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Abstract:

Recent works target the design of fractional-order oscillators. However, some features of such circuits
are not frequently considered in the design despite their importance in practice. This work provides an
analysis of the fractional-order oscillator design procedure with a simple but still beneficial electronic
tuning feature. The presented design allows us to keep a stable and non-standard phase shift between
produced harmonic signals while tuning the oscillation frequency of the oscillator. Grounded fractional-
order elements and modern commercially available active elements are implemented in the designed
topology. Time domain results as well as spectral analysis are obtained from experimental
measurements. Moreover, several values of non-standard phase shifts are tested. The experimental
verification targets the low-frequency bandwidth from several hundreds Hz up to several kHz because
of possible application areas in these bands (audio) and due to a very low-impedance character of the
used RC constant phase elements as approximants of fractional-order capacitors.
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1. Introduction

The importance of the fractional-order design [1] is rapidly increasing in various fields. Fractional-order
passive elements fit various applications in the circuit design. The design of oscillators with a various
and non-standard phase shift between generated harmonic signals represents one of the most important
examples of an application of the fractional-order passive elements (the so-called fractional-order
capacitors). Table I compares key features of already known solutions presented in literature.

Radwan et al. [2] present results (Fig. 2 in [2]) obtained by the state-variable synthesis in circuits
using a single operational amplifier (OA). These topologies are similar to the well-known Wien bridge
circuits. The used structures are simple but many passive elements (including fractional-order devices)
are floating. In [3], several solutions employing operational transresistance amplifiers (OTRAs) as
active elements (AEs) are introduced. Once again, many passive elements need to be used in a floating
position. In [4], a more sophisticated synthesis based on multi-loop feedback systems has been selected
in case of multiphase solutions utilizing current conveyors (CCs) and OAs. Current feedback operational
amplifiers (CFOAs) and CCs are employed similarly in [5]. However, in all multiphase cases, the
operation is supposed only for the fixed frequency of oscillation (FO). Said et al. [6] introduced very
simple structures using a single OA and an impedance converter (gyrator).



The detailed study of the impact of a particular value of order on the oscillation frequency and the
obtained value of the phase shift are given. Kartci et al. [7] proposed an interesting structure employing
several CMOS transistors forming basic building elements as operational transconductance amplifiers
(OTAs) and voltage buffers (VBs). Their work [7] presents the results of tests of behavior for several
different cases of order selection. A significant simplification of this concept was shown in [8], where
two OTAs and two VBs were used. The tested topology includes only three passive elements. Two
CFOAs and six passive elements (fractional-order devices in grounded form) are used in the solution
that was introduced in [9]. However, operational voltages (amplitudes) of these circuits are quite
nonrealistic because of their values (above the supply level in some cases). An oscillator, based on the
Colpitts topology, using a floating fractional-order was analyzed in [10]. Three fractional-order passive
elements are included in this design that is more typical for multiphase oscillators than for two-phase
ones. In [11], the commonly known topology of the Wien bridge oscillator was tested with fractional-
order elements replacing standard capacitors. A very similar single-active-device based LC topology
with solid-state representation of the fractional-order device (similarly to [11]) was presented in [12].
This work clearly shows how the implementation of fractional-order elements, compared to solutions
using standard integer-order capacitors, helps with shifting the oscillation frequency to higher values.
However, the electronic tuning of FO is not a subject of study in these works. Work [13] showed a
simple topology using differential difference current conveyors (DDCCs) and grounded passive
elements. This is a significant advantage in comparison with many recent works. Further simplification
was reached in case of the solution presented in [14].

There is only one AE (voltage differential inverted and buffered amplifier, abbreviated as VDBI) having
features similar to [11] and [12]. In [15], three DDCCs as AEs including all grounded passive elements
were also selected for a multiphase design. It indicates that a complex active device (internal principle)
can significantly help with the implementation of grounded passive elements. On the other hand,
individual transistors as the simplest active devices can be also used in the design of fractional-order
oscillators [16]. In [15], the active device, used in topology allowing grounded CPEs, is similarly
complex as device in our work. Additional value of our proposal, in comparison to [15] (see Table 1 for
further details), is that it provides benefits regarding easy electronic tunability, phase shift maintained
constant, etc. in comparison to the topologically simplest solutions (for example [16]). Electronically
tunable features of a multiphase sinusoidal fractional-order oscillator were studied and practically tested
in [17] for the first time. However, as will be discussed later, some important features of this oscillator
are not discussed. Various approximation techniques for the design of a fractional-order approximant
by passive RC sections were explored in several types of oscillators using the Wien bridge family and a
single OA [18]. The fractional-order oscillators using OAs were also studied in two OAs-based
structures [19]. Despite of a detailed analysis of theoretical FOs and conditions of oscillation (COs) [18],
[19] showing interesting features, their concepts are similar to previous works using Wien-based
topologies and have typical disadvantages (e.g. too many and floating passive elements and missing
electronic tunability). On the other hand, the low-impedance voltage outputs represent an important
benefit of OA-based solutions. The general multiphase solution of the oscillator in [20] shows how the
order and the number of low-pass sections (three were used in the discussed example) impact the value
of the oscillation frequency and the start-up condition. However, practical information about electronic
tunability and stability of output levels is not discussed. Moreover, work [20] is not solving unequal
values of orders of the used fractional-order capacitors. An interesting attempt leading to the voltage
control of FO was shown in [21]. Unfortunately, an operable implementation is obtained only for equal
orders of both fractional-order capacitors and the phase shift between the output levels is not constant.
The same team of authors extended their useful work by a detailed analysis of various structures [22].
They reported the widest frequency tunability range (up to hundreds of kHz) from available works and
results. There are variants of fractional-order oscillators using three (voltage multiplier-based) advanced
AEs that predetermine simple electronic tunability (unfortunately in specific cases only [22] and the
phase shift is dependent on the driving voltage).



