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EXISTENCE OF SOLUTIONS FOR A CLASS OF
SECOND-ORDER BOUNDARY VALUE PROBLEMS

HADI HAGHSHENAS anxp GHASEM A. AFROUZI

Abstract. We employ some known critical point theorems to establish results on the
existence of weak solutions for an impulsive boundary value problem depending on
two real parameters. One of the results ensures the existence of at least three weak
solutions, while another one proves the existence of at least one.

1. INTRODUCTION

Many dynamical systems that describe models in applied sciences have an im-
pulsive dynamical behavior due to abrupt changes at certain instants during the
evolution process. The rigorous mathematical description of these phenomena
leads to impulsive differential equations, which characterize various processes of
the real world described by models that are subject to sudden changes in their
states.

In the last few years, variational methods have been used to determine the
existence of solutions for impulsive differential equations possessing variational
structures under certain boundary conditions. See, for instance, [2,3,7,9-11] and
the references therein for detailed discussions.

In this paper, we study the second-order, impulsive boundary value problem

() + (b (8) + b(t)u(t) = Aglt,u(t)) + uh(t, u(t)), £ € (0,T], ¢ £ 15,
AW/ (ty) = Ii(ulty)), 7=1,2,...,m,
u(0) =u(T) =0,

(1.1)
where A €]0, +00l, p € [0,400[, and a,b € L ([0, T]) satisfy the conditions
(tezs[oi’r%]f a(t) > 0, (tezs[oerl]f b(t) > 0.
Also, the points t;, 7 = 1,2,...,m, are the instants where the impulses occur,

0=ty <t1 < - <ty < tmpr =T, and A(u/(t) = /() —u/(t]) =
limt%t;r u'(t) — hmt—n; u'(t). Moreover, I; : R — R is continuous for every j €
{1,2,...,m}, and g,k : [0,T] x R — R are L'-Carathéodory functions.

We emphasize that in [1], under assumptions similar to those of our results, the
authors established the existence of infinitely many solutions for (1.1).
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Bonanno et al. proved in [5] the existence of at least three solutions for the
problem

AW (t)) = pli(u(ty)), 7=1,2,...,m,

where A,y €]0,400[, ¢ : [0,T] xR — R, and a,b € LOO([O,T]). Also, 0 =ty < t1 <
v <ty <t =T, AW () = u’(tj') —u/(t;), and I; : R — R is continuous
for every j € {1,2,...,m}.

In [6], the authors established the existence of at least one solution for the
problem

—u"(t) + a(t)u'(t) + b(t)u(t) = Ag(t, u(t)) + k(u(t)), t € [0,T], t #t;,
] 2,...,m,

where X €]0,400[, g: [0,7] x R = R, and a,b € L>([0,7]). Also, 0 =ty < t; <
v <ty <tmyr =T, AU (L))) = u'(t?) —u/(t;), I; : R — R is continuous for
every j € {1,2,...,m}, and k : R — R is a Lipschitz continuous function.

Compared to the results obtained in [5] and [6], we provide some new assump-
tions that ensure the existence of weak solutions for (1.1). More precisely, in one
of our main results we establish the existence of at least three weak solutions
for (1.1), while in the other theorem we prove the existence of at least one such
solution.

The paper is organized as follows. In Section 2, we recall some basic concepts
and results that constitute our main tools. Section 3 is devoted to our main results.

2. PRELIMINARIES

To ensure the existence of weak solutions for problem (1.1), we use the following
critical point theorems as our main tools. The proofs of these results can be found
in [4] and [8], respectively.

Theorem 2.1. ([4]) Let X be a real, reflexive Banach space, ¢ : X — R be
a sequentially weakly lower semicontinuous, coercive and continuously Gateaux
differentiable functional whose Gateauz derivative admits a continuous inverse on
X*, and ¥ : X — R be a sequentially weakly upper semicontinuous, continuously
Gateaur differentiable functional whose Gateaux derivative is compact, such that

$(0) = (0) = 0.
Assume that there exist v > 0 and z € X, with r < ¢(z), such that
(1) Sup¢(a:)§r w(x) < ngg ’ and
(ii) for each X in




EXISTENCE OF SOLUTIONS FOR A CLASS OF SECOND-ORDER BVPS 23

the functional ¢ — Xy is coercive. Then for each A € A, the functional ¢ — M)
has at least three distinct critical points in X.

