platform is simple and does not
cover the most complex practical situations. Still, the need for more research in this
direction is evident.

The above-mentioned results and models are further utilized in a more complex demand-
based problem: the TNDP. In particular, the TNDP with pricing provides a suitable tool
for other marketing extensions; although the author et al. have already found a possi-
ble application for the theoretical problem, it seems that the practical need is rapidly
increasing nowadays. Therefore, in the thesis, a computational tool was also developed;
the portability of the algorithm for various problems is also discussed.
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ABSTRACT

The thesis deals with the development, modeling, and analysis of demand-based problems
containing marketing, operations, and logistics decisions. The problems may be further
extended to the concepts of dynamic pricing and marketing that drive the development.
Two demand-based problems are presented in the thesis: a) the newsvendor problem, due
to its simple structure as a suitable tool for illustrating how facets of marketing may af-
fect decision-making concerning operational problems, and b) the transportation network
design problem, where some results and knowledge gained from the newsvendor problem
are applied. In the setting presented, the newsvendor is subsequently faced with pricing,
advertising, and joint pricing and advertising-sensitive stochastic demand. A demand-
related random element comprises the particular marketing decision(s) of a specific form
(e.g., multiplicative or additive). It is assumed that a real pricing strategy is captured
with a nonlinear decreasing demand function while a suitable advertising strategy results
in increased sales. The properties of the obtained optimal decisions for particular models
are discussed. The pricing-related results are applied to the stochastic transportation
problem, where the stochastic demand is modeled using wait-and-see and here-and-now
deterministic (scenario-based) reformulations. A hybrid algorithm composed of a heuris-
tic (genetic) algorithm and an optimization software tool is proposed for solving of a
mixed-integer linear as well as a mixed-integer nonlinear problem. Potential applications,
especially in waste management, are also discussed at the end of the thesis.

ABSTRAKT

Tato disertacni prace se zabyva vyvojem, modelovanim a analyzou poptavkové oriento-

vanych uloh, které zahrnuji marketingova, operacni a logistickd rozhodnuti. Ulohy jsou
zvoleny tak, aby mohly byt déle rozsiteny o koncept tzv. dynamického ocenovani a jinych
dynamickych marketingovych rozhodnuti. V praci jsou vyuzity dvé zakladni poptavkove
orientované ulohy: a) tloha kolportéra novin, kterd je zvolena pro jeji jednoduchou formu
a ktera tak slouzi jako nastroj pro ilustrativni ukazky rozhodovacich procesu v podobnych
typech tloh, a b) tloha ndvrhu dopravni sité, kde jsou vyuzity nékteré vysledky a znalosti
ziskané pii feSeni ulohy kolportéra novin. Kolportér (¢i obecné maloobchodnik) celi
ndhodné poptavce, kterd muze byt postupné ovlivnéna ocenovanim, marketingovymi (tj.
reklamnimi) rozhodnutimi a nakonec jejich kombinaci. Poptavka obsahuje tedy nahodnou
slozku, ktera je pomoci pristupu stochastické optimalizace modelovéana ve specifickém
tvaru (tj. aditivni ¢ multiplikativni tvar). Z&vislost cena-poptavka je zachycena po-
moci nelinedrni klesajici poptavkové funkce, zatimco (vhodna) reklama vede ke zvysent
poptavky (bézné rostouct s-kiivka ¢i konkdvni funkce). Vysledky ziskané pii feseni tulohy
kolportéra novin s ocenovanim jsou nasledné vyuzity v tloze navrhu dopravni sité. Tato
stochasticka tloha je modelovana (reformulovédna) pomoci dvou pfistupu stochastické op-
timalizace: wait-and-see pristup a here-and-now piistup. Jelikoz tato implementace vede
na linedrni ¢i nelinedrni celo¢iselnou (navic scénérovou) tlohu, jsou v praci zminény taky
vypocéetni nastroje. Autor pro Feseni pouziva (puvodni) tzv. hybridni algoritmus, coz
je kombinace heuristického (genetického) algoritmu a nastroje optimalizacniho softwaru.
Potencidlni aplikace sestavenych modelu, obzvldsté v oblasti odpadového hospodarstvi,
jsou diskutovany v zaveérecné c¢asti disertacni prace.
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