Table 1. Comparison of important features of the known solutions of fractional-order oscillators.
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[2] (Fig. 2)* 1 56 | 2(No) Yes | Yes | Yes N/A N ‘?O(If:)’gle Yes N/A No
[2] (Fig. 7a) 1 7 3 (No) Yes a Yes N/A N/ ‘?O(rf;‘)’gle N/A N/A No
[2] (Fig. 7b) 1 4 3 (No) Yes No Yes N/A N /?O(rfggle N/A N/A No
[3] 1-2 4-7 2 (No) Yes a Fig. 2e,fh N/A N/A a Fig. 2e,f)h N/A No
[4] 34 8 4 (Yes) Yes No N/A N/A N/A N/A N/A No
[5] 7-8 7-8 3 (Yes) Yes No a N/A N/A N/A N/A No
[6] (Fig. 11,12) | 12 7 2 (No) Yes | No Yes N/A N /?O(rfggle a N/A No
[7] 4 2 2 (No) Yes No N/A N/A N/A N/A N/A No
(8] 1 3 2 (No) Yes No N/A N/A N/A No No No
[9] 2 6 2 (Yes) Yes No Yes N/A N/A N/A N/A No
[10] 5 4 3 (No) Yes No Yes N/A N/A N/A N/A No
[11] 1 6 2 (No) No N/A N/A N/A N/A N/A N/A No
[12] 1 5 1 (Yes) No No Yes N/A N/A N/A N/A No
[13] 2 4 2 (Yes) Yes Yes No N/A N/A N/A N/A No
[14] 1 4 2 (No) Yes No Yes N/A N/ ‘?O(If:)’gle N/A N/A No
[15] 3 6 3 (Yes) Yes No No b N/A N/A N/A No
[16] 1 4 3 (No) Yes No N/A N/A N/A N/A N/A No
[17] 3 5 2 (No) Yes Yes N/A Yes 2.5-50 kHz Yes N/A No
[18] 1 5.6 2 (No) Yes Yes Yes N/A N/A N/A N/A No
[19] 2 6 2 (No) Yes No Yes N/A N/A No N/A No
[20] 3 3 3 (Yes) No No Yes Yes 10.4—5.1 kHz Yes No No
[21] 3 5 2 (Yes) Yes a a Yes N/A No N/A No
[22] 3 5 2 (Yes) Yes a Yes Yes ?7— 450 kHz No N/A No
[23] 2 3 2 (Yes) No Yes Yes N/A 0.8—5.7 kHz Yes a Yes
2.5—41kHz
0.4—1.6 kHz
0.1—0.9 kHz
Proposed 4 5 2 (Yes) Yes Yes Yes Yes 04— 5 kHz Yes a Yes
0.3—1.2kHz
0.3—1kHz

*Wien type circuit with amplifier (resistor feedback), the analysis uses the state-variable approach; a - yes in case of equal values of parameters
(passive elements) and (or) identical orders of CPEs of presented circuitry; b - tunability possible by time constant (passive element - resistor)
and effect of the order on frequency enlargement shown; figures noted in table relate to specific reference! Note that parameters in the table
are valid for fractional order behavior and/or a # 8 (some referenced papers include also behavior for oo = 3 = 1 that is not an objective of our
interest); ? the low corner of frequency is not written in the paper, the highest frequency reaches from 280 up to 450 kHz; N/A — information
not available/shown/analyzed;

Once again, many studied cases indicate the dependence of the value of the phase shift on the driving
force (therefore also on FO) and the behavior of output levels when FO tuned is not studied.

Many further important details of the evaluated works are noted in Table 1. A deeper analysis
of the majority of these works also indicates that the derived design equations are hardly applicable in
the straightforward design (hand calculation from directly expressed CO and FO) and, therefore, their
immediate usage and calculations are impractical (a polynomial form of the expression for oscillation
frequency, numerical software solver required, etc.). Numerous recently presented solutions suffer from




typical drawbacks, for instance: mutual dependence of CO and FO, missing system for amplitude
stabilization, and missing or unavailable electronic tuning of FO. In many cases, the change of the phase
shift and the amplitude ratio during the tuning process is not studied. These issues make the particular
solution less interesting for real application. Unfortunately, almost none of above discussed works is
dealing with these important features.

This paper presents a design of a fractional-order oscillator where the above discussed features
and issues are addressed. Next, this work offers an overview and a detailed analysis of features that are
important for practice and applications. They are simultaneously available in our solution:
straightforward design equations, independent FO on the CO, simple electronic tuning (DC voltage
control) of FO, phase shift and amplitude ratio constant during the tuning process, and operating
amplitude stabilization offering an acceptable distortion of generated waveforms. Moreover, also a study
of effects of various orders of CPEs on resulting FO and generated phase shifts of the output waveforms
is included.

The rest of this paper is organized as follows: Section 2 introduces the proposed concept of an
oscillator using grounded fractional-order elements. Features of the designed constant phase element
(CPE) are discussed in Section 3. Results of the experimental analysis of the proposed oscillator are
presented in Section 4. Section 5 compares selected experiments with simulation results and evaluates
impacts of fabrication dispersions and further mismatches. Section 6 shows a multi-parameter analysis
of important design equations in 3D plots and Section 7 evaluates a symbolical sensitivity analysis of
the oscillation frequency and conditions on parameters of the circuit. Finally, Section 8 concludes this

paper.

2. Proposed structure

The structure of the oscillator is based on the simple principle of the parallel RLC resonator
[23]-[26] using a negative resistor (to eliminate damping) and a fractional-order inductor and capacitor
(see Fig.1). Nevertheless, solutions presented in [23]-[26] have possible applications in filtering
circuits. The idea of the resonator usage in oscillators is not a new phenomenon. However, many
standard approaches [27] target only high-frequency and narrow-band tuning features (1.02:1 ratio of
min and max FO, see [27]). Therefore, the implementation of resonators in low and medium frequency
bandwidths yields a different behavior (necessity of amplitude stabilization for stable and pure sine
waves) and wide-band tunability (more than 2:1).

When losses are suppressed by an additional negative resistor (Rioss = —Rneg), then the impedance
of this resonator in Fig. 1 has an ideal form (Rioss and Rneg disappear from the equation when they have
equal absolute values [23]-[26]):

7 (S) _ SaLa RI(JXA\'Rneg _ SaLa | . ( 1 )
! SDHﬂLa CﬂRlossRneg + SaLa (Rloss - Rneg ) + R[ossRneg Sa+ﬂLtl Cﬁ + 1|‘;’;)r HR ‘
ZTR
]
Rneg RIoss ch
3 ]
T ek

Fig. 1. Principal structure (idea of the concept) of the fractional-order undamped resonator.