Theorem 2.2. ([8]) Let X be a real, reflexive Banach space. Also, let ¢, :
X — R be Gateauz differentiable functionals such that ¢ is sequentially weakly
lower semicontinuous, strongly continuous and coercive in X, and v is sequentially
weakly upper semicontinuous in X. Let r > infx ¢ and ¢ be the function defined

by

su 1 —oorh W) — V(v
o(r) = . Pueg=1(—co,r) Y(¥) = P(v)
uep=1(]—oo0,r) r—¢(u)
Then, for any X €]0,1/¢(r)|, the restriction of functional ¢ — Xy to ¢~ (] — oo, 7)
admits a global minimum, which is a critical point of ¢ — Ay in X.

(2.1)

We consider the following problem, which is slightly different from problem
(1.1).
—(p(Ow' (1)) + q()u(t) = Af(t,u(t) + ph(t, u(t), t € [0,T], t #t;,
AW (t5)) = Ii(u(ty)), j=1,2,...,m, (2.2)
u =

Herein, A € ]0, +oo[, p € [0,400[, p € C*([0,T7, [0, +o0[), and ¢ € L>([0,T])
satisfies ess mfte[OT qit) > 0. Also, 0 = tg < t1 <+ < tyy < typ1 = T,
A/ (t)) = u'(t] - u'(t;) = limlHt?r u'(t) — limt_)t; u'(t), I; : R — R is con-
tinuous for every j € {1,2,...,m}, and f,h:[0,T] x R — R are L'-Carathéodry
functions.

It is easy to see that the solutions of problem (2.2) are those of problem (1.1) if

()= ¢ o O, g(e) =bipye” o,

f(t, u) = g(t,u)e_j; a(s)ds, h(t,u) _ k(t,u)e_ fo a(s)ds.

By analogy to f and h, we introduce the potential functions ' and H from [0, T xR
into R by

Ft,a) = /0 " e)de, H(t,x) = /0 ", €)de,

for all (t,z) € [0,7] x R. In the Sobolev space H}(]0,77), consider the inner
product

T T
(u,0) = / p(ty (80 (£)dt + / a(tyu(tyo(t)dt,

0 0
which induces the norm

jult = ( U0 0t + / Tq<t>u2<t>dt) g

Then, the following Poincaré-type inequality holds.

{/OT uz(t)dtr < Z{/OT(u’)Q(t)dt} %. (2.3)
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Proposition 2.3. Ifu € H{(]0,T]), then

lulloe < 2\/7IIUI (2.4)

where ||u]]s = maxyeo,7] lu(t)| and p* = minepo, 7 p(t).

Proof. In view of Hoélder’s inequality,
VT, 1T
el < 1 ) < 1 5 el

Definition 2.4. A function u € H}(]0,T7[) is said to be a weak solution of
problem (2.2) if it satisfies

/OTp(t)u'(t)v’(t)dt—F/ g@®)u(t)v(t)dt — A /ftu
—M/OT (t,u dt+zp Jo(t;) =0,

for any v € Hg (]0,T]).

O

Here, we define the functionals ¢ and v from H} (]O, T [) into R by
1
olu) = guun%
T Lo u(ty)
o = [ aeuei =330 [ b (25)
O :

where J(t,x) = F(t,x)+ 5 H(t,x), for each (¢t,z) € [0,T] xR. Using the properties
of f and h, and the continuity of I; for 7 = 1,2,...,m, we find that ¢,¢ €
C'(H}(J0,T)),R), and that for every v € Hg (]0,TY),

T T
&' (u)(v) = / p(t)e (1) (t)dt + / a(tyu(tyo(t)dt,

and
T T m
= [ sewopoi+§ [ uona - ij_zlpujﬂj(u(tj))v(tj).

So, using standard arguments, we deduce that the critical points of the functional

Exu(u) = ¢(u) — Ap(u), u € Hy(]0,T]),

are the weak solutions of problem (2.2).
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3. THE MAIN RESULTS

In this section, we formulate and prove our main results.

Lemma 3.1. ([5, Lemma 3.1]) Assume that

(H1) there exist constants o, 8 > 0 and o € [0, 1] such that |I;(z)| < a+ Slz|7 for
allz eR, 5=1,2,...,m.

Then, for any u € Hg (]O,T[),

m u(t;) m 3
. . . _r o+l
> pte) [ | < 3 pte (alllle + Sl ).
Jj=1 Jj=1
Now, let

6p* o
= p 5 , FC: 7+(i
12[p[los + T2]q||o c o+l

p:

p(tj)v S )Cgilv

m
Jj=1

where «, 8,0 are given by (H1), and ¢ is a positive constant.