For the design of a particular circuit solution using the structure from Fig. 1, commercially accessible
(off-the-shelf) devices are used because of easy availability of such devices and straightforward
verification of the design by laboratory measurements. Its topology, shown in Fig. 2, includes two
current conveyors of the second-generation (CCII+) [28], [29], one differential difference amplifier
(DDA) [28] forming an impedance converter and one variable gain amplifier (VGA) [28] serving to
control the negative resistance (voltage adjustability). Two grounded passive CPEs [30], [31],
approximating the fractional-order behavior of the fractional-order inductor (L., after conversion) and
the fractional-order capacitor (Cp) in a particular frequency band, are connected to both high-impedance
nodes (nodal voltages V,, V). Two optocouplers (OCs), replacing fixed resistors, serve for electronic
tunability of the oscillation frequency [32]. The presented topology was derived from our previous
proposal [23] and significantly extends the limited initial study with various scenarios and practical
experiments. This solution was also added to Table 1 for comparison of differences between our
previous work [23] and the solution presented here (the main difference is in the number of AEs and the
lack of electronic DC voltage adjustability — not tested; also identical orders of CPEs were used and
therefore many results are not available in [23]). Differences between this work and previous one [23]
are shown in detail in Table 2.

Table 2. Differences between this work and [23].

23] This paper Result of the
comparison
3 (the CPE is considered as a
Number of passive clements single element and 2 resistors 5 (the CPE is considered as a single Similar
included inside of hypothetical element)
device)
2 (3 internal sub-blocks;
Number of active elements h}crggfﬁ(:ir::l zz:iin\gvl ieth 4 Similar
behavioral model)
Tunability Yes (manual)* Yes (electronic) Similar
Single driving force (control
voltage) — electronic tunability is No Yes Different
tested
Amplitude stabilization is S}ml!ar_ (but specific
implemented Yes Yes circuitries and values
are different)
Fully operatlve. and complete No Yes Different
topology is shown
Tested behavior for different cases
of orders and pseudo-capacitance No Yes (several combinations) Different
value
Behavior for different cases of
orders and pseudo-capacitances No Yes Different
supported by 3D plots
. Yes (for o= f3, o #  and
Influence O.f order on phasevshlﬁ and Yes (for o = f only) combinations of C, = Cp, Cy # Cp, Different
amplitude levels studied
where three values of C, are tested)
Influence of order value on .
tunability range studied No Yes Different
Tested fabrication dispersion No Yes Different
Tested experimentally No Yes Different
(measurements)
Sensitivity analysis No Yes Different
THD analysis Yes (simulation — single tone) ;Zsi1gﬁgf;ﬁl;;ti;idjg:;;igzgcl; Different
Errors between theory, simulation
and experiment — tested in important No Yes Different
cases

*Further implementation of OTA and CCII with controllable g, and Rx parameters is supposed. In the conference paper [23], the variation of
equivalent g, and Rx values (resistor values) was done manually.




In order to simplify the understanding of the purpose of blocks in Fig. 2, the same color scheme as in
the case of the ideal concept in Fig. 1 is used. The optocouplers solve the electronic voltage adjustment
of the oscillation frequency. The block for conversion and compensation of driving currents ensures the
transformation of the DC voltage Vser ro to the forward current of both diodes and the symmetric
adjustment of Roci2. Because the diodes in real OC; ; have slightly different threshold voltages and an
exponential dependence of the forward current on the forward voltage, some compensation of driving
in branches should be taken into account (therefore the Ry used). The blue colored dashed line specifies
the part behaving as the resonator itself (including losses). The pink block represents a specific solution
of the adjustable negative resistor and the green block shows the connection of the amplitude
stabilization discussed in detail in Section 3. The green and brown areas are not a part of the ideal
concept in Fig. 1.
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Fig. 2. Designed topology of the practically tested oscillator with off-the-shelf active elements.

We consider Vcpgz as an input node. Thereby, the impedance (considered between the node Vepr, and
ground) of the resonator (as shown in Fig. 2) can be found (now considering all parameters in Fig. 2 —
also expressed Rne by parameters of the full circuitry of the negative resistor: 4 and R,) as:

SaCaRoaRocan R (2)
s‘“ﬂCaCﬂROCIROCZRn +5“C,Rpc1Roc, (1— A)+ 2R,

ZR(S) =

where the parameter A represents the gain of the VGA. This parameter is very important for the control
of oscillations as shown below. We can see that the term of the denominator starting by s* disappears
for A = 1. That is the intended effect of the negative resistor in the structure of the resonator (now full
oscillator) despite we did not express exactly the value of Ri.ss at the oscillation frequency. The
characteristic equation (denominator of (2)) of this circuit has the following form:

=4, 2 (3)

s s =
CﬁRn C, CﬂROCIROCZ

The methodology for analysis of the fractional-order characteristic equation has been presented in [2]-
[6] for example. In this work, these methods are used too. The difference is only in obtainment of the



analyzed equations ([2] and many further works used the state-variable approach. Our work uses an
impedance expression. This equation can be rearranged by the Euler formula to:

o’ {cos((a +ﬂ)%}+jsin((a + ,B)%H +

4
R ( 7:) ( nj 1-4 2
+, | cos +jsin| « =0
{ 2 CyR, C CpRocrRocs
Real and imaginary parts of (4) are defined as, respectively:
‘”ﬂcos((owﬂ) j+a)0 cos(a ) (1 AJ+ 2 =0, (5)
Cp’ Rn Ca Cp’ R0c1 Roc 2
o™’ sm((a + f)— j+a)0 s1n(a j =4 =0. (6)
2) | C4R,
Substitution of an® expressed from (6) into (5) yields the frequency of oscillations in the form:
b
-1
T a+p
cos| «
2 ( 2 ] V4 ) (7

s1n((a +p)— )—cos((a + ,B)Ej

o =

C.C ROCIROCZ sm(a j
2

This form is more comfortable for the expression of the frequency than other forms typical for fractional-
order oscillators and, therefore, also for simple design without calculation of polynomial roots [2]-[10].
The calculation of oscillation frequency from polynomial roots requires a sophisticated software.
Parameters Roci and Rocz (marked as Roci12) represent the equivalent resistance of optocouplers used for
the electronic tuning (DC driving voltage) of the oscillation frequency as will be discussed later.
From the eq. (7) we can see that the oscillation frequency is also dependent on the values of the fractional
order (a, B) and the values of C, and Cp. The condition for oscillations (the limit of stability) is obtained
from (6):

l™’ sm((a+ﬁ) )

« . s
@, sin| a
( 2)

The direct form of the gain 4 expression in (8) clearly indicates the required energy (gain) given by a
specific selected oscillation frequency and orders (and values) of the used CPEs. The key parameter for
the condition adjustment has been similarly expressed for example in [13], [15], [19]-[21], [23]. It is
clear, that the condition fulfilment depends on the oscillation frequency and orders of CPEs (a, B).
Fortunately, the issue of the condition dependency on frequency can be easily solved. When a particular
frequency is set, the gain A4 has to be changed properly. In order to compensate common fluctuations of
the required value of 4 that could disturb fulfillment of (8), a precisely adjusted system of amplitude
stabilization (amplitude control system) has to be included. This circuitry is able to compensate gain 4
variations through the tuning process of the oscillator. The amplitude and phase relation of the generated
waveforms is expressed as:

A=1+ 3
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Equation (9) is generally valid for both fully independent CPEs and gives a comprehensive view on the
amplitude and phase relation of both produced sinusoidal waves [32]. If we suppose Roci = Roc2 = Roc,
and C, = Cp = C and equal order of both CPEs (a = ), the independence of the amplitude ratio on the
tuning process is obtained and the phase shift is given by a as follows:

Yerrn :—if = —ﬁexp[a%j}=\/§exp{(a%+ﬂjj}' (10)

Vepes a=p J

This setting is used in some parts of this paper. Otherwise (for o # ), the phase shift is always
maintained constant at the value determined by a and the amplitude ratio depends on both the frequency
(controlled by Roci,2) and the orders of CPEs (a, ). The equal amplitudes for o = B during the tuning
process can be obtained when a simple resistor divider is applied at the output having the higher
amplitude. The quality of amplitudes in case of o # 3 can be obtained only when an automatic gain
control circuit is implemented at the wave output where the tuning procedure causes level variation
(with clear dependence on oscillation frequency). On the other hand, identical orders are sufficient for
practice (design of a specific phase shift between waveforms). The behavior for the case with unequal
values of orders is studied to complete the analysis. Detailed numerical multi-parameter (3D) analysis
(ideal) is shown in Section 6 for specific design parameters. However, usefulness of such an approach
consists only in possible improvement of the range of tunability in certain cases (orders selection). The
recommended procedure of the design starts with the selection of the value of the order (identical for
both CPEs) based on the phase determined by (10). Then, the CO is maintained thanks to amplitude
stabilization/automatic gain control circuit (AGC) with respect to (8) while changing the FO.

3. Features of particular solutions of constant phase elements

The design of passive RC approximants of the theoretically defined fractional-order capacitor
Zcre(s) = 1/(s*Cepg) has been widely studied [1], [30], [31], [33]. There are many useful algorithms for
calculation of particular values of individual passive components.

In this paper, we are using approaches proposed by Valsa et al. [30], [31] with a detailed example
presented in [33] because of good compromise between the bandwidth, phase ripple and complexity.
All CPEs, used in this work, are designed in order to ensure the magnitude of impedances having values
less than 10 kQ in the operational bandwidth. This is important because of real parasitic impedances in
the nodes of the circuit (see Fig. 2). A significantly low level of the impedance of the working CPEs in
proper nodes ensures a minimal impact of real active circuitry on the operation. However, as the
consequence, the equivalent capacities are very large (units — hundreds of uF/sec'**). The limitation of
the Valsa’s approximation consists in its invalidity for very low frequencies (— 0 Hz) where the
impedance does not reach infinity but, due to the presence of the correction element Ry, has a finite value
also for 0 Hz. In our design case, this effect starts to be significant for frequencies below 1 Hz (out of
the operational range of the system).

The RC approximant of the CPE is shown in Fig.3 and the calculated values of the elements are
presented in Table 3. We selected the values 1/4, 1/2, 3/4 of the CPE and the order a and/or B (when
two CPEs C, and Cp are used in the application discussed later) with the following designed features:
the bandwidth of “constant phase range” at least 100 Hz — 100 kHz (tested experimentally) and the phase



ripple in this band maximally +4°. The results of laboratory measurements are shown in Fig. 4. The
example of a Monte Carlo analysis of fabrication dispersion (tolerances of R and C are 1% and 5%)
shows the maximal phase variation +3-4° as shown in Fig. 5 for o.= 0.5, C,= 56 uF/sec'?.

CPE R1 R> R3 R4 Rs Re R7 Rs Rg R1o
Corr ¥ Ro| [Co=
C1 C2 Ca C4 C5 Ce C7 Cs Cg C‘IO

Fig. 3. Passive structure of CPE RC approximant [30], [31] used in oscillator structure as C, and also Cj.

Table 3. Values of designed CPE RC approximants for three different values of order.

Ccpe = 8.8 pF/sec” (a.=3/4), C,= 4.7 pF, R, =2.15kQ
i 1 2 3 4 5 6 7 8 9 10
Ry 3.33 k0 2.1kQ 1.33kQ 842 Q2 5320 336 Q2 210Q 1350 85Q 53Q
Ce 3 uF 748 nF 182 nF 49 nF 12 nF 3.3 nF 780 pF 200 pF 50 pF 13 pF
Ccre = 56 pF/sec' (@ =1/2), C,= 0.5 nF, R, = 15 kQ
i 1 2 3 4 5 6 7 8 9 10
Ry 9.1 kQ 3.65kQ | 1.46kQ 583 Q 220 Q 83 Q 300 150 6Q 3Q
Cy 11 pF 4.4 pF 1.68 uF 680 nF 267 nF 100 nF 38 nF 11 nF 6 nF 3 nF
Ccpg = 225 uF/sec® (o = 1/4), C, = 80 nF, R, = 820 kQ
i 1 2 3 4 5 6 7 8 9 10
Ry 1.3 MQ 268 kQ 55 kQ 11kQ 2.3 kO 463 Q 100 Q 200 40 080
C 7.6 uF 4.4 uF 2.6 uF 1.5 uF 900 nF 538 nF 320 nF 182 nF 101 nF 66 nF

| Zepe(s)| = 1/((27-F )34 Ccpg)
10000 - !4cPE CPE 0 -
IZCPE|:= 33/f 34 [secV/F]; E
1Ccpe = 8.8 pFisec °]-10 1
o] Cere= 8BUFIC™ 7 )] = 2utynCere) L |
1000 = 73/f 1 [sec'/F]; 201
CCPE =56 |.I,Fllsec1’Z -30 i
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100 - 4 |
:measure . .50 -
1 theory ——=~7 S 60 | measured
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Fig. 5. Simulated Monte Carlo variation (fabrication dispersion) of impedance plots of the designed CPE with (o= 0.5, C,= 56 uF/sec'?,
tolerance R — 1%, C — 5%): a) impedance magnitude plot, b) impedance phase plot.