Theorem 3.2. Suppose that (H1) holds. Furthermore, assume that there exist
positive constants c,d, with ¢ < d, such that

(H2) F(t,€) >0 for all (t,€) € ([0,2] U [2L,T]) x [0,d];
(H3) H(t,€) >0 for all (t,€) € [0,T] x RT;

(H4) M < (25”*)3, where

2P*+]5Tr(i)
NG
T E
Jo maxej<c F(t,&)dt f% F(t,d)dt
M = , B="42__ .
c? d?
T L F(,6)dt
(HB) hmsup|£|*>+oo SuPtE[O,g'g] F(tNE) S %fo max\&\ci ( ) R

(H6) N = SUPe[0,7] £ R+ H(t, &) < +oo.

T max|¢| <. H(t,£)dt

IfD: fO

= is a positive real number, then for every

sTB "TM |’
and for each p € [0, 8], where
1 N .

problem (2.2) has at least three distinct, weak solutions in H} (]O,T[),

Proof. First, we observe that, due to (H4), the interval A is non-empty. Now,
let A and p be as in the conclusion. Our aim is to apply Theorem 2.1 to problem
(2.2). To do so, let X = HJ(]0,T[) and assume that ¢ and ¢ are as in (2.5). We
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first observe that the functionals ¢ and 1 satisfy the regularity assumptions of
2 %
Theorem 2.1. Note that ¢(0) = ¢(0) = 0. Let r = 22~ and define

“i refo”],
’E(t): d7 tE]%7%L
W —t), te]3L,T]

Clearly, v € X and

* T
_ p —1\2
> — =
o) = 5 [ @20 = 2
So, from ¢ < v/2d, we obtain r < ¢(v). Next, we show that
Supdj(u)Sr 1/)(“) 1 dj(ﬁ)

<-< :

r A ¢(v)

Taking (2.4) into account, for every u € X such that ¢(u) < 7 one obtains
max;epo,7) [u(t)] < c. Consequently, from Lemma 3.1 it follows that

T
1. 8 L
sup ¥(u) < max J(t, dt+p<ac+ca+ >7
d(u)<r (w) 0 lzI<e (&) A o+1

that is,

SUP g ()< Y (U T
Powzr ¥(1) _ (M+u

1
D+ —pl'. ).
r 2p* A + )\p )

Hence, having p < ¢ in mind, we obtain

SUPg(u)<r ¢(U)

1
—. Nl
r < A (3 )
On the other hand,
T T
]2 = / p()(&)2 (1)t + / a(t) (@) (t)dt
_ 202(12][plloe + T2]lglloc)
- 3T
- 4p*d2
-2 (3.2)

So, ¢(v) < 2% Now, Lemma 3.1, (H2), (H3), (2.4) and (3.2) allow us to write

e 1 B
7) > 5 > ~||c+1
Y(v) > , F(t,d)dt Ap(al\vllcxﬂrUHIIUHOo )
3T
K 1 pd?
> F(t,dydt — 7T ).
% S Vs

Thus, we obtain
& 15772
2p*d? '

>
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2p*+ﬁTr(i>
N

Since A > ———75——,

Pv) 1
— > —. 3.3
5@ 3 3

Therefore, it follows from (3.1) and (3.3) that condition (i) of Theorem 2.1 is
satisfied. To prove the coercivity of the functional E) ,,, we note that by (H5) and

the inequality \ <

TM7
Jim sup supeo, 7] F'(,€) < ( )l
€]+ & 272 /A
So, we can fix € > 0 satisfying
hmsupw<e<( )l
€] —+oo & 272 /A

Then, there exists a positive constant w such that
F(t,&) <elé* +w, Vte[0,T], V¢ €R. (3.4)
It follows from Lemma 3.1, (2.3), (2.4), (3.4) and (H6) that

$(u) — M) = 5 Jul” ~» / F(t, u(t))dt
0
u(tj)
—u/ H(t,u(t dt—l—Zp / Ii(x)dx

[ull? = Ael [l 3 go.77) — AT — uNT

o+1
T
_ - o+1
|yl + a+1< Vo ) ful

> ( - Ae) [Jul|> = AT — uNT

o+1
T
_ _ o+1
a5l ||+U+1< Vo ) lull*t]

for all u € H (]O, T[) So, the functional E} , is coercive. Therefore, by Theorem
2.1, the functional F , has at least three distinct critical points in X. This
completes the proof. O

w\»—«

Let A(t) be a primitive of a(t), § = %,

£ £
Gt &) = /0 ot 2)de, K(LE) = /0 k(t, 2)dx

Now, we obtain the following multiplicity property for problem (1.1).