4. Experimental analysis of the oscillator

The experimental setup, based on Fig. 2, uses a circuit for amplitude stabilization [32]. It is shown in
Fig. 6 and its principle is very simple. The waveform from the node Vcpg is amplified by an amplifier
using the low-cost opamp (TL072) to the level sufficient for the diode detector using a doubler producing
negative DC error voltage. The output levels of the oscillator are expected in hundreds of mV. Therefore,
the signal needs to be amplified before processing by a peak detector (doubler). This error voltage is
then summed with the “initial” (Vini in Fig. 6) constant voltage (slightly higher than required for the
startup of oscillations). The resulting DC voltage from the second opamp has a negative polarity because
the VCAR10 [34] requires negative voltage for its operation. The regulation has a negative feedback
character because the increasing input level causes increasing of the negative error voltage and the
resulting negative DC voltage for the VCA810 decreases (Vini — Verror) in the absolute value.

/=

Fig. 6. Circuit for amplitude stabilization and compensation of the oscillation condition (gain 4) when oscillator is tuned.

The active circuit elements in the structure of the oscillator, as already indicated in Fig. 2, are
implemented as follows. The CCII+ is a part of the AD844 [35]. Note that each node of the oscillator
was buffered by a voltage buffer available in the package of AD844 [35]. The DDA uses the AD8130
[36] and the negative resistor employs the exponentially driven VCA810 [34], where 4 = 10?(VSET.A=D,
The circuit of the amplitude stabilization and control uses the operational amplifier TL072 [37] (all
values are shown in Fig. 6). Resistors are implemented by NSL-32SR3 optocouplers [38]. The value of
the resistance is numerically equivalent to [32]:

0.5R,, +R,., J (1

R =0.2-
ok ( VSEQFO - Vth

We selected the nominal value of Ryt = 2.5 kQ (the particular sample had the value of 2.9 kQ because
of common high tolerances of potentiometers), Rmi2=910Q and Vi = 1.6 V [32]. Therefore, the
particular value of Roci is dependent on Vser ro used for the control of FO. The design of the driving
circuit (Rpot and Rmi12) considers currents (hundreds of pA) flowing through the diodes of optocouplers
(therefore units of kQ used) and the available supply voltage (+5 V). The formula for the oscillation
frequency (7) can be modified to:
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Note that the parasitic resistances Rxi, have a significant impact on the results because Roc12 have very
low values expected in hundreds of ohms. Hence, these effects cannot be omitted in the design. The
experimental analysis revealed a significant variation of Rxi (optimistic 50 Q reported in datasheets
[35] can be too far from reality). Therefore, theoretical calculations consider a more realistic value,
particularly 100 Q. However, mismatch of both Rx; and Rx» values as well as Roci and Roc: is
responsible for further deviations as it is visible in measured results and dependencies. Note that output
signals can be directly taken from the voltage buffered (1x) terminals of AD844 [35]. However, the
amplitude stabilizing circuit (see Fig. 6) has a high-impedance input and can be connected directly to
the high-impedance node of the CPE.

SIE RIS

4.1 Identical orders

Altogether, three cases are analyzed where the values of orders (o and ) are identical. The resistor of
the negative (undamping) impedance was set to R, = 1 kQ. Note that to achieve the identical tunability
range and the identical change of Roci 2 in all tested cases are not possible due to different features (Cy,
Cp) of CPEs. Figure 7 a) shows the dependence of the oscillation frequency on the Vsgr ro driving
voltage when both elements have identical values: Cop= 225 uF/sec’* (.= B = 1/4), Cap= 56 uF/sec'”?
(o=PB=1/2) and Cop= 8.8 uF/sec’* (o= = 3/4). These selections influence available phase shifts
between the generated waveforms as well as the available range of the frequency adjustment and its shift
[2]-[11] as derived in the theoretical part. The widest tunability range was obtained for the lowest value
of the order. The lowest frequency readjustment is visible for the highest order (— 1). These
expectations are clear from (12). In fact, a specific selection of the order can help with the enlargement
of the frequency adjustability range and with these issues in low-voltage designs [11], [15], [17] (limited
range of driving voltage). In other words, variation of the order of power in the equation for the
oscillation frequency has an effect on the available tunability range when the identical range of driving
force is used. However, it is limited by the validity of the approximation of the used CPEs. Figure 7 b)
depicts the phase shift behavior through the tuning process of the oscillator. As it was expected, certain
deviations from the ideal behavior are caused by inaccuracies of CPEs (phase ripples). However, this
behavior sufficiently confirms the independence of the phase shift on the tuning process as it was shown
in the theoretical equations.

Analysis of three cases of CPEs in the tuning process is summarized in Table 4. The CPE
Cap= 225 puF/sec®®, having the lowest order a=p=1/4, leads to the tunability ratio 7:1
(FOmax/FOumin : VSET FOmax/VSET Fomin), While the values of the phase shift (-157.5° theoretically
expected) have the largest deviation from the theory (+ 5°). The real transfer features of the active
devices and photoresistors and especially coincidences of working fractional-order elements
(approximants) and integer-order parasitic capacitances (as parts of terminal impedances) of AEs cause
the largest differences between the theory and the experimental results (especially for higher values of
FO —case a. =B = 1/4). The second case (Cop= 56 pF/sec'? (oo = B = 1/2)) yields significantly narrower
tunability ratio (2:1) than the previous case as well as the third case (2.5:1) valid for Co3= 8.8 uF/sec'*
(oo = B = 3/4). The example of the output waveform levels and the total harmonic distortion (THD) when
the frequency is tuned (for Co3= 56 uF/sec'? (oo = B = 1/2)) is shown in Fig. 8. The ratio between the
amplitudes corresponds with the equation (10) and it is either V2 or V2/2 (+3 dB). The example of the



output waveforms and a spectral analysis for the particular selected frequency 900 Hz (Vser ro =5 V)
is depicted in Fig. 9. The time domain results in Fig. 9 a) show a single tone (fixed frequency) analysis
(an example how the results in Fig. 6 and Fig. 7 were obtained). Automatic measurements yield the
values of peak-to-peak output levels (133 and 87 mV), the ratio between them (-3.8 dB — 0.65 = \2/2),
frequency 1.554 kHz, phase difference between generated waves —131.4° and THD of both waves. The
automatic measurement of THD by the DSOX-3022 oscilloscope calculates this value from the peak
values of higher harmonic components available in the FFT spectrum (Fig. 9 b)). Indicated distances of
amplitudes of higher harmonic components to the fundamental tone (dBc) are more than 40 dBc
(suppression more than 100 times) that results in values around 1% (very low units of %) [32]. The real
results are 1.6 and 1.8% (for both output voltages) as we can see in Fig. 9 b). The results in Fig. 12 (the
same example for different order of both CPEs) are very similar to Fig. 9 in THD values and phase
difference (given by a, therefore the same as in Fig. 9). The oscillation frequency is different due to the
different dependence of the frequency on the driving voltage (Vser ro =5 V) as well as the amplitudes
(128 and 66 mV) and their ratio (—5.9 dB — 0.53 = 1/1.9 based on (9)).

Table 4. Numerical results of FO tuning obtained from experiments with CPEs of identical order.

case | Cy[uF/sec'™ | a | Cp[uF/sec'™] | B[-] Vser Fo Ideal FO Measured Ideal Measured
[-1 [V] range FO range phase phase [°]
[kHz] [kHz] [°]
1 225 1/4 Cp=Cy B=a | 2.7-5.0 3.17-74 2.50—41 —157.5 —-161——152
2 56 172 Cp=Cy B=a | 26—5.0 | 0.32—1.75 | 0.40—1.55 —135 —-137——-131
3 8.8 3/4 Cp=Cy B=a | 2.07-5.0 | 0.12—0.94 | 0.15-0.90 | -112.5 —-107——-111
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Fig. 7. Features of the oscillator when tuning of the oscillation frequency for three values of fractional order (a0 = ):
a) dependence of oscillation frequency on driving voltage, b) dependence of phase shift on oscillation frequency.
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Fig. 8. Example of dependences of (valid for Co5= 56 pF/sec'? (o = B = 1/2)): a) output amplitudes on oscillation frequency,
b) THD on oscillation frequency.
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Fig. 9. Example of experimental results (valid for Co3= 56 uF/sec' (o= B = 1/2)): a) output waveforms, b) frequency spectrum.

4.2. Example of setting with two different orders

Cases assuming different values of orders (a # P) are also worth investigating as shown in previous
works [2]-[10], [13]-[19], [22], [23]. However, the attention is not paid to the impact of the tuning
procedure on the phase shift and the amplitude ratio of generated waveforms as shown and analyzed in
our contribution. Figure 10 shows the dependence of the oscillation frequency and the phase shift on
the driving voltage. Three cases were studied: C,=225 pF/sec** (a.=1/4) together with
Cp= 8.8 uF/sec' (B =3/4), Co= 225 pF/sec’* (o = 1/4) together with Cp= 56 pF/sec!? (B = 1/2) and
Ca= 56 uF/sec'? (a. = 1/2) together with C= 8.8 uF/sec'* (B = 3/4). These sets of values were chosen
in order to evaluate the effects of different values of the order of individual CPEs on the FO adjustment
as well as the generated phase shift and its variation during the tuning process as derived from
expectation [2] in the theoretical part.

An analysis of the tested values of CPEs of different orders in the tuning process is summarized in
Table 5. The tunability ratio reaches more than 3:1 for the first case and about 2:1 for both remaining
cases. In the case of FO tuning, we can see that the largest difference of orders (o = 1/4 and 3 = 3/4)
yields the largest observed range of FO readjustment. This analysis confirms that the phase shift always
depends on the order of the capacitor C,. These interesting features can be utilized in practical designs
as follows: the phase shift is determined by a single CPE (C,) but the range (dependence on driving



force) of the FO readjustment is given by both elements and it can be modified by the second CPE.
Figure 11 analyzes the exemplary results of the amplitude dependence on the oscillation frequency and
THD on the frequency for the scenario Co= 56 pF/sec'? (o= 1/2) together with Cp= 8.8 uF/sec'*
(B =3/4). The example of time domain waveforms and the frequency spectrum (selected frequency
1.02 kHz for Vser ro =5 V) are captured in Fig. 12.The calculation of equation (9) for the used values
of CPEs offers the result of the amplitude ratio Vepei/Verr2 = 1.9 (5.6 dB). The experimentally obtained
ratio yields 5.9 dB. The results in Fig. 12 (the same example for different order of both CPEs) are very
similar to Fig. 9 in THD values and the phase difference (given by o, therefore the same as in Fig. 9).
The oscillation frequency is different due to the different dependence of the frequency on the driving
voltage (Vserro=5V) as well as the amplitudes (128 and 66 mV) and their ratio (-
5.9dB — 0.53 = 1/1.9 based on (9)).

Table 5. Numerical results of FO tuning obtained from experiments with CPEs of different order.

case | C,[uF/sec'™] o | Cp[uF/sec™] | B Vser ro Ideal FO Measured Ideal Measured
[-] [-] [V] range FO range phase phase [°]
[kHz] [kHz] [°]
1 225 1/4 8.8 3/4 | 2650 | 0.29—52.68 | 0.40—2.50 —157.5 —-160—-155
225 1/4 56 1/2 | 2.7-5.0 | 0.24—1.15 | 0.30—1.22 —157.5 —159—-159
3 56 172 8.8 3/4 | 25550 | 0.21—0.97 | 0.25—1.02 —135 —138—-132
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Fig. 10. Features of the oscillator when tuning the oscillation frequency for three cases of fractional orders (a # B):
a) dependence of oscillation frequency on driving voltage, b) dependence of phase shifts on oscillation frequency.
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Fig. 11. Example of dependences of (valid for C,= 56 uF/sec'? (o = 1/2), Cp= 8.8 uF/sec'™ (B = 3/4)): a) output

amplitudes on oscillation frequency, b) THD on oscillation frequency.
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Fig. 12. Example of experimental results (valid for C,= 56 uF/sec'? (a. = 1/2), Cp= 8.8 pF/sec'* (B = 3/4)):
a) output waveforms, b) frequency spectrum.