and

Theorem 3.3. Suppose that (H1) holds. Furthermore, assume that there exist
positive constants ¢ and d, with ¢ < d, such that

(H2) G(t,€) =0 for all (t,€) € ([0, 7] U [*F, T1) x [0, d];
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(H3") K(t,€) >0 for all (t,£) € [0,T] x R*;

5 e~ llall
(H4) M/ < (M)B/, where

v
[T e~ A0 max <. G(t, €)dt jfge*A“N;@¢adt
M = 40 [€]<c ) B - % -
c? ’ a2 ’
su e AG(t, o (T —A(t) Gt E\dt
(H5") lim supyg)_, ;o0 —rel0T) (£, _ 72 Jy e maxig <. Gt §)dt

€2 =T 2 :
(H6") N’ = supycpo, 1] ¢cr+ e AWK, &) < +oo.

T _A(t) K
e max¢|<. K (t, &)dt
If D' = fO Z\E\S (t,€) is a positive real number, then for every
c
>\€:|26a||1 _A'_Tr(%) 267”@“1 |:
STB' T TM U

and for every u € [0, 6], where
1 _
5=T5{%|Wh—MwW—TnL
problem (1.1) has at least three distinct weak solutions in Hg (]0,T7).
The proof of the above theorem follows from Theorem 3.2 by choosing
plt) = e~ Jo " gty = br)e o #,

and also

f(t7’u,) _ g(t,u)e_ fO a(s)ds7 h(t,u) — k(t, u)e— j;] a(s)ds'

Here, we employ Theorem 2.2 to ensure the existence of at least one non-trivial
solution to problem (2.2).

Theorem 3.4. Suppose that (H1) holds. Furthermore, assume that
(M2) F(t,x) >0 for all (t,z) € [0,T] x RT;
(M3) H(t,z) >0 for all (t,z) € [0,T] x RT;
(M4) V and W are non-negative real numbers, where

fOT max| <. F(t,)dt W= fOT max|,| <. H(t, z)dt

V= 72 ’ 72
If n and 7 are positive real numbers and
2p* 1
y<E= (3.5)

T |V +2W+ 2pls ]
then for every p €]0,n[ and for each A € A’ =]y, ][, problem (2.2) has at least one
weak solution.

Proof. First, we observe that due to (3.5), the interval A’ is non-empty. Now,
let  and X be as in the conclusion. Our aim is to apply Theorem 2.2 to problem
(2.2). To do so, let X = HJ(]0,7[) and assume that ¢ and ¢ are as in (2.5).
We first observe that the functionals ¢ and v satisfy the regularity assumptions
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of Theorem 2.2. Note that infyx ¢ = 0. For every r > 0, define (r) as in (2.1).
Since 0 € ¢~ (] — oo, 7[) and ¢(0) = ¥(0) =0,

SUD, (o Y(v) —P(u)
o(r) = inf o0 _7 )
uG(b*l(]foo,r[) r ¢(u)
sup N Y()
o reom (mer) TV (3.6)

r

Let r' = 2m°p”

. Taking (2.4) into account, ||u||e < 7 for every v € X such that

¢(v) < r’. Lemma 3.1 and a simple calculation show that

SUPg(v)<r’ 11[}(@) < T v+ QW + lﬁl—‘
r — 2 v Tl
Consequently, by (3.6),
T 1
plr) < — {v + 1w+ ﬁrﬂ}
2p v Y

for all » > 0. Hence, Theorem 2.2 implies that, for every u € ]O,n[ and for
each A €]7,€£[C]0,1/¢(r)[, the functional Ej , admits at least one critical point in
¢~ (] — oo, r[). This completes the proof. O

Finally, we obtain the following corollary concerning problem (1.1).

Theorem 3.5. Suppose that (H1) holds. Furthermore, assume that
(M2’) G(t,z) >0 for all (t,z) € [0,T] x R*;
(M3’) K(t,x) >0 for all (t,z) € [0,T] x R;
(M4”) V' and W’ are non-negative real numbers, where

fOT e~ A®) mMax| | <x G(t,x)dt
= —
If n and ~y are positive real numbers and

/

B fOT e~ Al) max |, <. K(t, z)dt

V/
T2

)

2¢—lallx 1
7 it |
T Vit 2W ST

¥<&=
then for every u €]0,m[ and for each \ €], €[, problem (1.1) has at least one weak
solution.