5. Comparison of simulation and experimental results of a selected example

The realization of the presented oscillator was tested by the PSpice simulation (all models except
an optocoupler are available; the optocoupler was replaced by a standard resistor model and its value in
the simulation was adjusted in accordance with the ideal equation (11)). We selected the example of
o = 3 = 0.5. The results are shown in Fig. 13 where the dependence of the oscillation frequency (as well
as related errors between data-points from theory, simulation and experiment) on the driving voltage is
given. The maximal deviation of the ideal and the simulated trace in the observed range for the
dependence of the frequency on the driving voltage reaches 5%. The error of the measured results vs
the ideal trace is below 20% for the lowest frequency and then less than 11% for the rest of the range.
These errors are caused by uncertainty and slight variation of the values of fabricated CPEs (C,, Cp) in
the operation frequency range (this value is not fully constant as expected from theory but slightly
varies). Further details are available in Fig. 13. Figure 14 indicates that the error of the phase shift
between the generated waves does not exceed 6% in all cases. Note that highly similar values and results
in amplitudes and THD (high degree of similarity) in simulation and measurement are not possible due
to the setting of AGC that is hardly obtainable in identical conditions. In other words, unlike in real
experiment (where it is quite easy), it was impossible to set the AGC properly and accurately. Therefore,



error graphs are not plotted for these results. The compared dependences of the output levels and THD
on the oscillation frequency are shown in Fig. 15. Similar results are expected for other studied cases in
this work.
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Fig. 13. Comparison of experimental, simulated and ideal theoretical dependence of the oscillation frequency on the driving voltage
(a =B =0.5): a) oscillation frequency vs driving voltage, b) error between theory, simulation and experimental results.
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Fig. 14. Comparison of experimental, simulated and ideal theoretical dependence of the phase shift on the oscillation frequency (o= = 0.5):
a) phase shift vs oscillation frequency, b) error between theory, simulation and experimental results.
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Fig. 15. Comparison of experimental and simulated frequency dependence (o = = 0.5) of: a) output amplitudes, b) THD.



The oscillator shown in Fig. 2 was tested on the fabrication dispersion of the used CPEs too. A Monte
Carlo analysis using tolerances of passive elements applied in structure of CPE (Fig. 5) has been
provided for full oscillator topology. Only CPEs and passive elements have simulated fabrication
dispersion in the following results (for the lowest and the highest oscillation frequencies of the tunability
range) because simulation of variations of all values of parameters/components in the complete system
was not allowed by the PSpice software (too complex topology, simulation corrupted by limitations of
allocated software memory). The allowed number of runs was also limited (100 runs) because of the
same reasons. The default design for fo = 1.74 kHz (Vser ro=5 V) and Cup = 56 puF/sec'? (a.=p = 0.5)
and other parameters noted in this Section 5 were selected and it represents also the highest value of
available fy setting. Results are as follows (the maximal limits of variation of the parameters — worst
cases € min.<»max.): Vcpei € 312363 mV, Veprr € 222251 mV, amplitude ratio € 1.40-1.45,
oscillation frequency fo € 1.716>1.851 kHz, phase shift ¢ € 131<>149°. The example of the behavior
in frequency spectrum for Vcpe: is given in Fig. 16. The setting on fo = 304 Hz (Vser ro= 2.6 V) yields
Mote Carlo results: Vepei € 309442 mV, Veppz € 2515313 mV, amplitude ratio € 1.39+51.43,
oscillation frequency fo € 292313 kHz, phase shift ¢ € 124<5146°. These results indicate that CPEs
themselves may have a really significant effect on the obtained deviations in phase (even £10-11° in the
worst case; measurements provided £3-4°) and frequency (as experimental measurements indicate) even
without further influence of AEs.
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Fig. 16. Example of Monte Carlo simulation of fabrication dispersion of passive elements of CPEs (in accordance to behavior in Fig. 5) on
oscillation frequency and amplitude of waveform Vepg; shown in: a) detail on 1st harmonic component in FFT spectrum, b) histogram.

Assuming the ideal range of the f; adjustment, allowed for the conditions (identical orders 0.5,
parameters, etc.) used in Section 5, between 321 Hz (for Roci2= 563 Q) and 1750 Hz (Roc12= 241 Q)
we expect a substantial impact at higher frequencies. The value of Roci 2 increased by 50 Q (the expected
effect of Rx resistances of AD844 in series with both Roc12) means more than 500 Hz decrease of fy (to
1.2 kHz; decrease more than 30%). This effect is clear because the additional value of Rx means more
than 20% deviation. Note that experiments and simulations include the expected effect of Rx. The
detailed study of this effect is shown in Table 6 for additional Rx connected in series to Roci or Rocz or
added to both simultaneously. The described effects can be suppressed significantly when the values of
Roci 2 in units of kQ will be used. However, it depends on the type of the optocoupler - allowed optimal
resistivity range. Unfortunately, accuracy of these components is quite limited and unknown in many
cases (limited information in datasheets). In addition, the portfolio of these devices is not wide. Further
and even more significant mismatch may be caused by the inequality of both Roci due to different
dependences of the resistance on the DC current (different diode characteristics of used optocouplers).

Table 6. Effects of influence of serial parasitic resistance Rx;» on oscillation frequency.

parameters nominal theoretical expectation simulation
minimum | maximum minimum | maximum minimum | maximum
both parameters affected simultaneously
Rociat Rxi2[Q] 563 241 563450 (+9%) 241450 (+21%) - -
fo [Hz] 321 1750 270 (=16%) 1200 (=31%) 304 (=5%) 1130 (=35%)
only single parameter influenced




Roci+ Rx1 [Q] 563 241 563450 (19%) | 241+50 (+21%) - -
£, [Hz] 321 1750 294 (-8%) 1449 (—17%) 283 (C12%) | 1440 (-18%)

6. Multi-parameter analysis of ideal behavior

Theoretical multi-parameter analysis of equations (7) and (9) brings an interesting view on the
behavior of the generated frequency and phase shift. The default values and parameters (if not defined
as variable later) are the follows: o = 0.5, f = 0.5 (both CPEs have C, = Cg = 56 uF and these values
are constant during all further tests, only orders vary), Roci2 =241 Q (Vser ro = 5 V), the theoretical
oscillation frequency, phase shift and amplitude ratio for the default parameters reach 1.763 kHz, —135°,
and 1.41, respectively. If it is not mentioned, then the invariable parameter (in dependence) is set into
the default value above. Figure 17 shows the dependence of the oscillation frequency on the orders and
on the parameter representing the resistance of the optocoupler given in equation (7). The variation of
both orders is tested between 0.1 and 1 and the value of Roci2 (both simultaneously) has the range of
adjustability between 200 and 800 Q. The influence of the order on the frequency has a clear effect and
can help with the frequency adjustability range shifting and enlargement, especially in the case of § (see
Fig. 17 b)). The theoretical tunability range reaches several decades. However, there are significant
practical limitations regarding the required phase shift and amplitude ratio as explained later. Figure 18
analyses the impact of the discussed variations on the amplitude ratio available by equation (9). The
results indicate that 3 has significantly lower impact on the amplitude ratio than o.. The results in Fig. 18
support the expectation that the phase shift is not influenced by B in the case of our circuit. Figure 19
shows the state of the equality of o and [ values. In this case, the amplitude ratio as well as the phase
shift are independent on the values of Roci» and hence, also on the oscillation frequency.
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Fig. 17. The 3D analysis of multi-parameter impact (order and parameter for tuning) on amplitude ratio (valid for Co 3= 56 pF): a) amplitude
ratio vs a and Roci 2, b) amplitude ratio vs  and Roc2, ¢) amplitude ratio vs o and .



-134 .

-134.5

¢ [deg]
@

800

600 600

400

al] 0 20 Roc1.2 [ Bl 0 200

400
Roc1,2 [Q]

a) b)

<)

Fig. 18. The 3D analysis of multi-parameter impact (order and parameter for tuning) on phase shift (valid for Co3= 56 uF): a) phase shift vs
o and Roci 2, b) phase shift vs B and Roci 2, ¢) phase shift vs o and (.

amplitude ratio [-]

600 05 600

400 0.25 400

a=p[] 0 200 Roc1.2 [ @=p[] 0 20 Roct,2 [q]

a) b)

Fig. 19. The 3D analysis of multi-parameter impact (order and parameter for tuning): a) amplitude ratio vs o = B and Roc 2, b) phase shift vs
o= ﬁ and Roc1,z.

7. Symbolical sensitivity analysis

The ideal equations (7) and (8) were subjects to sensitivity analysis on variation of parameters included
in them. Note that sensitivities to parameters that are not shown below are irrelevant (equal to 0). The



following equations show the results of the analysis of the relative sensitivity of the oscillation frequency
(7) on changes of these circuit parameters (Roci, Roc2, Ca, Cb):
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Unfortunately, the analysis of the sensitivity to orders (o, ) variation is not providing applicable results
(the expression is very complex and not giving any clear information). The relative sensitivities of the
condition (8) on circuit parameters (o, Cp, o, B) are given below:
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Note that the substitution of the symbolical frequency @y (7) into above expressions returns extensive
results not providing an easy survey. Substitution of numerical values of parameters (in accordance with
exemplary design shown in Section 5) into (13) results in numerical relative sensitivity values: —1
(Roci 2, Ca, Cv), and —3.9 and —5.4 for the orders o and [ respectively (not based on (13)). The same
substitution to equations (14) — (17) are as follows: 0.45, 0.9, —0.7, 4.2. These results are valid for a
=0.5, Cy=56 uF/sec'?, Roc12=241Q, Vserro=5V, Ri=1kQ, an=2n-1750 rad/s. Note that
variation of orders and further parameters included in the functions have an effect on the overall
sensitivity because the equations (13)-(17) are multi-parameter functions.

8. Conclusion

In this paper, we analyzed two cases (oo =3 and o # [3) of the implementation of the fractional-order
elements in the design of an electronically tunable oscillator (with DC voltage control).

The first case assumes both CPEs to be identical (equivalent capacities and orders).
Three particular examples of the values were studied: 1/4, 1/2 and 3/4. The experimental results
confirmed the expected behavior: the order significantly helps with the tunability extension (1 kHz —



41 kHz tested for a = 1/4); the phase shifts and the ratios between generated amplitudes remain almost
constant. Errors of all the obtained values are in correspondence with the influences expected from the
accuracy of the CPE approximants (the error below +5 % in most of the tuning range). The frequency
tuning of the scenarios using o = 3/4 and 1/2 targets hundreds of Hz and units of kHz.

The second studied case targets the setting with different orders of both CPEs in the design.
Such arrangement allows operation in the frequency range up to several kHz. The phase shift between
the produced signals is given by C, and the obtained values of the error compared to the first case are
lower (the phase error less by + 3%). The THD values were in low units of percent in all tests.

The mutual dependence of the frequency and the condition of oscillation (bidirectional, i.e. CO
on FO and also FO on CO), typical in the case of fractional-order oscillators, creates an important
practical drawback. However, the dependence of the condition on the parameters suitable for the
frequency tuning, in this particular way, can be driven by the system for automatic amplitude
stabilization and condition control as was shown in this work. Thus, the drawback of the dependence of
CO on FO in specific solutions can be effectively suppressed. The using of fractional-order elements
can be viewed as a way for a tunability range extension [11], [12], [14], [39]. However, as we can see
from many previous works, searching for a practically useful topology is a quite different task.

Note that this work is not prepared for a specific application. Possible applications are supposed
in generators of waveforms with specified phase shifts and simultaneously tunable electronically by the
driving voltage without any effect of the implementation of the fractional-order elements. This work
was more targeted on a study and a proof of what happens (with the amplitude ratio and phase shift)
when the orders are varying. Attention is not paid to this topic in many recent works. Moreover, many
low-frequency biomedical or audio systems require generation of waveforms having specific phase
shifts and immediate electronic tunability without a change of the amplitude and phase shift when tuned.
This work documents (the main aim) that some specific types of circuits (unfortunately not all presented
in recent literature) can be used in practice with similar features as standard integer-order oscillators and
in studies of the behavior caused by variation of many parameters.
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