It is mentioned that the proof of the above theorem follows from Theorem 3.4
by choosing

p(t) = fo, a(s)ds7 q(t) _ b(t)e_ fola(s)ds’
and also
Fltu) = gt w)e Jo O ht u) = Kt w)e Jo “O%,

We end this paper by giving the following application to illustrate Theorem 3.2.
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Example 3.6. Let f : R — R and A : R — R be two continuous functions
defined as follows

15, if o <1,
flx) =< 15(400x — 399), ifl<x <2,
6015, if x > 2,
and
728, ifx <1,
hz) =<7z, ifl<z<d4,
0, if x > 4.

Consider the autonomous problem

—u"(t) + (t — mu(t) = M (u(t)) + ph(u(t)), a.e. in [0,1],
A (t) =u'(t]) —u'(ty) =1 = Yultr), (3.7)
u(0) = u(1) = 0.

We observe that condition (H1) holds. In this case, one has o = 1, § = 1 and
o= % Our aim is to apply Theorem 3.2. To this end, we have T = 1, p* = 1,
=1 |pllo = 1, |lgllc = m and s = 12§_W ~ 0.39. So, by choosing ¢ = 1

and d = 2, one has T's) = 0.65, M = (%) maxg <. F(§) = F(1) = 15, B =
(%)F;;’” = $F(2) = 2989 = 378.75, and so (H4) is satisfied. Moreover, (H5) is
clearly true, since lim¢| 4o FE<§> = 0. Finally, since D = (C%)max‘g‘ch(f) =
H(1) =1 and T, = 1.75, owing to Theorem 3.2, for every A €]0.01,0.13[ and for
each p € [0,0.25 — 15A[, the problem (3.7) possesses at least three distinct weak
solutions.

REFERENCES

[1] G.A. Afrouzi, A. Hadjian and V. D. Radulescu, Variational analysis for Dirichlet impulsive
differential equations with oscillatory nonlinearity, Port. Math. 70 (2013), 225-242.

[2] G.A. Afrouzi, M. Bohner, G. Caristi, S. Heidarkhani and S. Moradi, An ezistence result for
impulsive multi-point boundary value systems using a local minimization principle, J. Op-
tim. Theory Appl. 177 (2018), 1-20.

[3] L. Bai and B. Dai, Three solutions for a p-Laplacian boundary value problem with impulsive
effects, Appl. Math. Comput. 217 (2011), 9895-9904.

[4] G. Bonanno and S.A. Marano, On the structure of the critical set of non-differentiable
functionals with a weak compactness condition, Appl. Anal. 89 (2010), 1-10.

[5] G. Bonanno, B. di Bella and J. Henderson, Ezistence of solutions to second-order boundary
value problems with small perturbations of impulses, Electron. J. Differ. Equ. 2013 (2013),
Paper No. 126, 14 pp.

[6] S. Heidarkhani, G. A. Afrouzi, M. Ferrara, G. Caristi and S. Moradi, Ezistence results for
impulsive damped vibration systems, Bull. Malays. Math. Sci. Soc. 41 (2018), 1409-1428.

[7] S. Heidarkhani, S. Moradi and G. Caristi, Variational approaches for a p-Laplacian
boundary-value problem with impulsive effects, Bull. Iran. Math. Soc. 44 (2018), 377-404.

[8] B. Ricceri, A general variational principle and some of its applications, J. Comput. Appl.
Math. 113 (2000), 401-410.

[9] T. Shen and W. Liu, Infinitely many rotating periodic solutions for suplinear second-order
impulsive Hamiltonian systems, Appl. Math. Lett. 88 (2019), 164-170.

[10] Y. Wang, Y. Liu and Y. Cui, Infinitely many solutions for impulsive fractional boundary
value problem with p-Laplacian, Bound. Value Probl. 2018 (2018), Article No. 94, 16 pp.



EXISTENCE OF SOLUTIONS FOR A CLASS OF SECOND-ORDER BVPS 31

[11] Y. Yue, Y. Tian, M. Zhang and J. Liu, Ezistence of infinitely many solutions for fourth-order
impulsive differential equations, Appl. Math. Lett. 81 (2018), 72-78.

Hadi Haghshenas, Department of Mathematics, Faculty of Mathematical Sciences, University
of Mazandaran, Babolsar, Iran
e-mail: haghshenas60Q@gmail.com

Ghasem A. Afrouzi, Department of Mathematics, Faculty of Mathematical Sciences, Univer-
sity of Mazandaran, Babolsar, Iran
e-mail: afrouzi@umz.ac.ir






